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Napadelypa DFT (N=32): x(n)=6(n)
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Napadeypa DFT (N=4): x(n) = 8(n) + 8(n-1) + 6(n-2) + 6(n-3)
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Noapadeypa DFT (N=16): x(n)
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Noapadetypa DFT (N=32): x(n)
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Noapadeypa DFT (N=64): x(n)
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FFT Interactive Demo: 2D Case
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FFT Interactive Demo: 2D Case
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Circular shift of a sequence of
finite length is equivalent to the
linear shift of its periodic
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Circular Shift: Which Direction?

Counterclockwise for positive n.

Shifting to the right (i.e. towards positive n)
corresponds to counterclockwise rotation.
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CONVOLUTION
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Linear Convolution via the DFT

X(h)

|
\’(u)—o-‘i DFT

(30)

D) X(R)-H(K) IDET

— )y =) )

4

H(k)

h(n)———= DFT
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(N) (N (12N log,2N + 8N)
4 16 176
8 64 448
16 256 1088
32 1024 2560
64 4096 5888
128 16384 13312
256 65536 29696
512 262144 65536
1024 1048576 143360
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DFT
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The DFT in matrix format

X =[x(0) x(1) ... x(N-1)]"

X = [X(0) X(1) ... X(N-1)]" Wph=e32"N js the Nth root of unity
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Discrete Fourier Transform visualized
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Fourier Transform

Fast Fourier Transform
discovered by Carl Gauss ~1805
re-invented by Cooley & Tukey in 1965

Top 10 Algorithms of the 20th Century

* 1946: The Monte Carlo method.

+ 1947: Simplex Method for Linear Programming.

« 1950: Krylov Subspace lteration Method.

« 1951: The Decompositional Approach to Matrix Computations.
* 1957: The Fortran Compiler.

+ 1959: QR Algorithm for Computing Eigenvalues.

+ 1962: Quicksort Algorithms for Sorting.

+ 1965: Fast Fourier Transform.

» 1977: Integer Relation Detection.

+ 1987: Fast Multipole Method.

Dongarra & Sullivan, IEEE Comput. Sci. Eng., Vol. 2(1):22-23 (2000).
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wikipedia

Joseph Fourier

Jean Baptiste Joseph Fourier

Fields

Institutions

Alma mater
Doctoral advisor

Doctoral
students

Known for

Warch 21,1768
Auxesre, Yonng, France

Nsy 1€, 1830 (aged 62)
Pars, France

| B B
i Brrench

Mathematician, physicst. and
historian

Ecole Normale
Ecole Polytechnique

Ecole Hormale
Joseph Lagrange
Gustsy Dirichiet

Glovanni Plana
Clapde-Louis Navier

Fourier transform

Religious stance Roman Catholic

This is the Lincoln Lab TX-2 computer, which Ben Gold and Charles Rader used
to perform numerical simulations of the performance of analog filters. The photo-
graph shows Don Ellis removing one bit-plane from the 64K-word ferrite-core

memory. (Lincoln Lab photo reproduced by permission.)

introduction of stereo FM broadcasting
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DIGITAL PROCESSING
OF SIGNALS

BERNARD GOLD

and

CHARLES M. RADER

Lincoln Laboratory

Massachusetts Institute of Technology

with chapters by

ALAN V. OPPENHEIM

Research Laborotory of Electronics
Massachusetts Inatitute of Tachnology

and

THOMAS G. STOCKHAM, JR.

Computer Science Depastment
University of Utah

MCGRAW-HILL
BOOK COMPANY
New York

8¢ Lowia

San Franeisen
London

Sydney

Torents

Mexico

Panama

This is the title page of Gold and Rader's Digital Processing of Sig-
nals (1969), which was the first textbook on digital signal processing.
(Reproduced by permission of McGraw Hill.)
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The 1970s were a watershed in the history of signal pro-
cessing for the development of signal-processing hardware. The
decade opened with the completion of what may be the first
real-time DSP computer: the Lincoln Fast Digital Processor
(FDP). A special-purpose, parallel-processing computer, the
FDP performed signal-processing tasks about a hundred times
as fast as the general-purpose computers of the time. There fol-
lowed in 1974 the Lincoln Digital Voice Terminal, a computer
This photograph shows the Lincoln Fast Digital Processor (FDP), built built to carry out a variety of speech-compression algorithms. A
under Charles Rader’s direction at Lincoln Lab. (Lincoln Lab photo more powertul version, the Lincoln Digital Signal Processor
reproduced by permission.) (LDSP), was built in four copies and remained the main

research tool for the Signal Processing Group at Lincoln Lab into the 1980s.

