
EE728 (22Á004) - �ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò �ëçñïöïñßáò ÖõëëÜäéï 14âÄ. ÔïõìðáêÜñçò 4 Éïõíßïõ 2011EE728 (22Á004) - �ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò �ëçñïöïñßáòËõìÝíåò áóêÞóåéò (ÅêöùíÞóåéò êáé Ëýóåéò)1. ◮ Óõíáñ�Þóåéò �õ÷áßùí ìå�áâëç�þí { Cover & Thomas 2.2 (ðáñáëëáãÞ)(á) ¸ó�ù y = g(x), g(·) áé�éïêñá�éêÞ (deterministi
) óõíÜñ�çóç êáé X ìéá (äéáêñé�Þ)�õ÷áßá ìå�áâëç�Þ. Ìðïñåß íá åéðùèåß êÜ�é ãéá �ç ó÷Ýóç ìå�áîý �çò åí�ñïðßáò �çòY = g(X) êáé �çò åí�ñïðßáò �çò X; Åáí íáé, �é;ÁðÜí�çóç:Áðü �ïí ïñéóìü �çò åí�ñïðßáò, H(Y ) = −∑|Y|i=1 p(yi) log p(yi). ÅÜí ç óõíÜñ�çóçg(X) åßíáé 1-ðñïò-1, óå êÜèå xi áí�éó�ïé÷åß Ýíá yi êáé éó÷ýåé p(xi) = p(yi) êáé
|X | = |Y|. ÅðïìÝíùò,H(Y ) = −

|Y|
∑i=1

p(yi) log p(yi) = − |X |
∑i=1

p(xi) log p(xi) = H(X):ÅÜí ç óõíÜñ�çóç g(·) äåí åßíáé 1-ðñïò-1, õðÜñ÷åé �ïõëÜ÷éó�ïí Ýíá yi ó�ï ïðïßïáí�éó�ïé÷ïýí ðåñéóóü�åñá áðü Ýíá xj;i êáé p(yi) =∑j p(xj;i). ¢ñá, p(yi) ≥ p(xj;i)ãéá êÜèå j, êáé, äåäïìÝíïõ ü�é ç óõíÜñ�çóç ëïãáñßèìïõ åßíáé áýîïõóá, log p(yi) ≥
log p(xj;i) ãéá êÜèå j. ÅðïìÝíùò,

∑xj :yi=g(xj) p(xj) log p(xj) ≤ ∑xj :yi=g(xj) p(xj) log p(yi)
= log p(yi) ∑xj :yi=g(xj) p(xj) = p(yi) log p(yi):Åíáëëáê�éêÜ, äåäïìÝíïõ ü�é ïé p(xj;i)=p(yi) ãéá äåäïìÝíï j áðï�åëïýí êá�áíïìÞ(p(xj;i)p(yi) ≥ 0 êáé ∑ p(xj;i)p(yi) = 1), áðü �çí áíéóü�ç�á Jensen,

∑xj :yi=g(xj) p(xj)p(yi) log p(xj) ≤ log





∑xj :yi=g(xj) p(xj)p(yi) p(xj)
(i)
≤ log





∑xj :yi=g(xj) p(xj) = log p(yi)
⇒

∑xj :yi=g(xj) p(xj) log p(xj) ≤ p(yi) log p(yi):



(i) p(xj;i)p(yi) ≤ 1.Óõíåðþò, ìðïñïýìå íá ãñÜøïõìåÇ(X) = −
∑x p(x) log p(x)

= −
∑y ∑x:y=g(x) p(x) log p(x)

≥ −
∑y p(y) log p(y) = H(Y ):¢ñá, ó�ç ãåíéêÞ ðåñßð�ùóç, H(Y ) ≤ H(X). Ôï áðï�Ýëåóìá åßíáé äéáéóèç�éêÜëïãéêü. ÅÜí ìéá óõíÜñ�çóç äåí åßíáé 1-ðñïò-1, ìÝñïò �çò ðëçñïöïñßáò ÷Üíå�áéêá�Ü �çí áðåéêüíéóç áðü �ç X ó�çí Y .Áêüìá ðéï áðëÜ, ìðïñïýìå íá ãñÜøïõìå �çí H(X; g(X)) ìå äýï �ñüðïõò:H(X; g(X)) = H(X) +H(g(X)|X) = H(g(X)) +H(X|g(X)):ÁëëÜ H(g(X)|X) = 0, åðåéäÞ ç g(x) åßíáé í�å�åñìéíéó�éêÞ êáé H(X|g(X)) ≥ 0.Óõíåðþò, H(X) ≥ H(Y ) = H(g(X)).¼�áí ç g(X) åßíáé 1-ðñïò-1 éó÷ýåé, åðßóçò, H(X|g(X)) = 0, ïðü�å H(X) = H(Y ).(â) Âñåß�å �ç ó÷Ýóç ìå�áîý H(X) êáé H(Y ) ãéá �éò óõíáñ�Þóåéò y = x3 êáé y = ⌊x=2⌋,x áêÝñáéïò.ÁðÜí�çóç:H g(x) = x3 åßíáé 1-ðñïò-1. ÅðïìÝíùò, H(Y ) = H(X). H g(x) = ⌊x=2⌋ äåí åßíáé1-ðñïò-1, ó�ç ãåíéêÞ ðåñßð�ùóç. Ùó�üóï, ìðïñåß íá åßíáé 1-ðñïò-1 ãéá ïñéóìÝíááëöÜâç�á. �éá ðáñÜäåéãìá, åÜí X ∈ {2; 4; 6}, ç ⌊x=2⌋ åßíáé 1-ðñïò-1. Óõíåðþò,ó�ç ãåíéêÞ ðåñßð�ùóç, H(Y ) ≤ H(X).2. ◮ Åí�ñïðßá áèñïßóìá�ïò �õ÷áßùí ìå�áâëç�þí { Cover & Thomas 2.14(á) ¸ó�ù X êáé Y �õ÷áßåò ìå�áâëç�Ýò êáé Z = X+Y . Íá áðïäåé÷�åß ü�é H(Z|X) =H(Y |X).ÁðÜí�çóç:Áðü �ïí ïñéóìü �çò ÄåóìåõìÝíçò Åí�ñïðßáò,H(Z|X) =

∑x p(x)H(Z|X = x)
=
∑x p(x)∑z p(Z = z|X = x) log p(Z = z|X = x):

2



ÅÜí ãíùñßæïõìå ü�é X = x, Z = Y + x. EðïìÝíùò, pZ|X(Z = z|X = x) =pY |X(Y + x = z|X = x) = pY |X(Y = z − x|X = x). ¢ñá,H(Z|X) =
∑x p(x)∑z p(Z = z|X = x) log p(Z = z|X = x)

(∗)
=
∑x p(x) ∑y,z−x p(Y = z − x|X = x) log p(Y = z − x|X = x)

=
∑x p(x)H(Y |X = x) = H(Y |X);üðïõ ó�ï (∗) ÷ñçóéìïðïéÞóáìå �çí ðáñá�Þñçóç ü�é, åÜí èåùñÞóïõìå üëåò �éòðéèáíÝò �éìÝò �çò Z ãéá äåäïìÝíç X = x, �ü�å èåùñïýìå, éóïäýíáìá, üëåò �éòðéèáíÝò �éìÝò �çò Y ãéá X = x.¸÷ïí�áò äåßîåé ìå âÜóç �ïí ïñéóìü ü�é H(Z|X) = H(Y |X), ó�ï ìÝëëïí ìðïñïýìåíá ãñÜöïõìå óýí�ïìá H(Z|X) = H(Y +X|X) = H(Y |X).�áñá�çñÞó�å, �Ýëïò, ü�é �ï áðï�Ýëåóìá éó÷ýåé áíåîáñ�Þ�ùò �çò áíåîáñ�çóßáò (Þìç) �ùí X êáé Y .(â*) ÅÜí ïé X êáé Y åßíáé áíåîÜñ�ç�åò, íá áðïäåé÷�åß ü�é H(Y ) ≤ H(Z) êáé H(X) ≤H(Z). ÅðïìÝíùò, ü�áí óå ìéá �.ì. ðñïó�ßèå�áé ìéá áíåîÜñ�ç�Þ �çò �.ì., ç áâåâáé-ü�ç�á áõîÜíå�áé.ÁðÜí�çóç:ÅÜí ïé X êáé Y åßíáé áíåîÜñ�ç�åò, H(Y |X) = H(Y ). �íùñßæïõìå ü�é, ãéáïðïéåóäÞðï�å X êáé Y , I(X;Y ) ≥ 0. ÅðïìÝíùò, I(Z;X) = Ç(Z) − H(Z|X) ≥

0⇒ H(Z) ≥ H(Z|X)
(a)
= H(Y |X) = H(Y )⇒ H(Z) ≥ H(Y ). Må �ïí ßäéï �ñüðï,áðïäåéêíýå�áé ü�é H(Z) ≥ H(X).Ôï áðï�Ýëåóìá åßíáé äéáéóèç�éêÜ ëïãéêü. ÄåäïìÝíïõ ü�é ïé X êáé Y åßíáé áíå-îÜñ�ç�åò, ç Z ðåñéÝ÷åé ðåñéóóü�åñç ðëçñïöïñßá áðü �çí êáèåìßá áðü �éò X êáéY .�ñïóï÷Þ: Äåí éó÷ýåé, êá�' áíÜãêç, H(Z) = H(X) +H(Y ) (éó÷ýåé, üìùò,H(X; Y ) = H(X) + H(Y ), äåäïìÝíïõ ü�é ïé X êáé Y åßíáé áíåîÜñ�ç�åò). ¸íáò�ñüðïò íá �ï áðïäåßîïõìå åßíáé ìå ÷ñÞóç �ïõ áðï�åëÝóìá�ïò �çò 1çò Üóêçóçò,èåùñþí�áò �ç í�å�åñìéíéó�éêÞ óõíÜñ�çóç g(X; Y ) = X + Y . H g(X; Y ) åßíáé,ó�ç ãåíéêÞ ðåñßð�ùóç, ìç áí�éó�ñÝøéìç. ÅðïìÝíùò, üðùò äåßîáìå ó�çí ¢óêçóç1, H(Z) = H(g(X; Y )) ≤ H(X; Y ) = H(X) + H(Y ). Äéáéóèç�éêÜ, åÜí ìáò\áðïêáëõöèåß" ç Z äå ìáò áðïêáëýð�ïí�áé, ó�ç ãåíéêÞ ðåñßð�ùóç, ïé áêñéâåßò �éìÝò�ùí X êáé Y . ÕðÜñ÷ïõí, üìùò, ðåñéð�þóåéò, üðïõ ç X +Y åßíáé áí�éó�ñÝøéìç êáéH(Z) = H(X) +H(Y ) (âñåß�å Ýíá ðáñÜäåéãìá ùò Üóêçóç).(ã*) Äþó�å Ýíá ðáñÜäåéãìá (ìç áíåîÜñ�ç�ùí) �.ì. X êáé Y ãéá �éò ïðïßåò H(Y ) ≥H(Z) êáé H(X) ≥ H(Z). 3



ÁðÜí�çóç:¸ó�ù ü�é X = −Y =

{

+1 ìå ðéèáíü�ç�á 1=2
−1 ìå ðéèáíü�ç�á 1=2H(X) = H(Y ) = H(1=2) = 1. Ùó�üóï, Æ = X+Y = −Y +Y = 0 êáé, åðïìÝíùò,Ç(Z) = 0.3. Ó÷å�éêÞ Åí�ñïðßá { Cover & Thomas 2.37¸ó�ù 3 �.ì. X; Y; Z ìå áðü êïéíïý óõíÜñ�çóç ìÜæáò ðéèáíü�ç�áò p(x; y; z). Ç ó÷å�éêÞåí�ñïðßá ìå�áîý �çò áðü êïéíïý êá�áíïìÞò êáé �ïõ ãéíïìÝíïõ �ùí ðåñéèþñéùí êá�áíï-ìþí ïñßæå�áé ùò D(p(x; y; z)||p(x)p(y)p(z)) = E

[

log
p(x; y; z)p(x)p(y)p(z)] :(á) ÅêöñÜó�å �çí D(p(x; y; z)||p(x)p(y)p(z)) óõíáñ�Þóåé åí�ñïðéþí.ÁðÜí�çóç:D(p(x; y; z)||p(x)p(y)p(z))

= EpXYZ [log p(x; y; z)p(x)p(y)p(z)]
= EpXYZ [log 1p(x)p(y)p(z)]− EpXY Z [log 1p(x; y; z)]
= EpXYZ [log 1p(x)]+ EpXYZ [log 1p(y)]+ EpXY Z [log 1p(z)]− EpXY Z [log 1p(x; y; z)]
= H(X) +H(Y ) +H(Z)−H(X; Y; Z):�áñá�çñÞó�å ü�é, äåäïìÝíïõ ü�é H(X1; : : : ; XN) ≤∑nH(Xn),D(p(x; y; z)||p(x)p(y)p(z)) ≥ 0, üðùò Ý÷ïõìå áðïäåßîåé ãéá ïðïéáäÞðï�å D(||).(â) �ü�å ç D(p(x; y; z)||p(x)p(y)p(z)) éóïý�áé ìå 0;ÁðÜí�çóç:Ç D(p(x; y; z)||p(x)p(y)p(z)) éóïý�áé ìå 0 ü�áí Ç(×;Õ ; Æ) = Ç(×) + Ç(Õ ) +Ç(Æ), äçëáäÞ åÜí êáé ìüíï åÜí ïé X; Y êáé Z åßíáé áíåîÜñ�ç�åò.4. ÊÝñìá êáé æÜñé { Cover & Thomas 2.43(á) ÈåùñÞó�å �ï áðï�Ýëåóìá �çò ñßøçò áìåñüëçð�ïõ êÝñìá�ïò. Ìå �é éóïý�áé çáìïéâáßá ðëçñïöïñßá ìå�áîý �çò åðÜíù êáé êÜ�ù ðëåõñÜò �ïõ êÝñìá�ïò; Óõìöùíåß�ï áðï�Ýëåóìá ìå áõ�ü ðïõ ðåñéìÝíá�å äéáéóèç�éêÜ;4



ÁðÜí�çóç:¸ó�ù ü�é áí�éó�ïé÷ßæïõìå �çí êïñþíá ó�ï 1 êáé �á ãñÜììá�á ó�ï −1. ÅÜí Xåßíáé ç �éìÞ �çò åðÜíù ðëåõñÜò �ïõ êÝñìá�ïò êáé Y ç �éìÞ �çò êÜ�ù ðëåõñÜò,Y = −X. ÅðïìÝíùò, I(X;Y ) = H(X) − H(X|Y ) = H(X) − H(X| − X) =H(X) = Ç(1=2) = 1 bit.To áðï�Ýëåóìá óõìöùíåß ìå áõ�ü ðïõ ðåñéìÝíáìå äéáéóèç�éêÜ: ÅÜí ãíùñßæïõìå�çí åðÜíù ðëåõñÜ �ïõ êÝñìá�ïò, ãíùñßæïõìå åðáêñéâþò êáé �çí êÜ�ù. ÅðïìÝíùò,ç \áðïêÜëõøç" �çò åðÜíù ðëåõñÜò ìáò ðáñÝ÷åé üëç �çí ðëçñïöïñßá ó÷å�éêÜ ìå �çíêÜ�ù ðëåõñÜ.(â) ÁëëÜæåé ç áðÜí�çóÞ óáò åÜí �ï êÝñìá åßíáé ìåñïëçð�éêü;ÁðÜí�çóç:¼÷é, åê�üò áðü �ï ü�é I(X;Y ) = H(X) = H(p). Ôï æç�ïýìåíï åäþ äåí åßíáé çðëçñïöïñßá ðïõ öÝñíåé ç ñßøç �ïõ êÝñìá�ïò, áëëÜ ç ðëçñïöïñßá ðïõ ìáò äßíåé çìéá üøç �ïõ êÝñìá�ïò ãéá �çí Üëëç. ÅÜí ñßîïõìå �ï êÝñìá êáé äïýìå �çí åðÜíù�ïõ üøç, �ü�å ãíùñßæïõìå ìå áêñßâåéá �çí êÜ�ù áêüìá êáé ü�áí �ï êÝñìá åßíáéìåñïëçð�éêü. Ç ìüíç ðåñßð�ùóç íá áëëÜîåé ç áìïéâáßá ðëçñïöïñßá åßíáé ìå êÜðïéáðéèáíü�ç�á �ï êÝñìá íá åßíáé åëá��ùìá�éêü êáé íá Ý÷åé êïñþíá (Þ ãñÜììá�á) êáéó�éò äýï �ïõ ðëåõñÝò.(ã) ÈåùñÞó�å �ç ñßøç áìåñüëçð�ïõ æáñéïý ìå 6 ðëåõñÝò. �ïéá åßíáé ç áìïéâáßá ðëç-ñïöïñßá ìå�áîý �çò åðÜíù êáé �çò ìðñïó�éíÞò ðëåõñÜò; Õðåíèõìßæå�áé ü�é óå ÝíáæÜñé �ï Üèñïéóìá �ùí áí�ßèå�ùí ðëåõñþí éóïý�áé ìå 7.ÁðÜí�çóç:¸ó�ù X ç ìðñïó�éíÞ ðëåõñÜ êáé Y ç åðÜíù ðëåõñÜ. I(X;Y ) = H(X)−H(X|Y ).¼�áí ìáò áðïêáëýð�å�áé ç ìðñïó�éíÞ ðëåõñÜ ìáèáßíïõìå ìüíï �çí ðßóù ðëåõñÜ.ÅðïìÝíùò, õðÜñ÷ïõí 4 åîßóïõ ðéèáíÜ åíäå÷üìåíá ãéá �çí åðÜíù ðëåõñÜ. ¢ñá,I(X;Y ) = log 6− log 4 = log 3− 1 bits.Ùó�üóï, áí èÝëïõìå íá åßìáó�å áêüìá ðéï ó÷ïëáó�éêïß, ðñÝðåé íá ðáñá�çñÞóïõìåü�é ìðïñïýìå íá åêìå�áëëåõ�ïýìå áêüìá êáé �ïí �ñüðï ìå �ïí ïðïßï áðåéêïíßæïí�áéïé áñéèìïß ó�ï æÜñé. ÓõãêåêñéìÝíá, �ï 2, �ï 3 êáé �ï 6 åßíáé �õðùìÝíá ìå �Ý�ïéï�ñüðï þó�å íá ìðïñïýìå íá áðïêëåßóïõìå 2 áðü �éò 4 ðëåõñÝò. ÅðïìÝíùò,Ç(× |Õ ) =
1

2
H(X|Y ∈ {2; 3; 6}) + 1

2
H(X|Y ∈ {1; 4; 5}) = 1

2
2 +

1

2
1 =

3

2
;êáé I(X;Y ) = log 6− 3

2
= 1 + log 3− 3

2
= log 3− 1

2
bits.5. ÌÞêïò Áêïëïõèßáò { Cover & Thomas 2.48Èåùñïýìå �õ÷áßá äéáäéêáóßá Bernoulli(1

2

)

{Xi}. Ó�áìá�Üìå �ç äéáäéêáóßá ü�áí åìöá-íßæå�áé �ï ðñþ�ï \1". ¸ó�ù N �ï ìÞêïò �çò áêïëïõèßáò ü�áí ó�áìá�Üìå. ÅðïìÝíùò,ç áêïëïõèßá XN åßíáé Ýíá ó�ïé÷åßï �ïõ óõíüëïõ üëùí �ùí äõáäéêþí áêïëïõèéþí ðåðå-ñáóìÝíïõ ìÞêïõò: {0; 1}∗ = {0; 1; 00; 01; 10; 11; 000; : : :}.5



(á) Âñåß�å �çí I(N ;XN).(â) Âñåß�å �çí H(XN |N).(ã) Âñåß�å �çí H(XN).(ä) Âñåß�å �çí H(Í |XN).(å) Âñåß�å �çí H(Í).Õðüäåéîç: ÅíäÝ÷å�áé íá óáò öáíåß ÷ñÞóéìç ç ¢óêçóç 2.1 �ïõ Cover.ÁðÜí�çóç:H êá�áíïìÞ ðïõ áêïëïõèåß ï áñéèìüò ðñïóðáèåéþí åßíáé ç �åùìå�ñéêÞ. �åíéêÜ, çãåùìå�ñéêÞ êá�áíïìÞ ïñßæå�áé ùò ï áñéèìüò ðåéñáìÜ�ùí Bernoulli Ýùò ü�ïõ åìöáíéó�åß�ï ðñþ�ï \1" (Þ, åíáëëáê�éêÜ, ùò ï áñéèìüò �ùí áðï�õ÷éþí Ýùò ü�ïõ åìöáíéó�åß �ï \1"{ êáé ó�éò äýï ðåñéð�þóåéò ç åí�ñïðßá åßíáé ç ßäéá, ü÷é, üìùò, ç ìÝóç �éìÞ).I(N ;XN) = H(N)−H(N |XN ). ÄåäïìÝíïõ ü�é õðÜñ÷åé ìüíï ìéá áêïëïõèßá ìÞêïõò N(ìå Í − 1 \0" êáé Ýíá \1" ó�ï �Ýëïò), H(N |XN) = 0. Áðü �ïí ïñéóìü �çò åí�ñïðßáò,åÜí p = PrX = 1,H(N) = −
∞
∑n=1

(1− p)n−1p log(1− p)n−1p
= −

∞
∑n=1

(1− p)n−1p log(1− p)n−1 −
∞
∑n=1

(1− p)n−1p log p
= −p ∞

∑n=0

(1− p)n log(1− p)n − p log p ∞
∑n=0

(1− p)n
= −p log(1− p) ∞

∑n=0

n(1− p)n − p log p ∞
∑n=0

(1− p)n
(a)
= −p log(1− p)1− pp2 − p log p1p
= −(1− p) log(1− p)− p log pp = H(p)=p:Ó�ï (á) ÷ñçóéìïðïéÞóáìå �ïõò �ýðïõò �çò ¢óêçóçò 2.1 �ùí Cover & Thomas.ÈÝ�ïí�áò p = 2, H(N) = 2 bits. Óõíåðþò, I(N ;XN ) = 2 bits.H(XN |N) = 0 äåäïìÝíïõ ü�é õðÜñ÷åé ìüíï ìéá åðé�ñåð�Þ áêïëïõèßá ìÞêïõò N . ÔÝëïò,H(XN) = H(N) ãéá�ß ç êá�áíïìÞ �çò XN åßíáé ßäéá ìå �çò Í (óå êÜèå N áí�éó�ïé÷åßìüíï ìéá áêïëïõèßá XN).ÁëëÜæïõìå, �þñá, �ïí �ñüðï ìå �ïí ïðïßï ó�áìá�Üìå �çí ðáñáãùãÞ �çò áêïëïõèßáò.ÈåùñÞó�å êáé ðÜëé ü�é Xi ∼Bernoulli(12). Ìå ðéèáíü�ç�á 1

3
ó�áìá�Üìå ü�áí N = 6,áëëéþò ó�áìá�Üìå ü�áí N = 12. Åðßóçò, èåùñïýìå ü�é ç åðéëïãÞ �çò �éìÞò �ïõ N åßíáéáíåîÜñ�ç�ç �çò áêïëïõèßáò X1X2 : : : X12.6



(ó�) Âñåß�å �çí I(N ;XN).(æ) Âñåß�å �çí H(XN |N).(ç) Âñåß�å �çí H(XN).(è) Âñåß�å �çí H(Í |XN).(é) Âñåß�å �çí H(Í).ÁðÜí�çóç:I(N ;XN) = H(N)−H(N |XN). Áí ãíùñßæïõìå �ç XN ãíùñßæïõìå êáé �ï ìÞêïò �çò,ïðü�å H(N |XN) = 0. H(N) = H(1=3) ≈ 0:918 bits. ÅðïìÝíùò, I(N ;XN) ≈ 0:918bits. H(XN |N) = Pr{N = 6}H(XN |N = 6) + Pr{N = 12}H(XN |N = 12)

=
1

3
H(X6) +

2

3
H(X12)

(b)
=

1

3
6H(X) +

2

3
12H(X)

