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Convolution in Continuous and Discrete Time

Discrete-Time Convolution

y rns “ px ˚ hqrns “

8
ÿ

k“´8

xrks hrn ´ ks

Continuous-Time Convolution

yptq “ px ˚ hqptq “

ż 8

´8

xpτq hpt ´ τq dτ

Common Structure

Multiply a shifted version of one signal

Sum (DT) or integrate (CT)

Output depends on overlap between signals
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Equivalent Forms of Convolution

Discrete-Time

y rns “

8
ÿ

k“´8

xrks hrn ´ ks

Change of variable: let m “ n ´ k

y rns “

8
ÿ

m“´8

hrms xrn ´ ms

Continuous-Time

yptq “

ż 8

´8

xpτq hpt ´ τq dτ

Change of variable: let λ “ t ´ τ

yptq “

ż 8

´8

hpλq xpt ´ λq dλ

Key Insight

Either signal can be viewed as the shifted one

Convolution is symmetric in x and h
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How to Compute Convolution (Mechanics)

To compute

yptq “

ż

xpτq hpt ´ τq dτ

We follow the steps:

1 Flip one signal:
hpτq Ñ hp´τq

2 Shift it by t:
hp´τq Ñ hpt ´ τq

3 Multiply with xpτq

4 Integrate over τ

Geometric View

Convolution measures the overlapping area between xpτq and a
shifted, flipped h.
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DT Convolution Mechanics (Flip–Shift–Multiply–Sum)

y rns “

8
ÿ

k“´8

xrks hrn ´ ks

To compute y rns:

1 Flip hrks Ñ hr´ks

2 Shift by n: hr´ks Ñ hrn ´ ks

3 Multiply with xrks

4 Sum over all k

Interpretation: y rns is a sliding weighted sum of xrks.
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Length of the Convolution (DT Case)

Let
xrns ‰ 0 for n “ nmin

x , . . . , nmax
x

hrns ‰ 0 for n “ nmin
h , . . . , nmax

h

Define lengths:

Lx “ nmax
x ´ nmin

x ` 1, Lh “ nmax
h ´ nmin

h ` 1

Non-zero index range:

y rns ‰ 0 for n “ nmin
y , . . . , nmax

y

with
nmin
y “ nmin

x ` nmin
h , nmax

y “ nmax
x ` nmax

h .

Result
The convolution y rns “ px ˚ hqrns is nonzero over

Ly “ Lx ` Lh ´ 1.
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Convolution Examples (Practice)

Example 1 (Discrete-Time)
Compute the convolution y rns “ px ˚ hqrns for the finite-length
sequences:

xrns “ t1, 2, 1u, hrns “ t1, 1u

Assume both sequences start at n “ 0 (i.e., xr0s “ 1,
hr0s “ 1).

Example 2 (Continuous-Time)
Compute the convolution yptq “ px ˚ hqptq for:

xptq “ e´at uptq, hptq “ uptq, a ą 0
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When Does Convolution Not Make Sense?

Discrete-Time Convolution

y rns “

8
ÿ

k“´8

xrks hrn ´ ks

This sum must converge for every n. Convolution may not exist
if:

The series diverges (e.g. it is not absolutely summable)

The terms do not decay sufficiently

Continuous-Time Convolution

yptq “

ż 8

´8

xpτq hpt ´ τq dτ

The integral must converge. Convolution may fail if:

The integral diverges

Signals are not absolutely integrable
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When Does Convolution Not Make Sense? Examples

Discrete-Time Example

xrns “ 1, hrns “ 1

y rns “

8
ÿ

k“´8

1 Ñ diverges

Continuous-Time Example

xptq “ 1, hptq “ 1

yptq “

ż 8

´8

1 dτ Ñ diverges

Convolution does not even make sense in those cases!
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Properties of Convolution