15 November: Intel announces the microprocessor (the 4004)
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- v

This was the first single-chip DSP manufactured by Texas Instruments.
(Texas instruments photo reproduced with permission. )

y introduces the 3.5-inch diskette
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This is a graph
visualization of

the FFT called
a FFT circuit
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https://youtu.be/nmgFG7PUHfo?t=929
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https://youtu.be/h7apO7q16V0?t
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https://www.youtube.com/watch?v=EsJGul7e_ZQ
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Fast Fourier Transform (FFT)
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Fast Fourier Transform (FFT)
X,(k) ~ ~ XOk+NI2)=X, (k- W fX (k)
Wk -1
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- ‘.;\_ TV
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1
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8-point FFT
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8-point FFT (an alternative butterfly notation)

x(0) X(0)
x(4) X(1)
x(2) XQ2)
x(6) XQ3)
x(1) X(4)
x(5) X(5)
x(3) X(6)
x(7) X(7)
8-point DIT FFT flowgraph
%(0) = %(0) : 2 a 5 x(0)

x(1) > -"—("l;- WP

0 x%(1)

x(2) =

O x(2)

X(3) - O x(3)

2{4) -

et x(4)

Input Scrambler

%(5) - _:iSl_ W: = 5 x(5)

x(6) - = x(6)

S x(7)

X(7) - -x(—7)-"- w: ==
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|n-p|ace computation ‘;\PU‘ Sa’mplelndex © 7 BitReversed Sarmplellndex

means storing the Decimal_Binary Binary  Decimal
- 0 0000 = > 0000 0
results back in the | 1000 3
= = 2 0100 4 ;
original data locations. 3 1100 12 |
4 0010 2 :
5 1010 10
6 0110 6
7 1110 14
In-place computation : poor ! ‘
9 ;
requires either input or 10 Sso0101. s 5
- 11 1011 > 1101 13 '
output data shuffling. 2 1100 S T Koot s -
13 1101 S~ 1011 11 o
14 1110 0111 7 !
15 1111 1111 15
{ ~
Shuffling / Scrambling / s & retes han ot o
Bit-reversal (for radix-2) /
P . Number Input Bit-Reversed
DIgIt-I’eVEI"sa' (for any radlx) System Sample Index Sampie Index
are a" synonymous_ 2l L=l 9392 91 90 gl gL=1 9L=2 9L=3 gl 90
Binary B, B, ...B;B, B B B,B, B, B, .. BB
L L
De¢imal - Y. B2 Y Bat-r
r=0 r=0 -
A. ZKOAPAZ EMEZEPTrAZIA SHMATQN (ECE-Y523) ENOTHTA A
Bit-Reversal
Kavovea) dudrain Alrtagn axd aviiaTpoe)

TS OEPAC TV bits

AekudiR6S Avudtrdg Avadikde Aekadiog
0 000 000 0
1 001 100 B
2 010 010 2
3 011 110 6
4 100 00] l
5 101 101 5
6 110 011 3
7 111 111 7
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Computational Complexity (complex multiplications)

DFT FFT Aoyog Mryadikav

N [1nbog Mryadikay [MnR0o¢ Mryadikey  TloAamhaotacuomy
[MoAhamhaciacpdv [Molhamhaclacpody (#DFT / #FFT)

2 4 1 4
4 16 4 4
8 64 12 53
16 256 32 8,0
32 1024 80 12,8
64 4096 192 21,3
128 16 384 448 36,6
256 65536 1024 64,0
512 262 144 2304 1138
1024 1048 576 5120 204,8
2048 4194 304 11264 3724
4096 16 777 216 24 576 6827
8192 67 108 864 53248 1260,3