= 10 bits:(b) Ïé Xi åßíáé i.i.d.H(XN) = I(XN ;N) +H(XN |N) ≈ 10:918 bits. Åíáëëáê�éêÜ, áðü �çí áñ÷Þ äéá÷ùñé-óéìü�ç�áò �çò åí�ñïðßáò,H(XN) = H(XN) +H(N |XN) = H(XN ; N) = H(N) +H(XN |N) = 10:918 bits:ÔÝëïò, ç H(XN) ìðïñåß íá âñåèåß èåùñþí�áò üëåò �éò åðé�ñåð�Ýò áêïëïõèßåò. ÕðÜñ÷ïõí
26 áêïëïõèßåò ìÞêïõò 6, ç êÜèå ìßá ìå ðéèáíü�ç�á åìöÜíéóçò 1

3
2−6 êáé 212 áêïëïõèßåòìÞêïõò 12, ç êÜèå ìßá ìå ðéèáíü�ç�á åìöÜíéóçò 2

3
2−12.6. Ïé áíáäéá�Üîåéò áõîÜíïõí �çí åí�ñïðßá { Cover & Thomas 4.3ÕðïèÝó�å ü�é �ï �õ÷áßï äéÜíõóìá X äçëþíåé �ç èÝóç ó�çí ïðïßá âñßóêïí�áé êÜðïéááí�éêåßìåíá ðÜíù óå ìéá åõèåßá ãñáììÞ. ¸ó�ù ï ðßíáêáò Ô ï ïðïßïò áíáäéá�Üóóåé �ááí�éêåßìåíá. �éá ðáñÜäåéãìá, åÜí �á áí�éêåßìåíá åßíáé 3, �ï áí�éêåßìåíï 1 âñßóêå�áéó�ç èÝóç 2, �ï áí�éêåßìåíï 2 ó�ç èÝóç 3 êáé �ï áí�éêåßìåíï 3 ó�ç èÝóç 1, X =





2
3
1



.�ïëëáðëáóéáóìüò (áðü áñéó�åñÜ) �ïõ X ìå �ïí ðßíáêá Ô =





0 1 0
1 0 0
0 0 1



 áíáäéá�Üóóåé�á áí�éêåßìåíá ó�éò èÝóåéò 3, 2 êáé 1, áí�ßó�ïé÷á. Èåùñïýìå ü�é ï ðßíáêáò áíáäéÜ�áîçòäåí åîáñ�Ü�áé áðü �ï äéÜíõóìá X. ÄéêáéïëïãÞó�å �á âÞìá�á �çò ðáñáêÜ�ù áðüäåéîçòÇ(TX)
(a)
≥ H(TX|T ) (b)

= H(T−1TX|T ) = H(X|T ) (
)
= H(X):7



Õðüäåéîç: Ôï âÞìá (b) ó÷å�ßæå�áé ìå �çí ¢óêçóç 2.2 �ùí Cover & Thomas.ÁðÜí�çóç:
(a) �éá ïðïéåóäÞðï�å �.ì. (Þ áêïëïõèßåò �.ì.), ãíùñßæïõìå ü�é H(Y ) ≥ H(Y |X).
(b) ÄåäïìÝíïõ ü�é ï Ô åßíáé áí�éó�ñÝøéìïò, ç áðåéêüíéóç Y → T−1Y åßíáé 1-ðñïò--1. ÅðïìÝíùò, H(T−1Y ) = H(Y ). Áí�éêáèéó�þí�áò �çí Y ìå ÔX ðñïêýð�åé �ïáðï�Ýëåóìá.
(
) Ôï �õ÷áßï äéÜíõóìá X äåí åîáñ�Ü�áé áðü �ïí ðßíáêá T .7. Åí�ñïðßá êáé Aìïéâáßá �ëçñïöïñßá (�ñüïäïò È. �., ÍïÝìâñéïò 2007)¸ó�ù ïé áíåîÜñ�ç�åò �.ì. X êáé Y . H X áêïëïõèåß ïìïéüìïñöç êá�áíïìÞ ìå �éìÝò
{−1; 1} (äçëáäÞ X = 1 Þ X = −1 ìå �çí ßäéá ðéèáíü�ç�á), åíþ ç Y áêïëïõèåß ïìïéü-ìïñöç êá�áíïìÞ ìå ãíùó�Ýò �éìÝò {−a; a}; a ∈ R (äçëáäÞ Y = a Þ Y = −a ìå �çíßäéá ðéèáíü�ç�á). Ç �.ì. Z äßíå�áé áðü �ç ó÷Ýóç Z = X +Y . �éá üëåò �éò ðéèáíÝò �éìÝò�ïõ a ∈ R íá âñåèïýí(á) Ç H(Y ).ÁðÜí�çóç:ÅÜí a 6= 0,H(Y ) = log 2 = 1 bit (äåäïìÝíïõ ü�é ç êá�áíïìÞ �çò åßíáé ïìïéüìïñöç),áëëéþò, åÜí a = 0, H(Y ) = 0 bits.(â) Ç H(Z).ÁðÜí�çóç:

• ÅÜí a = 0, Z = X. ÅðïìÝíùò, H(Z) = H(X) = 1 bit.
• ÅÜí a = ±1, ç êá�áíïìÞ �çò Z åßíáé (−2; 0; 2) ìå ðéèáíü�ç�åò (1

4
; 1
2
; 1
4

), áí�ß-ó�ïé÷á. ÅðïìÝíùò, H(Z) = 2× 1
4
log 4 + 1

2
log 2 = 1:5 bits.

• �éá üëá �á Üëëá a, ç Z áêïëïõèåß ïìïéüìïñöç êá�áíïìÞ ó�ï óýíïëï {1+ a; 1−a;−1 + a;−1− a}. Óõíåðþò, H(Z) = log 4 = 2 bits.(ã) H I(X;Z).ÁðÜí�çóç:I(X;Z) = H(Z)−H(Z|X).
• ÅÜí a = 0, Z = X. ÅðïìÝíùò, H(Z|X) = H(X|X) = 0 êáé I(X;Z) = H(Z) =
1 bit.
• ÅÜí a = ±1: ÅÜí ãíùñßæïõìå �ç X ç Æ ìðïñåß íá ðÜñåé 2 �éìÝò ìå �çí ßäéáðéèáíü�ç�á. ÅðïìÝíùò, H(Z|X) = 1 bit êáé I(X;Z) = 1:5− 1 = 0:5 bits.
• �éá üëá �á Üëëá a, åÜí ãíùñßæïõìå �ç X ç Æ ìðïñåß íá ðÜñåé 2 �éìÝò ìå �çí ßäéáðéèáíü�ç�á. ÅðïìÝíùò, H(Z|X) = 1 bit êáé I(X;Z) = 2− 1 = 1 bit.Åíáëëáê�éêÜ, I(X;Z) = H(X)−H(X|Z). ÅÜí ãíùñßæïõìå �ç Æ , �ü�å ìðïñïýìåíá âñïýìå êáé �ç X åê�üò áðü �çí ðåñßð�ùóç üðïõ a = ±1. Óõíåðþò, ãéá a 6= ±1,H(X|Z) = 0 êáé I(X;Z) = H(X) = 1 bit.8



ÅÜí a = ±1 êáé Æ = 2 Þ −2, �ü�å êáé ðÜëé ìðïñïýìå íá âñïýìå �ç X ìå âåâáéü�ç�áêáé, åðïìÝíùò, H(X|Z = ±2) = 0. ÅÜí Æ = 0 �ü�å X = −1 Þ 1 ìå �çíßäéá ðéèáíü�ç�á. ¢ñá, H(X|Z = 0) = 1 bit. ÅðïìÝíùò, H(X|Z) = Pr{Z =
±2}H(X|Z = ±2) + Pr{Z = 0}H(X|Z = 0) = 1

2
· 0 + 1

2
· 1 = 0:5 bits, êáéI(X;Z) = H(X)−H(X|Z) = 1− 0:5 = 0:5 bits.�áñá�çñÞóåéò:Ï âáóéêüò óêïðüò �çò Üóêçóçò Þ�áí íá ðáñá�çñÞóå�å ü�é åÜí �ï a éóïý�áé ìå ±1 ç Zðáßñíåé 3 áí�ß ãéá 4 äéáêñé�Ýò �éìÝò, ìå áðï�Ýëåóìá ç åí�ñïðßá �çò íá ìçí éóïý�áé ìå �ïÜíù öñÜãìá (2 bits).¸íá ëÜèïò ðïõ Ýêáíáí áñêå�ïß Þ�áí íá ðñïóèÝóïõí �çí åí�ñïðßá �çò X êáé �çò Yãéá íá âñïõí �çí åí�ñïðßá �çò Z. Ó�ï ìÜèçìá äåßîáìå ü�é, åÜí ïé X êáé Y åßíáéáíåîÜñ�ç�åò, �ü�å Ç(X; Y ) = Ç(X) + Ç(Y ) (ç áðü êïéíïý åí�ñïðßá) êáé ü÷é, êá�'áíÜãêç, H(X+Y ) = H(X)+H(Y ) (âë. ¢óêçóç 2.14 �ùí Cover & Thomas). Óõíåðþò,åíþH(X; Y ) = H(X)+H(Y ) áíåîáñ�Þ�ùò �ïõ a, ç éóü�ç�áH(X+Y ) = H(X)+H(Y )éó÷ýåé ìüíï ü�áí ç g(X; Y ) = X+Y åßíáé 1-ðñïò-1 óõíÜñ�çóç �çò (X; Y ), äçëáäÞ ü�áíóå êÜèå �éìÞ X + Y áí�éó�ïé÷åß ìïíáäéêü æåýãïò (X; Y ). Ó�ï óõãêåêñéìÝíï ðñüâëçìáç X + Y åßíáé 1-ðñïò-1 ìüíï ü�áí a 6= ±1. ÅÜí a = ±1, �á æåýãç (X; Y ) = (+1;−1)êáé (X; Y ) = (−1;+1) áðåéêïíßæïí�áé ó�çí ßäéá �éìÞ X + Y = 0, ìå áðï�Ýëåóìá çáðåéêüíéóç íá ìçí åßíáé 1-ðñïò-1.8. Åí�ñïðßá, Aìïéâáßá �ëçñïöïñßá êáé óõìðßåóç (Ôåëéêü äéáãþíéóìá È. �.,ÖåâñïõÜñéïò 2008)¸ó�ù ïé áíåîÜñ�ç�åò �.ì. X êáé Y , ç êáèåìßá ìå ïìïéüìïñöç êá�áíïìÞ ó�ï óýíïëï

{0; 1; 2; 3}. Ç �.ì. Z äßíå�áé áðü �ç ó÷Ýóç Z = X · Y (ãéíüìåíï). Íá âñåèïýí(á) Ç H(X).ÁðÜí�çóç:ÄåäïìÝíïõ ü�é ç X áêïëïõèåß ïìïéüìïñöç êá�áíïìÞ ìå 4 �éìÝò, H(X) = log 4 = 2bits.(â) Ç H(Z). log2 7 ≈ 2:8074.ÁðÜí�çóç:Ç Z éóïý�áé ìå 0 ü�áí (X; Y ) = (0; ∗) Þ ü�áí (X; Y ) = (∗; 0) (óõíïëéêÜ 7áðü 16 éóïðßèáíá åíäå÷üìåíá). Ìå ðáñüìïéï �ñüðï ìðïñïýìå íá õðïëïãßóïõìå�çí êá�áíïìÞ �çò Æ : Z = (0; 1; 2; 3; 4; 6; 9) ìå ðéèáíü�ç�á ( 7
16
; 1
16
; 1
8
; 1
8
; 1
16
; 1
8
; 1
16

).H(Z) =∑ pi log 1pi ≈ 2:397 bits.(ã) H I(X;Z).ÁðÜí�çóç:I(X;Z) = H(Z)−H(Z|X). ÅÜí X = 0, �ü�å êáé Z = 0. ÅðïìÝíùò, H(Z|0) = 0.ÅÜí X = 1; 2 Þ 3 ìðïñïýìå íá ãñÜøïõìå p(Z|X 6= 0) = p(X · Y |X 6= 0) =9



p(Y |X 6= 0) = p(Y ). Óõíåðþò ãéá X 6= 0, H(Z|X) = H(Y ) = 2 bits. ¢ñá,H(Z|X) = 1
4
(H(Z|0) + 3H(Z|X 6= 0)) = 1:5 bits êáé I(X;Z) ≈ 2:397 − 1:5 =

0:897 bits.(ä) Êá�áóêåõÜó�å Ýíá äõáäéêü êþäéêá Hu�man ãéá �çí �.ì. Z. Óõãêñßíå�å �ï ìÝóïìÞêïò êþäéêá ìå �çí åí�ñïðßá �çò Z êáé ó÷ïëéÜó�å.ÁðÜí�çóç:Aêïëïõèïýìå �çí �õðéêÞ äéáäéêáóßá ãéá íá êá�áóêåõÜóïõìå Ýíá êþäéêá Hu�man.Óçìåéþíå�áé ü�é õðÜñ÷ïõí ðåñéóóü�åñïé áðü Ýíáò êþäéêåò Hu�man (üëïé, üìùò,ìå �ï ßäéï ìÝóï ìÞêïò).
0 7

16
7
16

7
16

7
16

1

2 1
8

1

4
1
4

9

16

3 1
8

3

16

5

16

6 1
8

1

8
1 1

16

4 1
16

9 1
16Ï êþäéêáò ðïõ ðñïêýð�åé åßíáé ï

0 ←→ 0
1 ←→ 1101
2 ←→ 100
3 ←→ 101
4 ←→ 1110
6 ←→ 1100
9 ←→ 1111To ìÝóï ìÞêïò �ïõ êþäéêá éóïý�áé ìå E[l] = 7

16
× 1 + 2× 1

8
× 3 +

(

1
8
+ 3× 1

16

)

×
4 ≈ 2:4375 bits. �áñá�çñïýìå ü�é ï êþäéêáò Hu�man åðé�õã÷Üíåé óõìðßåóç ìåáðüó�áóç ìüëéò ∼ 0:04 bits ìáêñéÜ áðü �çí åí�ñïðßá.�áñá�çñÞóåéò:Ó�çí Üóêçóç áõ�Þ ïé åðéäüóåéò Þ�áí, ãåíéêÜ, êáëÝò. Ó�ï Åñþ�çìá (ã), êÜðïéïé ðñï�ßìç-óáí íá õðïëïãßóïõí �çí I(X;Z) ìå ÷ñÞóç �çò H(X)−H(X|Z). Ç ðñïóÝããéóç áõ�Þ, áíêáé óùó�Þ, Þ�áí ðéï ÷ñïíïâüñá. Åðßóçò, êÜðïéïé Ýêáíáí ëÜèïò ó�çí åîÞò ëåð�ïìÝñåéá:ÅÜí Z = 0, ç X äåí åßíáé ïìïéüìïñöá êá�áíåìçìÝíç. Áðü �á 16 éóïðßèáíá åíäå÷üìåíá�çò ìïñöÞò (X; Y ), 7 ïäçãïýí óå Z = 0. Áðü áõ�Ü, �á 4 åßíáé �çò ìïñöÞò (0; Y ).ÅðïìÝíùò, åßíáé ðéï ðéèáíü ç Ýîïäïò Z = 0 íá ïöåßëå�áé óå X = 0, ðáñÜ óå X = 1;10



2 Þ 3. Ìáèçìá�éêÜ, p(X|Z = 0) = p(X;Z=0)p(Z=0)
= 16

7
p(X;Z = 0) = 16

7
p(X)p(Z = 0|X).Áí�éêáèéó�þí�áò, p(X|Z = 0) = 4=7 ãéá X = 0 êáé 1/7 ãéá �éò Üëëåò �éìÝò �ïõ X.EðïìÝíùò, H(X|Z = 0) = 1:6645 bits êáé ü÷é 2 bits.¸íá Üëëï ëÜèïò ðïõ Ýêáíáí êÜðïéïé Þ�áí íá ãñÜøïõí �ï åîÞò: H(Z|X) = H(X·Y |X) =H(Y |X) = H(Y ) = 2 bits. Ôï ëÜèïò åäþ åßíáé ü�é, ó�çí ðåñßð�ùóç ðïõ X = 0, ç X ·Yäåí åßíáé áí�éó�ñÝøéìç, åðïìÝíùò, Y 6= Z=X.9. Óýí�ïìåò Åñù�Þóåéò (Ôåëéêü Äéáãþíéóìá È. �., ÖåâñïõÜñéïò 2008)(á) Áðïäåßî�å ü�é H(X; Y; Z)−H(X; Y ) ≤ H(X;Z)−H(X). �ü�å éó÷ýåé ç éóü�ç�á;ÁðÜí�çóç:Áðü �ïí êáíüíá áëõóßäáò ãéá �çí åí�ñïðßá, H(X; Y; Z) = H(X; Y )+H(Z|X; Y )⇒H(X; Y; Z) − H(X; Y ) = H(Z|X; Y ): Ïìïßùò, H(X;Z) − H(X) = Ç(Æ |X).ÄåäïìÝíïõ ü�é (üðùò Ý÷ïõìå äåßîåé ó�ï ìÜèçìá) ç õðü óõíèÞêç åí�ñïðßá äåíõðåñâáßíåé �çí åí�ñïðßá, H(Z|X; Y ) ≤ Ç(Æ |X) ⇒ H(X; Y; Z) − H(X; Y ) ≤H(X;Z)−H(X): H éóü�ç�á éó÷ýåé ü�áí H(Z|X; Y ) ≤ Ç(Æ |X), ü�áí, äçëáäÞ, ïéY êáé Z åßíáé õðü óõíèÞêç áíåîÜñ�ç�åò äåäïìÝíçò �çò X. �éá üóïõò ðñï�éìïýíìåãáëý�åñç ìáèçìá�éêÞ áõó�çñü�ç�á, H(Z|X)−H(Z|X; Y ) = I(X;Y |Z) ≥ 0, ìå

= ü�áí I(Y ;Z|X) = 0.(ã) Óùó�ü Þ ëÜèïò; I(X;Y |Z) = 0 ⇒ I(X;Y ) = 0. Áðïäåßî�å Þ äþó�å áí�éðáñÜ-äåéãìá.ÁðÜí�çóç:ËÜèïò. Õðü óõíèÞêç áíåîáñ�çóßá äå óõíåðÜãå�áé êáé áíåîáñ�çóßá. ¸ó�ù, ãéáðáñÜäåéãìá, Z = X êáé Y = X + Í . I(X;Y |Z) = H(X|Z) − H(X|Y; Z) =H(X|X)−H(X|X;X+N) = 0. Ùó�üóï, I(X;Y ) = H(X)−H(X|Y ) = H(X)−H(X|X + N) = H(X) − H(N) 6= 0, ó�ç ãåíéêÞ ðåñßð�ùóç. Åíáëëáê�éêÜ, �ïáíáëçèÝò �çò ðñü�áóçò ìðïñåß íá äåé÷�åß êáé ìå ÷ñÞóç äéáãñáììÜ�ùí Venn (âë.Ó÷Þìá 1).�áñá�çñÞóåéò:H Üóêçóç Þ�áí åóêåììÝíá ðéï äýóêïëç. Ó�ï Åñþ�çìá (á) ðïëëïß áðÜí�çóáí ü�é çéóü�ç�á éó÷ýåé ü�áí ïé Y êáé Z åßíáé áíåîÜñ�ç�åò. �áñüëï ðïõ áõ�ü åßíáé óùó�ü,áðï�åëåß ìåñéêÞ ðåñßð�ùóç �çò ãåíéêü�åñçò óõíèÞêçò, ç ïðïßá åßíáé ç õðü óõíèÞêçáíåîáñ�çóßá �ùí Y êáé Z äåäïìÝíçò �çò X. Ôï ßäéï ëÜèïò Ýãéíå áðü êÜðïéïõò êáéó�ï Åñþ�çìá (ã) ïé ïðïßïé õðÝèåóáí ü�é õðü óõíèÞêç áíåîáñ�çóßá óõíåðÜãå�áé êáéáíåîáñ�çóßá, ìå áðï�Ýëåóìá íá áðáí�Þóïõí (ëáíèáóìÝíá) ü�é ç ó÷Ýóç åßíáé óùó�Þ.¸íáò óõíÜäåëöüò óáò âáóßó�çêå ó�ç ó÷Ýóç I(X;Y ;Z) ≥ 0. Ùó�üóï, ç áìïéâáßáðëçñïöïñßá 3 �.ì. äåí åßíáé ðÜí�ï�å ìç áñíç�éêÞ (óå áí�ßèåóç ìå �çí I(X;Y )). ÔïÅñþ�çìá (ä) äõóêüëåøå �ïõò ðåñéóóü�åñïõò. ¸íáò ëüãïò ðéèáíþò Þ�áí ü�é ç åêöþíçóçäåí Þ�áí ðïëý óáöÞò: Èá Þ�áí óùó�ü�åñï íá Ýëåãå: Åðé�õã÷Üíå�áé óõìðßåóç áõèáßñå�áêïí�Ü ó�çí åí�ñïðßá �çò ðçãÞò. ÊÜðïéïé ðñïóðÜèçóáí íá âñïõí ðïéåò óõíèÞêåò ðñÝðåé11



Ó÷Þìá 1: Eíáëëáê�éêÞ áðÜí�çóç ó�ï Åñþ�çìá (ã)íá éó÷ýïõí ãéá �çí åí�ñïðßá �çò ðçãÞò þó�å �ï ìÝóï ìÞêïò �ïõ êþäéêá íá éóïý�áéáêñéâþò ìå �çí åí�ñïðßá �çò ðçãÞò. Óêïðüò, üìùò, �çò Üóêçóçò, Þ�áí íá åðéóçìÜíåéü�é ïé ðïëý êáëÜ óõìðéåóìÝíåò áêïëïõèßåò ÷áñáê�çñßæïí�áé áðü �ç ìÝãéó�ç �õ÷áéü�ç�á,äåäïìÝíïõ ü�é äåí õðÜñ÷åé êáèüëïõ ðëåïíáóìüò êáé ü,�é ðåñéÝ÷ïõí åßíáé ðëçñïöïñßá.10. Åí�ñïðßá (Ôåëéêü Äéáãþíéóìá �. È. È. �., Éïýíéïò 2008)Èåùñïýìå ìéá äéáêñé�Þ �õ÷áßá �.ì. ðïõ ðáßñíåé �éìÝò áðü Ýíá ðåðåñáóìÝíï óýíïëïó�ïé÷åßùí X = {1; : : : ; |X |}. ¸ó�ù ü�é äßíå�áé ç p(1) = Pr{X = 1} ç ïðïßá äåí åßíáéäõíá�üí íá ìå�áâëçèåß.(á) �ïéåò åßíáé ïé �éìÝò p(i), i = 2; : : : ; |X |, �çò êá�áíïìÞò ðïõ ìåãéó�ïðïéåß �çíåí�ñïðßá H(X) (ãéá äåäïìÝíç p(1));ÁðÜí�çóç:Áðü �ïí ïñéóìü �çò åí�ñïðßáò,H(X) = −
|X |
∑i=1

p(i) log p(i) = −p(1) log p(1)− |X |
∑i=2

p(i) log p(i):O äåý�åñïò üñïò ìåãéó�ïðïéåß�áé åðéëÝãïí�áò ïìïéüìïñöç êá�áíïìÞ p(i) = (1 −p(1))=(|X | − 1), i = 2; : : : ; |X |.(â) Ìå �é éóïý�áé ç ìÝãéó�çH(X) ãéá äåäïìÝíç p(1); Äþó�å ìéá åñìçíåßá �çò Ýêöñáóçòãéá �çí Ç(X) ìå ÷ñÞóç �çí áñ÷Þ äéá÷ùñéóéìü�ç�áò.Õðüäåéîç: ×ùñßó�å �ï X óå äýï êá�Üëëçëá õðïóýíïëá.12



ÁðÜí�çóç:Áí�éêáèéó�þí�áò,Ç(X) = −p(1) log p(1)− |X |
∑i=2

1− p(1)
|X | − 1

log
1− p(1)
|X | − 1

= −p(1) log p(1)− (1− p(1)) log 1− p(1)
|X | − 1

= −p(1) log p(1)− (1− p(1)) log(1− p(1)) + (1− p(1)) log(|X | − 1)

= H(p(1)) + (1− p(1)) log(|X | − 1):Ôï áðï�Ýëåóìá èá ìðïñïýóå íá ðñïêýøåé êáé ìå ÷ñÞóç �ïõ êáíüíá áëõóßäáò.¸ó�ù ç �.ì. Æ : Æ =

