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What is a signal?

Definition
A signal is a function that represents information about a
phenomenon or a system.

m Mathematically: a function x(+)

m Often a function of time:  x(t) or x[n]

Examples:
m Voltage or current over time
m Audio waveform
m Temperature sensor readings

m Pixel intensity along an image line
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- What is a Signal? (2)

m A signal is a mapping between an input set Z and an output
set O:

x: 7T — O

m Input domain Z:

m RV (continuous variables, e.g. time, space)

m ZN (discrete variables, e.g. sample index, pixel grid)
m Combinations of continuous and discrete dimensions
m If N > 1 we call the signals multidimensional

m Output space O:
m Typically RM or CM
m If M > 1, we have multichannel / multivariate signals
m Examples: M =1 (grayscale), M = 3 (RGB), M =6 (IMU)



Signal taxonomy: domain and codomain

= Domain (input): what the signal is indexed by
m time, space, pixels, frequency, sample index, ...

m Codomain (output): what values the signal takes
m real, complex, vector-valued, symbols, ...

Many “signal types” are just different choices of domain and
codomain.




Domain (time) vs Codomain (amplitude)

Continuous input (time) | Discrete input (time)
Discrete-time /
Continuous amplitude A:?:‘))g sampled
x[n]
Discrete amplitude Quantized Digital
xQ(t) xp[n]

Sampling discretizes time (input). Quantization discretizes
amplitude (output).
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- Periodic vs aperiodic

= Continuous-time periodic: x(t) = x(t+ T) for some T >0

m Discrete-time periodic: x[n] = x[n + N] for some integer
N=>0

m Otherwise: aperiodic

Example: x(t) = cos(2nfyt) has T = 1/f,.




Examples: periodic vs aperiodic
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AR NI ANWAN

MERY VRV \/
-1.0
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Aperiodic signal: e~2tcos(2n3t)
1.0
NELA
= 00

-0.5 \/

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
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- Causal, anti-causal, two-sided (signal support)

m Causal: x(t) =0fort <0 (or x[n] =0 for n < 0)

m Anti-causal: x(t) =0fort >0 (or x[n] =0 for n > 0)

m Two-sided (non-causal): nonzero for both t <0 and t >0

Examples: e u(t) (causal), efu(—t) (anti-causal).




Examples: causal vs anti-causal vs two-sided

Causal: e~tu(t)

1.00

0.75

i—'('/ 0.50

0.25

0.00

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Anti-causal: etu(—t)

-2.0 =15 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Two-sided: e~

1.0
0.8

Z0.6
X
0.4

0.2




- Even and odd signals

m Even: x(t) = x(—t) Odd: x(t) = —x(—t)




- Even and odd signals

m Even: x(t) = x(—t) Odd: x(t) = —x(—t)
m Any signal can be decomposed:

= (x(t) + x(-1)),

2
2 ()~ x(-1),
e(t) + Xo(t).

&
—
~
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Xo(t) =

x(t) = x,




value
|
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N
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o

Examples:

even/odd decomposition

Original signal x(t)

-2.0 -15 -1.0 -05 0.0 0.5 1.0 15 2.0
Even part xe(t)
-2.0 -15 -1.0 -05 0.0 0.5 1.0 15 2.0
0dd part x,(t)
L —
_/
-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0
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- Deterministic vs stochastic signals

m Deterministic: fully specified by an explicit rule / formula

m Stochastic (random): described probabilistically
m e.g. mean, variance, autocorrelation, PSD (later)

Example: sensor measurement y[n] = x[n] + w[n] where w[n] is
noise.




- Example: deterministic signal + noise

Deterministic signal: cos(0.1rn)

L A A A A AR A A
AN ANANINANATA N AN
TR VRURVRVITRTRIRYRY
L VVVVVVYV YV

0 25 50 75 100 125 150 175 200

Noisy (stochastic) signal: x[n]+ w[n]




Signal Types in this course

In this course, we will mostly see:

m One dimensional signals (input N = 1);

One output channel (output M = 1);

Continuous-time (analog) or discrete-time signals;

Deterministic signals (for most of the course);

m Stochastic signals (for the last part of the course).



