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Histogram of 100 samples
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H Katavopn tou Gauss — Kavovikr Katovop

A Gaussian random variable w with
mean ¢ and
variance o ? has a pdf described by

=
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Yyomo oty Kotavour Gaussian / Normal
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Mavtayou mapov — [kaouolavog ©opuBoc

d O B66puPoc nou Aappavetol otov SEKTN €lval ocuxva To aBpolopa TTOAAWV ETLUEPOUCS BopUBwv
aveéApTNTWY HETAEL TOUC TTOU TtPOEPXOVTOL arto TTOAAEC SladopeTikeC MNYEC. To Kevipiko OpLakod Oswpnua
A€l OTL TO ABpolopd Toucg Ba eival NkaovoLavog BopuPoc, LKA av o apLlBpog Toug eival peyaloc.

d To oxnua deiyvel ta wotoypappata Twv anoteAeopatwyv 10.000 dokipwv (emavainPpewv) abpoiopatoc 100
Tuxaiwv delypdtwy rou avtAndnkav amno [-1,1] xpnotponolwvtac SUo SLadOPETIKEC KATAVOLUEC.
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2xeon tn¢ MNkaovaolavnc katavounc pe tnv Kavovikn N(O,1)

@ Value x from RV X N(x,0):

koovolavh Katavoun

® Value z from RV Z N(0,1):

Tunonownpévn MkaovoLovr KOTOLVORA
Kavovikn katavour N(0,1)

M z Score transformation:

H tiun z deixvel MOOEC TUTILKEG ATTOKALOELG O ATTEXEL
N TLLA X Ao To HEco 0po U. Eotw x =190, u =150, o
=25, tote 7 =(190-150)/25 = 1,6.

AnA. n Tt 190 eival 1,6 TUTILKEG AITOKALOELG TTAVW

oo to 150.




Xpnon tn¢ tumnonolnpuevng katavounc N(0,1)

AlatiBevtal tivakec tou deiyvouv TIHEC TNC aBpolotiknc katavoung (Cumulative Distribution Function - CDF)
M.x. yta z = - 0.81, tote amod tou nivakec naipvoupe CDF(z) = P(z £-0.81) = 0.2090




CDF

ng
UTTOKOLNMEVNG

Kavovikng

Katavoung

Example:

z
-3.0
-2.9
-2.8
2.7
-2.6
-2.5
-2.4
-2.3
-2.2
-2.1
-2.0
-1.9
-1.8
1.7
-1.6
-1.5
-1.4
-1.3
-1.2
-11
-1.0
-0.9
-0.8
-0.7
-0.6
-0.5
0.4
-0.3
-0.2
-0.1
=0.0

Cumulative Distribution Function of the Standard Normal Distribution

0.00
0.0013
0.0019
0.0026
0.0035
0.0047
0.0062
0.0082
0.0107
0.0139
0.0179
0.0228
0.0287
0.0359
0.0446
0.0548
0.0668
0.0808
0.0968
0.1151
0.1357
0.1587
0.1841
0.2119
0.2420
0.2743
0.3085
0.3446
0.3821
0.4207
0.4602
0.5000

If Z is standard Normal random variable, then F(1.00) = P(Z < 1.00) = .8413

0.01
0.0013
0.0018
0.0025
0.0034
0.0045
0.0060
0.0080
0.0104
0.0136
0.0174
0.0222
0.0281
0.0351
0.0436
0.0537
0.0655
0.0793
0.0951
0.1131
0.1335
0.1562
0.1814

0.2389
0.2709
0.3050
0.3409
0.3783
0.4168
0.4562
0.4960

0.02
0.0013
0.0018
0.0024
0.0033
0.0044
0.0059
0.0078
0.0102
0.0132
0.0170
0.0217
0.0274
0.0344
0.0427
0.0526
0.0643
0.0778
0.0934
0.1112
0.1314
0.1539
0.1788
0.2061
0.2358
0.2676
0.3015
0.3372
0.3745
0.4129
0.4522
0.4920

0.03
0.0012
0.0017
0.0023
0.0032
0.0043
0.0057
0.0075
0.0099
0.0129
0.0166
0.0212
0.0268
0.0336
0.0418
0.0516
0.0630
0.0764
0.0918
0.1093
0.1292
0.1515
0.1762
0.2033
0.2327
0.2643
0.2981
0.3336
0.3707
0.4090
0.4483
0.4880