{

0 åÜí X = 1
1 åÜí X 6= 1:ÅÜí ÷ùñßóïõìå �ï óýíïëï X óå äýï õðïóýíïëá {1} êáé {2; 3; : : : ; |X |}, ç ZðåñéãñÜöåé óå ðïéï óýíïëï áíÞêåé ç X. Èåùñïýìå, äçëáäÞ, ü�é, áí�ß íá áðï-êáëýð�å�áé áðåõèåßáò ç �éìÞ X, áðïêáëýð�å�áé ðñþ�á �ï õðïóýíïëï Z ó�ï ïðïßïáíÞêåé ç X êáé, ó�ç óõíÝ÷åéá, ç �éìÞ �çò. Ìðïñïýìå íá ãñÜøïõìåH(X)

(i)
= H(X;Z) (ii)

= H(Z) +H(X|Z)
= H(p(1)) + p(1)H(X|Z = 0) + (1− p(1))H(X|Z = 1)

(iii)
= H(p(1)) + (1− p(1)) log(|X | − 1):

(i) Ç(X;Æ) = Ç(X) +Ç(Æ |X) = Ç(X), (ii) êáíüíáò áëõóßäáò ãéá �çí åí�ñïðßá,
(iii) ç åí�ñïðßá �.ì. X äåäïìÝíïõ ü�é Z = 1 ìåãéó�ïðïéåß�áé áðü �çí ïìïéüìïñöçêá�áíïìÞ p(x|Z = 1) = 1=(log |X | − 1).(ã) ÅÜí Ýíáò ðáßê�çò Á ìðïñåß íá ìå�áâÜëëåé �çí p(1) ìå óêïðü íá ìåéþíåé �çí åí�ñïðßáH(X) üóï ðåñéóóü�åñï ìðïñåß, åíþ Ýíáò ðáßê�çò Â ìðïñåß íá ìå�áâÜëëåé ïðïéï-äÞðï�å õðïóýíïëï �ùí õðüëïéðùí p(i) (áëëÜ ü÷é �çí p(1)) ìå óêïðü íá áõîÜíåé�çí åí�ñïðßá üóï ìðïñåß, ðïéá �éìÞ ðñÝðåé íá åðéëÝîåé ï Á ãéá �çí p(1) áí ðáßæåéðñþ�ïò; �þò ðñÝðåé íá áðáí�Þóåé ï Â; ÁëëÜæåé ç áðÜí�çóÞ óáò åÜí ðñþ�ïò ðáßæåéï Â; Èåùñïýìå ü�é ïé ðáßê�åò ðáßæïõí Ý�óé þó�å íá ìçí ðáñáâéÜæå�áé ç óõíèÞêç
∑|X |i=1 p(xi) = 1 ãéá �ï p.ÁðÜí�çóç:¼�áí ï A ðáßæåé ðñþ�ïò, ìðïñåß íá åðéëÝîåé p(1) = 1. ÅðïìÝíùò, ï Â åßíáéáíáãêáóìÝíïò íá åðéëÝîåé p(i) = 0, i = 2; : : : ; |X | êáé H(X) = 0. ÅÜí ï Âðáßæåé ðñþ�ïò, ðñÝðåé íá åðéëÝîåé p(i) = 1=|X |, i = 2; : : : ; |X |, áíáãêÜæïí�áò �ïíÁ íá èÝóåé p(1) = 1=|X |. Ìå �ïí �ñüðï áõ�ü åðé�õã÷Üíå�áé ìÝãéó�ç åí�ñïðßáH(X) = log |X |. ÅðïìÝíùò, ç åðéëïãÞ �ïõ ðáßê�ç ðïõ îåêéíÜ Ý÷åé êáèïñéó�éêÞóçìáóßá ãéá �çí Ýêâáóç �ïõ ðáé÷íéäéïý.13



11. Åí�ñïðßá (Åðáíáëçð�éêÞ åîÝ�áóç È. �., Óåð�Ýìâñéïò 2008)Åðéó�Þìïíåò ðïõ ìåëå�ïýí Ýíá óðÜíéï åñðå�ü Ý÷ïõí ðñïóäéïñßóåé ü�é ç åðþáóç �ïõ êÜèåáâãïý �ïõ åñðå�ïý äéáñêåß �ïõëÜ÷éó�ïí 41 çìÝñåò êáé äåí õðåñâáßíåé �éò 104 çìÝñåò.Êá�Ü �á Üëëá, �ßðï�á äåí åßíáé ãíùó�ü ãéá �çí êá�áíïìÞ �çò äéÜñêåéáò åðþáóçò �ùíáâãþí.(á) ¸ó�ù × äéáêñé�Þ �.ì. ðïõ áíáðáñéó�Ü �ç äéÜñêåéá åðþáóçò åíüò áâãïý �ïõåñðå�ïý. Äþó�å Ýíá Üíù öñÜãìá êáé Ýíá êÜ�ù öñÜãìá ãéá �çí åí�ñïðßá �çò× , êáèþò êáé �éò êá�áíïìÝò ðïõ áí�éó�ïé÷ïýí ó�ï Üíù êáé ó�ï êÜ�ù öñÜãìá.ÕðïèÝ�ïõìå ü�é ç åðþáóç ìå�ñÜ�áé óå áêÝñáéï áñéèìü çìåñþí (× ∈ N∩ [41; 104],äçëáäÞ äåí ìðïñåß, ãéá ðáñÜäåéãìá, íá äéáñêÝóåé 65.3 çìÝñåò).ÁðÜí�çóç:Ç åëÜ÷éó�ç åí�ñïðßá �çò X éóïý�áé ìå 0 êáé áí�éó�ïé÷åß ó�çí ðåñßð�ùóç ðïõ ï÷ñüíïò åðþáóçò åßíáé ßäéïò ãéá üëá �á áâãÜ, äçëáäÞ p(i) = 1 ãéá êÜðïéï i, 40 < i ≤
104 êáé p(j) = 0 ãéá üëá �á j 6= i. ÇH(X) ìåãéó�ïðïéåß�áé ü�áí üëá �á åíäå÷üìåíáåßíáé éóïðßèáíá, ü�áí, äçëáäÞ, p(i) = 1

64
, 40 < i ≤ 104 êáé H(X) = log2 64 = 6bits. ÅðïìÝíùò, 0 ≤ H(X) ≤ 6 bits:(â) Ìå�Ü áðü íÝåò ðáñá�çñÞóåéò, åðéâåâáéþèçêå ü�é 41 ≤ X ≤ 104, êáé ðñïÝêõøå,åðßóçò, ü�é ç ðéèáíü�ç�á ç åðþáóç �ïõ áâãïý íá äéáñêåß ðåñéóóü�åñï áðü 56 çìÝñåòäåí ìðïñåß íá õðåñâåß �çí ðéèáíü�ç�á ç åðþáóç íá äéáñêåß 56 çìÝñåò Þ ëéãü�åñï.ÅðáíáëÜâå�å �ï Åñþ�çìá (á) êáé óõãêñßíå�å �á íÝá öñÜãìá�á ðïõ õðïëïãßóá�å.Äßíå�áé ü�é log2 3 ≈ 1:585.ÁðÜí�çóç:¼ðùò êáé ó�çí ðñïçãïýìåíç ðåñßð�ùóç, ç åëÜ÷éó�ç �éìÞ �çò H(X) éóïý�áé ìå0 êáé åðé�õã÷Üíå�áé ìå p(i) = 1 ãéá êÜðïéï i, �Ý�ïéï þó�å 40 < i ≤ 56. Hêá�áíïìÞ éêáíïðïéåß �ç óõíèÞêç Pr{X > 56} ≤ Pr{X ≤ 56}, äåäïìÝíïõ ü�é

Pr{X ≤ 56} = 1.�ñïêåéìÝíïõ íá õðïëïãßóïõìå Ýíá Üíù öñÜãìá ãéá �çí H(X), õðïèÝ�ïõìå êá�'áñ÷Üò, ü�é Pr{X ≤ 56} = p. Áðü �ïí ðåñéïñéóìü, p ≥ 1=2. ¸ó�ù Õ �.ì. ðïõïñßæå�áé ùò Õ =

{

0 åÜí 40 < X ≤ 56
1 åÜí 56 < × ≤ 104

:H(X; Y ) = H(X) + H(Y |X) = H(X). Åðßóçò, H(X; Y ) = H(Y ) + H(X|Y ).Óõíåðþò, Ç(×) = Ç(Õ ) + Ç(× |Õ ) (áñ÷Þ äéá÷ùñéóéìü�ç�áò åí�ñïðßáò). Áí�é-êáèéó�þí�áò, H(X) = Ç(p) + pH(X|Y = 0) + (1 − p)H(X|Y = 1); üðïõH(p) , −p log p− (1− p) log(1− p).Ç H(X|Y = 0) ìåãéó�ïðïéåß�áé ãéá ïìïéüìïñöç êá�áíïìÞ p(i|i ≤ 56) = 1
16áíåîÜñ�ç�á �çò �éìÞò �çò p, êáé Ç(× |Õ = 0) = log2 16 = 4 bits. Ç H(X|Y = 1)ìåãéó�ïðïéåß�áé ãéá ïìïéüìïñöç êá�áíïìÞ p(i|i > 56) = 1

48
, êáé Ç(× |Õ = 1) =

log2 48 = log2(3 · 16) = 4 + log 3 ≈ 5:585 bits.14



Óõíåðþò, Ç(×) = −p log p−(1−p) log(1−p)+4p+(4+log 3)(1−p) = −p log p−
(1− p) log(1− p)− p log 3 + log 48. H Ç(×) åßíáé êïßëç (∩) óõíÜñ�çóç äåäïìÝíïõü�é åßíáé Üèñïéóìá ìéáò êïßëçò óõíÜñ�çóçò H(p) êáé ìéáò óõíÜñ�çóçò ðïõ åßíáéãñáììéêÞ ùò ðñïò p (−p log 3+log 48). Åíáëëáê�éêÜ, ìðïñåß�å íá �ï åðéâåâáéþóå�åõðïëïãßæïí�áò �ç äåý�åñç ðáñÜãùãï �çò H(X) (ç äåý�åñç ðáñÜãùãïò �ïõ üñïõ
−p log 3 + log 48 éóïý�áé ìå 0). ÅðïìÝíùò, ìðïñïýìå íá âñïýìå �çí �éìÞ �ïõp ∈ [1

2
; 1] ðïõ ìåãéó�ïðïéåß �çí H(X) ðáñáãùãßæïí�áò ùò ðñïò p.�H(X)�p = − log2 p− log2 e + log2(1− p) + log2 e− log23 = log2

1− p
3p :H Ç(×) ìçäåíßæå�áé ü�áí 1 − p = 3p⇒ p = 1

4
. �éá p > 1

4
, �H(X)�p < 0. ÅðïìÝíùò,ç �éìÞ �ïõ p ∈ [1

2
; 1] ãéá �çí ïðïßá ìåãéó�ïðïéåß�áé ç H(X) åßíáé p = 1

2
êáéH(X) = 1− 1

2
log 3 + log 48 ≈ 5:7925 bits. Óõíåðþò, 0 ≤ H(X) ≤ 5:7925 bits:Åíáëëáê�éêÞ ëýóç:ÄåäïìÝíïõ ü�é ç × åßíáé ïìïéüìïñöç ó�á äéáó�Þìá�á [41; 56] êáé [57; 104],p(i) = { p

16
; 40 < i ≤ 56

(1−p)
48

; 56 < i ≤ 104ÅðoìÝíùò, H(X) = −16 · p
16
log2

p
16
−48 · 1−p

48
log2

1−p
48

= H(p)+4p+(1−p) log2 48.Ç Ýêöñáóç åßíáé ç ßäéá ìå áõ�Þí ðïõ ðñïêýð�åé áðü �çí áñ÷Þ äéá÷ùñéóéìü�ç�áò.Óõíåðþò, óõíå÷ßæïõìå üðùò ðñïçãïõìÝíùò.�áñá�çñÞó�å ü�é �ï Üíù öñÜãìá ãéá �çí åí�ñïðßá åßíáé ìéêñü�åñï óå áõ�Þí �çíðåñßð�ùóç. Ï ëüãïò åßíáé ü�é �þñá ãíùñßæïõìå êÜ�é ðåñéóóü�åñï, ü�é, äçëáäÞ,
Pr{X > 56} ≤ Pr{X ≤ 56}. ÅðïìÝíùò, ç áâåâáéü�ç�Ü ìáò ãéá �çí êá�áíïìÞ �çòX (êáé Üñá �çí åí�ïðßá �çò X) åëá��þíå�áé.Eðßóçò, ðáñá�çñÞó�å ü�é, ãéá p = 1=4, H(X) = 6 bits, ðïõ áí�éó�ïé÷åß ó�çíðåñßð�ùóç �ïõ Åñù�Þìá�ïò (á).�áñá�çñÞóåéò:¼óïé áðÜí�çóáí ó�ï Åñþ�çìá (â) õðÝèåóáí ü�é Pr{X > 56} = Pr{X ≤ 56} = 1

2
: Ç�éìÞ áõ�Þ ìåãéó�ïðïéåß, ðñÜãìá�é, �çí åí�ñïðßá, áëëÜ áõ�ü ðñÝðåé íá áðïäåé÷�åß. Åðßóçò,ðáñá�çñÞó�å ü�é, åÜí Pr{X > 56} = Pr{X ≤ 56} = 1

2
, �ï êÜ�ù öñÜãìá ãéá �çí H(X)äåí åßíáé 0, áëëÜ 1 bit.12. Åí�ñïðßá êáé Aìïéâáßá �ëçñïöïñßá (�ñüïäïò È. �., ÍïÝìâñéïò 2008)Ó�ï Ó÷Þìá 2, ïé �.ì. × , Í1 êáé Í2 åßíáé äéáêñé�Ýò, äõáäéêÝò êáé ïìïéüìïñöá êá�áíå-ìçìÝíåò. Åðßóçò, åßíáé üëåò áíåîÜñ�ç�åò ìå�áîý �ïõò.Ó�çí ðåñßð�ùóç ðïõ óáò ÷ñåéáó�åß, äßíå�áé ü�é log2 3 ≈ 1:585.15



Ó÷Þìá 2: Óýó�çìá ìå äýï ðçãÝò èïñýâïõ(á) Ìå �é éóïý�áé ç åí�ñïðßá �çò X;ÁðÜí�çóç:Ç × áêïëïõèåß ïìïéüìïñöç êá�áíïìÞ ìå 2 �éìÝò. ÅðïìÝíùò, ç åí�ñïðßá �çò éóïý�áéìå 1 bit. Ôï ßäéï áðï�Ýëåóìá ðñïêýð�åé êáé ìå áðåõèåßáò õðïëïãéóìü �çò H(X).(â) Âñåß�å �çí åí�ñïðßá �çò Y .ÁðÜí�çóç:Ç êá�áíïìÞ �çò Y åßíáé ç åîÞò:Y =







−2 ìå ðéèáíü�ç�á 1
4

0 ìå ðéèáíü�ç�á 1
2

+2 ìå ðéèáíü�ç�á 1
4ÅðïìÝíùò,H(Y ) =

∑y∈Y p(y) log 1p(y) = 2× 1

4
log 4 +

1

2
log 2 = 1:5 bits:(ã) �éá ïðïéáäÞðï�å êá�áíïìÞ �çò N2 (ü÷é, êá�' áíÜãêç ïìïéüìïñöç üðùò ó�ï ó÷Þìá),õðïèÝ�ïí�áò, ðÜí�ï�å, ü�é ç N2 åßíáé �õ÷áßá êáé áíåîÜñ�ç�ç �ùí X êáé N1, äþó�å�ï êáëý�åñï êÜ�ù öñÜãìá ðïõ ìðïñåß�å ãéá �çí H(Z). Èåùñïýìå ü�é ç êá�áíïìÞ�çò N2 (êáé, åðïìÝíùò, êáé ç åí�ñïðßá �çò) åßíáé ãíùó�Þ. �ñïóï÷Þ: Óå áõ�ü�ï åñþ�çìá (áí�ßèå�á ìå üëá �á Üëëá) äå èåùñïýìå ü�é ç N2 åßíáé, êá�' áíÜãêç,äõáäéêÞ.ÁðÜí�çóç:H N2 åßíáé áíåîÜñ�ç�ç �çò Y äåäïìÝíïõ ü�é åßíáé áíåîÜñ�ç�ç áðü �éò X êáé N1êáé ç Y åßíáé áé�éïêñá�éêÞ (deterministi
) óõíÜñ�çóç �ùí × êáé N1. Ó�çí 1çóåéñÜ áóêÞóåùí åßäáìå ü�é ü�áí äýï áíåîÜñ�ç�åò �.ì. áèñïßæïí�áé, ç åí�ñïðßá �ïõáèñïßóìá�ïò åßíáé �ïõëÜ÷éó�ïí ßóç ìå �çí åí�ñïðßá êÜèå ìßáò áðü �éò ìå�áâëç�Ýòðïõ áèñïßæïí�áé. Óõíåðþò, Ç(Æ) ≥ Ç(Õ ) êáé H(Z) ≥ H(N2). ÓõíäõÜæïí�áò �éòäýï ó÷Ýóåéò, H(Z) ≥ max{1:5; H(N2)}.16



(ä) Õðïëïãßó�å, �þñá, �çí H(Z) ãéá N2 ∼ Unif{−1;+1} êáé åðáëçèåýó�å ü�é õðåñ-âáßíåé �ï êÜ�ù öñÜãìá ðïõ âñÞêá�å ó�ï ðñïçãïýìåíï åñþ�çìá.ÁðÜí�çóç:Ç Æ áêïëïõèåß �çí êá�áíïìÞZ =















−3 ìå ðéèáíü�ç�á 1
8

−1 ìå ðéèáíü�ç�á 3
8

+1 ìå ðéèáíü�ç�á 3
8

+3 ìå ðéèáíü�ç�á 1
8ÅðïìÝíùò,H(Z) =∑z∈Z p(z) log 1p(z)

= 2× 1

8
log 8 + 2× 3

8
log

8

3
= 3− 3

4
log 3 ≈ 1:8113 bits:Åíáëëáê�éêÜ, áðü �çí áñ÷Þ äéá÷ùñéóìïý �çò åí�ñïðßáò, êáé ðáñá�çñþí�áò ü�é çðéèáíü�ç�á ç Z íá åßíáé áñíç�éêÞ åßíáé ßóç ìå �çí ðéèáíü�ç�á íá åßíáé èå�éêÞ,Ç(Æ) = Ç(S) +H(Z|S) = 1 +H(1=4)

= 1 +
1

4
log 4 +

3

4
log

4

3
= 3− 3

4
log 3 ≈ 1:8113 bits;üðïõ S �.ì. ðïõ äçëþíåé �ï ðñüóçìï �çò Z.ÔÝëïò, ìðïñïýìå íá åöáñìüóïõìå �çí áñ÷Þ äéá÷ùñéóìïý �çò åí�ñïðßáò êáé ìåäéáöïñå�éêü �ñüðï, ðáñá�çñþí�áò ü�é, ãéá äåäïìÝíç áðüëõ�ç �éìÞ �çò Æ , ç áñíç�éêÞêáé ç èå�éêÞ �éìÞ åßíáé éóïðßèáíåò (åðéâåâáéþó�å ùò Üóêçóç).(å) Õðïëïãßó�å �éò I(Y ;X), I(Z;X) êáé I(Y; Z;X). Óõãêñßíå�Ý �éò ìå�áîý �ïõò êáéó÷ïëéÜó�å.ÁðÜí�çóç:

• I(Y ;X) = H(Y ) − H(Y |X) = H(Y ) − H(X + N1|X) = H(Y ) − H(N1) =
1:5− 1 = 0:5 bits. ¼ðùò èá äïýìå ó�á åðüìåíá ìáèÞìá�á, ìðïñïýìå íá äïýìå �ïêáíÜëé ìå�áîý X êáé Y ùò Ýíá êáíÜëé äéáãñáöÞò. ¼�áí Y = 0, äåí ìðïñïýìå íáâñïýìå ðïéá Þ�áí ç �éìÞ �çò X. Ùó�üóï, ü�áí Y = −2 ãíùñßæïõìå ìå âåâáéü�ç�áü�é × = −1 (áí�ßó�ïé÷á ãéá Y = +2). Èá áðïäåßîïõìå óå åðüìåíï ìÜèçìá ü�éç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý äéáãñáöÞò éóïý�áé ìå 1 − � êáé åðé�õã÷Üíå�áé ìåïìïéüìïñöç êá�áíïìÞ �çò åéóüäïõ X. Åäþ, � = Pr{Y = 0} = 1=2. ÅðïìÝíùò,C = 0:5 bits êáé åðé�õã÷Üíïõìå �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý.
• I(Z;X) = H(Z) − H(Z|X). �éá äåäïìÝíç X = x ìðïñïýìå íá äïýìå åýêïëáü�é ïé ìÜæåò ðéèáíü�ç�áò pZ|X(z|x) åßíáé ßäéåò ìå áõ�Ýò �çò êá�áíïìÞò pY (z) (áíêáé ïé �éìÝò äéáöÝñïõí). ÅðïìÝíùò, Ç(Æ |×) = Ç(Õ ). Åíáëëáê�éêÜ, ãéá äåäïìÝíç17



X = x, �ï êáíÜëé áðü �ç N1 ó�ç Æ åßíáé �ï ßäéï ìå �ï êáíÜëé áðü ìç äåäïìÝíçX ó�çí Õ üðïõ �ï ñüëï �çò X Ý÷åé �þñá ç N1, êáé ç ãíùó�Þ �éìÞ �çò X áðëþòìå�áèÝ�åé �çí êá�áíïìÞ �çò åîüäïõ êá�Ü X. ¸íáò Üëëïò �ñüðïò åßíáé ãñÜöïí�áòH(Z|X) = H(Y+N2|X) = H(X+N1+N2|X) = H(N1+N2) = 1:5; ãéá�ß çÍ1+Í2áêïëïõèåß ßäéá êá�áíïìÞ ìå �çí Y . Óõíåðþò, I(Z;X) ≈ 1:8113 − 1:5 = 0:3113bits.
• Áðü �ïí êáíüíá áëõóßäáò ãéá �çí áìïéâáßá ðëçñïöïñßá, I(Y; Z;X) = I(Y ;X)+I(Z;X|Y ). I(Z;X|Y ) = H(Z|Y ) − H(Z|X; Y ) = H(Z|Y ) − H(Z|Y ) = 0.ÅðïìÝíùò, I(Y; Z;X) = I(Y ;X) = 0:5 bits.Óõãêñßíïí�áò �éò �éìÝò ðïõ âñÞêáìå, ðáñá�çñïýìå ü�é I(Y ;X) > I(Z;X). Áõ�üåßíáé äéáéóèç�éêÜ ëïãéêü äåäïìÝíïõ ü�é ç Z ðåñéÝ÷åé ðåñéóóü�åñï \èüñõâï" óåó÷Ýóç ìå �ç X áð' ü,�é ç Y . Ìðïñïýìå, ëïéðüí, íá \ìÜèïõìå" ðåñéóóü�åñá ãéá �çX áðü �çí Õ áð' ü�é áðü �ç Z (êáé áí�ßó�ñïöá).�áñá�çñïýìå, åðßóçò, ü�é I(Z;X|Y ) = 0. ÄçëáäÞ, åÜí ãíùñßæïõìå �çí Õ , ãíþóç�çòX äå ìáò äßíåé êáìßá ðåñáé�Ýñù ðëçñïöïñßá ãéá �ç Z. Êáé áõ�ü åßíáé äéáéóèç�éêÜëïãéêü: Z = Y +N2, êáé ç N2 åßíáé áíåîÜñ�ç�ç �çò X. ÅðïìÝíùò, áðü �ç ó�éãìÞðïõ ãíùñßæïõìå �çí Y , ç ìüíç áâåâáéü�ç�á ðïõ áðïìÝíåé åßíáé ç �éìÞ �çò N2 ãéá�çí ïðïßá ç X äåí ìðïñåß íá ðáñÜó÷åé êáìßá ðëçñïöïñßá.ÔÝëïò, I(Y; Z;X) = I(Y ;X). EðïìÝíùò, üëç ç ðëçñïöïñßá ðïõ ç X \ðåñíÜåé"ó�á ìå�Ýðåé�á ó�Üäéá ðåñéÝ÷å�áé Þäç ó�çí Y . �áñá�Þñçóç �çò Z åðéðëÝïí �çò Õäå ìáò äßíåé êáìßá ðáñáðÜíù ðëçñïöïñßá ãéá �ç X.Ç Üóêçóç áðï�åëåß Ýíá ðáñÜäåéãìá ó�ï ïðïßï éó÷ýåé ç áíéóü�ç�á åðåîåñãáóßáòäåäïìÝíùí (data-pro
essing inequality). Áðïäåéêíýå�áé ü�é, åÜí X → Y → Z(ó÷çìá�ßæïõí, äçëáäÞ, áëõóßäá Markov), I(Y ;X) ≥ I(Z;X). Ìðïñåß�å íá åðáëç-èåýóå�å ü�é, ó�çí Üóêçóç, X → Y → Z. H áíéóü�ç�á åðåîåñãáóßáò äåäïìÝíùíÝ÷åé åíäéáöÝñïõóåò ðñïåê�Üóåéò, ìéá áðü �éò ïðïßåò åßíáé ü�é äåí ìðïñïýìå íá äç-ìéïõñãÞóïõìå íÝá ðëçñïöïñßá ìå í�å�åñìéíéó�éêÞ åðåîåñãáóßá �.ì. Áí�ßèå�á, ó�çãåíéêÞ ðåñßð�ùóç, \êá�áó�ñÝöïõìå" ðëçñïöïñßá (Ýíá ðáñÜäåéãìá åßäá�å ó�çí 1çóåéñÜ áóêÞóåùí ó�çí ðåñßð�ùóç ìç áí�éó�ñÝøéìçò óõíÜñ�çóçò). �åñéóóü�åñá ó�ïâéâëßï �ùí Cover & Thomas, êáé ó�ï ìÜèçìá \�ñï÷ùñçìÝíá ÈÝìá�á Èåùñßáò�ëçñïöïñßáò".(ó�) Óáò äßíïí�áé ïé åîÞò åðéëïãÝò: �áñá�Þñçóç �çò �.ì. Y ìüíï, ðáñá�Þñçóç �çò �.ì.Z ìüíï Þ ðáñá�Þñçóç �ïõ æåýãïõò �.ì. (Y; Z). �ïéá ðáñá�Þñçóç èá åðéëÝîå�åþó�å íá ðÜñå�å üóç ðåñéóóü�åñç ðëçñïöïñßá ãéá �ç X ìðïñåß�å (êá�Ü ìÝóï üñï);ÁðÜí�çóç:Áðü �çí ðáñáðÜíù óõæÞ�çóç ðñïêýð�åé ü�é èá åðéëÝîïõìå íá ðáñá�çñÞóïõìå �çíY , äåäïìÝíïõ ü�é I(Y ;X) > I(Z;X) êáé �ïõ ü�é �áõ�ü÷ñïíç ðáñá�Þñçóç �çò Zäå ìáò ðñïóöÝñåé ðåñéóóü�åñç ðëçñïöïñßá.�áñá�çñÞóåéò: �åíéêÜ, ïé åðéäüóåéò óå áõ�Þí �çí Üóêçóç Þ�áí êáëÝò. ¸íá ëÜèïò ðïõÝêáíáí ïé ðåñéóóü�åñïé (ìÜëëïí ëüãù ðßåóçò ÷ñüíïõ) Þ�áí ó�çí êá�áíïìÞ �çò Z. H18



