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FIRBOUBNCY RBSTPONSE
Frequency Response of Discrete-Time Systems

ym="3 h(m)x(n-m)

ms=-aw

For an exponential input x(n)=e"" —0<N<®
y(m)= > h(m)e*"™ =( D h(m)e ™" |e*"

y(n)= H(ej“ )ej“’" where H(e)= i h(m)e "

‘H(e) is called freq. response of the oy o - " oy L i0()
system and is a complex function of Hie™)=H,(e")+H;(e")= lH(e’ )‘e

® with a period of 2a. It depends on

the input freq. & and the impulse o jo 4| Hy(e*)
response h(n). e = arg{]—l(e’ )} =<H(e”)=tan H, (")

(Magnitude & Phase response)
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FRBQUENCY RESTPONSE
s GRAPHICAL CONGEPTS
We start with the frequency response function o _ Ne™
1+ 0507 Hle") = 3
Hlel) = Lallap
i —05e7 or
o z40. ;
= % = —O.E Hie™®) = %ef‘“"” = Me'®
& k 2-0.5

1l
| *
—05
(a) The numerator represented as two vectors i I
(b) Construction of a parallelogram (a) The denominator represented as two vectors (b) Construction of a parallelogram
circle I
PRRT, S g | (c) The equivalent head-to-tail addition
Bantraier Devowinatro r
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FIRBOUEBNCY REBSPONSE Geometrical (Graphical) Computation

of the Frequency Response
Mapadsiypa 3.9
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FRBQUENCY RESTPONSE

Pole-zero  olocemeut wethod

® When o 2evo s F(age_d ok on 3iveu\ poive own  the z-plaue,
the #ﬂ:ﬂ. respownse wicll be zeve ox s+he coWerFoudﬁa point.
A Fel& ow +he other hawd produces o pPealk.  ax +he
Lnrrect)wdiv\j ‘(‘mq. Poin

El2
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— 0 0 1} F
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-(-.rauﬁ ks v  wminiwmow .,

® Nowce +thar for coefficieurs of +he Liltev to be veal,
the Pc(es aud  zevos wius+ eirher be real ( thax is
Lie ou she positive  ov  uegative veal oaxes) By otowv

iw cowmplex coujugare alrs.
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FREQUENCY RESIPONSIE

Eftects of Toles wad Zevos ow he rreauwcz Resﬁoue
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FRBQUENCY BESTPONSE

Frequency response estimation using geo

metric method and the pole~zero diagram
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FREQUENCY RESIPONSIE

Example 6.1. This example illustrates the graphical estimation of the frequency response of
two first-order systems.
The general form of the unit sample response for a given causal, first-order
filter is h(n) = a"u(n) with |a| < 1 to ensure stability. Use the graphical method
just discussed to estimate the frequency response for two different values of a,
say =0.5.

Solution: First, for a = +0.5 we have
fam @
e
He®j= Y (0.5)metm (5.4)
m=0

where this infinite geometric sum can be written as

Hle®) = ﬁﬁ' since [0.5¢7 <1
jo z  4~z2eve ot E=2O
e =

e —05 Z-0.5 v\f‘!g _ (5.5)
This is of the general form «t Zoeg

Hie) = 2e®

5] = Do
= Me'® (5.6}

The numerator vector is Ne=1e” for all values of 0 as in Fig. 5.5(a) and the
denominator vector De’® starts with 0.5¢/ at 6 = 0 and increases in length and
in phase to 1.5¢/"”" at ¢ = . Three easy-to-make computations are tabulated
below and we note that M d me ically as ¢ increases from 0 to =
while D increases monotonically as shown in Fig. 5.5(b), and that the phase
will always be negative because 3 is always greater than « for 0 < 6 < . Again

this is a lowpass, negative phase (or phase lag) filter where the computer-gener-

ated frequency response is as shown in Fig. 5.6.

(2) A typical numerator term  j~_~{b) A'typical tenominator-term 4 .

