
22Á004 (elass EE728) - �ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò �ëçñïöïñßáò ÖõëëÜäéï 16Ä. ÔïõìðáêÜñçò 20 Éïõíßïõ 201122Á004 - �ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò �ëçñïöïñßáòÅíäåéê�éêÝò Ëýóåéò Ôåëéêïý Äéáãùíßóìá�ïò1. Ìðñß�æ (25 ìïíÜäåò + 5 åðéðëÝïí)Ôï ìðñé�æ ðáßæå�áé ìå ìßá �ñÜðïõëá 52 ÷áñ�éþí.¸íá ÷Ýñé (hand) åßíáé ïðïéïóäÞðï�å óõíäõáóìüò 13 ÷áñ�éþí.Ç äéáíïìÞ (deal) åßíáé ïðïéáäÞðï�å äéáìÝñéóç �çò �ñÜðïõëáò óå 4 ÷Ýñéá.¸íáò áðëüò �ñüðïò ãéá íá áíáðáñáó�Þóïõìå Ýíá ÷Ýñé åßíáé áí�éó�ïé÷ßæïí�áò Ýíá ìïíá-äéêü áñéèìü 6 bits óå êÜèå ÷áñ�ß. Óå áõ�Þí �çí ðåñßð�ùóç ÷ñåéÜæïí�áé 78 bits ãéá íáðåñéãñÜøïõí Ýíá óõãêåêñéìÝíï ÷Ýñé. (Áõ�ü ðïõ ïé Ìç÷áíéêïß Åðéêïéíùíéþí ïíïìÜæïõíPulse Coded Modulation { PCM).(á) (10 ìïíÜäåò)Áðïäåßî�å ü�é ïðïéáäÞðï�å äõáäéêÞ ðåñéãñáöÞ åíüò áõèáßñå�ïõ ÷åñéïý äåí ìðïñåßíá ÷ñçóéìïðïéåß ëéãü�åñá áðü ðåñßðïõ 52Hb (1
4

)

≈ 42 bits, üðïõ Hb(p) = p log 1p +
(1− p) log 1

1−p ç åí�ñïðßá äõáäéêÞò �.ì. ∼ Bern(p).Yðüäåéîç: Âñåß�å, ðñþ�á, ìßá ðåñéãñáöÞ ÷ñçóéìïðïéþí�áò 52 bits.ÁðÜí�çóç:Ìðïñïýìå íá áíáðáñáó�Þóïõìå êÜèå ÷Ýñé ùò ìßá äõáäéêÞ áêïëïõèßá 52 bits ìå `1'ü�áí Ýíá ÷áñ�ß âñßóêå�áé ìÝóá ó�ï ÷Ýñé êáé `0' áëëéþò. Ç ðåñéãñáöÞ áõ�Þ åßíáé1-ðñïò-1, äçëáäÞ ìðïñïýìå íá âñïýìå �ï ÷Ýñé áðü �çí ðåñéãñáöÞ êáé áí�éó�ñüöùò.ÅðïìÝíùò, ìðïñïýìå íá öáí�áó�ïýìå Ýíá ÷Ýñé ùò �çí Ýîïäï ìßáò ðçãÞò ðïõ ðáñÜãåéìßá áðü (

52
13

) áêïëïõèßåò ìÞêïõò 52. Ç ðéèáíü�ç�á Ýíá óõãêåêñéìÝíï ÷áñ�ß íáåßíáé ó�ï ÷Ýñé åßíáé 1=4. ÅðïìÝíùò, ïé �õðéêÝò áêïëïõèßåò åßíáé ≈ 252Hb(1=4) êáé÷ñåéáæüìáó�å ≈ 52Hb (1
4

) bits ãéá íá �éò áíáðáñáó�Þóïõìå. ÂÝâáéá, ç ðçãÞ äåíåßíáé ÷ùñßò ìíÞìç ãéá�ß ãíùñßæïõìå ü�é èá ðáñá÷èïýí áêñéâþò 13 `1' (êáé áêñéâþò39 `0'), ãé' áõ�ü êáé �ï áðï�Ýëåóìá åßíáé ðñïóåããéó�éêü.(â) (8 ìïíÜäåò + 5 åðéðëÝïí)Äåßî�å ü�é äåí ìðïñïýìå íá ðåñéãñÜøïõìå ìßá áõèáßñå�ç äéáíïìÞ ìå ëéãü�åñá áðü104 bits. Äþó�å ìßá áíáðáñÜó�áóç ìå ÷ñÞóç 104 bits.ÅðéðëÝïí ìïíÜäåò áí äþóå�å êáé äåý�åñï �ñüðï áíáðáñÜó�áóçò ìå ÷ñÞóç 104 bits.Óå ðåñßð�ùóç ðïõ óáò ÷ñåéáó�åß äßíå�áé ü�é Hb (1
3

)

≈ 0:9183 bits.