- Energy and power signals

m Energy:

E=Jw x(t)|? dt, E= > Ix[n]]?

—© n=—0o0




- Energy and power signals

m Energy:

E=Jw x(t)|? dt, E= > Ix[n]]?

—© n=—0o0
m Average power:
1 (7T o
= lim — 2 P = li
P Tk 2T _T’X(t)l a, Ninoo2N+ Z




- Energy and power signals

m Energy:

=" Wora  E= X P

—© n=—0o0
m Average power:
1 (7 N
P= lim —— 2 dt P=li
fim o7 | @ N 2/v+ Z

m Energy signal: 0 < E < « (and P =0)




- Energy and power signals

m Energy:

=" Wora  E= X P

—© n=—0o0
m Average power:
1 (7 N
P= lim —— 2 dt P=li
fim o7 | @ N 2/v+ Z

m Energy signal: 0 < E < « (and P =0)

m Power signal: 0 < P < 0 (and E = o)



- Energy and power signals

m Energy:

=" Wora  E= X P

—© n=—00
m Average power:
1 (7 N
P = lim —— 2 dt P=li
T 2T _T’X(t)l ’ N 2N+ Z

m Energy signal: 0 < E < « (and P =0)

m Power signal: 0 < P < 0 (and E = o)

Examples: finite pulse = energy, sinusoid = power.




- Examples: energy vs power signals

Finite-duration pulse (energy signal)

1.0

0.8

0.6

=2

0.4

0.2
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- Basic signal transformations

Given a signal x(-), we build new signals by:
m Time shift: move left/right

m Time scaling (CT): compress/expand in time
m Time reversal: flip around t =0

m Amplitude scaling: multiply the signal values

We will use these constantly for system analysis and Fourier
methods.



-

m Continuous time:




-

m Continuous time:

m Discrete time:

y[n] = x[n — no]




-

m Continuous time:

m Discrete time:
y[n] = x[n — no]

Interpretation: When ng/ty > 0 the signal delays, and when
no/to < 0 the signal advances.
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m Continuous time:  y(t) = x(—t)

m Discrete time: y[n] = x[—n]

Interpretation: mirror the signal around ¢t = 0 (or n = 0).




Examples: shift and reversal

Original: x(t)

0 A\ \
IR VARY

-2.0 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0
Time shift (delay): x(t —to) with to =0.6

.l A ANVAN
. /\/) \J N

-2.0 =15 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Time reversal: x(—t)

\VERVER




Discrete-time examples: shift and reversal

Original signal x[n]

TovT |

-10 -5 o 5 10

Time shift (delay): xIn — nol, no =4

L

-2 ® 'y

-10 -5 o 5 10

Time reversal: x[—n]

| T!-T

-2 ] .

value

o
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-10 -5 0 5 10




- Time scaling (continuous-time)
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- Time scaling (continuous-time)

y(t) = x(at)

® |a] > 1: time compression (faster signal)
m 0 < |a| < 1: time expansion (slower signal)

m a < 0: includes reversal as well (flip 4 scaling)

Discrete-time scaling is subtle: x[an] is only defined on integer
indices.



- T —
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- Amplitude scaling

y(t)=ax(t) or  y[n]=ax]n]

® |a| > 1: amplify

m 0 < |o| < 1: attenuate




- T —

y(t) = ax(t) or  y[n]=ax|n]

® |a| > 1: amplify

m 0 < |o| < 1: attenuate

m a < 0: sign inversion (vertical flip)




Examples: time scaling and amplitude scaling

Original: x(t)
1
g \
ERN)
&}
g / /
-1
-2.0 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0
Time scaling (compression): x(at) with a =2
1 ya\
: N [\
2 0
: [\ V
-1
-2.0 -15 -1.0 -0.5 0.0 0.5 1.0 15 2.0
Time scaling (expansion): x(at) with a=0.5
1
o
ERN)
T
2
-1
-2.0 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0
Amplitude scaling: ax(t) with a = —=3.5
5
: NN\ A
s 0
g . \/
-5