Continuous time (CT):

px ˚ hqptq “

ż 8

´8

xpτq hpt ´ τq dτ

Discrete time (DT):

px ˚ hqrns “

8
ÿ

k“´8

xrks hrn ´ ks

Commutativity Commutativity
px ˚ hqptq “ ph ˚ xqptq px ˚ hqrns “ ph ˚ xqrns

Associativity Associativity
ppx ˚ hq ˚ gqptq “ px ˚ ph ˚ gqqptq ppx ˚ hq ˚ gqrns “ px ˚ ph ˚ gqqrns

Distributivity Distributivity
px˚ph`gqqptq “ px˚hqptq`px˚gqptq px˚ph`gqqrns “ px˚hqrns`px˚gqrns

Identity element Identity element
px ˚ δqptq “ xptq px ˚ δqrns “ xrns
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Differentiation (CT) / Difference (DT) Property

Continuous Time (CT) Discrete Time (DT)

d

dt
px˚hq “

ˆ

dx

dt

˙

˚h “ x˚

ˆ

dh

dt

˙

Let ∆xrns “ xrns ´ xrn ´ 1s.

∆px ˚hq “ p∆xq ˚h “ x ˚ p∆hq

Interpretation:

CT: Differentiation distributes over convolution.

DT: The first-difference operator distributes over convolution.
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Time-Invariance Property of Convolution

Assume

zptq “ px ˚ yqptq and zrns “ px ˚ yqrns.

Continuous Time (CT) Discrete Time (DT)

zpt ´ t0q “ pxp¨ ´ t0q ˚ yqptq

“ px ˚ yp¨ ´ t0qqptq

zrn ´ n0s “ pxr¨ ´ n0s ˚ yqrns

“ px ˚ y r¨ ´ n0sqrns

Shifting either signal shifts the convolution result by the same amount.
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Associativity of Convolution (Discrete-Time)

Claim
xrns ˚ phrns ˚ grnsq “ pxrns ˚ hrnsq ˚ grns

Start from the left-hand side

ph ˚ gqrks “

8
ÿ

m“´8

hrms grk ´ ms

px ˚ ph ˚ gqqrns “

8
ÿ

k“´8

xrks ph ˚ gqrn ´ ks

Substitute:

“
ÿ

k

xrks

˜

ÿ

m

hrms grpn ´ kq ´ ms

¸

Reorder the summations

“
ÿ

m

hrms

˜

ÿ

k

xrks grn ´ pk ` mqs

¸

Let ℓ “ k ` m

“
ÿ

m

hrms

˜

ÿ

ℓ

xrℓ ´ ms grn ´ ℓs

¸

“
ÿ

ℓ

px ˚ hqrℓs grn ´ ℓs “ ppx ˚ hq ˚ gqrns
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Correlation: Measuring Similarity

Cross-Correlation (Discrete-Time)

Rxy rms “

8
ÿ

n“´8

xrns y˚rn ` ms

Cross-Correlation (Continuous-Time)

Rxy pτq “

ż 8

´8

xptq y˚pt ` τq dt

Interpretation

Slide one signal relative to the other

Multiply (with complex conjugation)

Sum (DT) or integrate (CT)

Large value ñ strong similarity at that shift

For real-valued signals, y˚ “ y . Correlation is essentially an inner
product between a signal and a shifted version of another signal.
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Example: Discrete-Time Cross-Correlation

Let the finite-length sequences be

xrns “ t1, 2, 1u, y rns “ t0, 1, 2, 1u

Assume both start at n “ 0.
Compute the cross-correlation

Rxy rms “

8
ÿ

n“´8

xrns y˚rn ` ms

Let’s:

Determine the valid range of m

Compute Rxy rms

Identify the shift where correlation is maximum

Compare with Ryx rms
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Length of the Cross-Correlation (DT Case)

Let
xrns ‰ 0 for n “ nmin

x , . . . , nmax
x

y rns ‰ 0 for n “ nmin
y , . . . , nmax

y

Define lengths:
Lx “ nmax

x ´ nmin
x ` 1

Ly “ nmax
y ´ nmin

y ` 1

Result The cross-correlation Rxy rms is nonzero for

m “ nmin
y ´ nmax

x , . . . , nmax
y ´ nmin

x

Therefore,

LR “ Lx ` Ly ´ 1
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Autocorrelation