ÁðÜí�çóç:Èåùñïýìå, êáé ðÜëé, áêïëïõèßá 52 óõìâüëùí, áëëÜ áõ�Þ �ç öïñÜ ìå �å�ñáäéêÝò�éìÝò. Ï áñéèìüò ðïõ áí�éó�ïé÷åß óå êÜèå ÷áñ�ß äçëþíåé �ï ÷Ýñé ó�ï ïðïßï âñßóêå�áé�ï ÷áñ�ß. ÄåäïìÝíïõ ü�é Ýíá ÷áñ�ß ìðïñåß íá âñåèåß óå ïðïéïäÞðï�å áðü �á 4÷Ýñéá ìå �çí ßäéá ðéèáíü�ç�á, ïé �õðéêÝò áêïëïõèßåò åßíáé ≈ 252 log2 4 = 2104 êáé÷ñåéáæüìáó�å ðåñßðïõ 104 bits ãéá íá �éò áíáðáñáó�Þóïõìå.¸íáò Üëëïò �ñüðïò áíáðáñÜó�áóçò åßíáé ï åîÞò:
• ×ñçóéìïðïéïýìå �çí áêïëïõèßá 52 bits �ïõ Åñù�Þìá�ïò (á) ãéá íá ðåñéãñÜøïõìåðïéá ÷áñ�éÜ áíÞêïõí ó�ï 1ï ÷Ýñé →≈ 52Hb(1=4) ≈ 42 bits.
• ×ñçóéìïðïéïýìå áêïëïõèßá 39 bits ðïõ áí�éó�ïé÷ïýí ó�á ÷áñ�éÜ ðïõ äåí åßíáéó�ï 1ï ÷Ýñé (ï äÝê�çò ìðïñåß íá âñåé �çí áí�éó�ïß÷éóç ãéá�ß Ý÷åé, ðñþ�á, äéáâÜóåé�çí 1ç áêïëïõèßá �ùí 52 bits) →≈ 39Hb(1=3) ≈ 36 bits.
• ×ñçóéìïðïéïýìå áêïëïõèßá 26 bits ðïõ áí�éó�ïé÷ïýí ó�á ÷áñ�éÜ ðïõ äåí åßíáéó�ï 1ï Þ ó�ï 2ï ÷Ýñé →≈ 26Hb(1=2) ≈ 26 bits.Óýíïëï: ≈ 104 bits.Åíáëëáê�éêÜ ìðïñïýìå íá \�åëåéþíïõìå" ìå êÜèå ÷áñ�ß ðñéí ðñï÷ùñÞóïõìå. Äç-ëáäÞ íá ñù�Üìå áí Ýíá ÷áñ�ß áíÞêåé ó�çí 1ç äéáíïìÞ, áí ü÷é, áí áíÞêåé ó�ç 2çê�ë. Ïðü�å, ÷ñåéáæüìáó�å Hb (1

4

)

+ 3
4
Hb (1

3

)

+ 1
2
Hb (1

2

)

= 2 bits áíÜ äéáíïìÞ.Ó�çí ïõóßá, üìùò, áõ�Þ ç ðñïóÝããéóç åßíáé ßäéá ìå �ï 2ï �ñüðï áí �ç äïýìå ùòêùäéêïðïßçóç ó�áèåñïý ìÞêïõò ðïëëþí ÷áñ�éþí ìáæß.(ã) (7 ìïíÜäåò)Äåßî�å ü�é ãéá íá ðåñéãñáöïýí äýï ÷Ýñéá ÷ñåéÜæïí�áé ðåñßðïõ 78 bits. Äþó�å Ýíáí�ñüðï ðåñéãñáöÞò ìå ÷ñÞóç 78 bits.ÁðÜí�çóç:¼ðùò êáé ðñéí, èåùñïýìå áêïëïõèßá 52 óõìâüëùí, áõ�Þ �ç öïñÜ ìå 3 ðéèáíÝò�éìÝò (1ï ÷Ýñé, 2ï ÷Ýñé, 3ï Þ 4ï ÷Ýñé) êáé êá�áíïìÞ {1=4; 1=4; 1=2}. ÅðïìÝíùò, ïé�õðéêÝò áêïëïõèßåò åßíáé ≈ 252H(1=4;1=4;1=2) = 252·1:5 = 278 êáé ÷ñåéáæüìáó�å ≈ 78bits ãéá íá �éò áíáðáñáó�Þóïõìå.Åíáëëáê�éêÜ, ìðïñïýìå íá ÷ñçóéìïðïéÞóïõìå �á 2 ðñþ�á âÞìá�á �ïõ 2ïõ �ñüðïõ�ïõ ðñïçãïýìåíïõ åñù�Þìá�ïò.2. ¸íáò ðïìðüò, ðïëëïß äÝê�åò (30 ìïíÜäåò)Èåùñïýìå Ýíáí ðïìðü ðïõ ìå�áäßäåé óå äýï äÝê�åò, üðùò öáßíå�áé ó�ï Ó÷Þìá 1. Óå êÜèåäÝê�ç ðñïó�ßèå�áé ðñáãìá�éêüò �êáïõóéáíüò èüñõâïò ìçäåíéêÞò ìÝóçò �éìÞò. ÄçëáäÞ,Æ1 ∼ N (0; �2
1) êáé , Æ2 ∼ N (0; �2