A. 2KOAPAZ

1=

EPFAZIA SHMATON (ECE-Y523)

THE FAST FOURIER TRANSFORM (FFT) VS.
THE DISCRETE FOURIER TRANSFORM (DFT)

B The FFT is Simply an Algorithm for Efficiently Calculating the DFT
B Computational Efficiency of an N-Point FFT:

¢ DFT: N2 Complex Multiplications
¢ FFT: (N/2) log,(N) Complex Multiplications
N DFT Multiplications |FFT Multiplications | FFT Efficiency

256 65,536 1,024 64:1

512 262,144 2,304 114 :1
1,024 1,048,576 5,120 205:1
2,048 4,194,304 11,264 372:1
4,096 16,777,216 24,576 683 :1

A. SKOAPA:
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FFT vs DFT

Number of complex |

multiplications

FFT is simply an s00+
efficient algorithm
for computing the

DFT !

A. 2KOAPAZ

A. 2KOAPAZ

2000

1500 -

Number
of
Operations

DFTaN’

1000 -

T ! | s

t + T
o 10 20 30 40
Number of Samples, N
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FFT Decimation In Frequency (DIF) Algorithm

FFT Decimation-In -Fraqg;gw_cy (v1F) Atgor[e!ﬂm

{ Sawde- Tu\t&yw Alaoritl«w\ )

P
X(h) = Z X.(w) W:lk

o

W

g o2 e
wk

L W™ s 2 xto WY

w0 n=&

z

[ -

e

' n&g)g
L oxwW, + L mevegy W7

+
Ny

= E{lw) + Wq,:mb X(MW”-}] W:‘
Nzo

"

by separatimg the (requmcy tevus X(e) imto evev aud odd
semples of i, we gex

£
Ve = 2 Laeo s+ xemd) ] Wi

L

Yam) = L. LA™ - xe2) W2 Wi

vzo
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%(0)

x(1)

x(2)

x(3)

x{4)

x(5)

x(6)

x(7T)

4-point
DFT

X(0)

= X(2)

[ X(4)

= X{(6)

4-point
DFT

— X(1)

= X3)

[ X(5}

[— X(7}

FFT Decimation-In -qug};«_ﬂy {v1F) A(gon‘dﬂw‘
( Sewde- Tukey Alaori’c(«m )

P Moy Nt
nik ® =~ “e
X» Z xod Wy = Z x (=) W: S 2 xon W,
nzo w0 Wit
et %o m+ ¥ )k
: e
= ¥ WS+ xmeg) W, *
"o wize
Ny -y

= 1o+ WO xCaen) ] W
nto

By separating the (ru}uewq tevms X(0) iwto evew. aud

sewnoles of ©, we gex
o

XQK) = z K.x(w) + X(""’"dz:)] W:;

X(IFH) < L Lx(v\) - 7“(""’"7':)] W: W,,/z

A. ZKOAPAZ EMEZEPrAZIA SHMAT!
8-point DIF FFT flowgraph
x(0) > X0
/ V >< W
x(1) X4)
-1
\// : : : 1 wg
x{2} X(2)
-1
\><></ A . >< é
x(3) X(6)
-1 -1
><><><>< "
x(4) - X(1)
-1
W\ - \/ X W
x{5) > X(5)
2} -1
x(6) ~& - X(3)
- -1
\ ; /\ y >< i
*(7) X
-1 - -1
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FFT Decimation In Frequency (DIF) Algorithm
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16-point DIF FFT flowgraph
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https://www.youtube.com/watch?v=z7X6jgFnB6Y
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WINDOWING

A. 5KOAPA:

EMEZEPTASIA SHMATON (ECE-Y523)

The FFT assumes
periodicity of the
window

c. Nonperiodic signal—random.

A. SKOAPA:

EMEZEPTAZIA SHMATON (ECE-Y523)
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fin

Data
Data
Window

e £IN

Window
p
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1=

0dB---->

|

ZEPTAZIA SHMATON (ECE-Y523)

ENE:

FFT OF SINEWAVE HAVING INTEGRAL
NUMBER OF CYCLES IN DATA WINDOW

in

fl
s

Extension
Extension

FFT OF SINEWAVE HAVING NON-INTEGRAL
NUMBER OF CYCLES IN DATA WINDOW

< Periodic e
N
"N
< Periodic >le
N¢
=
N
-12dB -------

0
0
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Time Domain Function Frequency Domain Magnitude

Windows or

Weighting
Functions __V

A
T

ni<

/\ !