0.04
0.0012
0.0016
0.0023
0.0031
0.0041
0.0055
0.0073
0.0096
0.0125
0.0162
0.0207
0.0262
0.0329
0.0409
0.0505
0.0618
0.0749
0.0901
0.1075
0.1271
0.1492
0.1736
0.2005
0.2296
0.2611
0.2946
0.3300
0.3669
0.4052
0.4443
0.4840

0.05
0.0011
0.0016
0.0022
0.0030
0.0040
0.0054
0.0071
0.0094
0.0122
0.0158
0.0202
0.0256
0.0322
0.0401
0.0495
0.0606
0.0735
0.0885
0.1056
0.1251
0.1469
0.1711
0.1977
0.2266
0.2578
0.2912
0.3264
0.3632
0.4013
0.4404
0.4801

0.06
0.0011
0.0015
0.0021
0.0029
0.0039
0.0052
0.0069
0.0091
0.0119
0.0154
0.0197
0.0250
0.0314
0.0392
0.0485
0.0594
0.0721
0.0869
0.1038
0.1230
0.1446
0.1685
0.1949
0.2236
0.2546
0.2877
0.3228
0.3594
0.3974
0.4364
0.4761

0.07
0.0011
0.0015
0.0021
0.0028
0.0038
0.0051
0.0068
0.0089
0.0116
0.0150
0.0192
0.0244
0.0307
0.0384
0.0475
0.0582
0.0708
0.0853
0.1020
0.1210
0.1423
0.1660
0.1922
0.2206
0.2514
0.2843
0.3192
0.3557
0.3936
0.4325
0.4721

0.08
0.0010
0.0014
0.0020
0.0027
0.0037
0.0049
0.0066
0.0087
0.0113
0.0146
0.0188
0.0239
0.0301
0.0375
0.0465
0.0571
0.0694
0.0838
0.1003
0.1190
0.1401
0.1635
0.1894
0.2177
0.2483
0.2810
0.3156
0.3520
0.3897
0.4286
0.4681

0.09
0.0010
0.0014
0.0019
0.0026
0.0036
0.0048
0.0064
0.0084
0.0110
0.0143
0.0183
0.0233
0.0294
0.0367
0.0455
0.0559
0.0681
0.0823
0.0985
0.1170
0.1379
0.1611
0.1867
0.2148
0.2451
0.2776
0.3121
0.3483
0.3859

0.4247
0.4641




CDF
NG TUTIOTIOLNMEVNG
Kavovikng

Katavopung

Z
0.0
0.1
0.2
0.3
04
0.5
06
0.7
0.8
09
1.0
1.1
1.2
1.3
14
1.5
1.6
1.7
1.8
19
2.0
2.1
22
2.3
24
25
26
27
2.8
29
3.0

0.00
0.5000
0.5398
0.5793
0.6179
0.6554
0.6915
0.7257
0.7580
0.7881
0.8159
0.8413
0.8643
0.8849
0.9032
0.9192
0.9332
0.9452
0.9554
0.9641
0.9713
0.9772
0.9821
0.9861
0.9893
0.9918
0.9938
0.9953
0.9965
0.9974
0.9981
0.9987

0.01
0.5040
0.5438
0.5832
0.6217
0.6591
0.6950
0.7291
0.7611
0.7910
0.8186
0.8438
0.8665
0.8869
0.9049
0.9207
0.9345
0.9463
0.9564
0.9649
0.9719
0.9778
0.9826
0.9864
0.9896
0.9920
0.9940
0.9955
0.9966
0.9975
0.9982
0.9987

0.02
0.5080
0.5478
0.5871
0.6255
0.6628
0.6985
0.7324
0.7642
0.7939
0.8212
0.8461
0.8686
0.8888
0.9066
0.9222
0.9357
0.9474
0.9573
0.9656
0.9726
0.9783
0.9830
0.9868
0.9898
0.9922
0.9941
0.9956
0.9967
0.9976
0.9982
0.9987