2). Ïé èüñõâïé åßíáé áíåîÜñ�ç�ïé ìå�áîý �ïõò.×ùñßò âëÜâç �çò ãåíéêü�ç�áò, èåùñïýìå ü�é �2
2 ≥ �2

1 .(á) (10 ìïíÜäåò)Áñ÷éêÜ èåùñïýìå ü�é ç áíß÷íåõóç ìðïñåß íá ãßíåé áðü êïéíïý (jointly) ìå ÷ñÞóç�ùí óçìÜ�ùí êáé �ùí äýï äåê�þí. ÄçëÜäç ïé äÝê�åò óõíäÝïí�áé ìå�áîý �ïõò Þ,éóïäýíáìá, �á óÞìá�Ü �ïõò áðïó�Ýëëïí�áé óå êÜðïéï êÝí�ñï åðåîåñãáóßáò.2



Ó÷Þìá 1: Ìå�Üäïóç óå 2 äÝê�åò.Áí åðéâÜëïõìå ðåñéïñéóìü ìÝóçò éó÷ýïò ó�ïí ðïìðü E [X2] ≤ P êáé X ∈ R, âñåß�å�ç ÷ùñç�éêü�ç�á Cjoint �ïõ êáíáëéïý ìå�áîý �ïõ ðïìðïý êáé �ùí äýï äåê�þí,êáèþò êáé �çí êá�áíïìÞ �çò X ìå �çí ïðïßá åðé�õã÷Üíå�áé.ÁðÜí�çóç:�áñüìïéá ìå �çí ðåñßð�ùóç �êáïõóéáíïý êáíáëéïý ìå Ýíá äÝê�ç,I(X;Y1; Y2) = h(Y1; Y2)− h(Y1; Y2|X)

≤
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] ïé ðßíáêåò óõíäéá-óðïñÜò �ùí (ðñáãìá�éêþí) �õ÷áßùí äéáíõóìÜ�ùí Y = [Y1 Y2]
T êáé Z = [Z1 Z2]
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+
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) :H éóü�ç�á éó÷ýåé ü�áí �ï Y åßíáé �êáïõóéáíü �õ÷áßï äéÜíõóìá. ÅðåéäÞ �ï Yåßíáé ãñáììéêÞ óõíÜñ�çóç �çò �.ì. X, �ï Y åßíáé �êáïõóéáíü �õ÷áßï äéÜíõóìá3



ü�áí ç X åßíáé �êáïõóéáíÞ. Åðßóçò, ðñïêåéìÝíïõ íá ìåãéó�ïðïéçèåß �ï üñéóìá �ïõëïãáñßèìïõ, åðéëÝãïõìå E [X2] = P .Óõíåðþò, Cjoint = max I(X;Y1; Y2) =
1

