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Example: DFT of f(x) = sin(271x), N = 8
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Example: 1D DFT 8-point

A Discrete Signdl (real) A Discrete Signdl (imagnary)
4 . . 1 - . _
2 I 0 - > - - T - »
. P o P =l L L L
0 2 4 6 0 2 4 6 )
Discrete Spectrum (not centralized, real) Discrete Spectrum (not centralized, imaginary)
1 5
: ]
. b
1% 2 3 3 2o 2 4 6 8
T
X, = [318 -216, 071, —0.66, 1.06, —0.66, 0.71, —2.61 |
T
X; = [00, 146, 1.06, —0.04, 00, 0.04, —1.06, 1.6 |
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Example: 1D DFT 8-point
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Discrete Spectrum (not centralized, real) Discrete Spectrum (not centralized, imaginary)
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Discrete Spectrum (centralized, real) Discrete Spectrum (centralized, imagnary)
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Carrying out the DFT matrix multiplication:

X=W«x

we get the N = 8 DFT coefficients X = X, + jX;:

X,

X

7

[ 3.18,

I

~2.16, 0.71,

—0.66,
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1D DFT 8-point basis
u:\ P N § e N
real AR NN
N A A A AN
A N aVal | B ANy
SRS 7S  SARVARAYAS R
o AN AN AN N
IRV SV | YR SR
RPN NN DA AR N\ S
YRSV SvvS | RVSAVARYART S 7
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T
1.06, —0.66, 0.71, —2.61 |

[ 00, —1.46, 1.06, —0.04, 0.0, 0.04, —1.06, 1.46]T
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Grayscale Image

191 192 193 192 192 191

196 197 191 187 176 162
183 174 160 148 134 124
147 135 129 118 117 114
121 120 125 115 119 119
119 121 127 120 117 110
123 113 106 101 96 93
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Colour Image: RGB spa
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Transform Coding

Basis vectors for 1-D transforms of order N
DWHT DFT DCT KLT
LLELle ety wading
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2D DFT

M-1N-1

Flk, 1= ) fIm, n]e

m=0 n=0

where £ =0,1,....M —1 and

A. ZKOAPAZ

EMEZEPTAZIA SHMATQN (ECE-Y523)

=8

For each set of
basis vectors, all
vectors except the
first one (first row)
are zero mean
sequences.

Discrete Walsh
Hadamard
Transform: square
waves of different
sequencies.

[=0,1,...N-1
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M-1

Flk,1]=

where k£ =0,1,...,

Inverse DFT

flm,n]

m=0

2

n

Il
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Discrete Fourier transform (DFT) basis images
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Discrete Hartley transform (DHT) basis images

EMEZEPTAZIA SHMATQN (ECE-Y523)

Transform Coding
2D DCT 8x8 basis images
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Discrete sine transform (DST) basis images

(1 (38 (3] (I ] [ (1]
e ] 5 (51 ) [0 0 [
Dl ] N Y ) D

Walsh-Hadamard transform (WHT) basis images
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Haar transform (HAAR) basis images

(1 (5 [ O [
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Discrete Fourier Transform (DFT)

1 O Y UXAVY
Forward DFT i (”’V)_N’z;;ﬂx’y)ex‘{_ﬂ” N }

N-IN-
Inverse DFT j(x,y)ziiF (u,v)exp[ 72 ﬂ%]
=() y=0

xxxxx




Discrete Cosine Transform (DCT)

N-IN-] s
Forward DCT C(u,l’)=a(u)a(v)§; Ax, y)cos{ﬂ(zg;l Ju Jcos[”(zé;‘ )"}
Inverse DCT ./(W)=Zga(u)a(v)C(u,v)co ;,(33-;1 )u}Co ;z(zé‘;l )x,]
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Transform Coding

Original Image DFT DCT
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Discrete Cosine Transform (DCT)

f(x,y) F(u,v)
5 DCT 4
—_—
Pixel Frequency
domain domain

2D-Forward DCT (8x8 bIock)'

F(u,v) = —C(u) C(V)Zz f(x.y) = {cos (& 116) cos w
x=0 y=0
where: 1
C(u), C(v) = — uv=0
(u), C(v) I
C(u), C(v) =1 otherwise
A. ZKOAPAY EMEZEPrAZIA THMATQN (ECE-Y523) ENOTHTA B

