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1 Coding Exercises

Question 1.1

Consider the discrete-time LTI system with transfer function

H(z) =
1− 0.5z−1

1− 0.8z−1
.

Write Python code to plot the pole-zero diagram. The plot should include the unit circle, the real
and imaginary axes, one zero marker, and one pole marker.

Solution (Code)

1 import numpy as np

2 import matplotlib.pyplot as plt

3 from matplotlib.patches import Circle

4

5 zero = 0.5

6 pole = 0.8

7

8 fig , ax = plt.subplots(figsize =(5, 5))

9

10 # Unit circle

11 unit_circle = Circle(

12 (0, 0),

13 1,

14 fill=False ,

15 linestyle="--",

16 linewidth =1.8

17 )

18 ax.add_patch(unit_circle)

19

20 # Axes

21 ax.axhline(0, linewidth =1.2)

22 ax.axvline(0, linewidth =1.2)

23

24 # Plot zero and pole

25 ax.scatter(np.real(zero), np.imag(zero),

26 marker="o", s=120, facecolors="none",

27 edgecolors="tab:green", linewidths =2.2,

28 label="zero")

29

30 ax.scatter(np.real(pole), np.imag(pole),

31 marker="x", s=120, color="tab:orange",

32 linewidths =2.4, label="pole")

33

34 # Labels

35 ax.text(np.real(zero), np.imag(zero) + 0.08, r"$z_1$", ha="center")

36 ax.text(np.real(pole), np.imag(pole) + 0.08, r"$p_1$", ha="center")

37

38 # Formatting
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39 ax.set_aspect("equal", adjustable="box")

40 ax.set_xlim (-1.5, 1.5)

41 ax.set_ylim (-1.5, 1.5)

42 ax.grid(True , alpha =0.6)

43 ax.set_xlabel(r"$\Re\{z\}$")
44 ax.set_ylabel(r"$\Im\{z\}$")
45 ax.set_title(r"Pole -zero plot of $H(z)$")
46 ax.legend ()

47

48 plt.tight_layout ()

49 plt.show()

Solution
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Answers:

The zero is obtained from
1− 0.5z−1 = 0,

so
z = 0.5.

The pole is obtained from
1− 0.8z−1 = 0,

so
z = 0.8.

Since the pole lies inside the unit circle, a causal system with this transfer function is BIBO stable.

Question 1.2

Consider the discrete-time LTI system with transfer function

H(z) =
1

(1− 0.5z−1)(1− 2z−1)
.
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Write Python code to plot the poles and the three possible regions of convergence:

|z| < 0.5, 0.5 < |z| < 2, |z| > 2.

Use three separate plots.

Solution (Code)

1 import numpy as np

2 import matplotlib.pyplot as plt

3 from matplotlib.patches import Circle , Rectangle

4

5 poles = [0.5, 2.0]

6 lim = 2.8

7

8 def setup_axis(ax, title):

9 ax.set_aspect("equal", adjustable="box")

10 ax.set_xlim(-lim , lim)

11 ax.set_ylim(-lim , lim)

12 ax.axhline(0, linewidth =1.2)

13 ax.axvline(0, linewidth =1.2)

14 ax.grid(True , alpha =0.5)

15 ax.set_xlabel(r"$\Re\{z\}$")
16 ax.set_ylabel(r"$\Im\{z\}$")
17 ax.set_title(title)

18

19 def draw_poles_and_unit_circle(ax):

20 unit_circle = Circle(

21 (0, 0),

22 1,

23 fill=False ,

24 linestyle="--",

25 linewidth =1.8

26 )

27 ax.add_patch(unit_circle)

28

29 for p in poles:

30 ax.scatter(np.real(p), np.imag(p),

31 marker="x", s=120, color="tab:orange",

32 linewidths =2.4)

33

34 def shade_inside(ax, radius):

35 roc = Circle(

36 (0, 0),

37 radius ,

38 facecolor="tab:blue",

39 alpha =0.18,

40 edgecolor="none"

41 )

42 ax.add_patch(roc)

43

44 def shade_between(ax, r1, r2):

45 outer = Circle(

46 (0, 0),

47 r2,

48 facecolor="tab:blue",

49 alpha =0.18,

50 edgecolor="none"

51 )

52 inner = Circle(

53 (0, 0),

54 r1,

55 facecolor="white",

56 edgecolor="none"

57 )

58 ax.add_patch(outer)

59 ax.add_patch(inner)

60

61 def shade_outside(ax, radius):

62 rect = Rectangle(
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63 (-lim , -lim),

64 2 * lim ,

65 2 * lim ,

66 facecolor="tab:blue",

67 alpha =0.18,

68 edgecolor="none"