2
log

(

1 +
P�2
1

+
P�2
2

) :�áñá�çñÞó�å ü�é êÜèå êëÜäïò óõìâÜëëåé ìå üñï P�2i . ÄçëáäÞ, áí SNRi , P�2i ,Cjoint = 1
2
log(1 + SNR1 + SNR2).(â) (7 ìïíÜäåò)¸ó�ù ü�é èÝ�ïõìå �ïí åîÞò ðåñéïñéóìü ó�ïõò äÝê�åò: Ç áðïêùäéêïðïéÞóç ðñÝðåéíá âáóéó�åß ó�ï óÞìá Ỹ = aY1 + (1 − a)Y2 ìå äåäïìÝíï 0 ≤ a ≤ 1. ÄçëáäÞ,áí�ß íá Ý÷ïõìå áðåõèåßáò ðñüóâáóç ó�ï óÞìá êÜèå äÝê�ç (äçëáäÞ ó�ï äéÜíõóìáY = [Y1 Y2]
T ), Ý÷ïõìå ðñüóâáóç ìüíï ó�ï Ỹ .Âñåß�å �ç ÷ùñç�éêü�ç�á, Clin-omb, �ïõ êáíáëéïý ìå�áîý �çò X êáé �çò Õ̃ ãéáäåäïìÝíï a.ÁëëÜæåé ç áðÜí�çóÞ óáò áí Ỹ = aY1+ bY2 ìå a > 0, b > 0 êáé a+ b =  > 1, üðïõ ó�áèåñÜ;ÁðÜí�çóç:I(X; Ỹ ) = h(Ỹ )− h(Ỹ |X)
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)
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(
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) :¼ðùò êáé ðñéí, ç ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áé èÝ�ïí�áò X ∼ N (0; P ), ïðü�åClin-omb =
1

2
log
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1 +
Pa2�2

1 + (1− a)2�2
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) :Ç áðÜí�çóç äåí áëëÜæåé áí a + b > . Èá Ý÷ïõìå Ýíáí üñï 2 ó�ïí áñéèìç�Þ êáéÝíáí ó�ïí ðáñïíïìáó�Þ ïé ïðïßïé áðáëïßöïí�áé. Áõ�ü óõìâáßíåé ãéá�ß åíéó÷ýïõìå�ï èüñõâï ìå �ï ßäéï êÝñäïò ìå �ï ïðïßï åíéó÷ýïõìå �ï ÷ñÞóéìï óÞìá, ïðü�å ïSNR äåí áëëÜæåé (áí êÜíå�å �éò ðñÜîåéò èá ðñïêýøåé ü�éClin-omb = 1
2
log

(

1 + P
(a )2�2

1
+(1−a )2�2

2

)).(ã) (8 ìïíÜäåò)ÅðéëÝî�å �çí �éìÞ �ïõ 0 ≤ a ≤ 1 ðïõ ìåãéó�ïðïéåß �ç Clin-omb êáé óõãêñßíå�åìå �çí áðÜí�çóÞ óáò ó�ï Åñþ�çìá (á). Ó÷ïëéÜó�å.4



ÁðÜí�çóç:Ëýíïí�áò �çí åîßóùóç ��a(a2�2
1 + (1− a)2�2

2) = 0,a∗ = �2
2�2

1 + �2
2

=
1=SNR2

1=SNR1 + 1=SNR2
=

SNR1SNR1 + SNR2
:�áñá�çñïýìå ü�é 0 ≤ a∗ ≤ 1 êáé ü�é �2�a2 (a2�2

1 + (1 − a)2�2
2) = 2(�2

1 + �2
2) >

0. ÅðïìÝíùò, �ï a∗ åëá÷éó�ïðïéåß �ïí ðáñïíïìáó�Þ êáé, Üñá, ìåãéó�ïðïéåß �çClin-omb.�áñá�çñÞó�å ü�é ÷ñçóéìïðïéïýìå êáé �á äýï Yi, ü÷é ìüíï �ï Y1. Ùó�üóï, äßíïõìåìåãáëý�åñï âÜñïò ó�ï Y1 ðïõ Ý÷åé ìåãáëý�åñï SNR.C∗lin-omb =
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P�2
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+
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)

= Cjoint:�áñá�çñÞó�å, åðßóçò, ü�é ìðïñïýìå íá åðé�ý÷ïõìå �ç Cjoint óõíäõÜæïí�áò ìåãñáììéêü �ñüðï �á Y1 êáé Y2. ÄçëáäÞ �ï ãåãïíüò ü�é äåí Ý÷ïõìå áðåõèåßáòðñüóâáóç ó�á Yi äåí åëá��þíåé �ç ÷ùñç�éêü�ç�á. Ó�ç ãåíéêÞ ðåñßð�ùóç êáíáëéþíìå ðïëëÝò åîüäïõò, áõ�ü äåí éó÷ýåé.(ä) (5 ìïíÜäåò)Âñåß�å �ï ìÝãéó�ï ñõèìü ìå�Üäïóçò, Cseparate = Cseparate;1 + Cseparate;2, ðïõìðïñïýìå íá ðå�ý÷ïõìå áí ç áðïêùäéêïðïßçóç ðñÝðåé íá ãßíåé îå÷ùñéó�Ü óå êÜèåäÝê�ç, áí, äçëáäÞ, äåí åðé�ñÝðå�áé óõíåñãáóßá (áðü êïéíïý áðïêùäéêïðïßçóç).Óõãêñßíå�å ìå �ï áðï�Ýëåóìá �ïõ Åñù�Þìá�ïò (á).ÁðÜí�çóç:Óå áõ�Þí �çí ðåñßð�ùóç Ý÷ïõìå Ýíá BC. ¼ðùò åßäáìå ó�éò áóêÞóåéò, �ï ìÝãéó�ïÜèñïéóìá ñõèìþí ìå�Üäïóçò åðé�õã÷Üíå�áé ü�áí ìå�áäßäïõìå ìüíï ó�ï ÷ñÞó�ç ìå�ï êáëý�åñï SNR. ÅðïìÝíùò,Cseparate =
1