0.03
0.5120
0.5517
0.5810
0.6293
0.6664
0.7019
0.7357
0.7673
0.7967
0.8238
0.8485
0.8708
0.8907
0.9082
0.9236
0.9370
0.9484
0.9582
0.9664
0.9732
0.9788
0.9834
0.9871
0.9901
0.9925
0.9943
0.9957
0.9968
0.9977
0.9983
0.9988

0.04
0.5160
0.5557
0.5948
0.6331
0.6700
0.7054
0.7389
0.7704
0.7995
0.8264
0.8508
0.8729
0.8925
0.9099
0.9251
0.9382
0.9495
0.9591
0.967 1
0.9738
0.9793
0.9838
0.9875
0.9904
0.9927
0.9945
0.9959
0.9969
0.9977
0.9984
0.9988

0.05
0.5199
0.5596
0.5987
0.6368
0.6736
0.7088
0.7422
0.7734
0.8023
0.8289
0.8531
0.8749
0.8944
0.9115
0.9265
0.9394
0.9505
0.9599
0.9678
0.9744
0.9798
0.9842
0.9878
0.9906
0.9929
0.9946
0.9960
0.9970
0.9978
0.9984
0.9989

0.06
0.5239
0.5636
0.6026
0.6406
0.6772
0.7123
0.7454
0.7764
0.8051
0.8315
0.8554
0.8770
0.8962
0.9131
0.9279
0.9406
0.9515
0.9608
0.9686
0.9750
0.9803
0.9846
0.9881
0.9909
0.9931
0.9948
0.9961
0.9971
0.9979
0.9985
0.9989

0.07
0.5279
0.5675
0.6064
0.6443
0.6808
0.7157
0.7486
0.7794
0.8078
0.8340
0.8577
0.8790
0.8980
0.9147
0.9292
0.9418
0.9525
0.9616
0.9693
0.9756
0.9808
0.9850
0.9884
0.9911
0.9932
0.9949
0.9962
0.9972
0.9979
0.9985
0.9989

0.08
0.5319
0.5714
0.6103
0.6480
0.6844
0.7190
0.7517
0.7823
0.8106
0.8365
0.8599
0.8810
0.8997
0.9162
0.9306
0.9429
0.9535
0.9625
0.9699
0.9761
0.9812
0.9854
0.9887
0.9913
0.9934
0.9951
0.9963
0.9973
0.9980
0.9986
0.9990

0.09
0.5359
0.5753
0.6141
0.6517
0.6879
0.7224
0.7549
0.7852
0.8133
0.8389
0.8621
0.8830
0.9015
0.9177
0.9319
0.9441
0.9545
0.9633
0.9706
0.9767
0.9817
0.9857
0.9890
0.9916
0.9936
0.9952
0.9964
0.9974
0.9981
0.9986
0.9990




EVpeon MBavotntac ano Nkaovaotavr Katavoun N(u,o)

X 1snormally distributed with # =485,and o =105
P(350<x<450)=P(-1.29<z<-0.33)

= P(z <-0.33)~ P(2 <~1.29) = 0.3707 - 0.0985 = 0.2722

MetaoxnUati{ou e TIC TIUES X o€ z: z = (450-485)/105=-0.33 kat z = (350-485)/105 =-1.29
KOlL XPNOLLLOTIOLOU UE ToUG Ttivakec CDF tng tumtomotnpevng Kavovikng Katavourg N(O, 1)

o=105

350 450 485 X
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Some helpful rules of thumb

AileL va
Oupopaote

Qo TNV |
N(u,o) |2

z = [(u+o) —ul/o = +1
z=[(u-0)—ul/o=-1
CDF(+1) = 0.8413
CDF(-1) = 0.1587

P[ (u-0) < x < (u+o) |=
0.8413-0.1587 = 68.3%




Q-Function: IIBavotnTa «ovpdo» Kavovikng Katavoung

o0 2
Q(CE)&\/% '/E; e 2 dx Q(—OO)Zl

H $
<
R e
f { }

Q(a) =1 - CDF(a), omou CDF(a) n tiun tng CDF ano toug ntivakeg tng N(0,1) yiaz=a

M.y. Q(1) = 1 - CDF(1) = 1 -0.8413 = 0.1587

a

ij\r(#?gﬁ) Pr{X>af:}Q(mH) Pr{X>p+a}—Pr{X<pa}—Q(j)

14



(Gaussian
Distribution (a)