Discrete-time examples: time and amplitude scaling

Original signal x[n]

: 1 1

2
$ o ° ? e T |
LI

[]
-4
-10 -5 0 5 10
Time scaling (decimation): y[n] = x[Mn], M =2
4

. !
o 111

S$o

[

-4

-10 -5 0 5 10
Amplitude scaling: ax[n], a =-3.5

10
s RARE
g 0 M P l

~10 Q
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- CT - Common signals

= Unit step

m Rectangular pulse

m Ramp
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m Sign function

, t>0
sgn(t) =40, t=0
-1, t<0
m Triangular pulse
2|t T
-, |t <5
X(t) _ T 9 | | 2

0, otherwise




- CT - Common signals (2)

m Sign function

, t>0

sgn(t) =<0, t=0

-1, t<0

m Triangular pulse
2|t] T
- |t< 5
X(t) _ T 9 | | 2
0, otherwise

= Impulse (Dirac)

5(t), f; o(t)dt =1



Common signals: continuous-time examples

Unit step u(t) Rectangular pulse
1.0 1.0
0.8 0.8
206 206
E] El
] T
504 S04
0.2 0.2
0.0 0.0
-20 -15 -10 -05 0.0 05 1. 2.0 -20 -15 -1.0 -0.5 0.0 05 1.0 2.0
Ramp r(t) = tu(t) Sign sgn(t)
2.0 1.0
15 0.5
E] E}
210 3 00
g g
0.5 -0.5
0.0 -1.0
-20 -15 -10 -05 00 05 1.0 15 20 -20 -15 -1.0 =05 0.0 05 10 15 20
Triangular pulse Impulse (unit-area approximation)
1.0 20
08 15
306 g
2 210
>o04 g
02 5
0.0 0
-20 -15 -10 -05 00 05 1.0 15 20 -20 -15 -1.0 -0.5 0.0 05 10 15 20
t t



- Impulse and step: fundamental connection

m The unit step and the impulse are related by:
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- Impulse and step: fundamental connection

m The unit step and the impulse are related by:

m Equivalently:
t
u(t) = f 5(r) dr
—0a0
Interpretation:

m The impulse represents an instantaneous change

m The step is the accumulation of that change



- Time shift and scaling of the impulse

m Time shift:

5(t — to)




- Time shift and scaling of the impulse

m Time shift:
5(t — to)

m Time scaling:

o(at) = —4(t)




- Time shift and scaling of the impulse

m Time shift:

m Time scaling:

m Combined:




- Key properties of the impulse

m Unit area:
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m Unit area:

fooo o(t)dt =1

= Shifting (sampling) property:

JOO x(£) 8(t — to) dt — x(to)
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- Key properties of the impulse

m Unit area:

a0
f o(t)dt =1
-0
= Shifting (sampling) property:

foo x(£) 8(t — to) dt — x(to)

—0

m Multiplication by a function:

x(t) 6(t — to) = x(to) d(t — to)
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x[n] =

0, otherwise




- DT - Common signals

= Unit step

1, m<n<m
x[n] = .
0, otherwise

m Ramp




- DT - Common signals (2)
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- DT - Common signals (2)

= Sign function

1, n>0
sgn[n]=<0, n=0
-1, n<0
m Triangular pulse
||
= {1 =N

0, otherwise




Common signals: discrete-time examples

Unit step u[n] Rectangular pulse
1.0 1.0
0.8 0.8
206 206
3 5
K T
> 04 >04
0.2 0.2
0.0 0.0
-10 -5 0 5 10 -10 -5 0 5 10
Ramp r[n] = nu[n] Sign sgn[n]
12,5 10
10.0
0.5
g 75 g
E] 3 00
$ s0 g
il
0.0 ? -1.0
-10 -5 0 5 10 -10 -5 0 5 10
Triangular pulse Impulse 6[n]
1.0 1.0
0.8 0.8
206 206
E] S
K] T
> 04 >04
0.2 I I 0.2
0.0 0.0
-10 -5 0 5 10 -10 -5 0 5 10