2
log

(

1 +
P�2
1

) :Ç Cseparate åßíáé ìéêñü�åñç áðü �çí Cjoint. Áõ�ü åßíáé �ï �ßìçìá ðïõ ðëçñþíïõìååðåéäÞ äåí ìðïñïýìå íá ðñïâïýìå óå áðü êïéíïý áðïêùäéêïðïßçóç.
5



3. Slepian-Wolf (25 ìïíÜäåò)Èåùñïýìå äýï äõáäéêÝò êáé áíåîÜñ�ç�åò �.ì. Z1 ∼ Bern(1=2) êáé Z2 ∼ Bern(1=2). Êáéïé äýï �.ì. ðáßñíïõí �éìÝò ó�ï óýíïëï {0; 1}.(á) (9 ìïíÜäåò)ÈÝëïõìå íá óõìðéÝóïõìå áíåîÜñ�ç�á �ï Üèñïéóìá X = Z1 + Z2 êáé �ç äéáöïñÜÕ = Æ1 − Æ2 (�ñïóï÷Þ: ç ðñüóèåóç êáé ç áöáßñåóç åßíáé ó�ï R).Âñåß�å �çí ðåñéï÷Þ åðé�åýîéìùí ñõèìþí óõìðßåóçò (Slepian-Wolf).ÁðÜí�çóç:�íùñßæïõìå ü�é ìðïñïýìå íá åðé�ý÷ïõìå ïðïéïäÞðï�å æåýãïò (RX ; RY ) éêáíïðïéåß�éò ó÷Ýóåéò RX > H(X|Y )RY > H(Y |X)RX +RY > H(X; Y )H X ðáßñíåé �éìÝò 0, +1 êáé +2 ìå ðéèáíü�ç�åò 1=4, 1=2 êáé 1=4, áí�ßó�ïé÷á.ÅðïìÝíùò, H(X) = 1:5 bits. Ïìïßùò, ç Õ ðáßñíåé �éìÝò 0, +1 êáé −1 ìåðéèáíü�ç�åò 1=2, 1=4 êáé 1=4, áí�ßó�ïé÷á êáé H(Y ) = 1:5 bits.Ìðïñïýìå íá õðïëïãßóïõìå �éòH(X|Y ) êáéH(Y |X) ÷ñçóéìïðïéþí�áò �ïí �ßíáêá1. �éèáíü�ç�á (Z1; Z2) (X; Y )
1
4

(0; 0) (0; 0)
1
4

(1; 0) (1; 1)
1
4

(0; 1) (1;−1)
1
4

(1; 1) (2; 0)�ßíáêáò 1: �ßíáêáò ãéá õðïëïãéóìü äåóìåõìÝíùí åí�ñïðéþí �ïõ Åñù�Þìá�ïò (á).ÅðïìÝíùò, H(X|Y ) = 1
2
H(X|Y = 0) = 1

2
bits. Ïìïßùò, H(Y |X) = 1

2
H(Y |X =

1) = 1
2
bits. ¢ñá, Ç(×;Õ ) = 2 bits.H ðåñéï÷Þ Slepian-Wolf ó÷åäéÜæå�áé ó�ï Ó÷Þìá 2.(â) (9 ìïíÜäåò)ÅðáíáëÜâå�å �ï 1ï åñþ�çìá áí ïé Z1 êáé Z2 äåí åßíáé áíåîÜñ�ç�åò, áëëÜ Ý÷ïõíáðü êïéíïý óõíÜñ�çóç ìÜæáò ðéèáíü�ç�áò (p.m.f.) ðïõ äßíå�áé ó�ïí �ßíáêá 2.Óõãêñßíå�å �çí ðåñéï÷Þ ðïõ ðñïêýð�åé ìå �çí ðåñéï÷Þ �ïõ Åñù�Þìá�ïò (á).Óå ðåñßð�ùóç ðïõ óáò ÷ñåéáó�åß, äßíå�áé ü�é log2 3 ≈ 1:585.
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Ó÷Þìá 2: �åñéï÷Þ Slepian-Wolf ãéá �ï Åñþ�çìá (á).Z2 = 0 Z2 = 1Z1 = 0 3
8