�éìÞ Y = 0 åßíáé ðéï ðéèáíÞ áðü �éò Y = ±2 êáé, åðïìÝíùò, ç êá�áíïìÞ �çò Z åßíáé
{−3;−1;+1;+3} ↔ {1=8; 3=8; 3=8; 1=8} êáé ü÷é {1=6; 1=3; 1=3; 1=6}.13. Óýó�çìá ìå äýï åîüäïõò (Ôåëéêü äéáãþíéóìá È. �., ÖåâñïõÜñéïò 2009)Èåùñïýìå �ï óýó�çìá �ïõ Ó÷Þìá�ïò 3. H ðçãÞ × äåí Ý÷åé ìíÞìç êáé ðáßñíåé �éìÝò +1Þ −1 ìå �çí ßäéá ðéèáíü�ç�á 1=2. Ïé ðïëëáðëáóéáó�éêïß èüñõâïé Z1 êáé Z2 ðáßñíïõí,åðßóçò, �éìÝò ó�ï óýíïëï {−1; 1}, áëëÜ áêïëïõèïýí êá�áíïìÞ Bernoulli. ÄçëáäÞ,Zi = { +1 ìå ðéèáíü�ç�á pi

−1 ìå ðéèáíü�ç�á 1− pi :Ïé �.ì. Z1 êáé Z2 åßíáé áíåîÜñ�ç�åò �çò X. Ùó�üóï, ó�ç ãåíéêÞ ðåñßð�ùóç, äåí åßíáéáíåîÜñ�ç�åò ìå�áîý �ïõò.

Ó÷Þìá 3: Óýó�çìá ìå äýï åîüäïõò.(á) Âñåß�å �çí H(X) êáé �éò H(Zi) (óõíáñ�Þóåé �ùí pi).ÁðÜí�çóç:Ç(×) = 1 bit, äåäïìÝíïõ ü�é ç X áêïëïõèåß ïìïéüìïñöç êá�áíïìÞ.Ïé Zi áêïëïõèïýí êá�áíïìÞ Bernoulli. ÅðïìÝíùò, Ç(Zi) = H(pi) = −pi log pi −
(1− pi) log(1− pi).(â) �éá äåäïìÝíá p1 êáé p2, âñåß�å Ýíá Üíù öñÜãìá ãéá �çí H(Z1; Z2), êáèþò êáé�çí áðü êïéíïý óõíÜñ�çóç ìÜæáò ðéèáíü�ç�áò p(z1; z2) ç ïðïßá åðé�õã÷Üíåé �ï ÜíùöñÜãìá.ÁðÜí�çóç:Áðü �ïí êáíüíá áëõóßäáò ãéá �çí åí�ñïðßá, H(Z1; Z2) = H(Z1) + H(Z2|Z1) ≤H(Z1) +H(Z2), ìå �çí éóü�ç�á íá éêáíïðïéåß�áé ü�áí ïé Z1 êáé Z2 åßíáé áíåîÜñ-�ç�åò. Óõíåðþò, H(Z1; Z2) ≤ H(p1) +H(p2). Ôï Üíù öñÜãìá åðé�õã÷Üíå�áé áðü�çí áðü êïéíïý ó.ì.ð. �ïõ �ßíáêá 1.19



Z1 = +1 Z1 = −1Z2 = +1 p1p2 (1− p1)p2Z2 = −1 p1(1− p2) (1− p1)(1− p2)�ßíáêáò 1: Áðü êïéíïý ó.ì.ð. ðïõ åðé�õã÷Üíåé �ï Üíù öñÜãìá ãéá �çí H(Z1; Z2).(ã) Âñåß�å �éò É(X;Y1) êáé I(X;Y2). �éá äåäïìÝíá p1 êáé p2 õðÜñ÷åé �ñüðïò íááõîÞóå�å �éò É(X;Y1) êáé I(X;Y2) áëëÜæïí�áò �çí êá�áíïìÞ �çò X; Åðé�ñÝðå�áéíá áëëÜîå�å ìüíï �éò ðéèáíü�ç�åò ìå �éò ïðïßåò X = 1 Þ −1. Äåí ìðïñåß�å íááõîÞóå�å �ï ðëÞèïò �éìþí, |X |, �çò ðçãÞò.ÁðÜí�çóç: I(X;Yi) = H(Yi)−H(Yi|X) = H(Yi)−H(X · Zi|X)

(i)
= H(Yi)−H(Zi|X)

(ii)
= H(Yi)−H(Zi) = H(Yi)−H(pi):

(i) Ï ðïëëáðëáóéáóìüò ìå ìç ìçäåíéêÞ �éìÞ åßíáé áí�éó�ñÝøéìïò, (ii) Ïé Zi åßíáéáíåîÜñ�ç�åò �çò X. Ìå ðñÜîåéò ìðïñåß�å åýêïëá íá äåß�å ü�é, ãéá ïðïéáäÞðï�å�éìÞ �çò pi, ïé Y1 êáé Y2 áêïëïõèïýí ïìïéüìïñöç êá�áíïìÞ ó�ï {−1;+1}. Ï ðéïóýí�ïìïò �ñüðïò ãéá íá �ï äéáðéó�þóå�å åßíáé ìå ÷ñÞóç �ùí áðï�åëåóìÜ�ùí ãéá �áóõììå�ñéêÜ êáíÜëéá. Ôï êáíÜëé áðü �ç X ó�çí Y1 åßíáé Ýíá äõáäéêü óõììå�ñéêüêáíÜëé (BSC). ÅðïìÝíùò, ü�áí ó�çí åßóïäï åöáñìüæå�áé ïìïéüìïñöç êá�áíïìÞ çÝîïäüò �ïõ åßíáé, åðßóçò, ïìïéüìïñöá êá�áíåìçìÝíç. Ôï ßäéï éó÷ýåé êáé ãéá �ïêáíÜëé áðü �ç X ó�çí Y2. Óõíåðþò,I(X;Yi) = 1−H(pi):ÄåäïìÝíïõ ü�é ç ÷ùñç�éêü�ç�á �ïõ äõáäéêïý óõììå�ñéêïý êáíáëéïý åðé�õã÷Üíå-�áé ìå ïìïéüìïñöç êá�áíïìÞ ãéá ïðïéáäÞðï�å �éìÞ �çò pi, äåí õðÜñ÷åé �ñüðïò íááõîÞóïõìå �éò É(X;Y1) êáé I(X;Y2) ãéá äåäïìÝíá p1 êáé p2. To ßäéï áðï�Ýëåóìáðñïêýð�åé ðáñá�çñþí�áò ü�é ç H(Zi|X) äåí åîáñ�Ü�áé áðü �ç X (ëüãù �çò óõì-ìå�ñßáò) êáé ç H(Yi) äåí ìðïñåß íá õðåñâåß �ï 1 bit (áõ�ü áêñéâþò êÜíáìå ü�áíõðïëïãßóáìå �ç ÷ùñç�éêü�ç�á �ïõ BSC).(ä) Óõãêñßíå�å �çí É(X;Y1; Õ2) ìå �éò É(X;Yi). Åßíáé ìéêñü�åñç; Ìåãáëý�åñç; ºóç;�ïéá åßíáé ç ìåãáëý�åñç �éìÞ (óå bits) ðïõ ìðïñåß íá ðÜñåé ç I(X;Y1; Y2);Õðüäåéîç: Ó�ï åñþ�çìá áõ�ü ìðïñåß�å íá áðáí�Þóå�å ÷ùñßò íá âñåß�å �çí �éìÞ �çòI(X;Y1; Y2).ÁðÜí�çóç:Áðü �ïí êáíüíá áëõóßäáò ãéá �çí áìïéâáßá ðëçñïöïñßá,I(X;Y1; Y2) = I(Y1; Y2;X) = I(Y1;X) + I(Y2;X|Y1):20



�íùñßæïõìå, åðßóçò, ü�é ç áìïéâáßá ðëçñïöïñßá (êáé ç äåóìåõìÝíç áìïéâáßá ðëç-ñïöïñßá) åßíáé ðÜí�ï�å ìç áñíç�éêÞ. ÅðïìÝíùò,I(Y2;X|Y1) ≥ 0⇒ I(X;Y1; Y2) ≥ I(X;Y1):�éá �ïõò ßäéïõò ëüãïõò, I(X;Y1; Y2) ≥ I(X;Y2):ÅðïìÝíùò, ó�ç ãåíéêÞ ðåñßð�ùóç, üðùò ðåñéìÝíïõìå êáé äéáéóèç�éêÜ, ðáßñíïõìåðåñéóóü�åñç ðëçñïöïñßá áí êïé�Üîïõìå êáé �éò 2 åîüäïõò. Áõ�ü ïöåßëå�áé ó�ï ü�é,ó�ç ãåíéêÞ ðåñßð�ùóç, ïé �éìÝò �ùí èïñýâùí Z1 êáé Z2 äåí åßíáé ðëÞñùò åîáñ�çìÝíåòìå�áîý �ïõò.ÕðÜñ÷ïõí ðåñéð�þóåéò ó�éò ïðïßåò äåí ùöåëåß íá êïé�Üîïõìå êáé �éò äýï åîüäïõò.Ç ìßá åßíáé ü�áí ïé Z1 êáé Z2 åßíáé ðëÞñùò åîáñ�çìÝíåò, äçëáäÞ Z1 = Z2 (ðÜí�ï�å)Þ Z1 = −Z2 (ðÜí�ï�å). Ó�çí ðåñßð�ùóç áõ�ÞI(Y1;X|Y2) = H(Y1|Y2) − H(Y1|Y2; X) = H(X + Z1|X + Z2) − H(X + Z1|X +Z2; X) = 0−0 = 0 êáé, åðïìÝíùò, I(X;Y1; Y2) = I(X;Y1). Ïìïßùò, áðïäåéêíýå�áéü�é I(X;Y1; Y2) = I(X;Y2). H Üëëç ðåñßð�ùóç åßíáé ç �å�ñéììÝíç, üðïõ ï èüñõâïòåßíáé í�å�åñìéíéó�éêüò, äçëáäÞ êÜðïéï áðü �á pi éóïý�áé ìå 0 Þ 1. Êïé�Üæïí�Üò �ïêáé ðÜëé ìáèçìá�éêÜ, åÜí õðïèÝóïõìå ü�é ç Z1 åßíáé í�å�åñìéíéó�éêÞ, I(Y2;X|Y1) =H(Y2|Y1)−H(Y2|Y1; X) = 0, ãéá�ß, áðü �ç ó�éãìÞ ðïõ ãíùñßæïõìå �çí Y1 ìðïñïýìåíá õðïëïãßóïõìå êáé �ç X áöáéñþí�áò �ç ãíùó�Þ Z1 êáé, åðïìÝíùò, H(Y2|Y1) =H(Y2|Y1; X).Ç ìåãáëý�åñç �éìÞ ðïõ ìðïñåß íá ðÜñåé ç I(X;Y1; Y2) åßíáé 1 bit.I(X;Y1; Y2) = H(X)−H(X|Y1; Y2) ≤ H(X) = 1 bit:Tï áðï�Ýëåóìá åßíáé ëïãéêü: Ç ðëçñïöïñßá ðïõ \ìðáßíåé" ó�ï óýó�çìá éóïý�áéáêñéâþò ìå 1 bit. ÅðïìÝíùò, ç ìÝãéó�ç ðëçñïöïñßá ó�çí Ýîïäï ç ïðïßá ðñïÝñ÷å�áéáðü �ç X (ü÷é ç óõíïëéêÞ ðëçñïöïñßá ðïõ ðåñéÝ÷å�áé ó�çí Ýîïäï) äåí ìðïñåß íáõðåñâáßíåé �ï 1 bit. Ùó�üóï, ó�ç ãåíéêÞ ðåñßð�ùóç, ðñÝðåé íá \óõëëÝîïõìå" �çíðëçñïöïñßá áðü üëåò �éò åîüäïõò �ïõ óõó�Þìá�ïò.Ç éóü�ç�á éó÷ýåé ü�áí ìðïñïýìå íá âñïýìå �ç X áðü �éò Y1 êáé Y2 ÷ùñßò áâåâáéü-�ç�á. Áõ�ü óõìâáßíåé ü�áí �ïõëÜ÷éó�ïí ìéá áðü �éò Z1 êáé Z2 åßíáé í�å�åñìéíéó�éêÞÞ ü�áí Æ1 = −Æ2 (ïðü�å Õ1 + Õ2 = 2×).(å) ÕðïèÝó�å, �þñá, ü�é ïé Z1 êáé Z2 åßíáé áíåîÜñ�ç�åò ìå�áîý �ïõò. Âñåß�å ìéáÝêöñáóç ãéá �çí É(X;Y1; Õ2) óõíáñ�Þóåé �ùí p1 êáé p2.Õðüäåéîç: ÅíäÝ÷å�áé íá óáò öáíåß ÷ñÞóéìç ç áí�éêá�Üó�áóç � , p1 + p2 − 2p1p2.ÁðÜí�çóç:�íùñßæïõìå ü�é I(X;Y1; Y2) = H(Y1; Y2)−H(Y1; Y2|X):�ñïêåéìÝíïõ íá õðïëïãßóïõìå �çí H(Y1; Y2) âñßóêïõìå �çí áðü êïéíïý êá�áíïìÞ,p(y1; y2), �ùí Y1 êáé Y2. 21



Ó÷Þìá 4: Õðïëïãéóìüò p(y1; y2) êáé p(y1; y2|x).Ìå ÷ñÞóç �ïõ èåùñÞìá�ïò ïëéêÞò ðéèáíü�ç�áò (Ó÷Þìá 4) êáé èÝ�ïí�áò � , p1 +p2 − 2p1p2,p(−1;−1) = p(+1;+1) =
1

2
(1− p1 − p2 + 2p1p2) = (1− �)

2
;p(−1;+1) = p(+1;−1) = 1

2
(p1 + p2 − 2p1p2) = �

2
:Óõíåðþò, Ç(Õ1; Õ2) = −2 ×

�
2
log

�
2
− 2× (1− �)

2
log

(1− �)
2

= −� log�− (1− �) log(1− �) + � + (1− �)
= 1 +H(�):Ìå ÷ñÞóç �ïõ êáíüíá áëõóßäáò,H(Y1; Y2|X) = H(Õ1|×) +H(Y2|X; Y1) = H(X · Z1|X) +H(X · Z2|X;X · Z1) =

= H(Z1) +H(Z2|Z1)
(i)
= H(Z1) +H(Z2)

= H(p1) +H(p2):
(i) áðü �çí õðüèåóç ü�é ïé Z1 êáé Z2 åßíáé áíåîÜñ�ç�åò.Áí�éêáèéó�þí�áò, I(X;Y1; Y2) = 1 +H(�)−H(p1)−H(p2):22



H I(X;Y1; Y2) óõíáñ�Þóåé �ùí p1 êáé p2 Ý÷åé ó÷åäéáó�åß ó�ï Ó÷Þìá 5. �áñá�çñÞó�åü�é I(X;Y1; Y2) = 0 ü�áí p1 = p2 = 1
2
. �áñá�çñÞó�å, åðßóçò, ü�é I(X;Y1; Y2) ≥I(X;Y1), üðùò áðïäåß÷�çêå ó�ï ðñïçãïýìåíï åñþ�çìá.
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1
) Ó÷Þìá 5: I(X;Y1; Y2) ãéá áíåîÜñ�ç�åò Z1 êáé Z2 êáé óýãêñéóç ìå �çí I(X;Y1).�áñá�çñÞóåéò: Ç Üóêçóç áõ�Þ äõóêüëåøå áñêå�ïýò êáé Þ�áí ìÜëëïí ç äõóêïëü�åñç�ïõ äéáãùíßóìá�ïò. ¸íá ëÜèïò ðïõ Ýêáíáí êÜðïéïé åßíáé íá èÝóïõí óõãêåêñéìÝíåò �éìÝòãéá �á pi ó�ï Åñþ�çìá (â). Ùó�üóï, óýìöùíá ìå �çí åêöþíçóç êáé üðùò äéåõêñéíßó�çêåêáé êá�Ü �ç äéÜñêåéá �çò åîÝ�áóçò, ïé �éìÝò �ùí pi åßíáé äåäïìÝíåò. Tï ãåãïíüò ü�é ïé�éìÝò �ùí pi (äçëáäÞ ïé ðåñéèþñéåò �çò p(z1; z2)) åßíáé äåäïìÝíåò äå óçìáßíåé ü�é ç p(z1; z2)åßíáé ìïíáäéêÞ. Åðßóçò, Ýíáò áðü �ïõò óêïðïýò �çò Üóêçóçò Þ�áí íá óõíåéäç�ïðïéÞóå�åü�é, ó�ç ãåíéêÞ ðåñßð�ùóç, ïé Y1 êáé Y2 äåí åßíáé áíåîÜñ�ç�åò áêüìá êáé åÜí ïé èüñõâïéåßíáé áíåîÜñ�ç�ïé. Ç �éìÞ êáé �ùí äýï åîáñ�Ü�áé áðü �ç X. ÅÜí, ãéá ðáñÜäåéãìá,p1 = p2 = 0:001, ãíþóç �çò �éìÞò �çò Y1 ìáò âïçèÜ íá åê�éìÞóïõìå �çí Y2 ìå ìéêñÞðéèáíü�ç�á óöÜëìá�ïò. Ç ìüíç ðåñßð�ùóç ðïõ ïé Y1 êáé Y2 åßíáé áíåîÜñ�ç�åò åßíáé ü�áíp1 = p2 = 1=2 êáé ïé Zi åßíáé áíåîÜñ�ç�åò. ÔÝëïò, ðñïóï÷Þ: H(X · Z1|X) = Ç(Z1),ãéá�ß áí ìáò áðïêáëõöèåß ç × áðïìÝíåé ç áâåâáéü�ç�á �çò Z1 (áñêåß �ï X íá ìçíåßíáé 0). Áí�ßèå�á, H(X|X · Z1) 6= H(X|Z1). Êáé ðÜëé, áí Z1 = +1 ìå ðïëý ìåãÜëçðéèáíü�ç�á, ðáßñíïõìå ó÷åäüí üëç �çí ðëçñïöïñßá ãéá �ç X áðü �ï ãéíüìåíï X · Z123



(êá�Ü ìÝóï üñï), åíþ, áí�ßèå�á, äåí ðáßñíïõìå êáìßá ðëçñïöïñßá ãéá �ç X ìüíï áðü �çZ1.14. Áíéóü�ç�åò (Åðáíáëçð�éêÞ ÅîÝ�áóç È. �., Óåð�Ýìâñéïò 2009)(á) Íá áðïäåé÷�åß ü�é, ãéá n ≥ 2,H(X1; X2; : : : ; Xn) ≥ n
∑i=1

H(Xi|X1; : : : ; Xi−1; Xi+1; : : : ; Xn):Ó�ç óõíÝ÷åéá, íá áðïäåé÷�åß ü�é
1

2
[H(X1; X2) +H(X2; X3) +H(X1; X3)] ≥ H(X1; X2; X3):Õðüäåéîç: ×ñçóéìïðïéÞó�å �éò ó÷ÝóåéòH(X1; X2; X3) = H(Xi; Xj) +H(Xk|Xi; Xj);êáèþò êáé �çí ðñþ�ç ó÷Ýóç ðïõ áðïäåßîá�å.ÁðÜí�çóç:Áðü �ïí êáíüíá áëõóßäáò ãéá �çí åí�ñïðßá,H(X1; X2; : : : ; Xn) = H(X1) +H(X2|X1) + : : :+H(Xn|X1; X2; : : : ; Xn−1)

(a)
≥ H(X1|X2; X3; : : : ; Xn) +H(X2|X1; X3; : : : ; Xn) + : : :
+H(Xn|X1; X2; : : : ; Xn−1)

=

n
∑i=1

H(Xi|X1; : : : ; Xi−1; Xi+1; : : : ; Xn):
(a) Ç(× |Õ ) ≤ H(X).

