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1 Practice Questions

Question 1.1

-

Consider the discrete-time system described by the difference equation
y[n] = 0.5z[n] + 0.5x[n — 1].

1. Is this an FIR or IIR filter?

2. Find the impulse response h[n].

3. Find the transfer function H(z).

4. Find the frequency response H (e/%).

5. Is this filter low-pass, high-pass, or band-pass?

&

The system is

y[n] = 0.5z[n| + 0.5z[n — 1].

There are no past output terms on the right-hand side. Therefore, this is an FIR filter.
To find the impulse response, set

Then

hin] = 0.50[n] 4+ 0.56[n — 1].
Thus,

| Aln] = 0.58[n] + 0.50[n — 1]. |

The transfer function is obtained by taking the z-transform:

Y (2) = 0.5X(2) + 0.5271 X (2).

Therefore,

Y(z) = (0.5+0.527") X (z),

H(z) = Y((z =0.5+0.5z""1




The frequency response is obtained by evaluating H(z) on the unit circle:

z = el“,

Therefore,

H(e) = 0.5+ 0.5¢ 7|

We can factor this expression as

H(e’)=05(1+e7¥).

Using
14 edw — g—iw/2 (ejw/2 4 efjw/2) — 96—99/2 g (%) 7
we get
H(e') = e79/2 cos (%) .

Thus,

: w

|H(e™)| = ’cos (5)‘

At w =0,

|H(e°)| = 1.
At w =,

|H(e’™)| = |cos(m/2)| = 0.

Therefore, the filter passes low frequencies and attenuates high frequencies. It is a simple low-pass
FIR filter.
N
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Question 1.2

Consider the discrete-time system described by the difference equation

yln] = z[n] — a[n —1].
1. Is this an FIR or IIR filter?
2. Find H(z).
3. Find the zero of the filter.
4. Explain what frequency is removed by this filter.

5. Is this filter low-pass or high-pass?
\

The system is

&

yln] = z[n] — z[n —1].
There are no feedback terms involving y[n — 1], y[n — 2], and so on. Therefore, this is an FIR filter.
Taking the z-transform,
Y(2) = X(2) — 271 X(2).
Thus,




Therefore,
|H(z)=1-2"1]
To find the zero, set
H(z)=0
Thus,
1-2z71=0
Multiplying by z,
z—1=0.
Therefore, the zero is
z=1.
The point z = 1 corresponds to
z = el

Therefore, the zero is at digital frequency

This means that the filter removes the DC component. Indeed, if the input is a constant signal,
then
The frequency response is

At w =0,

H)=1-1=0.
At w=m,

HE@)=1-e7"=1-(-1)=2.

Therefore, the filter attenuates low frequencies and emphasizes high frequencies. It is a simple

high-pass FIR filter.
\ J

Question 1.3

Consider the discrete-time system described by the transfer function

1
T 1-1.22"140.322-2°

H{(z)

1. Find the poles of the system.

2. Determine whether the causal system is BIBO stable.

3. Write the corresponding difference equation.
\ J




The poles are the roots of the denominator:

1-1.22"140.32:272 = 0.

To write this as an ordinary polynomial in z, multiply by z%:

22 -1.2240.32=0.
We factor the polynomial:

22 —1.22+0.32=(2—0.8)(z — 0.4).

Therefore, the poles are

‘zl = 0.8, z9 = 0.4. ‘

For a causal IIR filter, stability requires all poles to be strictly inside the unit circle:

Here,
0.8 < 1
and
[0.4] < 1.
Therefore, the causal system is BIBO stable.
Now write
Y(z) 1
H(z) = = .
)= %) = T-12- 1703072
Thus,

(1-1227140.32272) Y (2) = X(2).
Taking the inverse z-transform,
y[n] — 1.2y[n — 1] + 0.32y[n — 2] = z[n].
Solving for y[n],

‘y[n] = z[n] + 1.2y[n — 1] — 0.32y[n — 2]. ‘

\ J
Let
zn] =[1,2, 3]
and
hin] =[1,1,1].