1
8Z1 = 1 1

8
3
8�ßíáêáò 2: Áðü êïéíïý êá�áíïìÞ, pZ1Z2
(z1; z2), �ùí Æ1 êáé Z2.ÁðÜí�çóç:Óå áõ�Þí �çí ðåñßð�ùóç, ç X ðáßñíåé �éìÝò 0, +1 êáé +2 ìå ðéèáíü�ç�åò 3=8, 1=4êáé 3=8, áí�ßó�ïé÷á. ÅðïìÝíùò, H(X) ≈ 1:5613 bits. H Õ ðáßñíåé �éìÝò 0, +1 êáé

−1 ìå ðéèáíü�ç�åò 3=4, 1=8 êáé 1=8, áí�ßó�ïé÷á êáé H(Y ) = 1:0613 bits.ÔÝëïò, H(X|Y ) = 3
4
êáé H(Y |X) = 1

4
(÷ñçóéìïðïéþí�áò �ïí �ßíáêá 3).ÅðïìÝíùò, H(X; Y ) ≈ 1:8113 bits.�éèáíü�ç�á (Z1; Z2) (X; Y )

3
8

(0; 0) (0; 0)
1
8

(1; 0) (1; 1)
1
8

(0; 1) (1;−1)
3
8

(1; 1) (2; 0)�ßíáêáò 3: �ßíáêáò ãéá õðïëïãéóìü äåóìåõìÝíùí åí�ñïðéþí �ïõ Åñù�Þìá�ïò (ã).H ðåñéï÷Þ Slepian-Wolf ó÷åäéÜæå�áé ó�ï Ó÷Þìá 3. �áñá�çñïýìå ü�é, ðáñüëï ðïõ�ï Üèñïéóìá RX +RY åßíáé ìéêñü�åñï óå ó÷Ýóç ìå �ï Åñþ�çìá (á), ç ðåñéï÷Þ äåíåßíáé õðåñóýíïëï �çò ðåñéï÷Þò �ïõ Åñù�Þìá�ïò (á).7



Ó÷Þìá 3: �åñéï÷Þ Slepian-Wolf ãéá �ï Åñþ�çìá (â).(ã) (7 ìïíÜäåò)Óõãêñßíå�å �éò ðåñéï÷Ýò �ùí Åñù�çìÜ�ùí (á) êáé (â) ìå �çí ðåñßð�ùóç ðïõ êùäé-êïðïéïýìå (áíåîÜñ�ç�á) áðåõèåßáò �éò Z1 êáé Z2 (áí�ß ãéá �éò X êáé Y ).ÁðÜí�çóç:�éá �çí ðåñßð�ùóç üðïõ ïé Æ1 êáé Z2 åßíáé áíåîÜñ�ç�åò, ðáñá�çñïýìå åýêïëá ü�éRZ1
> H(Z1) = 1 bitRZ2
> H(Z2) = 1 bitRZ1

+RZ2
> H(Z1; Z2) = H(Z1) +H(Z2) = 2 bitsH ðåñéï÷Þ Slepian-Wolf ó÷åäéÜæå�áé ó�ï Ó÷Þìá 4 êáé óõãêñßíå�áé ìå �çí ðåñéï÷Þ�ïõ Åñù�Þìá�ïò (á). �áñá�çñïýìå ü�é, ëüãù �çò áíåîáñ�çóßáò �ùí Z1 êáé Z2, çðåñéï÷Þ åßíáé ìéêñü�åñç. Ùó�üóï, �ï åëÜ÷éó�ï Üèñïéóìá ñõèìþí ìå�Üäïóçò ðïõìðïñåß íá åðé�åõ÷èåß åßíáé ßäéï êáé ó�éò äýï ðåñéð�þóåéò, ãéá�ß áí ãíùñßæïõìå �éòZ1 êáé Z2 ìðïñïýìå íá âñïýìå �éò X êáé Y êáé áí�éó�ñüöùò.ÔÝëïò, ãéá �çí êá�áíïìÞ �ïõ �ßíáêá 2,RZ1