2-D DISCRETE COSINE TRANSFORM - Il

Ni—1 /Np—1 - , 1 - , 1
Xy by = z::‘) (HZ::D Ty ny COS [Ng (n.g + 5) ]\'2:|> Cos [—1 (nl + 5) kl]

ni

Ni—1 Na—1 T/ 1 - 1
= Z Z Ty .ny COS [\—, (Ill -+ 5) L1:| Ccos |:\—‘.) (712 + 5) ]\2:| .

n1=0 na=0
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JPEG Compression Example (3:1 or 7.8 bpp)

Original: 1,187,986 bytes or 24 pp 407,024 bytes or 3:1 or 7.8 bpp

A. ZKOAPAX

EMEZEPTAZIA SHMATQN (ECE-Y523)

JPEG Compression Example (11:1 or 2 bpp) Z

Original: 1,187,986 bytes or 24 bpp

103,642 bytes or 11:1 or 2 bpp

A. ZKOAPAZ

EMEZEPTAZIA SHMATQN (ECE-Y523)

ENOTHTA B

ENOTHTA B
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JPEG Compression Example (29:1 or 0.8 bpp) 3

Original: 1,187,986 bytes or 24 bpp 40,920 bytes or 29:1 or 0.8 bpp

A. ZKOAPAX EMEZEPTAZIA ZHMATQON (ECE-Y523) ENOTHTA B 47

JPEG Compression Example (73:1 or 0.3 bpp)

Original: 1,187,986 bytes or 24 bpp 16,193 bytes or 73:1 or 0.3 bpp

A. ZKOAPAZ EMEZEPTAZIA SHMATON (ECE-Y523) ENOTHTA B 48



Lossy Image Compression Examples

e

103,642 bytes or 11:1

§: |

40,920 bytes or 29:1 16,193 bytes or 73:1 9,276 bytes or 128:1

A. ZKOAPAX EMEZEPTAZIA ZHMATQON (ECE-Y523) ENOTHTA B

JPEG Example: 8x8 Block Encoding and Decoding

191 192 193 192 192 191 192 191 138 76 0 2 -3 3 -1 4
193 196 196 194 192 189 183 169 258 8 13 3 -3 0 -3 -2

8x8 196 197 191 187 176 162 147 134 37 34 -7 3 2 -3 2 -2
183 174 160 148 134 124 124 118 DCT 8-47 3 -1 -4 0 2 5

block 147 135 129 118 117 114 124 118 30 129 1 6 1 -1 0
121 120 125 115 119 119 119 115 517 -7 -4 0 -1 0 -1