24



Åíáëëáê�éêÞ áðüäåéîç ìå ÷ñÞóç åðáãùãÞò (áðü óõíÜäåëöü óáò):
• �éá n = 2, H(X1; X2) = H(X1) +H(X2|X1) ≥ H(X1|X2) +H(X2|X1).
• ¸ó�ù ü�é éó÷ýåé ãéá n = k:H(X1; X2; : : : ; Xk) ≥∑ki=1H(Xi|X1; : : : ; Xi−1; Xi+1; : : : ; Xk).
• �éá n = k + 1,H(X1; X2; : : : ; Xk+1) = H(X1; X2; : : : ; Xk) +H(Xk+1|X1; X2; : : : ; Xk)

(b)
≥

k
∑i=1

H(Xi|X1; : : : ; Xi−1; Xi+1; : : : ; Xk)
+H(Xk+1|X1; X2; : : : ; Xk)
=

k+1
∑i=1

H(Xi|X1; : : : ; Xi−1; Xi+1; : : : ; Xk):
(b) áðü �çí õðüèåóç ãéá n = k.Áèñïßæïí�áò, �þñá, �éò ó÷Ýóåéò H(X1; X2; X3) = H(Xi; Xj) + H(Xk|Xi; Xj) ãéáüëïõò �ïõò óõíäõáóìïýò �ñéþí �.ì.,

3H(X1; X2; X3) = H(X1; X2) +H(X1; X3) +H(X2; X3)

+

3
∑i=1

H(Xi|X1; : : : ; Xi−1; Xi+1; : : : ; Xn)
(
)
≤ H(X1; X2) +H(X1; X3) +H(X2; X3) +H(X1; X2; X3)

⇒ 2H(X1; X2; X3) ≤ H(X1; X2) +H(X1; X3) +H(X2; X3)

⇒ H(X1; X2; X3) ≤
1

2
[H(X1; X2) +H(X2; X3) +H(X1; X3)] :

(
) Áðü �çí ðñþ�ç ó÷Ýóç ðïõ áðïäåß÷�çêå.(â) ¸ó�ù pXY (x; y) êáé qXY (x; y) äýï êá�áíïìÝò ìÜæáò ðéèáíü�ç�áò ó�ï óýíïëï
X × Y . Íá áðïäåé÷èåß ü�é D(pXY ||qXY ) ≥ D(pX ||qX), üðïõ pX(x) êáé qX(x)ïé ðåñéèþñéåò ó.ì.ð. �ùí pXY (x; y) êáé qXY (x; y), áí�ßó�ïé÷á.
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ÁðÜí�çóç (Cover Theorem 2.5.3):Áðü �ïí ïñéóìü �çò ó÷å�éêÞò åí�ñïðßáò,D(pXY (x; y)||qXY (x; y)) =∑x∈X∑y∈Y pXY (x; y) log pXY (x; y)qXY (x; y)
=
∑x∈X∑y∈Y pXY (x; y) log pX(x)pY |X(y|x)qX(x)qY |X(y|x)

=
∑x∈X∑y∈Y pXY (x; y) log pX(x)qX(x) +∑x∈X∑y∈Y pXY (x; y) log pY |X(y|x)qY |X(y|x)

=
∑x∈X log

pX(x)qX(x)∑y∈Y pXY (x; y) +D(pY |X ||qY |X)
=
∑x∈X pX(x) log pX(x)qX(x) +D(pY |X ||qY |X)

= D(pX ||qX) +D(pY |X ||qY |X) ≥ D(pX ||qX);äåäïìÝíïõ ü�é ç ó÷å�éêÞ åí�ñïðßá åßíáé ðÜí�ï�å ìç áñíç�éêÞ.Åíáëëáê�éêÞ áðüäåéîç (áðü óõíÜäåëöü óáò):D(pX(x)||qX(x)) =∑x∈X pX(x) log pX(x)qX(x)
=
∑x∈X (∑y∈Y pX;Y (x; y)) log

∑y∈Y pX;Y (x; y)
∑y∈Y qX;Y (x; y)

(d)
≤
∑x∈X∑y∈Y pX;Y (x; y) log pX;Y (x; y)qX;Y (x; y) = D(pXY (x; y)||qXY (x; y)):

(d) áðü �çí áíéóü�ç�á log-sum (Cover Theorem 2.7.1).15. Ióü�ç�åò êáé áíéóü�ç�åò (Åðáíáëçð�éêÞ åîÝ�áóç �. È. È. �., Óåð�Ýìâñéïò2009)Óõìðëçñþó�å �éò ðáñáêÜ�ù ó÷Ýóåéò ìå =, ≤ Þ ≥. ÄéêáéïëïãÞó�å �çí áðÜí�çóÞ óáò.Ó�çí ðåñßð�ùóç ðïõ éó÷ýåé ≤ Þ ≥, ðñïóäéïñßó�å ðü�å éó÷ýåé ç éóü�ç�á.Óçìåßùóç: Aðáí�Þóåéò ðïõ äåí åßíáé åðáñêþò áé�éïëïãçìÝíåò äå âáèìïëïãïýí�áé.(á) É(× ;Y ) ? I(g(X);Y ). Ç g() åßíáé áé�éïêñá�éêÞ (deterministi
) óõíÜñ�çóç.ÁðÜí�çóç:I(X;Y ) = H(Y )−H(Y |X) ≥ H(Y )−H(Y |g(X)) = I(g(X);Y );26



äåäïìÝíïõ ü�é ç g(X) äåí ìðïñåß íá ðåñéÝ÷åé ðåñéóóü�åñç ðëçñïöïñßá ãéá �çí Yáð' ü,�é ç X.¸íáò Üëëïò �ñüðïò åðßëõóçò (ó�çí ïõóßá ï ßäéïò) åßíáé íá ðáñá�çñÞóå�å ü�é Õ →X → g(X) êáé íá ÷ñçóéìïðïéÞóå�å �çí áíéóü�ç�á åðåîåñãáóßáò äåäïìÝíùí.Ç éóü�ç�á éó÷ýåé ü�áí ç g(X) åßíáé 1-ðñïò-1, äçëáäÞ ü�áí áðü �çí �éìÞ �çò g(X)ìðïñïýìå íá ðñïóäéïñßóïõìå �çí �éìÞ �çò X.(â) I(Y ;Z|X) ? I(Y ;Z) åÜí p(x; y; z) = p(x)p(y)p(z|x; y).ÁðÜí�çóç:I(Y ;Z|X) = H(Y |X)−H(Y |X;Z) (i)
= H(Y )−H(Y |X;Z)

≥ H(Y )−H(Y |Z) = I(Y ;Z):
(i) Ïé X êáé Y åßíáé áíåîÜñ�ç�åò.Ç éóü�ç�á éó÷ýåé ü�áí H(Y |X;Z) = H(Y |Z) ⇒ H(Y |Z) − H(Y |X;Z) = 0 ⇒I(X;Y |Z) = 0, ü�áí, äçëáäÞ, ïé X êáé Y åßíáé õðü óõíèÞêç áíåîÜñ�ç�åò äåäïìÝíçò�çò Z.(ã) H(X|Z) ? H(X|Y ) +H(Y |Z).ÁðÜí�çóç:Ç(× |Y ) +H(Y |Z) ≥ H(X|Y; Z) +H(Y |Z) = H(X; Y |Z) ≥ H(X|Z):Ç éóü�ç�á éó÷ýåé ü�áí H(X|Y ) = H(X|Y; Z) êáé H(X; Y |Z) = H(X|Z), ü�áí,äçëáäÞ I(X;Z|Y ) = 0 êáé H(Y |X;Z) = 0.(ä) (åê�üò ýëçò ãéá �çí �ñüïäï)h(X + Y ) ? h(X), ü�áí X êáé Y åßíáé áíåîÜñ�ç�åò óõíå÷åßò �.ì.ÁðÜí�çóç: h(X + Y ) ≥ h(X + Y |Y ) = h(X):H éóü�ç�á éó÷ýåé ìüíï ó�çí �å�ñéììÝíç ðåñßð�ùóç ðïõ ç Y ðáßñíåé ìüíï ìéá �éìÞ(ïðü�å äåí åßíáé ïý�å óõíå÷Þò ïý�å �.ì.).16. Ìå�áâïëÞ åí�ñïðßáò (Åðáíáëçð�éêÞ ÅîÝ�áóç �. È. È. �., Óåð�Ýìâñéïò 2010)ÈåùñÞó�å ìéá êá�áíïìÞ p = (p1; p2; : : : ; pN) ìå Í ≥ 2 åíäå÷üìåíá, üëá ìç ìçäåíéêÞòðéèáíü�ç�áò, äçëáäÞ pn > 0 ∀n. Èá äåßîïõìå ü�é, ãéá ïðïéáäÞðï�å êá�áíïìÞ, õðÜñ÷åéðÜí�ï�å �ïõëÜ÷éó�ïí Ýíá åíäå÷üìåíï, Ýó�ùÊ , �ï ïðïßï áí áöáéñÝóïõìå èá åëá��þóïõìå�çí åí�ñïðßá. ÄçëáäÞ, õðÜñ÷åé ðÜí�ï�å �ïõëÜ÷éó�ïí Ýíá pk Ý�óé þó�å, áíp′ =
( p1

1−pK ; p2
1−pK ; : : : ; pK−1

1−pK ; pK+1

1−pK ; : : : ; pN
1−pK), H(p′) < H(p).27



(á) Äåßî�å ü�é äåí ìðïñïýìå ðÜí�ï�å íá åëá��þóïõìå �çí åí�ñïðßá áí åðéëÝîïõìå �ïåíäå÷üìåíï Ê �õ÷áßá. ÄçëáäÞ, õðÜñ÷ïõí êá�áíïìÝò ãéá �éò ïðïßåò õðÜñ÷åé pÊ�Ý�ïéï þó�å H(p′) > H(p).ÁðÜí�çóç:Áñêåß Ýíá áí�éðáñÜäåéãìá. ¸ó�ù, ãéá ðáñÜäåéãìá, ç êá�áíïìÞ
(

(1− p); pN−1
; pN−1

; : : : ; pN−1

) áðü �çí ïðïßá áöáéñïýìå �ï ðñþ�ï åíäå÷üìåíï. Áðü�ç äéá÷ùñéóéìü�ç�á �çò åí�ñïðßáò, H(p) = H(p) + pH ( pN−1
; pN−1

; : : : ; pN−1

)

=H(p) + p log(N − 1). ÈÝëïõìå H(p′) > H(p) ⇒ H(p) < (1 − p) log(N − 1) ⇒H(p)=(1 − p) > log(N − 1). �éá p = 1=2, áñêåß log2(N − 1) > 2 ⇒ N > 5.�ñÜãìá�é, ãéá p = 2 êáé N = 5, H(p) ≈ 2:161 bits < 2:322 ≈ H(p′).(â) Ó�ç óõíÝ÷åéá èá áðïäåßîå�å Ýíá ëÞììá ðïõ èá óáò âïçèÞóåé íá áðïäåßîå�å �ïæç�ïýìåíï. Äåßî�å ü�é, ãéá p ∈ (0; 1=2], ç óõíÜñ�çóç H(p)p , üðïõH(p) , −p log2 p−
(1− p) log2(1− p) åßíáé öèßíïõóá óõíÜñ�çóç �ïõ p.ÁðÜí�çóç:�áñáãùãßæïí�áò,H(p)p = − log2 p− 1− pp log2(1− p)⇒��p H(p)p = −1p log2 e+ 1p2 log2(1− p) + 1− pp 1

1− p log2 e
=

log2(1− p)p2 < 0 ãéá p ∈ (0; 1=2]:ÅðåéäÞ ç ðáñÜãùãïò åßíáé ðÜí�ï�å áñíç�éêÞ ó�ï äéÜó�çìá (0; 1=2], ç H(p)=p åßíáéöèßíïõóá.(ã) ÅîçãÞó�å ãéá�ß, óå ìßá ïðïéáäÞðï�å êá�áíïìÞ ìå Í åíäå÷üìåíá, (p1; p2; : : : ; pN),üëá ìç ìçäåíéêÜ, õðÜñ÷åé ðÜí�ï�å �ïõëÜ÷éó�ïí Ýíá åíäå÷üìåíï, L, ìå pL ≤ 1N .ÁðÜí�çóç:¸ó�ù pmin , min{pn} ç åëÜ÷éó�ç ìÜæá �çò êá�áíïìÞò. ÄåäïìÝíïõ ü�é∑Nn=1 pn =
1⇒∑nn=1 pmin ≤ 1⇒ Npmin ≤ 1⇒ pmin ≤ 1N .(ä) ×ñçóéìïðïéþí�áò �á Eñù�Þìá�á (â) êáé (ã) (Þ êÜðïéïí Üëëï �ñüðï, áí ðñï�éìÜ�å)áðïäåßî�å ü�é õðÜñ÷åé ðÜí�ï�å Ýíá åíäå÷üìåíï, K, �ï ïðïßï áí áöáéñåèåß ç åí�ñïðßá�çò êá�áíïìÞò ìåéþíå�áé.ÁðÜí�çóç:ÈÝëïõìå íá äåßîïõìå ü�é Ç(p′) < H(p). ¸ó�ù, ãéá áðëïðïßçóç �ùí åîéóþóåùí,ü�é áíáäéá�Üóóïõìå �á åíäå÷üìåíá êáé �ï åíäå÷üìåíï ðïõ áöáéñïýìå åßíáé �ï Í -
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ó�ü. Aðü �ïí ïñéóìü �çò åí�ñïðßáò,Ç(p′) = −
N−1
∑n=1

pn
1− pN log

pn
1− pN = −

N−1
∑n=1

pn
1− pN log pn + N−1

∑n=1

pn
1− pN log(1− pN )

= −
N
∑n=1

pn
1− pN log pn + pN

1− pN log pN + log(1− pN )
=

1

1− pNH(p) + 1

1− pN [pN log pN + (1− pN) log(1− pN )]
=

1

1− pN [H(p)−H(pN)] :EðïìÝíùò, áñêåß íá äåßîïõìå ü�é õðÜñ÷åé �ïõëÜ÷éó�ïí Ýíá pN þó�åÇ(p′) < Ç(p)⇒ 1

1− pN [H(p)−H(pN)] < Ç(p)⇒H(pN) > pNH(p)⇒ H(p) < H(pN)pN :¼ðùò äåßîáìå ó�ï Åñþ�çìá (â), ç H(pN )pN åßíáé öèßíïõóá. Åðßóçò, áðü �ï Åñþ�çìá(ã), õðÜñ÷åé pN ≤ 1N . Óõíåðþò, õðÜñ÷åé pN �Ý�ïéï þó�åH(pN)pN ≥ N ·H(1=N) = N ( 1N logN +
N − 1N log

NN − 1

)

= logN + (N − 1) logN − (N − 1) log(N − 1)

= N logN − (N − 1) log(N − 1)> N logN − (N − 1) logN = logN ≥ H(p):17. Áíéóü�ç�åò (ÔåëéêÞ ÅîÝ�áóç È. �., ÖåâñïõÜñéïò 2011)ÈåùñÞó�å 4 äéáêñé�Ýò �.ì. X1, ×2, Y1 êáé Õ2 ïé ïðïßåò éêáíïðïéïýí �éò åîÞò óõíèÞêåò
• Ïé X1 êáé X2 åßíáé áíåîÜñ�ç�åò. ÄçëáäÞ, pX1X2(x1; x2) = pX1(x1) · pX2(x2).
• Ïé Y1 êáé Y2 åîáñ�þí�áé áðü �éò X1 êáé X2 ìÝóù �çò pY1Y2|X1X2(y1; y2|x1; x2).�éá ðáñÜäåéãìá, ïé Õ1 êáé Y2 ìðïñåß íá åßíáé Ýîïäïé �ïõ óõó�Þìá�ïò �ïõ Ó÷Þìá�ïò 6, ó�ïïðïßï åéóÜãïõìå áíåîÜñ�ç�åò åéóüäïõò (äçëáäÞ ï ÷ñÞó�çò 1 äåí ìðïñåß íá óõíåííïçèåßìå �ï ÷ñÞó�ç 2). Ùó�üóï, ó�ç ãåíéêÞ ðåñßð�ùóç, ç Ýîïäïò Yj åîáñ�Ü�áé ü÷é ìüíï áðü�ç Xj, áëëÜ êáé áðü �ç Xi, i 6= j.(á) Äåßî�å ü�é I(X1; X2;Z) ≥ I(X1;Z) + I(X2;Z), üðïõ Z = Y1, Z = Y2 Þ Æ =
(Õ1; Õ2). 29



Ó÷Þìá 6: Ó�ï÷áó�éêü óýó�çìá ìå åéóüäïõò X1 êáé X2 êáé åîüäïõò Y1 êáé Y2.ÄçëáäÞ, êÜðïéïò ðïõ äéáèÝ�åé ðñüóâáóç ó�á X1 êáé X2 �áõ�ü÷ñïíá, ìðïñåß íááí�ëÞóåé ðåñéóóü�åñç ðëçñïöïñßá ãéá �ï Z áðü �ç óõíïëéêÞ ðëçñïöïñßá ðïõ ìðï-ñïýí íá áí�ëÞóïõí äýï Ü�ïìá ðïõ äéáèÝ�ïõí ðñüóâáóç ï êáèÝíáò ìüíï ó�ï ×1 êáéìüíï ó�ï X2.�ü�å ßó÷ýåé ç éóü�ç�á ó�çí ðáñáðÜíù ó÷Ýóç;ÁðÜí�çóç:Áðü �ïí êáíüíá áëõóßäáò ãéá �çí áìïéâáßá ðëçñïöïñßá,I(X1; X2;Z) = I(X1;Z) + I(X2;Z|X1)

= I(X1;Z) +H(X2|X1)−H(X2|X1; Z)
(i)
= I(X1;Z) +H(X2)−H(X2|X1; Z)
(ii)
≥ I(X1;Z) +H(X2)−H(X2|Z)
= I(X1;Z) + I(X2;Z):

(i) Ïé X1 êáé X2 åßíáé áíåîÜñ�ç�åò. (ii) Conditioning redu
es entropy.H éóü�ç�á ó�çí ðáñáðÜíù ó÷Ýóç éó÷ýåé ü�áíH(X2|X1; Z) = Ç(×2|Æ)⇒ H(X2|Z)−H(X2|X1; Z) = I(X1;X2|Z) = 0.�íùñßæïõìå ü�é áõ�ü éó÷ýåé åÜí êáé ìüíï åÜí ïé X1 êáé X2 åßíáé áíåîÜñ�ç�åòäåäïìÝíçò �çò Z.(â) ¸ó�ù, �þñá, ü�é éó÷ýåé p(y1; y2|x1; x2) = p(y1|x1; x2) · p(y2|x1; x2). ÄçëáäÞ, ïé Õ1êáé Y2 åßíáé áíåîÜñ�ç�åò äåäïìÝíùí �ùí X1 êáé X2.Äåßî�å ü�é I(X1; ×2;Y1; Y2) ≤ I(X1; ×2;Y1) + I(X1; ×2;Y2):ÄçëáäÞ, êÜðïéï ìÝñïò �çò ðëçñïöïñßáò ðïõ ðåñéÝ÷åé ç Y1 ãéá �éò ×1 êáé X2 õðÜñ÷åéêáé ó�çí Y2 (êáé áí�ßó�ñïöá).�ü�å éó÷ýåé ç éóü�ç�á;
30



ÁðÜí�çóç:×ñçóéìïðïéþí�áò, êáé ðÜëé, �ïí êáíüíá áëõóßäáò,I(X1; ×2;Y1; Y2) = I(X1; X2;Y1) + I(X1; ×2;Y2|Y1)

= I(X1; X2;Y1) +H(Y2|Y1)−H(Y2|Y1; X1; X2)

(i)
≤ I(X1; X2;Y1) +H(Y2)−H(Y2|Y1; X1; X2)

(ii)
= I(X1; X2;Y1) +H(Y2)−H(Y2|X1; X2)

= I(X1; X2;Y1) + I(X1; X2;Y2):
(i) Conditioning redu
es entropy, (ii) Ïé Õ1 êáé Õ2 åßíáé áíåîÜñ�ç�åò äåäïìÝíùí�ùí X1 êáé X2.H éóü�ç�á éó÷ýåé ü�áí H(Y2|Y1) = H(Y2), ü�áí, äçëáäÞ, ïé Y1 êáé Y2 åßíáé áíåîÜñ-�ç�åò (êáé ü÷é áðëþò áíåîÜñ�ç�åò äåäïìÝíùí �ùí X1 êáé X2).�áñá�çñÞóåéò:ÊÜðïéïé äåí ðñüóåîáí ü�é ó�ï Åñþ�çìá (á), ç éóü�ç�á éó÷ýåé ü�áí ïé X1 êáé X2 åßíáéáíåîÜñ�ç�åò äåäïìÝíçò �çò Z. Ç áíåîáñ�çóßá �ùí X1 êáé X2 (ç ïðïßá, Üëëùó�å, åß÷åõðï�åèåß ó�ï ðñüâëçìá) äåí áñêåß.18. ◮ Ï óêýëïò ðïõ øÜ÷íåé ãéá �ï êüêêáëï { Cover & Thomas 4.12¸íáò óêýëïò êéíåß�áé åðÜíù ó�ïõò áêÝñáéïõò áñéèìïýò. Óå êÜèå âÞìá óõíå÷ßæåé ðñïò�çí ßäéá êá�åýèõíóç ìå ðéèáíü�ç�á 0.9, åíþ áëëÜæåé êá�åýèõíóç ìå ðéèáíü�ç�á 0.1.ÕðïèÝó�å ü�é ï óêýëïò îåêéíÜ áðü �ç èÝóç X0 = 0 êáé ü�é �ï ðñþ�ï âÞìá ìðïñåß íáãßíåé ðñïò ïðïéáäÞðï�å êá�åýèõíóç (èå�éêÞ Þ áñíç�éêÞ) ìå �çí ßäéá ðéèáíü�ç�á. �éáðáñÜäåéãìá, ìéá ðéèáíÞ äéáäñïìÞ �ïõ óêýëïõ åßíáé

(X0; X1; : : :) = (0;−1;−2;−3;−4;−3;−2;−1; 0; 1; 2; 3; 4; 3; :::).(á) Õðïëïãßó�å �çí H(X0; X1; : : : ; Xn).ÁðÜí�çóç:Áðü �ïí êáíüíá áëõóßäáò,H(X0; X1; : : : ; Xn) = n
∑i=0

H(Xi|Xi−1; : : : ; X0)

= H(X0) +H(X1|X0) +

n
∑i=2

H(Xi|Xi−1; : : : ; X0):
• H(X0) = 0 äåäïìÝíïõ ü�é ç èÝóç �ïõ óêýëïõ �ç ÷ñïíéêÞ ó�éãìÞ 0 ìáò åßíáéãíùó�Þ (X0 = 0).
• H(X1|X0) = H(1=2) = 1, êáèþò Ý÷ïõìå õðïèÝóåé ü�é �ï ðñþ�ï âÞìá �ïõóêýëïõ ãßíå�áé ðñïò ìéá áðü �éò 2 êá�åõèýíóåéò (-1 Þ 1) ìå �çí ßäéá ðéèáíü�ç�á.31



• �áñá�çñïýìå ü�é, ãéá �á åðüìåíá âÞìá�á, ç èÝóç �ïõ óêýëïõ �ç ÷ñïíéêÞ ó�éãìÞi åîáñ�Ü�áé ìüíï áðü �ç èÝóç �ïõ �éò ÷ñïíéêÝò ó�éãìÝò i−1 êáé i−2, äåäïìÝíïõü�é, ðñéí ðñï÷ùñÞóåé ó�ï âÞìá i, ï óêýëïò åß�å óõíå÷ßæåé ó�çí ßäéá êá�åýèõíóçìå áõ�Þ ðïõ åß÷å ìå�áîý �ùí âçìÜ�ùí i−2 êáé i−1, Þ áí�éó�ñÝöåé �çí ðïñåßá�ïõ. Óå êÜèå ðåñßð�ùóç, ï óêýëïò ëáìâÜíåé õðüøç �ïõ ìüíï �çí êá�åýèõíóçðïõ åß÷å ìå�áîý �ùí âçìÜ�ùí i− 2 êáé i− 1, áíåîáñ�Þ�ùò �çò äéáäñïìÞò �ïõðñéí áðü �ï âÞìá i − 2. Ìáèçìá�éêÜ, ç ðïñåßá �ïõ óêýëïõ áðï�åëåß �õ÷áßáäéáäéêáóßá Markov 2çò �Üîçò, êáép(xi|xi−1; : : : ; x0) = p(xi|xi−1; xi−2)

=







0:9 ü�áí (xi − xi−1) = (xi−1 − xi−2); |xi − xi−1| = 1
0:1 ü�áí (xi − xi−1) = −(xi−1 − xi−2); |xi − xi−1| = 1
0 áëëéþòÅðïìÝíùò, H(Xi|Xi−1; Xi−2; : : : ; X0) = H(Xi|Xi−1; Xi−2) = H(0:9; 0:1) =

−0:9 log 0:9− 0:1 log 0:1 bits.Áí�éêáèéó�þí�áò ó�ïí êáíüíá áëõóßäáò,H(X0; X1; : : : ; Xn) = n
∑i=0

H(Xi|Xi−1; : : : ; X0)

= H(X0) +H(X1|X0) +

n
∑i=2

H(Xi|Xi−1; Xi−2)

= 0 + 1 + (n− 1)H(0:9; 0:1) = 1 + (n− 1)H(0:9; 0:1):(â) Õðïëïãßó�å �ï ñõèìü åí�ñïðßáò, H(X ), �çò èÝóçò �ïõ óêýëïõ.ÁðÜí�çóç:Áðü �ïí ïñéóìü �ïõ ñõèìïý åí�ñïðßáò,H(X ) = limn→∞

1n + 1
H(X0; X1; : : : ; Xn)

= limn→∞

(

1n+ 1
+
n− 1n+ 1

H(0:9; 0:1)) = H(0:9; 0:1):�áñá�çñÞó�å ü�é H(X ) = H(X ′)

= limn→∞
(Xn|Xn−1; Xn−2; : : : ; X0)