- Discrete-time analogue of impulse-step connection

m Kronecker impulse:
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- Discrete-time analogue of impulse-step connection

m Kronecker impulse:

= Shifting property:

0

> x[nld[n = no] = x[no]

n=—00



Complex exponential

m Continuous-time:
X(t) _ e(<7+jcu)t

— eatejwt

Euler's formula

" (cos(wt) + jsin(wt))




- Complex exponential

m Continuous-time:
X(t) _ e(a+jw)t
_ eatejwt
Euler’s=formu|a eo't cos(wt) + jsin(wt
J
m Discrete-time:
X[n] _ e(cr+jQ)n
_ eanean

Euler‘s:formula e"”(COS(Qn) +_jsin(Qn))



- Complex exponential

m Continuous-time:
X(t) _ e(a+jw)t
_ eatejwt
Euler’szformula eo't cos(wt) + jsin(wt
J
m Discrete-time:
X[n] _ e(cr+jQ)n
_ eanean

Euler‘s:formula e"”(COS(Qn) +_jsin(Qn))

m Euler’s formula: e = cos(x) + jsin(x).



value

value

Complex exponential: CT and DT examples

CT real part CT imaginary part
1.00 {\
0.75
[ AR
A el ARA A
FRVAVIYA R IR RYAYAY:
-0.25
Y MR
v -0.75
0.00 025 050 075 1.00 1.25 150 1.75 2.00 0.00 025 050 075 1.00 125 150 1.75 2.00
DT real part DT imaginary part
E]
s
L
0 20 40 60 80 100 0 20 40 60 80 100




- Energy and power under time shift (CT)

Let y(t) = x(t — to).
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- Energy and power under time shift (CT)

Let y(t) = x(t — tp).
Energy:

&= [ oPde= [ Ixte—w)pPar

—0o0 —00

Change variable 7 = t — ty (dt = d7):

Q0
£~ | npar -,

—o0

Power: T
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- Energy and power under time shift (CT)

Let y(t) = x(t — tp).
Energy:

&= [ oPde= [ Ixte—w)pPar

—00 —00

Change variable 7 = t — ty (dt = d7):

o0
E, = J \x(7’)|2d7' =E,

—00

Power: 1 (T
; 2
= — t — to)|°dt = Py
Py=Jim 57 | Xt =)l

Time shift does not affect the shape of the signal!
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Energy:
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- Energy and power under time scaling (CT)

Let y(t) = x(at), with a # 0.
Energy:

o0
E, = f |x(at)[2dt

—00

Change variable 7 = at (dt = dt/a):
*© dr 1
— 2 =
g - | KPT -5

o |al

Power: T

.1 2
P, = _,_Ilnooﬁ . |x(at)|“dt




- Energy and power under time scaling (CT)

Let y(t) = x(at), with a # 0.
Energy:

o0
E, = f |x(at)[2dt

—o0
Change variable 7 = at (dt = dt/a):
*© dr 1
— 27 =
& - WP - o

o |al

Power: T

.1 2
P, = _,_Ilnooﬁ . |x(at)|“dt

Let 7 = at:
1 1 |a| T
P, = lim ——
Y T—»oo2T|a| —|a|T

(assuming Py exists)



- Energy and power under time shift (DT)

Let y[n] = x[n — ng].
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Let y[n] = x[n — ng].

E, = Y W[l = >} Ix[n—nolf?

n=—ao n=—a0

Energy:
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- Energy and power under time shift (DT)

Let y[n] = x[n — ng].
Energy:

[0e] [ee}
E,= ), lylnlP = D) Ix[n—nolf?
n=—o0 n=—0o0
Let k = n— ng: -
E = ), X[k =E
k=—o0
Power: ) N
P, = 1 — nol|* = Py
Y Y| ;_N ln = noll” = P




- Energy and power under time shift (DT)

Let y[n] = x[n — ng].
Energy:

[0e] [ee}
E = > lylnllP= > Ix[n— no]?
n=—o0 n=—0o0

Let k = n— ng: -

E = ). Ix[KP = E

k=—o0
Power: N
_ 2 _
Py = a1 nzz_le["_ moll” = Px

Time shift does not affect the shape of the signal!