119 121 127 120 117 110 105 99 0 -1 0 0 2 2 1 -1

123 113 106 101 96 93 94 103 1 1 -5 0 0 0 0 0

l Quantize

144 77 0 0 0 0 0 O 9 7 0 0 0 0 0 O

264 1214 0 0 0 0 O 22 1.1 0 0 0 0 0

4239 0 0 0 0 0 O 33 0 0 0 0 0 0

1451 0 0 0 0 0 0 pequant.! 3 0 0 0 0 0 0

3 037 0 0 0 0 0¥ 3 0 1 0 0 0 0 0

03 0 0 0 0 0 0 0 1 0 0 0 0 0 O

0 0 0 0 0 0 0 O 0 0 0 0 0 0 0 O

0 0 0 0 0 0 0 O 0 0 0 0 0 0 0 O

A. ZKOAPAZ EMEZEPTAZIA SHMATON (ECE-Y523) ENOTHTA B



JPEG Example: 8x8 Block Encoding and Decoding

8x8
Source Image Samples DCT coefficients Normalized Quantized Coefficients
139 144 149 153 155 155 155 155 2356 -10 -12.1 -52 21 -17 -27 13 15 0 -1 0 0 0 0 0
144 151 153 156 159 156 156 156 -226 -17.5 62 -32 -29 -0 04 -12 -2 -1 0 0 0 0 0 0
150 155 160 163 158 156 156 156 -109 -93 -16 15 02 -09 -06 -0.1 -1 -1 0 0 0 0 0 0 Compressed stream
ber 71 -19 02 15 09 -o1 00 03 _@ 00 0 0 0 0 0 0
159 161 162 160 160 159 159 159 _—~ 4 71 ~-L . . 9 0. . . R |:|
159 160 161 162 162 155 155 155 -06 -08 15 16 -01 -07 06 13 0 0 0 0 0 0 o0 O
161 161 161 161 160 157 157 157 18 -02 16 -03 -08 15 10 -10 0 0 o 0 0 0 0 0
162 162 161 163 162 157 157 157 -13 -04 -03 -15 -05 17 L1 -08 0 0 0 0 0 0 0 0
162 162 161 161 163 158 158 158 -26 16 -38 -18 19 12 -06 -04 0 0 0 0 0 0 0 0
16 11 10 16 24 40 51 6l
12 12 14 19 2 58 60 55
14 13 16 24 40 57 69 56 Quantizat
uantization
14 17 22 29 51 87 8 62 Table
18 22 37 56 68 109 103 77
24 35 55 64 81 104 113 92
49 64 78 87 103 121 120 101
7292 95 98 112 100 103 99
240 0 -10 0 0 0 0 0 144 146 149 152 154 156 156 156
-2 -12 000 0 0 148 150 152 154 156 156 156 156
Compressed stream 14 -13 0O 0 0 0 0 0 155 156 157 158 158 157 156 155
I:l > 0 0 0000 00 160 161 161 162 161 159 157 155
VLG o 0 0 00000 0 s 163 163 164 163 162 160 158 156
0 0 0000 00 163 164 164 164 162 160 158 157
0 0 0.0 00 0 0 160 161 162 162 162 161 159 158
0 0 000000 158 159 161 161 162 161 159 158
Denormalized Quantized Coeff. Reconstructed Image Samples
A. SKOAPAS EMEZEPTAZIA SHMATON (ECE-Y523)
JPEG Encoder (in detail)
Y Cb
R RGB to YCbCr
—> R
Cr
for each plane (scan)
for each DCT Quantize
s [ [
8x8 block
zig-zag
DPCM
+— DC o
ACo |
. . <+
Arithmetic
JPEG Image G Acn
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7-0 DViscrete ggacﬂ Eourier Methods

P\\) Disctrebe Sgoce =) on .
= L —am - U. Very. ¥req .
Flaw) = 2 2 Slwmyed™me? V:Vol\‘t.c;be:b

SRR (f'l\s)

A. ZKOAPAX EMEZEPTAZIA ZHMATQON (ECE-Y523) ENOTHTA B

7-D Discrete ggact Eourier Methods

A) Discrebe Sgoce 1

= = _twm AV N U. ver . Creq_.
Fluw) = 2 2 flanaje™med V: horix, GE.,O
M= -0 Nz -0 (f!l\$)
DTFTV

- F(o?u\'ies a“a\ogous Yo

q\_m ’“'S:' V\KM‘V\—B* f-[m,uﬂ)qﬂéf_‘:_b GQu,VB: H{uwv) F(u‘v)

covwo\u\'mn ‘™ s‘)uce mu\Hp\.’ catdnA iy

C(«‘\Aeucj
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7-D Discrete Fourier T —

F[k111: F(U‘\V) k:ol\)"'N-|
VIS ooy, Nel
(assumes NxN iw\&'ﬁC)

A. ZKOAPAX EMEZEPTAZIA ZHMATQON (ECE-Y523) ENOTHTA B

7-D Discrete Fourier T(anS(‘orM

Fla = Flaw) ke o), o N<|
=Tk, V=L =0, N-|
(assumes NxN imuuﬁc) i N

20N

sk = N
Fik.x]zz"i?[m.ﬁe"“ e N 2D DFE T

Mm=0 wn=p
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7-D Discrete Fourier O ia ot

- W,V k=0,\, '* N-|
Fle,a = Flaw) emy e 2m g SL=ol.\,,..,N~|
(assumes NxN ;""‘“3‘) N N
NN Nk 25 0n
Fik.x]:ZZ?[m.Ae\“ Tig 2 2D OFE T
Mm=0 n=p
N e . -
f )= # ) Flka]e ™ " @IN™" 20 Tav. DFT
kzo =0

Samgling ¥ Qre%v\ei\cj ot %:_‘_' wtedaces N perisdicity in I, n]