69 )

70 hole = Circle(

71 (0, 0),

72 radius ,

73 facecolor="white",

74 edgecolor="none"

75 )

76 ax.add_patch(rect)

77 ax.add_patch(hole)

78

79 fig , axs = plt.subplots(1, 3, figsize =(13, 4))

80

81 setup_axis(axs[0], r"$|z|<0.5$")
82 shade_inside(axs[0], 0.5)

83 draw_poles_and_unit_circle(axs [0])

84

85 setup_axis(axs[1], r"$0.5<|z|<2$")
86 shade_between(axs[1], 0.5, 2.0)

87 draw_poles_and_unit_circle(axs [1])

88

89 setup_axis(axs[2], r"$|z|>2$")
90 shade_outside(axs[2], 2.0)

91 draw_poles_and_unit_circle(axs [2])

92

93 # Draw pole -radius boundaries after shading

94 for ax in axs:

95 for r in [0.5, 2.0]:

96 boundary = Circle(

97 (0, 0),

98 r,

99 fill=False ,

100 linestyle="--",

101 linewidth =1.,

102 alpha =0.5

103 )

104 ax.add_patch(boundary)

105

106 plt.tight_layout ()

107 plt.show()

Solution

Plots:
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Answers:

The poles are located at
z = 0.5 and z = 2.
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Therefore, the possible ROCs are

|z| < 0.5, 0.5 < |z| < 2, |z| > 2.

The ROC
|z| > 2

corresponds to a causal system, but it does not include the unit circle, so the causal system is not
BIBO stable. The ROC

0.5 < |z| < 2

includes the unit circle, so that system is BIBO stable, but it is two-sided and therefore noncausal.

Question 1.3

Consider the discrete-time LTI system with transfer function

H(z) =
1− 2 cos(π/3)z−1 + z−2

1− 2(0.8) cos(π/3)z−1 + 0.82z−2
.

Write Python code to plot the poles and zeros. Also plot the unit circle and comment on the
frequency that is suppressed.

Solution (Code)

1 import numpy as np

2 import matplotlib.pyplot as plt

3 from matplotlib.patches import Circle

4

5 omega0 = np.pi / 3

6 r = 0.8

7

8 zeros = [

9 np.exp(1j * omega0),

10 np.exp(-1j * omega0)

11 ]

12

13 poles = [

14 r * np.exp(1j * omega0),

15 r * np.exp(-1j * omega0)

16 ]

17

18 fig , ax = plt.subplots(figsize =(5, 5))

19

20 # Unit circle

21 unit_circle = Circle(

22 (0, 0),

23 1,

24 fill=False ,

25 linestyle="--",

26 linewidth =1.8

27 )

28 ax.add_patch(unit_circle)

29

30 # Axes

31 ax.axhline(0, linewidth =1.2)

32 ax.axvline(0, linewidth =1.2)

33

34 # Plot zeros

35 for k, z0 in enumerate(zeros , start =1):

36 ax.scatter(np.real(z0), np.imag(z0),

37 marker="o", s=120, facecolors="none",

38 edgecolors="tab:green", linewidths =2.2)

39 ax.text(np.real(z0), np.imag(z0) + 0.08, rf"$z_{k}$", ha="center")

40

41 # Plot poles

42 for k, p in enumerate(poles , start =1):
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43 ax.scatter(np.real(p), np.imag(p),

44 marker="x", s=120, color="tab:orange",

45 linewidths =2.4)

46 ax.text(np.real(p), np.imag(p) - 0.12, rf"$p_{k}$", ha="center")

47

48 # Formatting

49 ax.set_aspect("equal", adjustable="box")

50 ax.set_xlim (-1.5, 1.5)

51 ax.set_ylim (-1.5, 1.5)

52 ax.grid(True , alpha =0.6)

53 ax.set_xlabel(r"$\Re\{z\}$")
54 ax.set_ylabel(r"$\Im\{z\}$")
55 ax.set_title(r"Pole -zero plot of a notch -like system")

56

57 ax.scatter ([], [], marker="o", s=120, facecolors="none",

58 edgecolors="tab:green", linewidths =2.2, label="zero")

59 ax.scatter ([], [], marker="x", s=120, color="tab:orange",

60 linewidths =2.4, label="pole")

61 ax.legend ()

62

63 plt.tight_layout ()

64 plt.show()

Solution

Plots:
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Answers:

The zeros are located at
z = e±jπ/3,

which lie exactly on the unit circle. Therefore, the frequency

ω =
π

3

is suppressed.
The poles are located at

z = 0.8e±jπ/3.

Since the poles lie inside the unit circle, a causal system with this transfer function is BIBO stable.
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