- Energy and power under amplitude scaling (CT)

Let y(t) = ax(t).
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- Energy and power under amplitude scaling (CT)

Let y(t) = ax(t).
Energy:

E, = [ lax(®Fde = o] | x(0)Pde = |aE

Power:

1
P, = lim ﬁf]ax(t)lzdt _ laP2P,




- Energy and power under amplitude scaling (DT)

Let y[n] = ax[n].




- Energy and power under amplitude scaling (DT)

Let y[n] = ax[n].
Energy:




- Energy and power under amplitude scaling (DT)

Let y[n] = ax[n].
Energy:

E,= 2, yInlP= > lax[n]®

=laf? >} Ix[n]l* = |aEx

n=—0o0




- Energy and power under amplitude scaling (DT)

Let y[n] = ax[n].

Energy: © .
E,= ), ylnlP= ) laxn]?
n=—00 n=—00
o0
=laf* ) Ix[n]]* = |afEx
n=—00
Average power:
1 N
P 2
v = N—>oo2N+1 Z yln] Vo 2 ol

n=—N




- Energy and power under amplitude scaling (DT)

Let y[n] = ax[n].

Energy: © .
E,= ), ylnlP= ) laxn]?
n=—00 n=—00
o0
=laf* ) Ix[n]]* = |afEx
n=—00
Average power:
N 1 N
P = 2 _ 2
Y TN AN T T _Z_:NM”]' N 2N + 1 ;me[”]'
N
2 2 2
= I = P.
af? Jim, 51 2 Mol = ol

(provided the time-average limit exists)



- Example (CT): energy under time scaling

Let x(t) = e tu(t).
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- Example (CT): energy under time scaling

0 0 1 0
E, =f (e tu(t))2dt _f e2tdt = [ -e—ﬂ -1
—o 0 2 0 2
Now y(t) = x(2t) = e 2tu(t)
a0
E, = f e ¥dt = =
0
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- Sum of periodic signals (continuous-time)

Let:

x1(t) periodic with period Ty, xo(t) periodic with period T,

Then:
m x1(t) + x2(t) is periodic
m if and only if

T
= — € Q (rational ratio)
T2

In that case, a period is:

T = 1CII1( Tl, T2)



- Example (continuous-time)

x(t) = cos(2mt) + cos(2m\/2 t)
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- Example (continuous-time)

x(t) = cos(2mt) + cos(2m\/2 t)

m =1

| Tg=\%

s o \2¢qQ
T2

x(t) is not periodic.




- Sum of periodic signals (discrete-time)

Let:
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- Sum of periodic signals (discrete-time)

Let:
x1[n] = cos(Q1n), xa[n] = cos(Q2n)

Discrete-time periodicity condition:

Q

2 € Q

m xi[n] periodic if Q1/2m € Q
m xo[n] periodic if Qp/2m € Q

Sum is periodic if both are periodic and their periods have a
common multiple.



- Root-Mean-Square (RMS) value

m For a signal x(t), the RMS value is defined as:

1 T
rms — li 2
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- Root-Mean-Square (RMS) value

m For a signal x(t), the RMS value is defined as:

1 T
rms — li 2
X Jim o _T]x(t)| dt

m For discrete time:

1
~ i 3 2
Xems J amon 1 2 ol




- Root-Mean-Square (RMS) value

m For a signal x(t), the RMS value is defined as:

1 T
rms — li 2
X Jim o _T]x(t)| dt

m For discrete time:

1
Xems = lim Z |x[n]|?

Key relation:
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Why is RMS important?

m RMS measures the effective signal magnitude

m RMS is what determines:
m delivered power in electrical systems

m perceived signal strength
m actuator effort and thermal load

Example:

B

x(t) = acos(wt) = Xpms =

7




- RMS of a sinusoid (power signal)