Q-function (B)

Cumulative
Distribution (y)

Eupadov
em@bvelns Q(y)

Q(2)= 1-F(2)=
1-0.977=0.023

F(2)=1-Q(2)=
1-0.023=0.977




x Qx) T Q=) x Q(z)
0.00 0.5 2.30 0.010724 455 2.6823x10~
0.05 0.48006 || 2.35 0.0083867 4.60 2.1125x10¢
0.10 0.46017 | 2.40 0.0081975 4.65 1.6587x106
0.15  0.44038 || 2.45 0.0071428 4.70  1.3008x10°¢
0.20 0.42074 || 2.50 0.0062007 4.75 1.0171x10~6
0.25 0.40129 | 2.55 0.0053861 4.80 T.0333x10°7
0.30 0.38209 | 2.60 0.0046612 4.85 6.1731x107
0.35 0.36317 || 2.65 0.0040246 4.90 4.7918x<10°7
0.40 0.34458 | 2.70 0.003467 4.95 3.7107x10°7
0.45 0.32636 || 2.75 0.0029798 5.00 2.8665x10~7
0.50 0.30854 || 2.80 0.0025551 5.05 2.2091x10°7
0.55 0.20116 || 2.85 0.002186 5.10  1.6983x10~7
0.60 0.27425 || 2.90 0.0018658 5.15 1.3024x10°7
0.65 0.25785 || 2.95 0.0015889 5.20 9.9644x108
0.70 0.24196 || 3.00 0.0013499 525  T.605x10~%
.75 0.22663 || 3.05 0.0011442 5.30 5.7901x10"8
0.80 0.21186 || 3.10 0.0009676 5.35 4.3977x1078
0.85 0.19766 || 3.15 0.00081635 || 5.40 3.332x10~8
0.90 0.18406 || 3.20 0.00068714 || 5.45 2.5185%10~%
0.95 017106 || 3.25 0.00057703 550 1.800x10~®
1.00 0.15866 || 3.30 0.00048342 || 5.55 1.4283x10~%
1.05 0.14686 || 3.35 0.00040406 || 5.60 1.0718x<10~%
1.10  ©0.13567 || 3.40 0.00033693 5.65 8.0224%10~9
1.15  0.12507 || 3.45 0.00028029 | 5.70 5.9004%10~-9
1.20 0.11507 || 3.50 0.00023263 | 575 4.4622%10~9
1.25 0.10565 ([ 3.55 0.00019262 || 5.80 3.3157x10~9
1.30  0.0968 3.60  0.00015911 5.85 2.4579x 1079
1.35 0.088508 || 3.65 0.00013112 500 1.8175x10~9
1.40  0.080757 || 3.70 0.0001078 5.95 1.83407x10"9
1.45 0.073529 || 3.75 8.8417x107° || 6.00 9.8650x10~1
1.50 0.066807 || 3.830 7.2348x107% || 6.05 7.2423x10~10
1.55 0.060571 || 3.85 5.9050x10"5 || 6.10 5.3034x10~10
1.60 0.054799 || 3.00 4.8096x107% || 6.15 3.8741x1010
1.65 0.049471 || 3.95 3.9076x107° || 6.20 2.8232x10~10

- 1.70 0.044565 || 4.00 3.1671x107% || 6.25 2.0523x1010
1.75 0.040059 || 4.05 2.5609x107° || 6.30 1.4882x 1010
1.80 0.03593 || 4.10 2.0658x10~7 || 6.35 1.0766x10~10
1.85 0.032157 || 4.15 1.6624x107% || 6.40 7.7688x10~ 1
1.90 0.028717 || 4.20 1.3346x1075% || 6.45 5.5025x10~11
1.95 0.025588 || 4.25 1.0689x10~% || 6.50 4.016x10—U
2.00 0.02275 || 4.30 8.5399x10°% || 6.55 2.8780x10~!!
2.05 0.020182 || 4.35 6.8069x107% || 6.60 2.0558x10~ 1!
2.10 0.017864 || 4.40 5.4125x107% || 6.65 1.4655x10~11
2.15 0.015778 || 4.45 4.2935x107¢ || 6.70 1.0421 %1011
2.20 0.013903 || 4.50 3.3977x10°6 || 6.75 7.3923x10-12
2.25 0.012224