A. ZKOAPAX EMEZEPTAZIA ZHMATQON (ECE-Y523) ENOTHTA B

Tmocne 256% 256

25k

-150 E on 86 4 ar

N:lskﬁ ;fe%_ Sa'“e!es
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’_Emorjq, 256*% 256

. : . . 25k

N=1250 Qfe%. Sam (Jles

A. ZKOAPAX

EMEZEPTAZIA SHMATQN (ECE-Y523)

N =366 frcq). Sqm'of¢s

D \:T C_on\lo\ud—FDV\ - M\A H‘ip | ccation

H{ kel Flad) 3255

multi _p\'u aton

A. ZKOAPAZ

EMEZEPTAZIA SHMATQN (ECE-Y523)

(N pervadic ex

W) @ FLo,n)

2D c\(cm(ar (_ov\Volu\‘fo\/\
tension due o Fub_

SUMPI;Y\S)

ENOTHTA B
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D |:T Con\lo\ud—FDV\ - M\A H’Fp | Tcation

ksl FTnE) F5% i) @ Flos)

mk\H.p\‘ncu‘('Eof\ 2D cicenlar (.ovwolui—.’o\/\ .
YR tension due fo teeq.
(N peflbd N CXSowu\ol:ng) T)

ObTmin l'lﬂea( CDnVo'm+foV\ uoz"l’t\ Zeco .Pan&cli/ljl'
£ his MxM, £i¢PxP | cheose Nz M+P |
e e B

Lo pad Yo N = mMEP-)
2 )
ME&'{‘)\\.)s-DFT—C,O C_‘F[;

. =) /_\’__nxl DFT

A. ZKOAPAX EMEZEPTAZIA ZHMATQON (ECE-Y523) ENOTHTA B

C,oMPU\“‘l'Y\b Ve 2D DFT
\ONo e —-\2%2"‘

Flual-£ 3 flmn] ™ e

n=9
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C,ow\pu“‘fnb Yo 2D DFT

M-l o) _\ G VR A
Fleal=2 2 fimnle e
n- N . 20 kv
5! (%-_I -r[m,n]e—'j 7%&“) e VN
T oo \_":o_\/_\_/ 1D FET for each m
use

I-D DFET oveyr i = pjvyalnes oF nn
N

O(NzldSzN\)
- As E‘lzk
_ L ] e
M=DIID FFT for each Vr.(ut_L > O (’Vzllﬁle

N VtAluCC 5'{:-Q

Overall conglrivy » O (N logN)
+’5ﬁl( #P;Xel"s

A. ZKOAPAX EMEZEPTAZIA ZHMATQON (ECE-Y523) ENOTHTA B

2D Discrete Fourier Transform
N-l -t
Z Z X[kvi] Sk.].i'm’n]

|
_,iz k=0 t=o

Ximvi =

2D complex sivusods

eants
we frequency ¥ &
(e.b ) N )_ﬁ_
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2.D Discrete Fourier 1 rans ;oru\
"["‘-“'*' .5 5 i i s, lmn]

k-u(o

2D cum()\(x sm wsods

wer Wt
5 'F(ﬁbu‘ﬂ(-) n ) 'ﬁ"

Xlmp) < L 5§ 2y j2r (&)
V\] " ;Z_‘)X[k‘l] e) e
S 2—"‘ m _andy
vf T Kla]s Z, Zpe1 8T
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Two dimensional C-Dmp/-e:c Siausoids
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Co nS.’Jcr

Constant

S0 100 150 200 250
n

A. ZKOAPAX EMEZEPTAZIA ZHMATQON (ECE-Y523)

Co ns.'qlcr

Constant

S0 100 150 200 250
n

A. ZKOAPAZ EMEZEPTAZIA SHMATON (ECE-Y523)

real {e:\ 2 (L\m e.\lﬁ (Z)n %

k=0,1=0

ENOTHTA B

real {e:\ - (%\“ e‘\lﬁ (£)n %

k=0,1=0

k=0,1=4
Whovidoutal
sinuseaid
S50 100 150 200 250
n
ENOTHTA B
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Co ns.'clcr

k=0,1=0

S0 100 150 200 250
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k=16,1=4

J ia OM| o
3 100

sSinusoid

150

200

lh

250
50 100 150 200 250
n
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Co ns.'clcr

EMEZEPTAZIA SHMATQN (ECE-Y523)
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A. ZKOAPAX