A. ZKOAPAL SHMATA KAl Y3 THMATA

FRBQUENCY RESTPONSE

0.5, the frequency response is

1. 1

ae™® ~ 1+05e7

& R 4 2€re ox %=
T e+ 05

. »Now for the negative value of a =

d H(e") =

—_—
. z+°'5‘-fw!¢,& Z=4o.5
Ne™ i
) = poF = Me” (5.7)
and shown in Fig. 5.7 is the vector addition that results in the denominator
term De’® = 0.5 + 1e’. The numerator is always le’ which leads to the quick
tabulation indicated and we note that M increases monotonically (D decreases
monotonically with 6). Here, however, the phase is positive because e = .9Ais
always greater than 8. Figure 5.8 shows the amplitude and phase characteris-
tics of this highpass filter that would be used to filter out sequences composed
of low frequency sinusoids and pass more easily those containing higher fre-

quencies.

05+ 1eP = pel

A. ZKOAPAL
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FIGURE 5.6 Lowpass filter frequency response
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FIGURE 5.8 Frequency
response for system with
H(e®) = ePi(e” - 0.5)
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FRECUBNCY [RESIPONSIE

Comment: To reflect for a moment on this example, we note the simplicity
inherent in digital filters. The difference equation that corresponds to the unit
sample response of h(n) = a™u(n) is

y(n) = ay(n = 1) + x(n) (5.8)

and the system diagram for this first-order recursive filter is given in Fig. 5.9.
So, merely changing the sign of the filter coefficient a from + to — dramati-
cally alters the filter characteristic: a lowpass becomes a highpass.

FIGURE 5.9 An implemen-  x(n)
tation or realization of a 9—{1\‘ ‘—C\; — y(n)i
first-order recursive filter

A. ZKOAPAL SHMATA KAl Y3 THMATA ENOTHTA 9 — AIAQOANEIA 13

FRBQUENCY RESTPONSE

AZKHIH

‘Eva Swakprrol ypovou adatnpa mepiypipetar and v eflowaon Swagopav:
y(n) = % y(n-1) + 2 x(n)
A. N uToAoy1aTel 1) ouvapTen HETEPOPAS TOU FUGTI|HATOS.
B. Nat umodoyiotel ko va oyediaoTel 1) KPOUGTIKI] AMOKPLOT) TOU LG THHATOC,
I. Na vmodoyiotel (pg ypa@ikd Tpomo) Kot v ayediaotel 1) @MOKPLOT) oUXVOTITAS

TOU OUOTHHATOG.
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FRBQUENCY RESTPONSE
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Example 1: H(z) = 2z / (z-1/2)
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Example 1: H(z) = 2z / (z-1/2)

Frequency Response - Magnitude
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Example 2: H(z) = z*2 | [(z-1/4) (z+1/2)]
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Example 2: H(z) = z*2 | [(z-1/4) (z+1/2)]
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Example 2: H(z) = z*2 | [(z-1/4) (z+1/2)]

Numerator | 1,0,()]

Denominator 1,0.25,-0.125

Sample Filter Designs  Custom :i [_/dB
14 Po|e-Ze]ro Plot
i
1
1
= \
g | 4
2 \ i |
E i
i
1
1
1
1
1
i
1
4
1
i
i
1.4 .
14 1.4
Real
g Geometry Lines

A. ZKOAPAL

16 .
1
i
1
| T (rem
1
i
= 1
R B 4
(&) 1
1
1
1
{11 | .
1
1
1
08 .
0.0 0.125 0.25 0.375 0.5
Normalized Frequency (w/(2°pi))
180.0 : Frequency Resliponse- Phase :
1 L 1
1 () 1
1 | 1
1 ] )
900 —-----------mmmmmm - e et EEE TR PR
= i i i
‘g' ! i I
@ 00 === - Fo=————————— R
2 ! : :
£ ' i i
900 ---------- qmmmm Fommmmmmmm - qmmmmmmmmm o
1 1
i i i
1 ] I
-180.0 . : :
0.0 0.125 0.25 0.375 0.5

ZHMATA KAI 2YZTHMATA

Normalized Frequency (w/(2°pi))

ENOTHTA 9 — AIAOANEIA 24



Example 3: H(z) = z*2 | [(z+1/4) (z-1/2)]
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Example 4: H(z) =1/ [(z+1/4) (z-1/2)]