TWEG
¢ Q-function

X | Qx) | x| QX x | Q¥
0 0.5 2.9 0.00186581 9.8 | 3.31575e-9
0.1 0.460172 3.0 0.0013499 5.9 | 1.81751e-9
0.2 0.42074 3.1 | 0.000967603 | 6.0 | 9.86588¢c-10
0.3 0.382089 3.2 | 0.000687138 | 6.1 | 5.30342e-10
0.4 | 0.344578 3.3 | 0.000483424 | 6.2 | 2.82316¢-10
0.5 0.308538 3.4 | 0.000336929 | 6.3 | 1.48823e-10
0.6 | 0.274253 3.5 | 0.000232629 | 6.4 | 7.76885¢c-11
0.7 0.241964 3.6 | 0.000159109 | 6.5 4.016e-11
0.8 0.211855 5 S 0.0001078 6.6 | 2.056579%-11
0.9 0.18406 3.8 | 0.000072348 | 6.7 | 1.0421c-11
1.0 0.158655 3.9 | 0.0000480963 | 6.8 | 5.23096e-12
izl 0.135666 4.0 | 0.0000316712 | 6.9 | 2.60013c-12
1.2 0.11507 4.1 | 0.0000206575 | 7.0 | 1.27981e-12
1.3 | 0.0968005 | 4.2 | 0.0000133457 | 7.1 | 6.23784c-13
1.4 | 0.0807567 | 4.3 8.53991e-6 7.2 | 3.01063e-13
1.5 | 0.0668072 | 4.4 5.41254¢-6 7.3 | 1.43884¢-13
1.6 | 0.0547993 | 4.5 3.39767e-6 7.4 | 6.80922e-14
1.7 | 0.0445655 | 4.6 2.11245e-6 7.5 | 3.19089%e-14
1.8 | 0.0359303 | 4.7 1.30081e-6 7.6 | 1.48065¢-14
1.9 | 0.0287166 | 4.8 7.93328e-7 7.7 | 6.80331e-15
2.0 | 0.0227501 | 4.9 4.79183e-7 7.8 | 3.09536e-15
2.1 | 0.0178644 | 5.0 2.86652e-7 7.9 | 1.39452e-15
2.2 | 0.0139034 | 5.1 1.69827e-7 8.0 | 6.22096¢-16
2.3 | 0.0107241 | 5.2 9.96443e-8

2.4 | 0.00819754 | 5.3 5.79013¢e-8

2.5 | 0.00620967 | 5.4 3.33204e-8

2.6 | 0.00466119 | 5.5 1.89896e-8

2.7 | 0.00346697 | 5.6 1.07176e-8

2.8 | 0.00255513 | 5.7 5.99037¢-9




Error Functions (erf - erfc) and Q-Function

Mpocoxn!!! O tumoc tn¢ erf ] Tng erfc didetal yia Nkaovolavr katavour pe u=0 kat 0%=1/2 = o=1/ 2

erf(z) = 1 —ierfc(z)

-z z
X X — X »
Q( ) 1 f ( = ) Complementary error function : erfc(z) Error function : erf(z)
)= Z€erfjc| — o0 9 z
2 V2 erfe(z) = i/ e " dr erf(z) = —/ e dx
ﬁ z ﬁ 0

erfc(z) = 2 Q(zV2) erf(z)=1—erfe(z) !



Error Functions (erf - erfc) and Q-Function (cvvéyeio)

erfc;czl_erf.x:j;/
Q(CE)_\/— / e dJ:

) =5 =31 (J5)

| 1 .
on-j )

e ' dt

=2Q(v/2x)




MBavotnta opaApatoc otnv Pndlakn petadoon Baoknc (wvng
urto Bopufo

* Eotw povomoAwkn kKwdikomoinon (NRZ): yia to «1» otéAvope maApd A Volts kat yia to «0» maApo 0 Volts.

* Ytov 6€KTn Xpnotpomnotlovpe (BEAtioto) katwdAL anodaong A’ = A/2 Volts.

e Av tnv otyun tng dsypatoAnyiog aviyveloou pe AATOC > A’ TOTE EKTIHOUUE OTL E0TAAN TO «1».

e Av tnVv otyun tng deypatoAnyioc aviyvelooupe AATOC < A’ TOTE EKTIHOUE OTL E0TAAN TO «O».