> H(Z1|Z2) = H(1=4) ≈ 0:81 bitsRZ2
> H(Z2|Z1) = H(1=4) ≈ 0:81 bitsRZ1

+RZ2
> H(Z1; Z2) = H(Z1) +H(Z2|Æ1) = 1 + Ç(1=4) ≈ 1:81 bitsÊáé óå áõ�Þí �çí ðåñßð�ùóç, ç ðåñéï÷Þ Slepian-Wolf ðïõ Ý÷åé ó÷åäéáó�åß ó�ïÓ÷Þìá 5 åßíáé ìéêñü�åñç áðü �çí ðåñéï÷Þ �ïõ Åñù�Þìá�ïò (â). Åðßóçò, ç ðåñéï÷Þåßíáé õðåñóýíïëï �çò ðåñéï÷Þò �ïõ Ó÷Þìá�ïò 4. Êáé óå áõ�Þí �çí ðåñßð�ùóç, �ïåëÜ÷éó�ï Üèñïéóìá ñõèìþí ìå�Üäïóçò ðïõ ìðïñåß íá åðé�åõ÷èåß åßíáé ßäéï êáé ó�éòäýï ðåñéð�þóåéò. 8



Ó÷Þìá 4: �åñéï÷Þ Slepian-Wolf ãéá �ï Åñþ�çìá (ã) ãéá áíåîÜñ�ç�åò Z1 êáé Z2.

Ó÷Þìá 5: �åñéï÷Þ Slepian-Wolf ãéá �ï Åñþ�çìá (ã) ãéá åîáñ�çìÝíåò Z1 êáé Z2.
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4. ÕðÝñèåóç ìå �õ÷áßá öÜóç (25 ìïíÜäåò)Èåùñïýìå �ï êýêëùìá �ïõ Ó÷Þìá�ïò 6. Ïé �.ì. X1 êáé X2 õðåñ�ßèåí�áé, ïðü�åðñïêýð�åé ç �.ì. Y .
Ó÷Þìá 6: ÕðÝñèåóç �.ì. ìå �õ÷áßá öÜóç.Ç õðÝñèåóç ãßíå�áé ìå �õ÷áßá öÜóç 0 Þ �. �éï óõãêåêñéìÝíá, Y = X1+X2 ìå ðéèáíü�ç�áp, åíþ Y = X1 −X2 ìå ðéèáíü�ç�á 1− p. Èåùñïýìå ü�é ç �éìÞ �çò p åßíáé ãíùó�Þ.ÔÝëïò, X1 ∈ {−1;+1} êáé X2 ∈ {−2;+2}.(á) (13 ìïíÜäåò)Âñåß�å �çí ðåñéï÷Þ ÷ùñç�éêü�ç�áò, C, êáèþò êáé �éò êá�áíïìÝò �ùí ×1 êáé X2 ìå�éò ïðïßåò åðé�õã÷Üíå�áé �ï üñéï �çò C.Õðüäåéîç: �éá �ï óõãêåêñéìÝíï ðñüâëçìá ßóùò åßíáé ðéï åýêïëï íá ãñÜøå�åI(X;Y ) = H(X)−H(X|Y ) (áí�ß ãéá I(X;Y ) = H(Y )−H(Y |X)).ÁðÜí�çóç:Áðü �éò åîßóþóåéò �ïõ MAC, ãéá óõãêåêñéìÝíç p(x1)p(x2),R1 < I(X1;Y |X2)R2 < I(X2;Y |X1)R1 +R2 < I(X1; X2;Y )

• I(X1;Y |X2) = H(X1|X2) − H(X1|X2; Y ) = Ç(×1) − H(X1|X2; Y ), ëüãù áíå-îáñ�çóßáò �ùí X1 êáé X2.�áñá�çñÞó�å, �þñá, ü�é, áíX1 = +1, Y = −1 Þ +3. Åðßóçò, áí X1 = −1, Y = −3Þ +1. ÅðïìÝíùò, áðü �çí �éìÞ �ïõ Y ìðïñïýìå íá êá�áëÜâïõìå áí X1 = +1 Þ
−1 êáé I(X1;Y |X2) = Ç(×1). Óõíåðþò, R1;max = 1 bit êáé åðé�õã÷Üíå�áé ìå×1 ∼ Bern(1=2).To áðï�Ýëåóìá åßíáé ëïãéêü. Áí èÝóïõìå �ç X2 óå ìßá ó�áèåñÞ �éìÞ, ìðïñïýìåðÜí�á íá âñïýìå �ç X1 áðü �çí Y .
• I(X2;Y |X1) = H(X2|X1) − H(X2|X1; Y ) = Ç(×2) − H(X2|X1; Y ), ëüãù áíå-îáñ�çóßáò �ùí X1 êáé X2. 10