Numerator 0,0,1

Denominator | 1,-0.25,-0.125|

Frequency Response - Magnitude

Sample Filter Designs  Custom 9 [JdB 1.6 T T T
| i |
1 1 1
I 1 1
14 PoIe-ZtTroPIot 14— | —— L ““““““i ___________
1 1
1 1
1 = 1
i I I S e fmmmmm e
= T — [ :
1 1 1
1 1 I
i el - ————- S, S L ——
1 1 1
1 1 1
1 I 1
1 I
{ i 0.8 ' ' !
g i ! \ 0.0 0.125 0.25 0.375 0.5
.g I IR, O Y (" S S SR Normalized Frequency (wi{2"pi))
o | ! |
= \ ! / c
E ! 180.0 : Frequency Response - Phase :
! | 1 1
1 I I I
1 1 1 I
: I 1 1
| 200 ----------- R et B e fo—mmmmm—m o e
: - ! : :
o
+ g ! : :
. S| R R IR e LI —
1 wvi I 1 I
! ) 1 1 |
| ﬁ | 1 |
14 ' | | |
1.4 1.4 S — - - — =~~~ i it i = o [ e e i i s P e s i il
Real | i i
i i i
™ Geometry Lines 180.0 | | |
0.0 0.125 0.25 0.375 0.5

A. ZKOAPAL

Example 4: H(z) =1/ [(z+1/4) (z-1/2)]

Normalized Frequency (wi(2"pi))

SHMATA KAl Y3 THMATA ENOTHTA 9 — AIAQOANEIA 29

Numerator (,0,1

Denominator | 1,-0.25,-0.125

Frequency Response - Magnitude

Sample Filter Designs  Custom ﬂ []dB 1.6 T T T
i i i
1 1 1
1 1 1
1.4 Pole-ZeIroPIot - . . e i_ “““““"i ____________
1 1 1
: : :
' R I R P R
“~ &) 1 1
1 1
1 1 1
1 1 1
10— m- T Fmmmmmmmmmm e qmmmmmm o]
1 1 1
1 1 1
1 1
\ 1
0.8 ! I |
E | 0.0 0.125 0.25 0.375 0.5
.g‘ e EE T (. MU, "R K [Sri— Normalized Frequency (wi/(2°pi))
[a] ! |
= ! [ .
E ! 180.0 : Frequency Response - Phase :
i i i i
! 1 1 1
: 1 1 1
| 200 ---------- R ettt L ettt fo———————m——
: - : : :
o
-4 g ! : !
| - E——— X SRE—  S— SO
1 v 1 1 1
: g : : :
1.4 | £ | 1 1
14 14 90.0 - ------>g e e R
Real i i |
i i i
™ Geometry Lines 180.0 | | |
0.0 0.125 0.25 0.375 0.5

A. ZKOAPAL

Normalized Frequency (w/(2"pi))

ZHMATA KAI 2YZTHMATA ENOTHTA 9 — AIAOANEIA 30



Example 5: H(z) = (z*2 - 1) / (z*3 +0.5z)

s GEOMETRIC ALGORITHM FOR SKETCHING THE
FREQUENCY RESPONSE

The Nth-order difterence equation

yln) - 3 ain - K= 3 bexin - &) Exaeele;
k=1 k=0

d = 0.707e/"2

3«4 ordes Filter

z
2N Hbyz" + bz + - + by - Z-A
Sl e e Ne=—
2 il 274 0.52%
g3 = 0.707¢ T2
H(Z] & i V”mw (a) A plot of the poleg and zeros
= Oo

(z—i) (z»(}
2 (0% €™ (z- 0308 €

lz—dillz—dy) -~ [z — dn)

Hey:

th? v wtivd thar <he rosts MM .. . Szengs)
. P
aud da,da, .. dy (POLEs) ave complew nuwbers,
e genesol, avd it alf complex roots wmasy appear

" Lohjuﬂqte rair; DeCaus € tut  (OLAXIC tants

he PD!]V-‘JW{O{! a oll  peal wuwbers,

(b) A typical set of numerator vectors

(c) A typical set of denominator vectors
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Example 5: H(z) = (z*2 - 1) / (z*3 +0.52)

(e — 1)[e™ + 1)

(D1eP D] -~ [Dye™]

where Nye/* is the vector from the zero ng to the tip of the ¢’ vector, ¢ =1,

DiD, (03][1.707)