= limn→∞
(Xn|Xn−1; Xn−2) = H(0:9; 0:1):To áðï�Ýëåóìá åßíáé ëïãéêü äéáéóèç�éêÜ, áöïý óå êÜèå âÞìá áõ�ü ðïõ äåí îÝñïõìå(ç áâåâáéü�ç�á) åßíáé ðïéá êá�åýèõíóç èá åðéëÝîåé ï óêýëïò ìå�áîý 2 ðéèáíþíêá�åõèýíóåùí. 32



�áñá�çñÞó�å, åðßóçò, ü�é åÜí äå ëáìâÜíáìå õðüøç ìáò �ï ãåãïíüò ü�é ï óêýëïòáðïöáóßæåé ìüíï ìå âÜóç �éò 2 �åëåõ�áßåò èÝóåéò �ïõ, èá ÷ñåéáæüìáó�áí ðåñéóóü-�åñá bits ãéá íá êùäéêïðïéÞóïõìå �éò êéíÞóåéò �ïõ.19. ÌÝãéó�ï äýï �.ì. (�ñüïäïò È. �., ÍïÝìâñéïò 2009)Èåùñïýìå �ï í�å�åñìéíéó�éêü óýó�çìá �ïõ Ó÷Þìá�ïò 7. Ïé �.ì. X êáé Y áêïëïõèïýíïìïéüìïñöç êá�áíïìÞ ó�ï óýíïëï X = Y = {0; 1; 2}. Ïé X êáé Y åßíáé áíåîÜñ�ç�åòìå�áîý �ïõò. Ôï êýêëùìá õðïëïãßæåé �çí Ýîïäï ìå ÷ñÞóç �çò ó÷Ýóçò Z = max{X; Y }.Äßíå�áé ü�é log2 3 ≈ 1:585 êáé log2 5 ≈ 2:3219.ÅÜí ðñï�éìÜ�å, ìðïñåß�å íá áöÞóå�å ó�éò áðáí�Þóåéò óáò üñïõò �çò ìïñöÞò H(p) =Ç(p1; p2; : : : ; pK) ÷ùñßò íá �ïõò õðïëïãßóå�å, áñêåß íá äþóå�å �éò �éìÝò �ùí p1; p2; : : : ; pK.
Ó÷Þìá 7: Õðïëïãéóìüò ìåãßó�ïõ äýï �.ì.(á) Õðïëïãßó�å �çí H(X) êáé �çí I(X;Y ).ÁðÜí�çóç:ÄåäïìÝíïõ ü�é ç X áêïëïõèåß ïìïéüìïñöç êá�áíïìÞ, H(X) = log2 3 bits.ÅðåéäÞ ïé X êáé Õ åßíáé áíåîÜñ�ç�åò, I(X;Y ) = 0.(â) Yðïëïãßó�å �çí H(Z) êáé �çí I(X;Z).ÁðÜí�çóç:�éá íá âñïýìå �çíH(Z) âñßóêïõìå, êá�' áñ÷Üò, �çí êá�áíïìÞ �çò Z. �áñá�çñïýìåü�é Æ = 0 ü�áí (X; Y ) = (0; 0), Z = 1 ü�áí (X; Y ) ∈ {(0; 1); (1; 0); (1; 1)} êáéZ = 2 ü�áí (X; Y ) ∈ {(0; 2); (2; 0); (1; 2); (2; 1); (2; 2)}. ÄåäïìÝíïõ ü�é üëá �áæåýãç (X; Y ) åßíáé éóïðßèáíá, {pZ(0); pZ(1); pZ(2)} =

{

1
9
; 3
9
; 5
9

}. Åíáëëáê�éêÜ,
Pr{Z = 0} = Pr{X = 0 êáé Y = 0} = 1

3
× 1

3
= 1

9
, Pr{Z = 2} = Pr{X = 2 Þ Y =

2} = Pr{X = 2} + Pr{Y = 2} − Pr{X = 2 êáé Y = 2} = 1
3
+ 1

3
− 1

9
= 5

9
êáé

Pr{Z = 1} = 1− Pr{Z = 0} − Pr{Z = 2} = 3
9
. ÅðïìÝíùò,H(Z) = 1

9
log 9 +

1

3
log 3 +

5

9
log

9

5

=
2

9
log 3 +

1

3
log 3 +

10

9
log 3− 5

9
log 5

=
15

9
log 3− 5

9
log 5 ≈ 1:3516 bits:33



Åíáëëáê�éêÜ, áðü �çí áñ÷Þ äéá÷ùñéóéìü�ç�áò �çò åí�ñïðßáò,H(Z) = H(Z ?
= 0) + pZ(Z > 0)H(Z ?

= 1|Z 6= 0)

= H (1

9

)

+
8

9
H (3

8

)

=
1

9
log 9 +

8

9
log

9

8
+

8

9

(

3

8
log

8

3
+

5

8
log

8

5

)

=
2

9
log 3 +

16

9
log 3− 24

9
+

24

9
− 1

3
log 3− 5

9
log 5

=
15

9
log 3− 5

9
log 5 ≈ 1:3516 bits:Ó�ç óõíÝ÷åéá õðïëïãßæïõìå �çí H(Z|X) ðïõ áðáé�åß�áé ãéá �ïí õðïëïãéóìü �çòI(X;Z)H(Z|X) = pX(0)H(Z|X = 0) + pX(1)H(Z|X = 1) + pX(2)H(Z|X = 2)

=
1

3
H(Y ) +

1

3
H(Y ≤ 1) +

1

3
× 0

=
1

3
log 3 +

1

3
H (2

3

)

=
1

3
log 3 +

1

3

(

1

3
log 3 +

2

3
log

3

2

)

=
1

3
log 3 +

1

3

(

log 3− 2

3

)

=
2

3
log 3− 2

9
≈ 0:8344 bits:ÅðïìÝíùò, I(X;Z) = H(Z)−H(Z|X)

=
15

9
log 3− 5

9
log 5− 2

3
log 3 +

2

9

= log 3− 5

9
log 5 +

2

9
≈ 0:5172 bits:(ã) Âñåß�å Ýíá âÝë�éó�ï Üìåóï äõáäéêü êþäéêá ãéá �ç Z êáé óõãêñßíå�å �ï ìÝóï ìÞêïò�ïõ ìå �çí H(Z).ÁðÜí�çóç:¸íáò �ñüðïò íá âñïýìå �ï âÝë�éó�ï êþäéêá åßíáé ìå �ç ÷ñÞóç êùäéêïðïßçóçòHu�man. ¸íáò êþäéêáò Hu�man åßíáé ï {0; 1; 2} ↔ {00; 01; 1}.To ìÝóï ìÞêïò �ïõ êþäéêá éóïý�áé ìå E[l] = 2×
(

1
9
+ 1

3

)

+ 5
9
= 13

9
≈ 1:4444 bits.�áñá�çñïýìå ü�é åðé�õã÷Üíå�áé óõìðßåóç ìå 0.0924 bits ìáêñéÜ áðü �çí åí�ñïðßá,H(Z). 34



(ä) Äåßî�å ü�é I(X;Y |Z) > 0 (ü÷é ≥). Óõãêñßíå�å ìå �çí I(X;Y ) �ïõ Åñù�Þìá�ïò(á).Õðüäåéîç: Ç áðÜí�çóç ðñïêýð�åé ðïëý ðéï óýí�ïìá áí ÷ñçóéìïðïéÞóå�å éäéü�ç�åòåí�ñïðßáò Þ/êáé áìïéâáßáò ðëçñïöïñßáò êáé äåß�å �é éó÷ýåé ó�ï óõãêåêñéìÝíï ðñü-âëçìá, ðáñÜ áí êÜíå�å ðñÜîåéò.ÁðÜí�çóç:Ç I(X;Y |Z) ìðïñåß íá ãñáö�åß ó�ç ìïñöÞ I(X;Y |Z) = H(X|Z) − H(X|Y; Z).Åðßóçò, áðü �ïí êáíüíá áëõóßäáò ãéá �çí åí�ñïðßá,H(X; Y |Z) = H(Y |Z) +H(X|Y; Z)⇒ −Ç(× |Õ; Æ) = Ç(Õ |Æ)− Ç(×;Õ |Æ):Áí�éêáèéó�þí�áò �çí ðñþ�ç ó÷Ýóç, ðñïêýð�åé ü�éI(X;Y |Z) = H(X|Z) +H(Y |Z)−H(X; Y |Z):H ðáñáðÜíù ó÷Ýóç åßíáé áíÜëïãç �çò (2.45) �ïõ âéâëßïõ �ùí Cover & Thomas ãéáäåóìåõìÝíç áìïéâáßá ðëçñïöïñßá.�íùñßæïõìå ü�é H(X; Y |Z) ≤ H(X|Z) + H(Y |Z) ìå = ü�áí ïé X êáé Y åßíáéáíåîÜñ�ç�åò äåäïìÝíçò �çò Z. Ùó�üóï, áõ�ü äåí éó÷ýåé. �éá ðáñÜäåéãìá, áíZ = 0, �ü�å ãíùñßæïõìå ü�é ç ìüíç �éìÞ ðïõ åðé�ñÝðå�áé ãéá �ï æåýãïò (X; Y ) åßíáéç (0,0). Óõíåðþò, H(X; Y |Z) < H(X|Z)+H(Y |Z) êáé I(X;Y |Z) > 0. ÅðïìÝíùò,áí ãíùñßæïõìå �çí �éìÞ �çò Z, ç \áðïêÜëõøç" �çò X ìáò äßíåé ðëçñïöïñßá ãéá �çíY êáé áí�éó�ñüöùò (êá�Ü ìÝóï üñï).Ç (áðåõèåßáò) áðÜí�çóç ü�é I(X;Y |Z) > 0 ü�áí ïé X êáé Y äåí åßíáé õðü óõíèÞêçáíåîÜñ�ç�åò äåäïìÝíçò �çò Z ãßíå�áé äåê�Þ, áñêåß íá äåßîå�å ü�é äåí éó÷ýåé ç õðüóõíèÞêç áíåîáñ�çóßá.(å) ÅÜí �üóï ï óõìðéåó�Þò üóï êáé ï áðïóõìðéåó�Þò ãíùñßæïõí, ìå êÜðïéï �ñüðï, �çí�éìÞ �çò Y (áëëÜ ü÷é �çò X), ðñï�åßíå�å Ýíá âÝë�éó�ï Üìåóï äõáäéêü êþäéêá ãéá�ç óõìðßåóç �çò Z. �üóï áðïäï�éêüò åßíáé ï êþäéêáò;ÁðÜí�çóç:Åäþ ðñÝðåé íá äåß�å ü�é ðñÝðåé íá óõìðéÝóïõìå ìå ÷ñÞóç �çò êá�áíïìÞò pZ|Y êáé ü�é�ï èåùñç�éêü êÜ�ù üñéï åßíáé ç H(Z|Y ). ÅÜí Õ = 2, Æ = 2 ìå ðéèáíü�ç�á 1, ïðü�åäå ÷ñåéÜæå�áé íá êùäéêïðïéÞóïõìå �ç Z. Áí Y = 0, �ü�å ç Z áêïëïõèåß ïìïéüìïñöçêá�áíïìÞ ìå �éìÝò {0; 1; 2}. ¸íáò âÝë�éó�ïò êþäéêáò åßíáé ï {0; 10; 11}. ÔÝëïò,åÜí Y = 1, ç Z áêïëïõèåß êá�áíïìÞ Bern(2/3) ìå �éìÝò {1; 2}. Óõíåðþò, áñêåßï êþäéêáò {0; 1}. Ó�çí ïõóßá Ý÷ïõìå 2 âéâëßá êùäßêùí (2 \ëåîéêÜ"). Ôï ëåîéêüðïõ èá ÷ñçóéìïðïéÞóïõìå åîáñ�Ü�áé áðü �çí �éìÞ �çò Y , �çí ïðïßá ãíùñßæåé �üóïï óõìðéåó�Þò üóï êáé ï áðïóõìðéåó�Þò. Ó�çí ðåñßð�ùóç üðïõ Z = 0 äå ÷ñåéÜæå�áéëåîéêü ãéá�ß äåí áðáé�åß�áé êùäéêïðïßçóç.
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Ôï ìÝóï ìÞêïò �ïõ êþäéêá éóïý�áé ìå
E[l] = Pr{Y = 0} × 0 + Pr{Y = 1}

(

2

3
× 1 +

1

3
× 1

)

+ Pr{Y = 2}
(

1

3
× 1 +

1

3
× 2 +

1

3
× 2

)

=
1

3
+

1

3
× 5

3
=

8

9
≈ 0:8889 bits:�áñá�çñïýìå ü�é åðé�õã÷Üíå�áé óõìðßåóç áñêå�Ü êïí�Ü ó�çí H(Æ |Õ ) = Ç(Æ |×)ðïõ õðïëïãßó�çêå ó�ï Åñþ�çìá (â).ÈåùñÞó�å, �þñá, �ï �ñïðïðïéçìÝíï óýó�çìá �ïõ Ó÷Þìá�ïò 8. Ôþñá ÷ñçóéìïðïéïýìå�ï êýêëùìá max{·} óå äéáäï÷éêÝò ÷ñïíéêÝò ó�éãìÝò. H �.ì. Y Ý÷åé áí�éêá�áó�áèåßáðü �ï äåßãìá �çò X �çí ðñïçãïýìåíç ÷ñïíéêÞ ó�éãìÞ, äçëáäÞ Zn = max{Xn; Xn−1}.Èåùñïýìå, êáé ðÜëé, ü�é Xn ∼Unif{0; 1; 2}. Åðßóçò, ïé Xn åßíáé áíåîÜñ�ç�åò êáé ïìïßùòêá�áíåìçìÝíåò (i.i.d.). Èåùñïýìå (ðáñüëï ðïõ äåí Ý÷åé éäéáß�åñç óçìáóßá) ü�é ï ÷ñüíïòáñ÷ßæåé �ç ó�éãìÞ n = 0 êáé ü�é ×−1 = 0.

Ó÷Þìá 8: ÔñïðïðïéçìÝíï óýó�çìá.(ó�) Õðïëïãßó�å �çí Ç(Zn) ãéá n > 0 êáé �çí I(Xn;Xn−1) ãéá n ≥ 1.ÁðÜí�çóç:Ç êá�áíïìÞ �çò Zn åßíáé ç ßäéá üðùò êáé ó�ï Åñþ�çìá (á).ÅðïìÝíùò, H(Zn) = log2 3 bits.ÅðåéäÞ ç {Xn} åßíáé i.i.d., ïé Xn êáé Xn−1 åßíáé áíåîÜñ�ç�åò. ÅðïìÝíùò,I(Xn;Xn−1) = 0.(æ*) Õðïëïãßó�å �çí H(Zn|Zn−1) ãéá n > 1. Åßíáé ç {Zn} i.i.d.;ÁðÜí�çóç:�éá íá âñïýìå �çí H(Zn|Zn−1) ðáñá�çñïýìå ü�é:
• Áí Zn−1 = 0 �ü�å Xn−1 = 0.ÅðïìÝíùò, Æn = max{Xn; 0} = Xn ∼ Unif({0; 1; 2}) êáé Ç(Zn|Zn−1 = 0) = log 3.36



• Áí Zn−1 = 1 �ü�å Xn−1 = 1 ìå ðéèáíü�ç�á 2/3 Þ Xn−1 = 0 ìå ðéèáíü�ç�á 1/3ãéá�ß õðÜñ÷ïõí 3 éóïðßèáíá åíäå÷üìåíá ðïõ ðáñÜãïõí Zn−1 = 1: (Xn−1; Xn−2) =
{(0; 1); (1; 0); (1; 1)}. Ìå ÷ñÞóç �ïõ èåùñÞìá�ïò ïëéêÞò ðéèáíü�ç�áò,pZn|Zn−1(Zn|Zn−1 = 1) =

{

1
9
; 5
9
; 3
9

}.Óõíåðþò, H(Zn|Zn−1 = 1) = H (1
9
; 5
9
; 3
9

)

≈ 1:3516 bits.
• Áí Zn−1 = 2 �ü�å Xn−1 = 0 ìå ðéèáíü�ç�á 1/5 Þ Xn−1 = 1 ìå ðéèáíü�ç�á1/5 Þ Xn−1 = 2 ìå ðéèáíü�ç�á 3/5 ãéá�ß õðÜñ÷ïõí 5 éóïðßèáíá åíäå÷üìåíá ðïõðáñÜãïõí Zn−1 = 2: (Xn−1; Xn−2) = {(0; 2); (1; 2); (2; 2); (2; 1); (2; 0)}. Ìå ÷ñÞóç�ïõ èåùñÞìá�ïò ïëéêÞò ðéèáíü�ç�áò,pZn|Zn−1(Zn|Zn−1 = 2) =

{

1
15
; 3
15
; 11
15

}.Óõíåðþò, H(Zn|Zn−1 = 2) = H ( 1
15
; 3
15
; 11
15

)

≈ 1:0530 bits.ÓõíäõÜæïí�áò üëá �á ðáñáðÜíù,H(Zn|Zn−1) = Pr{Zn−1 = 0}Ç(Zn|Zn−1 = 0)+

= Pr{Zn−1 = 1}Ç(Zn|Zn−1 = 1)+

= Pr{Zn−1 = 2}Ç(Zn|Zn−1 = 2)

≈ 1

9
× log 3 +

1

3
× 1:3516 + 5

9
× 1:0530 = 1:2116 bits:�áñá�çñïýìå ü�é, óå áí�ßèåóç ìå �çí ðåñßð�ùóç üðïõ ïé X êáé Y ðñïÝñ÷ïí�áéáðü äéáöïñå�éêÝò ðçãÝò (ïðü�å êáé H(Zn|Zn−1) = H(Zn) ≈ 1:3516 bits), ó�çíðåñßð�ùóç ðïõ ÷ñçóéìïðïéïýìå �ç Xn−1 ó�ç èÝóç �çò Y ç Ýîïäïò äåí åßíáé, ðëÝïí,i.i.d. Ç �åëåõ�áßá ðáñá�Þñçóç ìðïñåß íá ãßíåé êáé áðåõèåßáò áðü �ï ãåãïíüò ü�é,�üóï ç Zn üóï êáé ç Zn−1 åîáñ�þí�áé áðü �ç Xn−1.(ç*) Óõãêñßíå�å �çí H(Zn|Zn−1; Zn−2) (ãéá n > 2) ìå �çí H(Zn|Zn−1). Äå ÷ñåéÜæå�áéíá âñåß�å áêñéâÞ �éìÞ, áðëþò íá ðñïóäéïñßóå�å åÜíH(Zn|Zn−1; Zn−2) = H(Zn|Zn−1) Þ ü÷é. Åßíáé ç {Zn} áëõóßäá Markov 1çò �Üîçò;ÁðÜí�çóç:Áðü �ï ðñïçãïýìåíï åñþ�çìá, åÜí Zn−1 = 0, �ü�å îÝñïõìå ü�é Xn−1 = 0 ìåðéèáíü�ç�á 1 êáé ãíþóç �çò Zn−2 äå ìáò äßíåé êáìéá åðéðëÝïí ðëçñïöïñßá ðïõìðïñåß íá ìáò ÷ñçóéìåýóåé ãéá �ç Zn, áöïý äåí ìðïñïýìå íá îÝñïõìå �ßðï�á áðüðñéí ãéá �ç Xn.ÅÜí Zn−1 = 1, áõ�ü óçìáßíåé ü�é Ý÷åé åìöáíéó�åß Ýíá áðü 3 éóïðßèáíá åíäå÷üìåíá

(Xn−1; Xn−2): (0,1), (1,0) Þ (1,1). ÅÜí, �þñá, ìÜèïõìå ü�é Zn−2 = 0, áõ�ü óçìáßíåéü�é Xn−2 = 0. ÅðïìÝíùò, ìáèáßíïõìå ìå âåâáéü�ç�á ü�é Xn−1 = 1. Áõ�ü áëëÜæåé�çí êá�áíïìÞ �çò Zn óå ó÷Ýóç ìå �çí ðåñßð�ùóç ðïõ îÝñáìå ìüíï �ç Zn−1. ¢ñá,äåäïìÝíïõ ü�é �ï åíäå÷üìåíï (Zn−1; Zn−2) = (1; 0) åìöáíßæå�áé ìå ìç ìçäåíéêÞðéèáíü�ç�á, H(Zn|Zn−1; Zn−2) 6= H(Zn|Zn−1). �íùñßæïõìå, üìùò, ü�é H(X|Y ) ≤H(X). Óõíåðþò, H(Zn|Zn−1; Zn−2) < H(Zn|Zn−1) êáé ç {Zn} äåí åßíáé áëõóßäáMarkov 1çò �Üîçò! 37



�áñá�çñÞóåéò:�åíéêÜ, ïé åðéäüóåéò ó�çí �ñüïäï Þ�áí êáëÝò. ÊÜðïéïé Ý÷áóáí ÷ñüíï ãéá íá õðïëï-ãßóïõí �çí pZ|X ãéá X = 0; 1 êáé 2 ìå ÷ñÞóç �ïõ èåùñÞìá�ïò Bayes. Ç ðñïóÝããéóçåßíáé óùó�Þ, áðëþò ç pZ|X ðñïêýð�åé ðéï ãñÞãïñá ìå åðéóêüðçóç �ïõ ðñïâëÞìá�ïò. ÔïÅñþ�çìá (å) ðñïâëçìÜ�éóå �ïõò ðåñéóóü�åñïõò. Êáíåßò äå ìáò áðáãïñåýåé íá áëëÜæïõìå�ïí êþäéêá áíÜëïãá ìå �çí �éìÞ �çò Õ . ¸íáò êþäéêáò ðïõ åîáñ�Ü�áé áðü �çí �éìÞ �çò Yåßíáé êáé áõ�üò Ýíáò êþäéêáò! Áñêåß êùäéêïðïéç�Þò êáé áðïêùäéêïðïéç�Þò íá ãíùñßæïõíáêñéâþò �ïí êþäéêá óõíáñ�Þóåé �çò Z êáé �çò Y .20. ÅðÝìâáóç óå äõáäéêÞ áêïëïõèßá (ÔåëéêÞ ÅîÝ�áóç È. �., ÖåâñïõÜñéïò 2010)Óçìåßùóç: ÅÜí óå êÜðïéá åñù�Þìá�á �çò Üóêçóçò ï õðïëïãéóìüò �çò åí�ñïðßáò äåíåßíáé �å�ñéììÝíïò, åÜí �ï åðéèõìåß�å ç áðÜí�çóÞ óáò ìðïñåß íá ðåñéÝ÷åé üñïõò �çò ìïñöÞòH(p), áñêåß íá äéåõêñéíßóå�å ðïéá åßíáé ç êá�áíïìÞ p.Èåùñïýìå áêïëïõèßá áíåîÜñ�ç�ùí êáé ïìïßùò êá�áíåìçìÝíùí (i.i.d.) �.ì.Xi ∼ Bern(1=2). Ïé åðé�ñåð�Ýò �éìÝò �ùí Xi åßíáé 0 Þ 1.(á) Õðïëïãßó�å �çí H(Xi), �çí H(X1; X2; : : : ; Xn) (ãéá ðåðåñáóìÝíï n) êáé �ï ñõèìüåí�ñïðßáò, H(X ), åÜí áõ�üò ïñßæå�áé. �üóá bits (êá�Ü ìÝóï üñï) áðáé�ïýí�áé ãéá�ç óõìðßåóç n äéáäï÷éêþí äåéãìÜ�ùí �çò ó�ï÷áó�éêÞò áíÝëéîçò,
{X} = {: : : ; X1; X2; : : :}; ÁëëÜæåé ç áðÜí�çóÞ óáò áí �á äåßãìá�á ðïõ óõìðéÝæï-í�áé äåí åßíáé, êá�' áíÜãêç, äéáäï÷éêÜ;ÁðÜí�çóç:ÄåäïìÝíïõ ü�é ç X áêïëïõèåß ïìïéüìïñöç êá�áíïìÞ, H(Xi) = log2 2 = 1 bit.ÅðåéäÞ ïé Xi åßíáé áíåîÜñ�ç�åò êáé ïìïßùò êá�áíåìçìÝíåò, H(X1; X2; : : : ; Xn) =
∑ni=1H(Xi) = n bits.H áêïëïõèßá �ùí Xi åßíáé ó�Üóéìç (êá�Ü �çí áõó�çñÞ Ýííïéá) êáé åñãïäéêÞ. Óõ-íåðþò, ï ñõèìüò åí�ñïðßáò Ý÷åé íüçìá. H(X ) = limn→∞