Consider:
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- RMS of a sinusoid (power signal)

Consider:

x(t) = acos(wt)

Average power:
T s
P, =i os“(wt) dt
<l g7 ) ot

Use cos?(0) = % (1 + cos(26)):




- RMS of a sinusoid (power signal)

Consider:

x(t) = acos(wt)

Average power:
Ty o
Py = li t)dt
x = lim o= _Ta cos” (wt)

Use cos?(0) = % (1 + cos(26)):

RMS value:




- RMS of a discrete-time sinusoid (power signal)

Consider:

x[n] = acos(Qn)




RMS of a discrete-time sinusoid (power signal)

Consider:
x[n] = acos(Qn)

Average power:

Py = lim !

N
2 2
N 2N T 1 n;NO‘ cos(2n)




RMS of a discrete-time sinusoid (power signal)

Consider:
x[n] = acos(Qn)

Average power: N
P = lim ——— Z o cos’(Qn)
n=—N

Use cos®(#) = 1 (1 + cos(26)):

cos(282n)




RMS of a discrete-time sinusoid (power signal)

Consider:
x[n] = acos(Qn)

Average power:

Use cos®(#) = 1 (1 + cos(26)):




RMS of a discrete-time sinusoid (power signal)

Consider:
x[n] = acos(Qn)

Average power:

Use cos®(#) = 1 (1 + cos(26)):

RMS value:

L

ers:\/P=|

S




- RMS vs Energy: intuition
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- RMS vs Energy: intuition

m RMS describes long-term, sustained magnitude

m Energy describes total accumulated effort

m A short, high-amplitude pulse:
m large energy over a short time

m zero average power
m zero RMS

RMS answers:

“How strong is the signal on average?”



- Decibel (dB) scale: ratios
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- Decibel (dB) scale: ratios

m dB expresses ratios on a logarithmic scale

m Power ratio:

P
dB = 10logy, (32)
1

= Amplitude ratio (same impedance / same reference):

A
dB = 20 log;, (A—2)
1

Why 20 and not 10?7 Because PocA?.



- dB rules of thumb and dynamic range
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- dB rules of thumb and dynamic range

m +3 dB ~ X2 in power
m +10 dB = x10 in power
m +20 dB = x10 in amplitude

Dynamic range: difference between the largest and smallest
relevant levels:

Am X Pm X
Agp =20 Iog10<A : ) or 10logy, (P_a>




- How to plot in dB (numerically safe)

Given a magnitude m > 0:
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- How to plot in dB (numerically safe)

Given a magnitude m > 0:

mqp = 20logo(m + €)

m Use 20 for amplitude/magnitude (e.g., | X(w)|)
m Use 10 for power (e.g., PSD)
m ¢ prevents log(0) (typical: 10712)

m
+ €
Mmax

Often we plot relative dB:

20 |Og10 (



Example: linear vs dB magnitude

Time signal (first samples)

x(t)

AN A A A A AAAAAA
—0s \\IIVV/\V/\/VVVVVVVVV
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Spectrum magnitude (linear scale)
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Frequency [Hz]

Spectrum magnitude (dB, normalized to max = 0 dB)
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Frequency [Hz]



- Example: dB reveals weak components

Time signal: strong tone + weak tone

, NAN
NN ANANANAWANANA i
W ENIVATA TRVEVAVAVAYRVIAVAY

VV VYV VY

|
—
j—
—
L

| —

—
—_—

Spectrum magnitude (linear): weak tone is hard to see

4 200 400 600 800 1000
Frequency [Hz]

Spectrum magnitude (dB): weak tone becomes visible

-20 /\
-a0

dB (relative)

o
o
—

[ 200 400 600 800 1000
Frequency [Hz]




m Any Questions?

m Office Hours:
= Mon & Tue (09:00-11:00)

m 24/7 by email (costashatz@upatras.gr, subject: ECE_SS_AM)

m Material and Announcements | |
€iz

AR
L

Laboratory of Automation & Robotics

LA


https://lar.ece.upatras.gr/
https://eclass.upatras.gr/courses/EE861/