Ìå ðéèáíü�ç�á p, X2 = Y −X1, åíþ, ìå ðéèáíü�ç�á 1−p, ×2 = ×1−Õ . Óõíåðþò,I(X2;Y |X1) = Ç(×2)−Ç(p).ÅðïìÝíùò, R2;max = 1−H(p) bits êáé åðé�õã÷Üíå�áé ìå ×2 ∼ Bern(1=2).
• I(X1; X2;Y ) = H(X1; X2)−H(X1; X2|Y ) = H(X1) +H(X2|X1)−H(X2|Y )−H(X1|X2; Y ) = H(X1) +H(X2)−H(X2|Y ).Áí ãíùñßæïõìå �ï Y ãíùñßæïõìå êáé �ï X1. ÅðïìÝíùò, ìå ðéèáíü�ç�á p, X2 =Y −X1 êáé ìå ðéèáíü�ç�á 1− p, ×2 = ×1 − Õ . ¢ñá, H(X2|Y ) = H(p).Óõíåðþò, �ï Üèñïéóìá R1 + R2 ìåãéó�ïðïéåß�áé ãéá ×1 ∼ Bern(1=2) êáé ×2 ∼Bern(1=2) êáé max{R1 +R2} = 2−H(p) bits.ÅðïìÝíùò, �ï üñéï �çò ðåñéï÷Þò ÷ùñç�éêü�ç�áò åðé�õã÷Üíå�áé ü�áí �üóï ç X1üóï êáé ç X2 áêïëïõèïýí êá�áíïìÞ Bern(1=2). Ç ðåñéï÷Þ ÷ùñç�éêü�ç�áò Ý÷åéó÷åäéáó�åß ó�ï Ó÷Þìá 7. �áñá�çñÞó�å ü�é ï ñõèìüò ìå�Üäïóçò ðïõ ìðïñåß íáðå�ý÷åé êÜèå ÷ñÞó�çò äåí åîáñ�Ü�áé áðü �ï ñõèìü ìå�Üäïóçò �ïõ Üëëïõ ÷ñÞó�ç.

Ó÷Þìá 7: �åñéï÷Þ ÷ùñç�éêü�ç�áò.�áñá�çñÞó�å ü�é ìðïñïýìå íá äïýìå �ï MAC ùò 2 ðáñÜëëçëá êáíÜëéá ðïõ äåíåðçñåÜæïõí �ï Ýíá �ï Üëëï. Ôï Ýíá êáíÜëé åßíáé Ýíá �áõ�ï�éêü äõáäéêü êáíÜëé (áðü�ç X1 ó�ç X1). Ôï Üëëï êáíÜëé åßíáé Ýíá BSC áðü �ç X2 óå ìßá �.ì. X ′

2. Ç Õ åßíáéóõíÜñ�çóç 1-ðñïò-1 �ùí X1 êáé X ′

2. �éá �ï ëüãï áõ�ü ç ðåñéï÷Þ ÷ùñç�éêü�ç�áòåßíáé ïñèïãþíéá.(â) (4 ìïíÜäåò)Ôé óõìâáßíåé ü�áí p = 1=2; Ìðïñïýìå íá ðåñÜóïõìå ðëçñïöïñßá ó�ï êáíÜëé;ÁðÜí�çóç:¼�áí p = 1=2 ìüíï ï ÷ñÞó�çò 1 ìðïñåß íá ðåñÜóåé ðëçñïöïñßá ó�ï êáíÜëé (1 bit).
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(ã) (4 ìïíÜäåò)Ìðïñïýìå íá ðåñÜóïõìå ðëçñïöïñßá ó�ï êáíÜëé áí äå ãíùñßæïõìå �çí �éìÞ �çòðáñáìÝ�ñïõ p;ÁðÜí�çóç:Íáé, o ÷ñÞó�çò 1 ìðïñåß íá ðåñÜóåé 1 bit.(ä) (4 ìïíÜäåò)Ìðïñïýìå íá áõîÞóïõìå �ï ìÝãéó�ï åðé�åýîéìï Üèñïéóìá ñõèìþí ìå�Üäïóçò R1 +R2 (sum apaity) áí åðé�ñÝðå�áé íá óõíåñãáó�ïýí ïé äýï ðçãÝò;ÁðÜí�çóç:¼÷é. max{R1 +R2} = max I(X1; X2;Y ) = 2−H(p).
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