H(Xn
1 )n = limn→∞

nn = 1bit/symbol. Åíáëëáê�éêÜ, H(X ) = limn→∞H(Xn|Xn−1
1 ) = limn→∞H(Xn) = 1bit/symbol.�éá �ç óõìðßåóç n äåéãìÜ�ùí �çò ó�ï÷áó�éêÞò áíÝëéîçò {X} áðáé�ïýí�áé êá�ÜìÝóï üñï nH(X ) = n bits. ÅðåéäÞ ïé Xi åßíáé i.i.d. ç áðÜí�çóç äåí áëëÜæåé åÜí�á äåßãìá�á äåí åßíáé äéáäï÷éêÜ.(â) ¸ó�ù, �þñá, ü�é, ãéá ëüãïõò óõã÷ñïíéóìïý èÝëïõìå íá åßìáó�å âÝâáéïé ü�é çáêïëïõèßá èá ðáßñíåé �çí �éìÞ `1' áíÜ �áê�Ü ÷ñïíéêÜ äéáó�Þìá�á. ¸íáò �ñüðïòãéá íá �ï äéáóöáëßóïõìå åßíáé ìå�Ü áðü êÜèå 3 óýìâïëá �çò áêïëïõèßáò {X}íá åéóÜãïõìå êáé Ýíá óýìâïëï `1', áíåîáñ�Þ�ùò �ùí �éìþí �ùí 3 óõìâüëùí.ÄçëáäÞ �ï êýêëùìá ðïõ ðñïóèÝ�åé óýìâïëá äå ÷ñåéÜæå�áé íá åîå�Üæåé �éò �éìÝò�çò áêïëïõèßáò {×}. Óõíåðþò,Y4k+j = X3k+j k ∈ Z; j ∈ 0; 1; 2Y4k+3 = 1 k ∈ Z38



Yðïëïãßó�å �çí H(Õi), �çí H(Õ1; Õ2; : : : ; Õn) (ãéá ðåðåñáóìÝíï n) êáé �ï ñõèìüåí�ñïðßáò, H(Y), åöüóïí áõ�üò ïñßæå�áé. �üóá bits (êá�Ü ìÝóï üñï) áðáé�ïýí�áéãéá �ç óõìðßåóç n äéáäï÷éêþí äåéãìÜ�ùí �çò ó�ï÷áó�éêÞò áíÝëéîçò,
{Y } = {: : : ; Y1; Y2; : : :};ÁðÜí�çóç:Óå áõ�Þí �çí ðåñßð�ùóç, ç H(Yi) åîáñ�Ü�áé áðü �ï äåßê�ç i. �éá i mod 4 = 3,H(Yi) = 0, äåäïìÝíïõ ü�é ãíùñßæïõìå ü�é Yi = 1. Áëëéþò, H(Yi) = 1 bit.Ïìïßùò, êáé ç H(Y1; Y2; : : : ; Xn) åîáñ�Ü�áé áðü �çí �éìÞ �ïõ n. ÅÜí n = 4q + rêáé s = min{r; 2}, H(Y1; Y2; : : : ; Yn) = 3q + s+ 1 bits.H ó�ï÷áó�éêÞ áíÝëéîç {Y } äåí åßíáé ó�Üóéìç, åðåéäÞ ïé éäéü�ç�Ýò �çò åîáñ�þí�áéáðü �ç ÷ñïíéêÞ ó�éãìÞ ðïõ åîå�Üæïõìå (äåäïìÝíïõ ü�é �ï 4ï óýìâïëï êÜèå �å�ñÜäáòéóïý�áé ðÜí�ï�å ìå 1). Áí õðïëïãßóïõìå �ï ñõèìü åí�ñïðßáò ùòH(Y) = limn→∞

H(Y n
1 )n , H(Y) = 3=4 bits/symbol. Ùó�üóï, áí ÷ñçóéìïðïéÞóïõìå�ç ó÷Ýóç limn→∞H(Yn|Y n−1

1 ) �ï üñéï äåí õðÜñ÷åé. �åíéêÜ, ðáñüëï ðïõ ç ðëçñï-öïñßá ðïõ ðåñéÝ÷å�áé êá�Ü ìÝóï üñï óå êÜèå óýìâïëï �çò {Y } åßíáé 3/4 bits, çðëçñïöïñßá äåí åßíáé êá�áíåìçìÝíç ïìïéüìïñöá ó�çí áêïëïõèßá.�éá �ç óõìðßåóç n äéáäï÷éêþí äåéãìÜ�ùí �çò ó�ï÷áó�éêÞò áíÝëéîçò {Y } áðáé�ïýí�áéêá�Ü ìÝóï üñï 3n=4 bits.(ã) Ó�ï ðñïçãïýìåíï åñþ�çìá õðïèÝóáìå ü�é ãíùñßæïõìå �éò èÝóåéò üðïõ Ý÷ïõí �ï-ðïèå�çèåß ïé �éìÝò `1'. ÕðïèÝó�å, �þñá, ü�é ãíùñßæïõìå ìåí ü�é ìå�Ü áðü êÜèå 3óýìâïëá �ïðïèå�åß�áé Ýíá `1', áëëÜ äå ãíùñßæïõìå �çí áñ÷Þ �çò áêïëïõèßáò, ìåáðï�Ýëåóìá íá ìçí îÝñïõìå �ï äåßê�ç �ïõ óýìâïëïõ ðïõ åîå�Üæïõìå. ÄçëáäÞ,èåùñïýìå �çí áêïëïõèßá {Ỹ }, üðïõ, ãéá êÜèå i, Ỹi = Yi+m, ìå ó�áèåñÞ, áëëÜÜãíùó�ç ìå�á�üðéóç m.Yðïëïãßó�å �çí H(Õ̃i). Åðßóçò, õðïëïãßó�å �çí H(Õ̃1; Õ̃2; : : : ; Õ̃n), áëëÜ áõ�Þ �çöïñÜ ãéá n → ∞. �üóá bits (êá�Ü ìÝóï üñï) áðáé�ïýí�áé ãéá �ç óõìðßåóç näéáäï÷éêþí äåéãìÜ�ùí �çò ó�ï÷áó�éêÞò áíÝëéîçò, {Ỹ } = {Ỹ1; Ỹ2; : : :}; Õðåíèõìßæå-�áé ü�é, óå áí�ßèåóç ìå �á ðñïçãïýìåíá åñù�Þìá�á, n→∞.Yðüäåéîç: Mðïñåß�å íá âñåß�å �çí H(Õ̃1; Õ̃2; : : : ; Õ̃n) ãéá n → ∞ ìå âÜóç �áìÝ÷ñé �þñá åñù�Þìá�á ÷ùñßò íá êÜíå�å ðñÜîåéò. ÅÜí óáò ÷ñåéáó�åß äßíå�áé ü�é
log2 3 ≈ 1:585 êáé log2 5 = 2:322.ÁðÜí�çóç:�éá íá âñïýìå �çí H(Ỹi) õðïëïãßæïõìå �çí êá�áíïìÞ �çò Ỹi. ÄåäïìÝíïõ ü�é çìå�á�üðéóç m åßíáé �õ÷áßá, ìå ðéèáíü�ç�á 1

4
, m mod 4 = 3. Ó�çí ðåñßð�ùóç áõ�Þ,Ỹi = 1. Áëëéþò, Ỹi ∼ Bern(1=2). ÅðïìÝíùò, áðü �ï èåþñçìá ïëéêÞò ðéèáíü�ç�áò,pỸi(0) = 1

4
× 0 +

3

4
× 1

2
=

3

8
:pỸi(1) = 1− pỸi(0) = 5

8
:39



Óõíåðþò, H(Õ̃i) = H(3=8) ≈ 0:9544 bits. �áñá�çñïýìå ü�é, ðáñüëï ðïõ äåãíùñßæïõìå áí ç i åßíáé èÝóç ó�çí ïðïßá Ý÷åé åéóá÷èåß óýìâïëï `1' Þ ü÷é, ç �.ì.Ỹi åßíáé ëéãü�åñï �õ÷áßá áðü �ç Xi, áöïý ç ðéèáíü�ç�á íá éóïý�áé ìå 1 åßíáéìåãáëý�åñç áðü �çí ðéèáíü�ç�á íá éóïý�áé ìå 0.�éá íá âñïýìå �çí H(Õ̃1; Õ̃2; : : : ; Õ̃n) ãéá n → ∞ ÷ñçóéìïðïéïýìå �ïí êáíüíááëõóßäáò ãéá �çí åí�ñïðßáH(Õ̃1; Õ̃2; : : : ; Õ̃n) = n
∑i=1

H(Õ̃n|Õ̃ n−1
1 ):Áñ÷éêÜ, ç áâåâáéü�ç�Ü ìáò ãéá �çí Y1 (�ï ÷ñïíéêü óçìåßï üðïõ áñ÷ßæïõìå íá ðáñá-�çñïýìå �çí áêïëïõèßá) èá éóïý�áé ìå H(3=8). Êáèþò ðáñá�çñïýìå �á äåßãìá�á,ç áâåâáéü�ç�á èá ìåéþíå�áé êáé èá áñ÷ßóïõìå íá \õðïøéáæüìáó�å" ðïéá åßíáé ç�éìÞ �ïõ m mod 4. ÊÜðïéá ó�éãìÞ, èá åìöáíéó�åß ìéá áêïëïõèßá áðü �ñßá `0' (çðéèáíü�ç�á íá óõìâåß áõ�ü åßíáé ìç ìçäåíéêÞ), ïðü�å èá ìðïñÝóïõìå íá ðñïóäéïñß-óïõìå áêñéâþò ðïéåò åßíáé ïé èÝóåéò üðïõ åéóÜãïí�áé �á `1'. Áðü åêåßíï �ï óçìåßïãíùñßæïõìå, ðëÝïí, �ï m mod 4, ìå áðï�Ýëåóìá ç ìÝóç åí�ñïðßá íá éóïý�áé ìå3/4 bits/óýìâïëï, üðùò ó�ï ðñïçãïýìåíï åñþ�çìá. Êáèþò �ï n → ∞, ç óõì-âïëÞ �ùí áñ÷éêþí üñùí ó�çí áðü êïéíïý åí�ñïðßá åîáöáíßæå�áé, ìå áðï�ÝëåóìáH(Õ̃1; Õ̃2; : : : ; Õ̃n) ≈ 3

4
n bits êáé íá ÷ñåéáæüìáó�å êá�Ü ìÝóï üñï 3/4 bits ãéá íáêùäéêïðïéÞóïõìå êÜèå óýìâïëï. Åíáëëáê�éêÜ, ìðïñïýìå íá äïêéìÜóïõìå �éò 4äéáöïñå�éêÝò �éìÝò �ïõ m mod 4 êáé íá âñïýìå ãéá ðïéá �éìÞ üëá �á Ỹi+m, i = 4kéóïýí�áé ìå 1.(ä) ÕðïèÝó�å, �Ýëïò, ü�é, áí�ß íá �ïðïèå�ïýìå óýìâïëá ìå �éìÝò `1' ðÜí�ï�å ó�çí ßäéáèÝóç, �á åéóÜãïõìå ùò åîÞò: Ìå�Ü áðü êÜèå óýìâïëï Xi, ðáßñíïõìå ìßá �õ÷áßááðüöáóç (ç ïðïßá äåí åîáñ�Ü�áé áðü �çí �éìÞ �çò Xi). Ìå ðéèáíü�ç�á p = 1=3åéóÜãïõìå Ýíá `1' ìå�Ü áðü �ï Xi, åíþ ìå ðéèáíü�ç�á 1 − p = 2=3 ðñï÷ùñÜìåó�ï åðüìåíï óýìâïëï, Xi+1, �çò {X}. ÏíïìÜæïõìå �çí �õ÷áßá äéáäéêáóßá ðïõðñïêýð�åé ìå áõ�üí �ïí �ñüðï {Z}.Yðïëïãßó�å �çí H(Zi) êáé �çí Ç(Æi|Zi−1). EÜí êùäéêïðïéïýìå �á óýìâïëá �çòáêïëïõèßáò {Z} áíÜ æåýãç, êåñäßæïõìå êÜ�é áí ö�éÜîïõìå �ïí êþäéêá ìå ÷ñÞóç�çò pZiZi−1

(zi; zi−1) áí�ß íá ÷ñçóéìïðïéÞóïõìå �çí (ðñïóåããéó�éêÞ) õðüèåóç ü�épZiZi−1
(zi; zi−1) = pZi(zi)pZi−1

(zi−1);ÁðÜí�çóç:�áñá�çñïýìå, êá�' áñ÷Üò, ü�é ç {Z} åßíáé ó�Üóéìç, ãéá�ß åíåñãïýìå ìå �ïí ßäéï�ñüðï ãéá �ç äçìéïõñãßá �çò áðü �ç {X}, áíåîáñ�Þ�ùò �çò ÷ñïíéêÞò ó�éãìÞò, i.Èåùñïýìå áëõóßäá Markov ìå äýï êá�áó�Üóåéò: Ó�çí êá�Üó�áóç C(opy), Zj =Xi, üðïõ i �ï ðñþ�ï äåßãìá �çò {X} ðïõ äåí Ý÷åé ÷ñçóéìïðïéçèåß áêüìá ãéá �çäçìéïõñãßá �çò {Æ}. Ó�çí êá�Üó�áóç I(nsert), Zj = 1. Ç ìå�Üâáóç Þ ìç áðü �çíêá�Üó�áóç C ó�çí êá�Üó�áóç I êáèïñßæå�áé áðü �çí �éìÞ �çò �õ÷áßáò áðüöáóçò,Ýó�ù U ∼ Bern(1/3). Áðü �çí êá�Üó�áóç I ìå�áâáßíïõìå ðÜí�ï�å ó�çí êá�Üó�áóçC, äçëáäÞ áí �ïðïèå�Þóïõìå Ýíá óýìâïëï `1', �çí åðüìåíç öïñÜ èá �ïðïèå�Þóïõìå40



Ýíá óýìâïëï Xi ê.ï.ê. To äéÜãñáììá �çò áëõóßäáò Markov äßíå�áé ó�ï Ó÷Þìá 9,åíþ ï ðßíáêáò ìå�Üâáóçò åßíáé ï P =

[

2
3

1
3

1 0

] :

Ó÷Þìá 9: Áëõóßäá Markov ãéá ìïí�åëïðïßçóç �çò �ïðïèÝ�çóçò `1' ó�ç {Æ}�áñá�çñïýìå ü�é ìðïñïýìå íá ìå�áâïýìå áðü ïðïéáäÞðï�å êá�Üó�áóç �çò áëõóßäáòó�çí Üëëç ìå ðåðåñáóìÝíï áñéèìü âçìÜ�ùí. Åðßóçò, ç áëõóßäá åßíáé áðåñéïäéêÞ.Óõíåðþò, ìðïñïýìå íá õðïëïãßóïõìå �ç ó�Üóéìç êá�áíïìÞ �çò µ = [�C �I ].
1

3
�C = �I ⇒ �C = 3�I�C + �I = 1⇒ �I = 1

4
⇒ �C =

3

4
:¼�áí ç áëõóßäá âñßóêå�áé ó�çí êá�Üó�áóç C �ç ÷ñïíéêÞ ó�éãìÞ i, Zi ∼ Bern(1=2),åíþ ü�áí âñßóêå�áé ó�çí êá�Üó�áóç I, Zi = 1. Óõìâïëßæïí�áò �çí �.ì. ðïõõðïäçëþíåé �çí êá�Üó�áóç �çò áëõóßäáò �ç ÷ñïíéêÞ ó�éãìÞ i ìå Si êáé áðü �ïèåþñçìá ïëéêÞò ðéèáíü�ç�áò,pZi(zi) =∑

S

pZiSi(zi; si) = Pr{Si = C}p(zi|Si = C) + Pr{Si = I}p(zi|Si = I)
= �Cp(zi|Si = C) + �Ip(zi|Si = I):ÅðïìÝíùò, pZi(0) = 3

8
êáé pZi(1) = 5

8
. Óõíåðþò, H(Zi) = H(3=8) ≈ 0:9544 bits.Ç ðéèáíü�ç�á Zi = 0 áí Zi−1 = 0 éóïý�áé ìå �çí ðéèáíü�ç�á íá ìçí åéóÜãïõìå `1'ìå�Ü �ç Zi−1 åðß �çí ðéèáíü�ç�á ç �éìÞ �çòXj íá éóïý�áé ìå 0, äçëáäÞ pZi|Zi−1

(0|0) =
2
3
1
2

= 1
3
êáé pZi|Zi−1

(1|0) = 1 − pZi|Zi−1
(1|0) = 2

3
. H ðéèáíü�ç�á Zi = 0 áíZi−1 = 1 éóïý�áé êáé ðÜëé ìå �çí ðéèáíü�ç�á íá ìçí åéóÜãïõìå `1' åðß �çí ðé-èáíü�ç�á ç �éìÞ �çò Xj íá éóïý�áé ìå 0, äçëáäÞ pZi|Zi−1

(0|1) = 2
3
1
2

= 1
3
êáépZi|Zi−1

(1|1) = 1− pZi|Zi−1
(0|1) = 2

3
. Óõíåðþò,Ç(Zi|Zi−1) = H(1=3) ≈ 0:9183 bits;41



ç ïðïßá, üðùò Þ�áí áíáìåíüìåíï, åßíáé ìéêñü�åñç áðü H(3=8).�éá íá êùäéêïðïéÞóïõìå �á óýìâïëá �çò áêïëïõèßáò êá�Ü æåýãç, õðïëïãßæïõìå�çí p(zi+1; zi) = p(zi)p(zi+1|zi)p(0; 0) = 3

8

1

3
=

1

8
=

3

24p(0; 1) = 5

8

1

3
=

5

24p(1; 0) = 3

8

2

3
=

6

24p(1; 1) = 5

8

2

3
=

10

24O êþäéêáò Hu�man ãéá �çí pZi+1Zi(zi+1; zi) åßíáé ï
{(0; 0); (0; 1); (1; 0); (1; 1)} ↔ {000; 001; 01; 1} ìå ìÝóï ìÞêïò ßóï ìå

E[l∗] = 1× 10

24
+ 2× 624 + 3× 8

24
=

46

24
≈ 1:916 bits:ÅðïìÝíùò, ìðïñïýìå íá åðé�ý÷ïõìå óõìðßåóç ìå 0.958 bits/óýìâïëï êá�Ü ìÝóïüñï.Áí ÷ñçóéìïðïéÞóïõìå �çí ðñïóÝããéóç pZi+1

(zi+1)pZi(zi),p(0)p(0) = 9

64p(0)p(1) = 15

64p(1)p(0) = 15

64p(1)p(1) = 25

64O (âÝë�éó�ïò) êþäéêáò Hu�man ðïõ ðñïêýð�åé Ý÷åé �á ßäéá ìÞêç êáé, åðïìÝíùò, êáé�ï ßäéï ìÝóï ìÞêïò, E[l∗]. EðïìÝíùò, áêüìá êáé áí èåùñÞóïõìå �éò Zi áíåîÜñ�ç�åòäåí Ý÷ïõìå áðþëåéá ó�çí åðßäïóç �çò óõìðßåóçò ü�áí êùäéêïðïéïýìå áíÜ æåýãçóõìâüëùí.�áñá�çñÞóåéò:�åíéêÜ ïé åðéäüóåéò ó�á Åñù�Þìá�á (á) Ýùò (ã) Þ�áí êáëÝò, åíþ êáíåßò äåí Ýëõóå óùó�Ü�ï (ä) (ìå åîáßñåóç Ýíá óõíÜäåëöü óáò ðïõ Ýö�áóå êïí�Ü). �ïëëïß èåþñçóáí ü�é, óåêÜèå ÷ñïíéêÞ ó�éãìÞ, i, �çò Z áðïöáóßæïõìå áí èá �ïðïèå�Þóïõìå `1'. ÄçëáäÞ ü�é, ãéáêÜèå ÷ñïíéêÞ ó�éãìÞ i �ïðïèå�ïýìå `1' ìå ðéèáíü�ç�á 1
3
Þ �ïðïèå�ïýìå �çí ðñþ�ç ìç÷ñçóéìïðïéçìÝíç Xj ìå ðéèáíü�ç�á 2

3
. Ùó�üóï, �ï ðñüâëçìá �ïõ Åñù�Þìá�ïò (ä) åßíáéäéáöïñå�éêü. �Üí�ï�å �ïðïèå�ïýìå Ýíá Xj êáé ìå�Ü áðïöáóßæïõìå áí èá �ïðïèå�Þóïõìå`1', ç äå áðüöáóç äåí åîáñ�Ü�áé áðü �çí �éìÞ �çò Xj. Áõ�ü åßíáé äéáöïñå�éêü áðü �ï42



íá õðïèÝóïõìå ü�é ãéá êÜèå äåßê�ç, i, �çò {Z} áðïöáóßæïõìå áí èá �ïðïèå�Þóïõìå `1'Þ ü÷é. ÓõãêåêñéìÝíá, áêïëïõèþí�áò �ç ìÝèïäï �ïõ Åñù�Þìá�ïò (ä) áðïêëåßå�áé íá�ïðïèå�Þóïõìå äýï äéáäï÷éêÜ `1'. ÖõóéêÜ, åíäÝ÷å�áé äýï óõíå÷üìåíá óýìâïëá �çò {Z}íá åßíáé `1', áëëÜ äåí ìðïñåß íá Ý÷ïõí ðñïêýøåé áðü äéáäï÷éêÝò �ïðïèå�Þóåéò.21. Tõðéêü�ç�á êáé Áðü Êïéíïý Ôõðéêü�ç�á (ÔåëéêÞ ÅîÝ�áóç �. È. È. �., Éïýíéïò2010)Èåùñïýìå ðçãÞ ÷ùñßò ìíÞìç ðïõ ðáñÜãåé æåýãïò �éìþí (X; Y ) (åíáëëáê�éêÜ, ìðïñåß�åíá èåùñÞóå�å ü�é Ý÷ïõìå äýï åîáñ�çìÝíåò ðçãÝò ÷ùñßò ìíÞìç). Ç áðü êïéíïý óõíÜñ�çóçìÜæáò ðéèáíü�ç�áò, pXY (x; y), äßíå�áé ó�ïí �ßíáêá 2.× =0 × =1Y =0 1
2

1
8Y =1 1

8
1
4�ßíáêáò 2: Áðü êïéíïý ó.ì.ð. ãéá �çí ¢óêçóçÓå ðåñßð�ùóç ðïõ óáò ÷ñåéáó�åß, log2 3 ≈ 1:585 êáé log2 5 ≈ 2:322.(á) Èåùñïýìå �éò áêïëïõèßåò x1 = 00110 êáé y1 = 10010. Åßíáé ïé x1 êáé y1 áóèåíþò�-�õðéêÝò ãéá � = 0:05; Áí ü÷é, âñåß�å �ç ìéêñü�åñç �éìÞ �ïõ � ãéá �çí ïðïßá ïé x1êáé y1 åßíáé áóèåíþò �-�õðéêÝò.ÁðÜí�çóç:Õðïëïãßæïõìå, áñ÷éêÜ, �éò ðåñéèþñéåò ó.ì.ð. �ùí X êáé Õ : pX(0) = 5

8
êáé pX(1) =

3
8
. Ç pY åßíáé ç ßäéá ìå �çí pX .ÅðïìÝíùò, H(X) = H(Y ) =

5

8
log2

8

5
+

3

8
log2

8

3

= log2 8−
5

8
log2 5−

3

8
log 3

= 3− 5

8
log2 5−

3

8
log2 3 ≈ 0:9544 bits:

−1
5
log2 pX(00110) = −15 log2 pY(10010) = −35 log2

5

8
− 2

5
log2

3

8

= log2 8−
3

5
log2 5−

2

5
log2 3 ≈ 0:9729:ÄåäïìÝíïõ ü�é |0:9729− 0:9544| < 0:05 = �, ïé x1 êáé y1 åßíáé áóèåíþò �-�õðéêÝò.(â) Åßíáé ïé x1 êáé y1 áðü êïéíïý áóèåíþò �-�õðéêÝò ãéá � = 0:05; Áí ü÷é, âñåß�å �çìéêñü�åñç �éìÞ �ïõ � ãéá �çí ïðïßá ïé x1 êáé y1 åßíáé áðü êïéíïý áóèåíþò �-�õðéêÝò.43