Hle™) = —
b e’’’ — 0.707¢/™2)(e® — 0.707¢ 772
B = (Nye/=|(Nye ')
(D17 Do 2| D3
1
Hie) = NiN pileataz—0-pa—pa) We start with the factored form of the frequency response written in terms |
(1)D2Ds of thie general complex variable z as |
by Hz ~ mllz = my) -+ [z = ng)
Higle = 5.26)
[ P N N P ¥ leel
which in terms of z = ¢ becomes
oy = pp_piv-rig (€” — mille” —na) -+ [€® — ny)
G A e e
To interpret this graphically, Eq. 5.27 is written in terms of vectors as
My = 0L BN ) = o0 I o) - [Ny -

2, ..., Land D,e/ is the vector from the pole d, to the tip of the ¢’ vector,
p=1,2, ..., N. Remember that z = ¢/’ where 0 is the digital frequency of the
input. The magnitude of the frequency response is
M =boNiNy + -+ Ny/DyDy -+ Dy 5.29)
4 and the phase is
P=(N-Llo+ey+ay+ - +a—(Br+B+ " +Bn
354 £ N
=(N-L)6+ 2 ax = 2 Br (5.30)
k=1 k=1
3.0+ /
The N's, D's, a's, and B's can be evaluated as indicated in Fig. 5.13.
254 St ===

Magnitude
S
o

o

ja

PR
il
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Example 5: H(z) = (z*2 - 1) / (z*3 +0.5z)
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FRBQUENCY BESTPONSE

Example 5.2.

This example illustrates the graphical design of a bandpass filter.
A recursive second-order filter described by the difference equation (algorithm)
y(n) = ayy(n — 1) + azy(n - 2) + bex(n) + bix(n — 1) + byx(n — 2) (5.54)
is to be used to implement a digital filter with the following specifications:
a) passband centered at about 6 = /2.
b) unity gain at the center of the passband, i.c., |H(e™?)| = 1.
Design a filter to meet these requirements. That is, find the filter coefficients

ay, ay, by, by, and b,.

Solution: The recursive second-order filter of Eq. 5.54 has a generalized fre-
quency response function of the form
bo+ bz ' + b
H(z) = %T
az™' — ayz

2,
_ boi + b'Zj by (5.55)
zZ—az—ay

which may be arranged in the factored form

(z =)z — my)
Hiz) = bg————=%. 5.56
o= b = dz =i .
The corresponding frequency response written as a ratio of vectors is
jei g, giar
Hle#) = by 21 Nae (5.57)

DyePiD,e P

Where should the poles and zeros be located? There are, of course, many solu-
tions to a design problem that is posed as this one—with very general and
somewhat unrestricted specifications. Let's proceed, however, with one possi-
ble solution.

i) The center of the bandpass is to be located close to § = m/2 radians. This
means that the gain is to be “large”” in the region of 6 = /2 which can be
achieved by making D, “small” near 6 = #/2. Thus, let us place a pole at
the position d; shown in Fig. 5.16(a). Since there must also be a complex
conjugate pole we also have one at d, as shown. We locate them more
specifically in step iii.

The poles d, and d, have been selected to control the bandpass character-
istic of this filtér and consequently the zeros n) and n, can be located in
many suitable places, one of which is the origin where we put the two

zeros as in Fig. 5.16(b). Now the magnitude of the frequency response is
M = boN\Ny/D Dy = bg/DD; because Ny =N, = 1 for all values of 6.

A. ZKOAPAL

ZHMATA KAI ZYZTHMATA

FRBQUENCY RESTPONSE

&R
NP,

f ny
(b) Location of the zeros
oif
dy
D>
Ny =N
\dz/

(c) Vectors for gain calculation at 6 =

() Setting the poles

ZHMATA KAI 2YZTHMATA
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iii) Lastly, to take care of the unity gain requirement at § = /2 we draw two
vectors (the two vectors from the zeros have already been accounted for)
from d, and d, to 8 = 7/2 on the unit circle as in Fig. 5.16(c). The gain at
this value of 6 = 7/2 is

1
Map = 1= b"ﬁ

=} =% SN
=1 + [dd)
1
= b”m since |dy| = |d|. (5.58)

We have one equation in two unknowns and if we choose |d;| = |dy| = 0.9
to get the poles close to the unit circle we have

1.0 = by/(1 = 0.9%) or by=0.19 (5.59)
and the unknown constants in Eq. 5.56 have been determined to be

m =ny=0,d, =096, dp=09¢7™2 and by =0.19.  (5.60)