1. Compute the linear convolution y;in[n] = (z * h)[n].
2. Compute the 3-point circular convolution yeirc[n].

3. Explain why the two results are different.
N J




The linear convolution has length

L+M—-1=3+3-1=5.

We compute

Since
0)=1, zll]=2, 2[2]=3,
and
hl0]=1, hR[1]=1, h}2]=1
we get
Y1in[0] = z[0]R[0] =1
Next,
yin[1] = z[0]A[1] + z[1]R[0] =1 +2 =3
Then,
Yiin[2] = 2[0]R[2] + [1]R[1] + z[2]R[0] = 1 + 2 + 3 = 6.
Next,
Yin[3] = x[1]h[2] + z[2]h[1]] =2+ 3 = 5.
Finally,
Yin[4] = z[2]R[2] = 3.
Therefore,

yMMMqL&&amw

Now compute the 3-point circular convolution:

For n =0,
Yeire[0] = z[0]R[0] + x[1]h[~1 mod 3] + x[2]h[—2 mod 3]
= z[0]h[0] + z[1]h[2] + z[2]R[1]
=14+24+3=6.
Forn =1,
Yeirc[1] = 2[0]R[1] + 2[1]R[0] + z[2]A[~1 mod 3]
= z[0]h[1] + z[1]R[0] + z[2]A[2]
=14+2+3=6.
For n = 2,

Yeirc[2] = z[0]A[2] + z[1]A[1] + z[2]A[0]
=1+2+3=6.




Therefore,

Yceire [n] = [6, 6, 6} ‘

The two results are different because the 3-point circular convolution wraps the length-5 linear
convolution back into 3 samples.
The wrapping is

Ycirc [0} = Ylin [O] + Ylin [3] =1+5= 3

ycirc[” = ylin[l] + Ylin [4] =3+3=6,

and

Yeire [2] = Ylin [2] = 6.
Thus,

‘ circular convolution is linear convolution with wrap-around. ‘

(&

Question 1.5

A discrete-time ideal low-pass filter has cutoff frequency

-

we = 0.4m.

We want to design a length-5 windowed-sinc FIR filter using a rectangular window.
1. What is the filter order M?
2. What is the center a?

3. Write the formula for the centered ideal impulse response hg[n].

4. Compute the five FIR coefficients h[0],. .., h[4].
\ J

The filter length is

5.
Therefore,
M+1=5,

SO

M =4
The center is

M 4 9

0= 0 =B 2 =S .
2 2

Thus,

For a low-pass windowed-sinc design, the centered ideal impulse response is




We

—, n=aq,
hall = { &
d|n| = q B
sin (we(n oz))7 na
m(n — )
Here,
we = 0.4, a=2.
Therefore,
0.4, n =2,
haln] = § o (047(n—2)) 43
w(n —2) ’ '
Because we are using a rectangular window,
wln] =1, 0<n<4
Therefore,
hln] = hg[n], 0<n<4
Now compute the coefficients.
For n =0,
h[o] = sin(0.47(0 —2))  sin(—0.87)
- w(0-2)  —2r
Since
sin(—0.87) = —sin(0.87),
we get
sin(0.87)
hl0] = ——=.
(0] 27
Numerically,
h[0] = 0.0935.
Forn=1,
B[] = sin(0.4m(1 —2))  sin(—0.47)  sin(0.4m)
- 1m(1-2) B -7 I
Numerically,
h[1] = 0.3027.
For n =2,
h[2] = 0.4.
By symmetry,
h3] =h[l],  h[4] = h[0]

Thus,

\h[n] ~ [0.0935, 0.3027, 0.4000, 0.3027, 0.0935].\

The coefficients are symmetric, so the filter has linear phase.




Question 1.6

We want to design a digital Butterworth low-pass IIR filter using the bilinear transform. The digital
specifications are

wp = 0.2, wsp = 0.4,

A, =1dB, As =30 dB.
Assume T = 1.
1. Prewarp the digital frequencies to obtain €, and ;.
2. Compute the minimum Butterworth order M.