: .
- 5
T \/’

-]
1=

a..Casine wave,

Rectangular
window -1

-t t —f t

b. Rectangular window.

vT.

-4 ]

B N N/
VIV -

c. Rectangularly windowed cosine d. Magnitude of rectangularly
wave obtained by time-domain windowed cosine wave obtained
multiplication of a and b. b{ lraq:e;crdomnln convolution
: of a and b.

PUTIUON Ap——

A. ZKOAPAZ EMEZEPTrAZIA SHMATQN (ECE-Y523)
TIME DOMAIN 1 FREQUENCY DOMAIN
; "\\//\\\/{Li‘ ¥ l 7]
Process of —
transforming a \
cosine wave vaﬂm} M
having an
integer number . A e
of cyc‘es in the ‘“" 'L'Hlﬂ"“lﬂ AL ‘_If
window R =
|
L. s ' | :
5 ’L Il.r | 5 i csudiid ; > N
l I-l I I[ ""“‘ 7‘»‘ 2_:&'! 62 unlj ﬁ».1 2:_!
A. ZKOAPAZ
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TIME DOMAIN [ FREQUENCY DOMAIN

Windowing can cause

leakage ! || . o
Z\\—/\ \//\\'/" " ‘a

2 The cosine wave.

Process of
transforming a

cosine wave | ﬁ p— ’ \ . '

having a non-

integer number of o e
cycles in the
window * N e |

N J U 7 ==

. The rectangularly windowed cosine wave.

The leakage error comes
about because the
periods of the cosine ULy, oL
wave are not Poasiaee priansennesd
harmonically related to

d. Train of imputses for sampling

window length, namely, o H I
there is a non-integer —rt Ly l‘l;"h'.:lm S altl A
number of cycles in the . B /-
WindOW. o, Windowed and sample cosine wave.
A. ZKOAPAZ EMEZEPTrAZIA SHMATQN (ECE-Y523) ENOTHTA A

"we N ANANAAAANAL
VVVV VY

Window
Function
w(n)

v
-

le Data )|
| Window |

A. TKOAPAZ EMEZEPTAZIA SHMATON (ECE-Y523) ENOTHTA A



Input Data
x(n)

Window
Function

w(n)

> i
Windowed
Input Data /\ /\ /\
w(n)*x(n) /\\//\\/ /\\/ A >t
n=0 \/ \/ \/ n=N-1
. Data "
Window
A. ZKOAPAZ EMEZEPTAZIA SHMATQON (ECE-Y523) ENOTHTA A
Time Domain Frequency Domain
amplitude aB
VIVVVVVY
amplitude dB
1
¥ f N\ Y r“ | m ) T
| / \ A A Ly time sl mmmw Wﬁmt frequency
VV VY
amplitude aB
R FAN
/ \ »time vl . . » frequency
Time windowing effects in the Fourier transform with a sinusoidal signal; (a) an infinite time window, (b) a
finite Rectangular time window, (¢) a finite Hanning time window.
A. 3KOAPAS ENEZEPTASIA SHMATON (ECE-Y523) ENOTHTA A
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a. 10 cycles of a cosine wave appear as an
even function—FFT frequency domain
has a nonzero real part and an effectively
zero imaginary part.