Now that we've selected the locations for the poles and zeros we want to
find the filter coefficients so we can implement the filter. From Egs. 5.56
and 5.60 the generalized frequency response is
0.19z%

[z = 0.9¢/2)(z — 0.9¢7772)
_0.19z*
-~ 224081

0.19

17081272 (5:61)

H(z) =

and comparison with Eq. 5.55 yields the filter coefficients

by=0.19, by = by =0, @ = 0, and a, = —0.81. (5.62)
The filter realization and algorithm are given in Fig. 5.17(a) and a com-
puter generated magnitude plot in Fig. 5.17(b). Notice the symmetry of the

plot, due to the symmetrical poles and zeros, the DC gain of 0.105, and the
desired gain of 1.0 at = /2.

ENOTHTA 9 — AIAOANEIA

FIGURE 5.17 Results for  x(n)
Example 6.2

y(n) = 0.19x(n) —~ 0.81y(n — 2}
y(n)

—0.81

D

(a) An implementation of the bandpass design

0.84
0.74
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0.5+

Magnitude
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(b) Frequency response magnitude, M
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® A

Comment: The shape of the plot is controlled by NyN,/DyD; and the scale

can be altered by adjusting by. Suppose we want a “sharper”’ characteristic than
that in Fig. 5.17(b). We can get the magnitudes N; and N, into the act by
placing two zeros at ny = 0.9 and n, = —0.9 as in Fig. 5.18(a). Now for the same

is

gain at 6= /2 we have from Fig, 5.18[b)] g
2
Mapn = 1.0 = boNyNo/DiD; g
(1 + 0.81)(1 + 0.81)1%
= pp———
o OTILI] (5.63)
which yields b = 0.105. The magnitude plot of Fig. 5.18(c| shows a much
more selective band h istic and the lized response.
(z+09)(z - 0.9)
H(z) = 0.105——5="——=1
el = 8305 — g
_ 0.105z* - 0.085 _ 0.105 - 0.085z >
T 224081  1+081z7 el

Comparison with Eq. 5.55 yields the filter coefficients

SeCono i‘(_\f

bo=0.105, b; =0, by = —0.085, a; = 0, and a, = —0.81 (5.65)

with the filter implementation in Fig. 5.18(d).

FIGURE 5.18 Design of a
bandpass filter (a second 0.9

try)

\70.9 039, Z09 09

-0.9

I T .

() Locating the zeros (b) Computation of M at 0 = 5
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5.4. Thi i ical design of lter.
Example This example illustrates the graphical design of a_comb filter.

In medical applications, the 60-Hz frequency of the power supply is often
“picked up" by test equipment such as an EKG recorder. At the same time, FIGURE 5.20' Norrecur-
harmonically related frequencies such as f, =2 x 60 = 120 Hz and f; = 3 x sive (comb) filter design
60 = 180 Hz are created because of nonlinear phenomena. To ensure an accu-

rate recording, it is necessary to eliminate or suppress these frequencies as the
unfinished magnitude plot of Fig. 5.20(a) suggests. Design a nonrecursive digi- L
tal filter that will accomplish this, given a sampling frequency of 360 Hz. |-& 5 =2C o i

Solution: The pertinent digital frequencies are calculated froml@= 27f/f, and
they are

& = 20(60)/360 = 7/3 Wy = 2{120)/360 = 2/3, and

= 2{180)/360 = 7.
(5.74)

(¢) Frequency response magnitude, M

x(n = 1)

A x(n ~2)

—0.085
0.105

yin 1)

(d) An implementation of y(n) = ~0.81y(n ~ 2) + 0.106x(n) - 0.085x(n ~ 2)

ENOTHTA 9 — AIAOANEIA

6 poles
60 120 180 f,Hz

0 2w rad

3

(a) Desired gains of zero at f = 60, 120 and 180 Hertz (b) Locating six zeros

We know that a zero placed on the unit circle at@=4d; eliminates the digital
frequencylh, which accounts for the three zeros = /3, 2/3, and = in Fig.
5.20[b). Remember that complex zeros must occur in conjugate pairs, and this

quires the addition of the two zeros atW= — /3 and —2/3. The sixth zero at

0is added to eliminate any DC in the signal and also creates a symmetrical

pattern which produces the often desirable property of linear phasc
Our ultimate goal is the algorithm to implement this filter so we first need

to form Hiz) = N{z)/D(z) and create the difference equation from this fre-

quency response function. From Fig. 5.20{b] the numerator polynomial is

Az = oYz — Pz — iz — HYz — (BT (5,75]
lied and i d yields the

Niz)=25- 1. 5.76) 2"”]