3. Explain what the next design steps would be.
N

For the bilinear transform with

-

T=1,
the prewarping formula is
) = 2tan (8) .
2
Therefore,
0.2
Q, = 2tan (%) = 2tan (;) = 2tan(0.17).
Numerically,
Q, ~ 0.6498.
Similarly,
o 0.4
Qg = 2tan (WQb) = 2tan (271-) = 2tan(0.27).
Numerically,

Q. ~ 1.4531.

For a Butterworth filter, the order must satisfy

1 (10As/ 10_1
0810 Ap/10 _ >
s 10 1

- Q
2logyg <Q‘gb>
P

Substitute
A, =1, Ay =30
Then
104,/10 _ 1 = 1091 - 1 ~ 0.2589,
and

104710 — 1 =103 — 1 = 999.




Also,

Qg 1.4531
~ ~ 2.236.
Q,  0.6498
Thus,
o 999
810 | 0.2589
— 2logy0(2.236)
Numerically,
M =~ 5.13.
Therefore, the minimum integer order is
M=6

The next steps are:

1. choose the Butterworth cutoff 2., usually to meet the passband edge exactly;
2. compute the M = 6 Butterworth poles in the left half-plane;
3. form the analog transfer function H(s);

4. apply the bilinear transform

5. simplify to obtain H(z);

6. read off the digital coefficients b, and ay.
\ J

Question 1.7

We want to design a digital Butterworth low-pass IIR filter using the bilinear transform. The digital
specifications are

wp = 0.257, wsp = 0.5,

A, =1dB, A, =35 dB.
Assume T = 1.
1. Prewarp the digital frequencies.
2. Compute the minimum Butterworth order M.
3. Compute the analog Butterworth cutoff frequency €2..
4. Write the analog transfer function H(s).

5. Write the digital transfer function H(z).
N J

For the bilinear transform with T' = 1, the prewarping formula is

Q) = 2tan (%) .

Therefore,




Q, = 2tan (0'22571-) = 2tan(0.1257).
Numerically,
Similarly,

Q= 2tan (0'5;577) = 2tan(0.2757).
Numerically,

Qe ~ 2.3417.

For a Butterworth filter, the order satisfies

! (10As/ 01
OglO Ap/l() IR )
s 10 1

> 0.
2logyg <Qb>
p

Substitute
A, =1, A, =35
Then
104#/10 — 1 =10% — 1 = 0.2589,
and
104/10 _ 1 = 103> — 1 ~ 3161.3.
Also,
Qu  2.3417
~ ~ 2.827
Q, 0.8284
Thus,
g, (31613
— 2log((2.827) °
Numerically,

M =~ 4.54.

Therefore, the minimum integer order is

Next, choose €2, so that the passband specification is met exactly:

2M
(Q,,) = 104»/10 _ 1,

Solving for .,

Using M =5,

10




o 0.8284
©~ (0.2589)1/10°

Numerically,

Q. ~ 0.9483.

The analog Butterworth transfer function has the form

where the poles are the M = 5 stable Butterworth poles scaled by .. For this design, the analog
transfer function is approximately

0.7668

H(s) = .
() $% 4 3.0687s% 4 4.708553 + 4.4649s2 + 2.6168s + 0.7668

The numerator is chosen so that

H(0)=1.
Finally, applying the bilinear transform
1— —1
s=92-_%
14271

and simplifying, gives the digital transfer function

H(z) = 0.005376 + 0.026881271 + 0.0537632~2 + 0.0537632 2 + 0.0268812~* + 0.0053762~5
N 1—2.156471z~1 4 2.2806242~2 — 1.2969832~3 + 0.395179z—% — 0.050309z—5

Thus, the corresponding coefficient arrays are

b = [0.005376, 0.026881, 0.053763, 0.053763, 0.026881, 0.005376],

and

a =[1, —2.156471, 2.280624, —1.296983, 0.395179, —0.050309].

This filter has approximately —1 dB attenuation at w, = 0.257 and more than 35 dB attenuation
at wgp, = 0.557.

11
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