A. ZKOAPAZ

https:

www.youtube.com/watch?v=0ACegp4iGi0

EMEZEPTAZIA SHMATQN (ECE-Y523)

n/watch?v=0ACegp4iGi0

EMEZEPTAZIA SHMATQN (ECE-Y523)
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A. ZKOAPAZ

https:

www.youtube.com/watch?v=0ACegp4iGi0
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Example $*
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Exa-Mp’f- S~

A. ZKOAPAZ
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EMEZEPTAZIA SHMATQN (ECE-Y523)
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E?\aw\y\fj- Comera man T,ma-%e_

[Fla, V)

A. ZKOAPAX

EMEZEPTAZIA SHMATQN (ECE-Y523)
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mage: ‘cameraman’
opy/ lght owned by MIT. Used with pe/m/ssmn
hworks. hel
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https://www.youtube.com/watch?v=aiKrrGR57al8&ab_channel=drheaddamage
https://lookingatnothing.com/

A. ZKOAPAX
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METAZXHMATIZMOZ HARTLEY
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Metaoxnuatiopog Hartley
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I610TNTEG TOU peTaonpatiopoL Hartley
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HARTLEY TRANSFORM (HT)

o SIS SN R (of
H(w) = {Hf} (@) \/%/ ft)ens(ut)at,
cas(t) = cos(t) + sin(t) = V2sin(t + 7/4) = V2 cos(t — 7 /4)
f={H{HS}}.

H(w)+ H(-w) H(w)- H(-w)

Flw)= 2 2

DISCRETE HARTLEY TRANSFORM (DHT)

e 27 27
H; = Z Tn [cos (%nk) + sin ( ;nk)} k=0,....N-1
n=>0 + +
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16 - point two-band fast DHT

8- point two-band fast DHT
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Amplitude

Time

Stationary signal consisting of a sum of two sines
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Amplitude

Frequency

The Fourier Transform of the signal reveals its frequency

content, consisting of two distinct frequencies

A. ZKOAPAZ

Amplitude

EMEZEPTAZIA SHMATQN (ECE-Y523) ENOTHTA B

Time
Non-stationary signal consisting of first a high-frequency sine and then
a lower frequency sine
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Amplitude
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SHORT-TIME FOURIER TRANSFORM (STFT)

Continuous-time  STFT{x(1)}(,w) = X(r,w) = / 2(E)w(t — 7)e— dt
Discrete-time  STFT{z[n]}(m,w) = X(m,w) = Z z[n]wn — mje=«"
A. TKOAPAZ EMEZEPrAZIA THMATQN (ECE-Y523) ENOTHTA B
WAVELET TRANSFORM (WT)

CWT.(z,5) = JFLl x(z‘)w(%)dt

Haar Daubechies-4

o \/\\/A i

wavelet scaling wavelet scaling

A. ZKOAPAZ EMEZEPTAZIA SHMATON (ECE-Y523) ENOTHTA B
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Figure 6 Wavelet Transform
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DISCRETE WAVELET TRANSFORM (DWT)
_ /21, . 7 :
dii(k) = 21/2h;(k — 2%)
. _ /2 2
i i(k) = 242g;(k — 2%)
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1D DWT
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OWT
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JPEG at 0.125 bpp
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JPEG2000 at 0.125 bpp

JPEG at 0.25 bpp




JPEG2000 at 0.25 bpp
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JPEG at 0.5 bpp
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JPEG2000 at 0.5 bpp

JPEG

JPEG2000

J PEG vs.J PEG2000
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1.

Barry Van Veen: “The 2D DFT”, https://www.youtube.com/watch?v=1z6C1ny-
F2Q

Barry Van Veen: “2D DSFT(Discrete-Space Fourier Transform)”,
https://www.youtube.com/watch?v=YYGItoYEmKo

Mike X Coen: “How the 2D FFT works”
https://www.youtube.com/watch?v=v743U7gvLq0

http://fourier.eng.hmc.edu/e59/lectures/signalsystem/node18.html

https://en.wikipedia.org/wiki/Discrete_cosine_transform#/media/File:DCT-
8x8.png

https://cseweb.ucsd.edu/classes/fal7/cse166-a/lec13.pdf

https://www.youtube.com/watch?v=gwaYwRwY6PU
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