1754

What about the denominator D(zJ? For simplicity, we might be tempted to

Niz]

which when

make D(z) = 1 which would give
Hlz)=25-1 (5.77) J
1.50

and the corresponding difference equation

yin) = x{n + 6] ~ (5.78) e
which describes a noncausal filter because of the requirement for x(n + 6}, the §
sixth future value of the input which is, of course, unknown to all but certain £ 100
stargazers and several pseudosavants. Instead, by making D(z] = z¢ we have E

e é
=1-z 5.79) o
and the difference equation for a causal filter

y{n) = x(n) - x(n - 6] 5.80) 0251/
L

giving the implementation of Fig. 5.20{c). Because of the symmetrical placing

o - -

(c) An implementation of y(n) = x(n) ~ x(n -~ 6)

b

|

of the zeros, and because all of the poles are at the origin [z = 0}, the symmetri-
cal response of Fig. 5.20(d) results

-6
Hera 4 -2

. ~-@
o 2 1-7 A Yoy X TXO ~5 yoy=

AHCz)

A.2KOAPAZ
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g v ﬂ

(d) Magnitude of frequency response

x () ~ x(4-6)
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®iAtpa Eykotriig (Notch Filters)
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QiAtpa Eykorrig (Notch Filters)

Mapaderypa 3.10 (ouvéxea...)
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% Im
N E foug T
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| RCN Lo ke

H(e'”)=hy(1—e'™ i =e )= hy(1—2cos (1)0:'l 4 =72y

ToTroBEeTOUpE GEVYOG CUCUYWV HIYOBIKWV TIGAWV: O e
+ 7 :j o6l i
pip=re '™ 0<r<li R B

. 1-— ejwoz—l 1— e—ja)oz—l .
H(e’™)= by ( jo -1)( —jo -)1 '
A=re’™z7 )1 —-re ™’ z7) e

=

'

51}
T
|

1-2coswyz™ +z72
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Numerator | 1.0, -1.4142, 1.0

<>
Denominator 1.0, -1.3435, 0.9025
Sample Filter Designs  Custom '] ~'ds 11 ,r B — .
N A ] |
I ¢ ) ]
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Digital Resonators

A special two-pole bandpass filter with the pair of
complex-conjugate poles located near the unit circle.

Useful in simple bandpass filtering and
speech generation.

pi2 = re*/e™ O0<r<l1

b
H(z) = £

o] = refmz=1)(1 — re—J@z-1)
bo

H(z) = —
(2) | — (2rcosag)z=) + réz—?
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Digital Resonators (cont...)

Zerosat z=0

A. ZKOAPAL

Digital Resonators (cont...)

Zerosat z=1, z=-1

A-z7Ha+z7H

H(z) =G

1H{w)l
=
<

(ST

Olw)
o]

1
A

t "‘ r=08/

_d r=0.95
---- Seaad
1 e | -

-n b3 0 n n
] 2
(b)
F =
o i r=08
r=095
}- L = ! i e
-n n 0 x 14
2 2
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| Hiw))

(1-— re“““z”l)(] = re-ﬂm:—])

=%}
1-z7°

=G
1— 2rcoswg)z=! +riz=2
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Digital Sinusoidal Oscillators

Resonators whose poles are located on the unit circle.

Hi-) = by

I+ a;z7! +axz™

ay = —2r cos wy ar =r

Mn)=Asin(n+ 1y
— =+ Jax,
p =re )

bor™ . _
h(n) = —— sin(n + Dawou(n)
Sin wy

a;=—=2cos wy

r =1

hin) = Asin(n + 1)awqu(n)
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Digital Sinusoidal Oscillators (cont..

Numerator 1.0

r <>
Denominator | 1.0,-1.7321,1.0)
Sample Filter Designs  Custom = [ 1dB 1940 ]Frequency RESP?HSB' Magnitudel
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