Discrete-Time

Rxx rms “

8
ÿ

n“´8

xrns x˚rn ` ms

Continuous-Time

Rxxpτq “

ż 8

´8

xptq x˚pt ` τq dt
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Properties of Correlation

1. Symmetry Relations
Autocorrelation (Hermitian Symmetry)

Rxx rms “ R˚
xx r´ms

Rxxpτq “ R˚
xxp´τq

If x is real-valued, this reduces to an even function.
Cross-Correlation Symmetry

Rxy rms “ R˚
yx r´ms

Rxy pτq “ R˚
yxp´τq

2. Auto-Correlation Value at Zero Shift (Energy)

Rxx r0s “

8
ÿ

n“´8

|xrns|
2

Rxxp0q “

ż 8

´8

|xptq|
2dt
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Properties of Correlation (2)

3. Linearity Structure

Rax1`bx2, y “ aRx1y ` bRx2y

Rx , ay1`by2 “ a˚Rxy1 ` b˚Rxy2

Linearity in first argument, conjugate-linearity in second.
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Connection Between Correlation and Convolution

Discrete-Time

Rxy rms “

8
ÿ

n“´8

xrns y˚
rn ` ms

Rewrite y rn ` ms “ y r´pm ´ nqs:

Rxy rms “
ÿ

n

xrns y˚
r´pm ´ nqs

Define the time-reversed conjugate signal:

ỹ rns “ y˚
r´ns

Then,

Rxy rms “ px ˚ ỹqrms

Continuous-Time

Rxy pτq “

ż

xptq y˚
pt ` τq dt “ px ˚ ỹqpτq, ỹptq “ y˚

p´tq
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Correlation as an Inner Product / Projection

Discrete-Time Inner Product

xx , yy “

8
ÿ

n“´8

xrns y˚
rns

Cross-Correlation

Rxy rms “
ÿ

n

xrns y˚
rn ` ms “ xx , ymy

where
ymrns “ y rn ` ms

Key Interpretation
Correlation is the inner product between a signal and a shifted version of
another signal.
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Correlation as an Inner Product / Projection (2)

Cross-Correlation

Rxy rms “
ÿ

n

xrns y˚
rn ` ms “ xx , ymy

where
ymrns “ y rn ` ms

Key Interpretation
Correlation is the inner product between a signal and a shifted version of
another signal.

Geometric View

Rxy rms “ }x} }y} cospθmq

Large magnitude ñ strong alignment

Zero ñ orthogonality (cospθmq “ 0)

Sign indicates direction (real signals)
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Our first real problem: Detection Problem

We observe a noisy signal:

rptq “ spt ´ τ0q ` wptq

sptq: known template

τ0: unknown delay

wptq: noise

Goal: Estimate the delay τ0.
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Key Idea

If we slide the template across rptq and measure similarity...

Maximum similarity ñ correct delay

Detection becomes a similarity search problem.
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Similarity = Correlation

Measure similarity using correlation:

Rrsptq “

ż

rpτqs˚pτ ´ tq dτ

Slide sptq across rptq

Compute inner product at each shift

Look for the peak
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Matched Filter

Correlation can be implemented using an LTI system (filter):

hptq “ s˚p´tq

yptq “ pr ˚ hqptq

yptq “ correlation between r and s
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Geometric Interpretation

In discrete time:

y rns “
ÿ

k

r rks srk ´ ns

This is an inner product:

y rns “ xr , sny

Maximum output ô maximum alignment
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Signal vs Noise

At the correct delay:

ypτ0q “ }s}2
loomoon

coherent sum

` noise
loomoon

incoherent sum

Signal adds coherently

Noise averages out
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Matched Filter (Example: Plots)
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Thank you

Laboratory of Automation & Robotics

Any Questions?

Office Hours:
Mon & Tue (09:00-11:00)

24/7 by email (costashatz@upatras.gr, subject: ECE SS AM)

Material and Announcements
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