* Ynieloépyetol € AWGN (pe u=0 kat LoV o?). Aoyw tou BopuBou £xoue opaipa anodoxng Kal amoppupngc.
;i Po(X) >PAApa arnodoxnc pe mbavotnta

(o) eotaln «0» (+ B6puPBoc)

(B) eot@An «1» (+ O6puPoC)

>daApo anoppupnc pe bavotnta
1

—(x—-A)%*/2¢>
e &R g

Py (xX) = fmc
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MBavotnta oPpAAUATOC VLA LOVOTIOALKN HETAOOON

* AvP, kalP, olLmiBavotnteg petadoonc twv «0» kat «1», n oAk mbavotnta opalpatog eivat:
P; =PoPy’ + P;Py’
Av Bewprooupe OTL Katd pecov opo Py = P," =50% tote P, =% (P, + P,)

Ermetbn A’ = A/2 ot miBavotnteg Py = P; kot apa P, =%(2P,) = P, = P,
AnAadn: p.(x) = =X20 A p(y)

0 l
——C

A2 /27T ©

Me xprion tng Q-function exoue: 1 —Q(x) Q(x)

o 1 —v=/2 2 2
. = ———¢e 7 “dy = Q[A/(20)]
P v[\/BG 21T © 4

X y
z = (A/2—u)/o= A/(20)
|

, . , : , : . > -
AapBavovtag urt’ odn OTL N HEoN LOXUG LOOTILOOVWVY LOVOTIOALKWY TIAAUWY EvaL: S = %(0)‘ - (;jA' )

st

, S
KL N LoYUC Tou Asukol BopUBou a2= Py , ToTE P0=Q( Z_P Y=BER (ouvbeon BER-SNR)
N

20



BER ouvaptnoeL E./N, yia unipolar coding

* Méon evepyela bit = E, =S/R, omou R,=1/T, (bps), S peon woxvg cupfolou = Loxu bit ya
binary kwbwomoinon (6nA. M-ary pe M=2).

* E/N,=S/(R,N,) R./B=2/(1+r)= max R,=2B=>B=R,/2 P,= 6%= N,B= N,R,/2=N,R, = 202

I “ LN ) UNIPOLAR
s(1) So(1) L —£ sy(r)dt = AT, E,/N,=
A I_l A I AZT,/(2N,) =
0 i 0l Ey= [ sg(t)ydt =0 AZ/(2N,R,)=
t f ’ A?/(40?)=

]

- - 1 T, [A/(20)]?
b b E, = PyEy + P E; :;(EU‘FEI}: B BER:Q(\/Eb/NO)

21



BER cuvaptrioet SNR 1 E,/N, yta polar coding

P(0)=0.5 P(‘17)=0.5
tu=_vp

=x%/20* e —y2/2
x) = e X2 qx i J' e¥2dy = Q[A/(265)]
P.(X)= | _ s p TR y=Q
\ " L AT, POLAR
s4(f) so(t) E; =j Si(ndr = — E,/N,=
A/2 A%T, /(4N,) =
1 . 0 . fe AT, b/ \FNg
0 - Y LI Be= L so(Ddr = — A?/(4NyR,)=
— — | AZT AZ/(802)=
Ty Ty Ey = PoEo+ PiEy = S(Eo+ En) = — b [A/(20)]%/2

BER=Q(V2E,/N,)

22



MovormnoAwkn MoAwn
kwéwomnoinon JRxwdikonoinon

(NR2):
yla «1» otEAVOME
, : naApo A/2 Volts kat
2UYKPLTLKAL: VL0 T €O TaAy6
BER Vl_a . A/2 Volts.
}\ ’ }\ ’ loontiBava bits «1», «0».
HOVOT[O LKn —no LKn BéAtioto KatwdAL anddaong.
KwoLlKomoLno
, non. BER BER
OUVOaPTNOEL (Unipolar) (Polar)
SNR kaw E./N, QIV(S/2P,)] QIV(S/Py )] SNR
Q[V(E,/N,)] QIV(2E,/Ng)] E/N,

S woxug onuarog  E, evépyela ava bit
P, toxug GopuBou N,/ 2 paouatikn ntukvotnta dopuBou 23