A. 5KOAPA:

EMEZEPTASIA SHMATON (ECE-Y523)

b. 10.5 cycles of a cosine wave appear as
an odd function—FFT frequency
domain has an effectively zero real part
and a nonzero Imaginary part.

a. An In r number of cycles in the b, F di i

window (10 cycles). shows no’lelklgo.

c. Noninteger number of cycles in the d.F
window (10.5 cycles).

de of 4-15¢

A. SKOAPA:
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Common data
windows and

their frequency-

domain
parameters

Highest
Unity Amplitude Shape Frequoncy Domain | Malor Side Band- | Theoretical
Window Equation Hnlg:| Lobe width Roll-Off
(@®) | (39B) | (@B/Octave)
Rectangie -
i T A=1 &
\H T=tp—e! for t=0 10 T “ T 132 ( o881 6
S ||
Extendeda Cosine Beil | A=0.5(1-cos 275UT)
S for 1=0 to T/10 |
f \ .G =9T710.60 V' oaT 1as | osesp ]
{ l‘ - (boyend 50)
J S for t=T/10 to 97/10 A
Half Cycle Sine
A=sh 0.5V
. 06s7T | 228 | 13ms 2
A=2uT
Tor t=0 1o T/2
’\ 05T | -287 | 127 2
A=-2UT + 2 k
for 1=T/2to T S |V —
Cosine (Hanning) \
™, A=0.5(1 cos 2r1/T) ’
/ N tor +0 t0.T | \l 05T 316 | tasp 1@
/ N\
_ e B ) [
A=sin' 2005UT
fort=0to T 04azT -39.5 1610 24
— A
A=0.08+0.46(1—cos 2w |
fort=0to T osaT -41.9 1.268 o 5M i
‘ Il (Beyor )
PR |
A=(0.5(1—cos 20t/T))" n 5
oA biRping | \ 0387 | -a69 | 178 %
A=1-8(2UT 1) r820T—1"
for 1=T/4 to 3T/a
A-201— 20T~ 1)’ 0977 | -s32 | 18w 24
for =0 1o T/a
and 1=3T/4 0 T —— a9

1]
w
N

x(n) = cos(2mnko/N)

§ .
s ko =
v
Sk S oAbl hg ooy
Normatisod sngusrtroauency
12
3
g .
: ko=4.2
#
L o L= oS s
Normaised snguerrequency
1o
i.
z
. ko=4.4
B
L o L= o5

A. ZKOAPAZ EMEZEPTrAZIA SHMATQN (ECE-Y523)
x(n) = exp(j2rrnko/N)
- - i
ko=4
OV VaVaVaAVaVATA
- |
0 ko=4.2 ,
VY L VNS v s e gy Y |
- |
5. |
- ko=4.4 1
A. ZKOAPAZ
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Nomnatissd snaulsr trequency.
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Vegitde

Vigitte

Vigite

Vegitde

o CES e g o oS
Nommaiised anguisrfrequency

o LS e
Nommaiised angulsrfrequency

Vgids

o5
Nonmaiised angulsr frequency.

o oS T
Nonmaiised angular frequency

.
Vigitte

ko=4.8 .

aVAAY) 3

o o 7 o o9
Nonmsiised angulsr frequency.

- o' o
Nonmsiis o angulsr frequency

LAl

L& L1 3 D s BF bE ()
Nommalised sngulsr frequency

A. ZKOAPAT EMEZEPTAZIA SHMATQN (ECE-Y523)
2 ) ]
4 ko=5 , '
PV N VeV Vavavatevath)
LAl At = S
Nonmaiised snauler frequency
N = input('Number of points =");
kO = input('Frequency =");
n =0:N-1;
Matlab code * =eet@rimrkon:
X =fft(x);
XE = fft(x, 512);
A. ZKOAPAT EMEZEPTAZIA SHMATON (ECE-Y523)

T T T B L
Mommalised snguisrirequency

% Plot the magnitude of X
L =0:511;

plot(L/512, abs(XE))

hold

plot(n/N, abs(X), '0')
xlabel('Normalised angular frequency')
ylabel('Magnitude')
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REAL TIME FFT CONSIDERATIONS

Signal Bandwidth

Sampling Frequency, fg

Number of Points in FFT, N

Frequency Resolution=f, /N

Maximum Time to Calculate N-Point FFT =N/ fg
Fixed-Point vs. Floating Point DSP

Radix-2 vs. Radix-4 Execution Time

FFT Processing Gain =10 log4,(N / 2)

Windowing Requirements

A. 2KOAPAZ EMEZEPTASIA SHMATON (ECE-Y523) ENOTHTA A 109

https://www.youtube.com/watch?v=zKKGA30bHGO0
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