ÁðÜí�çóç:ÄåäïìÝíïõ ü�é ïé x1 êáé y1 åßíáé áóèåíþò �-�õðéêÝò ãéá � = 0:05, áðïìÝíåé íáåîå�Üóïõìå �çí áðü êïéíïý êá�áíïìÞ �ïõò óå ó÷Ýóç ìå �çí áðü êïéíïý åí�ñïðßá,H(X; Y ). Ç áðü êïéíïý åí�ñïðßá �ùí × êáé Y éóïý�áé ìåH(X; Y ) =
1

2
log2 2 +

1

4
log2 4 + 2× 1

8
log2 8 =

1

2
+

2

4
+

3

4
= 1:75 bits:

−1
5
log pXY(00110; 10010) = −2

5
log2

1

2
− 1

5
log2

1

4
− 2

5
log2

1

8

=
2

5
+

2

5
+

6

5
=

10

5
= 2:ÅðåéäÞ 2− 1:75 > 0:05 = �, ïé x1 êáé y1 äåí åßíáé áðü êïéíïý �õðéêÝò.H ìéêñü�åñç �éìÞ �ïõ � ãéá �çí ïðïßá ïé x1 êáé y1 åßíáé áðü êïéíïý áóèåíþò �-�õðéêÝò åßíáé � = 0:25.(ã) �éá �ï � ðïõ âñÞêá�å ó�ï Åñþ�çìá (â) (0:05 Þ ìåãáëý�åñï) âñåß�å �éò áêïëïõèßåò xìÞêïõò 5 ðïõ åßíáé áóèåíþò �õðéêÝò ùò ðñïò �çí pX . Âñåß�å, åðßóçò, �éò áêïëïõèßåòy ìÞêïõò 5 ðïõ åßíáé áóèåíþò �õðéêÝò ùò ðñïò �çí pY .ÁðÜí�çóç:Áðü �çí áðÜí�çóç �ïõ Åñù�Þìá�ïò (á), ãíùñßæïõìå ü�é üëåò ïé áêïëïõèßåò x êáéy ðïõ Ý÷ïõí äýï \1" åßíáé �-�õðéêÝò ãéá � = 0:05 êáé, åðïìÝíùò, êáé ãéá � = 0:25.�éá �éò áêïëïõèßåò ìå 3 \1",

−1
5
log2 p(3 \1") = −35 log2

3

8
− 2

5
log2

5

8
= 1:1203:ÅðåéäÞ 1:1203 − 0:9544 = 0:1659 < 0:25 áêïëïõèßåò ìå 3 \1" åßíáé �-�õðéêÝò ãéá� = 0:25.�éá �éò áêïëïõèßåò ìå 4 \1",

−1
5
log2 p(4 \1") = −45 log2

3

8
− 1

5
log2

5

8
= 1:2676:ÅðåéäÞ 1:2676 − 0:9544 = 0:3132 > 0:25 áêïëïõèßåò ìå 4 \1" äåí åßíáé �-�õðéêÝòãéá � = 0:25.ÄåäïìÝíïõ ü�é ç óõíÜñ�çóç −n

5
log 3

8
− 5−n

5
log 5

8
åßíáé áýîïõóá ùò ðñïò n äå÷ñåéÜæå�áé íá åëÝãîïõìå �çí ðåñßð�ùóç áêïëïõèéþí ìå 5 \1".�éá �éò áêïëïõèßåò ìå 1 \1",

−1
5
log2 p(4 \1") = −15 log2

3

8
− 4

5
log2

5

8
= 0:8255:44



Óõíåðþò êáé ïé áêïëïõèßåò ìå 1 \1" åßíáé �õðéêÝò.ÔÝëïò, ãéá �éò áêïëïõèßåò ìå 0 \1",
−1
5
log2 p(0 \1") = − log

5

8
= 0:6781:ÅðïìÝíùò, äåí åßíáé �-�õðéêÝò ãéá � = 0:25.¢ñá, ïé áêïëïõèßåò x êáé y ðïõ åßíáé �-�õðéêÝò ãéá � = 0:25 åßíáé áõ�Ýò ðïõ Ý÷ïõí1, 2 Þ 3 \1".Åíáëëáê�éêÞ ëýóç (áðü 3 óõíáäÝëöïõò óáò!): Ïé ðñÜîåéò ãßíïí�áé ðéï åýêïëá áíõðïëïãßóïõìå, ðñþ�á, �ï äéÜó�çìá (2−n(H(X)+�); 2−n(H(X)−�)) = (0:0154; 0:0871)ó�ï ïðïßï ðñÝðåé íá âñßóêïí�áé ïé óõíáñ�Þóåéò ìÜæáò ðéèáíü�ç�áò �ùí �õðéêþíáêïëïõèéþí. Må �ïí �ñüðï áõ�ü áðïöåýãïõìå �ïí õðïëïãéóìü �ùí log2 êáé áñêåßíá õðïëïãßóïõìå ãéíüìåíá �çò ìïñöÞò (3

8

)k (5
8

)5−k, üðïõ k ï áñéèìüò �ùí \1".Ôïí �ñüðï áõ�ü ìðïñïýìå íá �ïí ÷ñçóéìïðïéÞóïõìå êáé ó�á Åñù�Þìá�á (á) êáé(â).(ä*) �éá �ï � ðïõ âñÞêá�å ó�ï Åñþ�çìá (â) (0:05 Þ ìåãáëý�åñï) âñåß�å �á æåýãç áêï-ëïõèéþí (x;y) ìÞêïõò 5 ðïõ åßíáé áðü êïéíïý �õðéêÝò.ÁðÜí�çóç:�ñÝðåé íá åëÝãîïõìå üëïõò �ïõò óõíäõáóìïýò áêïëïõèéþí ìå 1, 2 êáé 3 \1". Äå÷ñåéÜæå�áé íá åëÝãîïõìå Üëëåò áêïëïõèßåò, ãéá�ß áêïëïõèßåò ðïõ åßíáé áðü êïéíïý�õðéêÝò ðñÝðåé íá åßíáé êáé �õðéêÝò ùò ðñïò �çí áí�ßó�ïé÷ç ðåñéèþñéá êá�áíïìÞ.Ó�ç óõíÝ÷åéá èåùñïýìå ìüíï áêïëïõèßåò ìå 1 êáé 2 \1". Ïé õðüëïéðïé óõíäõáóìïßáöÞíïí�áé ùò Üóêçóç.i. x = y êáé Ý÷ïõí 1 \1":
−1
5
log2

1

4
− 4

5
log2

1

2
=

2

5
+

4

5
=

6

5
= 1:2 = 1:75− 0:55 ⇒ Ï×É:ii. x 6= y êáé Ý÷ïõí êáé ïé äýï áðü 1 \1":

−2
5
log2

1

8
− 3

5
log2

1

2
=

6

5
+

3

5
=

9

5
= 1:8 ⇒ NAI:iii. Ç x Ý÷åé 1 \1" ðïõ �áõ�ßæå�áé ìå Ýíáí \1" �çò y ðïõ Ý÷åé 2 \1":

−1
5
log2

1

4
− 1

5
log2

1

8
− 3

5
log2

1

2
=

2

5
+

3

5
+

3

5
=

8

5
= 1:6 ⇒ NAI:iv. Ç x Ý÷åé 1 \1" ðïõ äåí �áõ�ßæå�áé ìå êáíÝíá \1" �çò y ðïõ Ý÷åé 2 \1":

−3
5
log2

1

8
− 2

5
log2

1

2
=

9

5
+

2

5
=

11

5
= 2:2 ⇒ Ï×É:v. Ç x Ý÷åé 2 \1", Ýíá áðü �á ïðïßá �áõ�ßæå�áé ìå Ýíá \1" �çò y ðïõ Ý÷åé 2 \1":Áðü �ï Åñþ�çìá (â) ⇒ NAI. 45



vi. x = y êáé Ý÷ïõí 2 \1":
−2
5
log2

1

4
− 3

5
log2

1

2
=

4

5
+

3

5
=

7

5
= 1:4 ⇒ Ï×É:vii. x êáé y Ý÷ïõí áðü 2 \1", áëëÜ êáíÝíáò äåí �áõ�ßæå�áé:

−4
5
log2

1

8
− 1

5
log2

1

2
=

12

5
+

1

5
=

13

5
= 2:6 ⇒ Ï×É:Óçìåßùóç: Äåí áñêåß íá óõãêñßíïõìå �çí p(x;y) ìå �ï äéÜó�çìá

(

2−n(H(X;Y )+�); 2−n(H(X;Y )−�)). �ñÝðåé êáé ïé x êáé y íá åßíáé �õðéêÝò ùò ðñïò pXêáé pY , áí�ßó�ïé÷á.Åíáëëáê�éêÞ ëýóç (áðü óõíÜäåëöü óáò!): �éá íá åßíáé äýï áêïëïõèßåò x êáé y áðüêïéíïý �-�õðéêÝò, ðñÝðåé p(x;y) ∈ (2−n(H(X;Y )+�); 2−n(H(X;Y )−�)). �éá � = 0:25,p(x;y) ∈ (2−2·5; 2−1:5·5) ⇒ p(x;y) ∈ (0:0009766; 0:0055). Aí óõãêñßíïõìå �éòáêïëïõèßåò áíÜ øçößï, õðÜñ÷ïõí 3 ðéèáíÜ åíäå÷üìåíá: Êáé �á äýï øçößá íá åßíáé0, êáé �á äýï íá åßíáé 1 Þ �ï Ýíá íá åßíáé 0 êáé �ï Üëëï 1. Áí ç ðñþ�ç ðåñßð�ùóçóõìâáßíåé a öïñÝò êáé ç äåý�åñç b öïñÝò, ðñÝðåé íá âñïýìå �éò �éìÝò �ùí a êáé bðïõ éêáíïðïéïýí �ç ó÷Ýóç
(

1

2

)a(
1

4

)b(
1

8

)5−a−b
∈ (0:0009766; 0:0055) :Aöïý âñïýìå �éò �éìÝò �ùí a êáé b (ó�ç ÷åéñü�åñç ðåñßð�ùóç èá ÷ñåéáó�åß íáäïêéìÜóïõìå 36 ðåñéð�þóåéò) èá ðñÝðåé íá áðïêëåßóïõìå �éò áêïëïõèßåò ðïõ äåíÝ÷ïõí 1, 2 êáé 3 \1".22. ÔõðéêÝò áêïëïõèßåò (Åðáíáëçð�éêÞ ÅîÝ�áóç �. È. È. �., Óåð�Ýìâñéïò 2010)Èåùñïýìå ðçãÞ ÷ùñßò ìíÞìç ðïõ ðáñÜãåé áêïëïõèßá äõáäéêþí �.ì. Xi ∼Bern(p).ÄçëáäÞ, ç X1; X2; : : : åßíáé áêïëïõèßá áíåîÜñ�ç�ùí êáé ïìïßùò êá�áíåìçìÝíùí (i.i.d.)�.ì.(á) ÅÜí ∣∣

∣
A(n)� ∣∣∣ åßíáé �ï ðëÞèïò �ùí áóèåíþò �−�õðéêþí áêïëïõèéþí ìÞêïõò n êáé |Xn

1 |åßíáé üëåò ïé äõáäéêÝò áêïëïõèßåò ìÞêïõò n, �é ìðïñïýìå íá ðïýìå ãéá �ï ëüãï
∣

∣

∣
A(n)� ∣∣∣ = |Xn

1 | êáèþò n→∞ êáé �→ 0;Õðüäåéîç: �ñÝðåé íá äåß�å áí ï ëüãïò óõãêëßíåé ó�çí ßäéá �éìÞ ãéá üëåò �éò �éìÝò�çò ðáñáìÝ�ñïõ p.ÁðÜí�çóç:�íùñßæïõìå ü�é |A(n)� | ≤ 2n(H(X)+�). ÅðïìÝíùò,
∣

∣

∣
A(n)� ∣∣∣
|Xn

1 |
≤ 2n(H(X)+�)

2n = 2n(H(X)−1+�):46



ÄåäïìÝíïõ ü�é, ãéá äõáäéêÝò �.ì., H(X) < 1 ü�áí p 6= 1
2
, o ëüãïò óõêëßíåé ó�ï0. ÄçëáäÞ, �ï ðëÞèïò �ùí �õðéêþí áêïëïõèéþí åßíáé áìåëç�Ýï óå óýãêñéóç ìåüëåò �éò äõáäéêÝò áêïëïõèßåò. Åîáßñåóç áðï�åëåß ç ðåñßð�ùóç p = 1

2
, üðïõ üëåò ïéáêïëïõèßåò åßíáé (áóèåíþò) �õðéêÝò.(â) Èåùñïýìå, �þñá, ü�é ïé �éìÝò �çò Xi åßíáé 0 (ìå ðéèáíü�ç�á p) Þ 1 (ìå ðéèáíü�ç�á

1− p). Oñßæïõìå �ï âÜñïò Hamming (Hamming weight), W (Xn
1 ), �çò áêïëïõèßáòXn

1 ùò �ïí áñéèìü �ùí `1' �çò áêïëïõèßáò.Äåßî�å ü�é 1nW (Xn
1 )→ 1− p ãéá n→∞.Yðüäåéîç: ×ñçóéìïðïéÞó�å �ïí éó÷õñü íüìï �ùí ìåãÜëùí áñéèìþí.ÁðÜí�çóç:Áðü �ïí éó÷õñü íüìï �ùí ìåãÜëùí áñéèìþí, ó�ï üñéï ç áêïëïõèßá èá ðåñéÝ÷åé pn`0' êáé (1− p)n `1'. ÅðïìÝíùò, W (Xn

1 )→ n(1− p)⇒ 1nW (Xn
1 )→ 1− p.(ã) ¸ó�ù, �þñá, ü�é �ï ìÞêïò, n, �çò áêïëïõèßáò åßíáé ðåðåñáóìÝíï êáé ü�é � > 0.Äåßî�å ü�é ìðïñïýìå íá áðïöáóßóïõìå áí ç áêïëïõèßá Xn

1 ìÞêïõò n åßíáé áóèåíþò�−�õðéêÞ áí ãíùñßæïõìå �çí �éìÞ �ïõ âÜñïõò Hamming, W (Xn
1 ), �çò áêïëïõèßáò.ÁðÜí�çóç:�éá íá åßíáé ç áêïëïõèßá Xn

1 áóèåíþò �−�õðéêÞ ðñÝðåé íá éó÷ýåéH(X)− � ≤ −1n log p(x1; x2; : : : ; xn) ≤ H(X) + �ÅÜí ç áêïëïõèßá ðåñéÝ÷åé r `1' êáé n− r `0', ìðïñïýìå íá ãñÜøïõìåH(X)− � ≤ −1n log
n
∏i=1

p(xi) ≤ H(X) + �⇒H(X)− � ≤ −1n log
(pn−r(1− p)r) ≤ H(X) + �⇒H(X)− � ≤ −1n log

(pn(1− pp )r)
≤ H(X) + �⇒H(X)− � ≤ − log p− rn log

(

1− pp )

≤ H(X) + �⇒H(X)− �+ log p ≤ rn log

( p
1− p) ≤ H(X) + � + log p⇒nH(X)− �+ log p

log(p=(1− p)) ≤ r ≤ nH(X) + �+ log p
log(p=(1− p)) :�áñá�çñïýìå ü�é r = W (Xn

1 ). ÅðïìÝíùò, ìå âÜóç �ï äéÜó�çìá ó�ï ïðïßï âñßóêå�áé�ï âÜñïò Hamming �çò áêïëïõèßáò ìðïñïýìå íá ðñïóäéïñßóïõìå áí ç áêïëïõèßáåßíáé áóèåíþò �−�õðéêÞ. 47



23. ÊáíÜëé �ñïóèå�éêïý Èïñýâïõ { Cover & Thomas 7.2Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ äéáêñé�ïý êáíáëéïý ÷ùñßò ìíÞìç �ïõ ó÷Þìá�ïò.
Äßíå�áé ü�é Pr{Z = 0} = Pr{Z = �} = 1

2
. Ç �.ì. X ðáßñíåé �éìÝò ó�ï áëöÜâç�ï

X = {0; 1}. ÕðïèÝó�å ü�é ç Z åßíáé áíåîÜñ�ç�ç �çò X.�áñá�çñÞó�å ü�é ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý åîáñ�Ü�áé áðü �çí �éìÞ �çò ðáñáìÝ�ñïõ�.ÁðÜí�çóç:Äéêñßíïõìå ðåñéð�þóåéò, áíÜëïãá ìå �çí �éìÞ �ïõ �
• � = 0: Y = X êáé, óõíåðþò, H(Y |X) = 0.ÅðïìÝíùò, maxp(x) I(X;Y ) = maxp(x)H(Y ) = maxp(x)H(X) = 1. ¢ñá, C = 1bit/ìå�Üäïóç.
• � 6= 0, � 6= ±1: H Y ìðïñåß íá ðÜñåé 4 äéáêñé�Ýò �éìÝò 0, 1, � êáé 1+�. Åîå�Üæïí�áò�çí �éìÞ �çò Y ìðïñïýìå íá âñïýìå ÷ùñßò óöÜëìá �çí �éìÞ �çò X. ÅðïìÝíùò, êáé ðÜëé,H(X|Y ) = 0 êáé C = 1 bit/ìå�Üäïóç.¸íáò Üëëïò �ñüðïò õðïëïãéóìïý åßíáé ðáñá�çñþí�áò ü�é, ãéá � 6= 0, � 6= ±1, �ï êáíÜëéåßíáé áóèåíþò óõììå�ñéêü. C = log |Y| −H (1=2; 1=2; 0; 0) = 2− 1 = 1 bit.
• � = 1: Ç Y ìðïñåß íá ðÜñåé 3 äéáöïñå�éêÝò �éìÝò: 0, 1 Þ 2. �áñá�çñïýìå ü�é�ï êáíÜëé åßíáé Ýíá Äõáäéêü ÊáíÜëé ÄéáãñáöÞò (Binary Erasure Channel { BEC) ìå� = 1=2. ÅðïìÝíùò, áðü �çí Ýêöñáóç ãéá �ç ÷ùñç�éêü�ç�á �ïõ BEC, C = 1−� = 1=2bits/ìå�Üäïóç.
• � = −1: Ïìïßùò ìå �çí ðåñßð�ùóç � = 1, C = 1=2 bits/ìå�Üäïóç.24. ×ùñç�éêü�ç�á êáíáëéïý modulo { Cover & Thomas 7.4Èåùñïýìå �ï êáíÜëé Y = X+Z (mod 11), êáé Z ∼ Unif{1; 2; 3} êáé X = {0; 1; : : : ; 10}.Õðåíèýìéóç: × mod a: To õðüëïéðï �çò äéáßñåóçò �ïõ X ìå �ï a.(á) Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý.ÁðÜí�çóç:C = maxp(x) I(X;Y ) = maxp(x){H(Y )−H(Y |X)}.48



H(Y |X) = H(X + Z (mod 11)|X) = H(Z|X) = H(Z) = log 3.ÅðïìÝíùò, C = maxp(x) I(X;Y ) = maxp(x)H(Y )− log 3 = log 11 − log 3 = log 11
3bits.¸íáò Üëëïò �ñüðïò õðïëïãéóìïý �çò ÷ùñç�éêü�ç�áò åßíáé ðáñá�çñþí�áò ü�é �ïêáíÜëé åßíáé óõììå�ñéêü.(â) �ïéá åßíáé ç âÝë�éó�ç êá�áíïìÞ p∗(x) ðïõ åðé�õã÷Üíåé �ç ÷ùñç�éêü�ç�á;ÁðÜí�çóç:H êá�áíïìÞ ðïõ åðé�õã÷Üíåé �ç ÷ùñç�éêü�ç�á åßíáé ç ïìïéüìïñöç ó�ï X . ÄçëáäÞ,p∗(x) = 1

11
, x ∈ X .25. ◮Åíèüñõâç �ñáöïìç÷áíÞ { Cover & Thomas 7.6 (�ñïðïðïéçìÝíç)Èåùñïýìå ãñáöïìç÷áíÞ ìå 24 ðëÞê�ñá.(á) ÅÜí êÜèå öïñÜ ðïõ ðá�Üìå ãéáðëÞê�ñï �õðþíå�áé �ï óùó�ü ãñÜììá, ðïéá åßíáé ç÷ùñç�éêü�ç�á �ïõ êáíáëéïý óå bits;ÁðÜí�çóç: C = maxp(x) I(X;Y ) = maxp(x) {H(Y )−H(Y |X)}

(a)
= maxp(x) H(Y )

(b)
= maxp(x) H(X) = log 24 bits:

(a) Y = X ⇒ H(Y |X) = 0. (b) Y = X ⇒ H(Y ) = H(X).H ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áé ìå ÷ñÞóç ïìïéüìïñöçò êá�áíïìÞò åéóüäïõ.(â) ÕðïèÝó�å, �þñá, ü�é êÜèå öïñÜ ðïõ ðá�Üìå Ýíá ðëÞê�ñï �õðþíå�áé �ï óùó�üãñÜììá Þ �ï åðüìåíü �ïõ ó�ï áëöÜâç�ï (ìå �çí ßäéá ðéèáíü�ç�á). ÄçëáäÞ, A→ AÞ A→ B, B → B Þ B → Γ, : : :, Ω→ Ω Þ Ω→ A. �ïéá åßíáé ç ÷ùñç�éêü�ç�á �ïõêáíáëéïý;ÁðÜí�çóç: C = maxp(x) I(X;Y ) = maxp(x) {H(Y )−H(Y |X)}
(a)
= maxp(x) H(Y )− log 2

(b)
= log 24− log 2 = log 12 bits:

(a) �éá äåäïìÝíï × , ç Y ðáßñíåé ìßá áðü 2 �éìÝò ìå �çí ßäéá ðéèáíü�ç�á ⇒H(Y |X) = 1. (b) To êáíÜëé åßíáé óõììå�ñéêü, åðïìÝíùò ìéá êá�áíïìÞ åéóüäïõðïõ åðé�õã÷Üíåé �ç ÷ùñç�éêü�ç�á åßíáé ç ïìïéüìïñöç. Ôï ßäéï áðï�Ýëåóìá ìðïñåßíá ðñïêýøåé êáé ìå ðñÜîåéò.¼ðùò êáé ó�ï ðñïçãïýìåíï åñþ�çìá, ìéá êá�áíïìÞ ðïõ åðé�õã÷Üíåé �ç ÷ùñç�éêü-�ç�á åßíáé ç ïìïéüìïñöç. 49



(ã) �éá �ï êáíÜëé �ïõ Åñù�Þìá�ïò (â), åÜí êùäéêïðïéïýìå êÜèå óýìâïëï ðïõ èÝëïõìåíá ó�åßëïõìå ó�ï êáíÜëé îå÷ùñéó�Ü, ðïéïò åßíáé ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçò ðïõìðïñåß�å íá åðé�ý÷å�å ãéá ìå�Üäïóç ìå (áêñéâþò) ìçäåíéêÞ ðéèáíü�ç�á óöÜëìá�ïò;ÁðÜí�çóç:¸ó�ù ü�é ÷ñçóéìïðïéïýìå ìüíï �á ãñÜììá�á Á, Γ, E, H, : : :, Ψ. Êïé�þí�áò �ïóýìâïëï ðïõ ëáìâÜíå�áé ó�çí Ýîïäï, ìðïñïýìå íá ðñïóäéïñßóïõìå �ï óýìâïëïðïõ ìå�áäüèçêå ìå ìçäåíéêÞ ðéèáíü�ç�á óöÜëìá�ïò. Åðßóçò, ðñïêýð�åé åýêïëáü�é, ãéá ïðïéüìïñöç êá�áíïìÞ åéóüäïõ (ó�ï óýíïëï {Á;Γ; E;H; : : : ;Ψ}), H(Y ) =H(X) = log 12 bits. Óõíåðþò,C = maxp(x){H(Y )−H(Y |X)} = maxp(x)H(Y ) = log 12 bits.Ó�çí ðåñßð�ùóç åíèüñõâçò ãñáöïìç÷áíÞò ìå 24 ðëÞê�ñá, ìðïñïýìå íá ìå�áäþ-óïõìå ìå ñõèìü ßóï ìå �ç ÷ùñç�éêü�ç�á êáé ìå ðéèáíü�ç�á óöÜëìá�ïò áêñéâþòßóç ìå �ï 0. Ó�ç ãåíéêÞ ðåñßð�ùóç, äåí åßíáé äõíá�üí íá ìå�áäþóïõìå óå Ýíá êá-íÜëé ìå ìçäåíéêÞ ðéèáíü�ç�á óöÜëìá�ïò, áëëÜ ìå ðéèáíü�ç�á óöÜëìá�ïò áõèáßñå�áêïí�Ü ó�ï 0.(ä) ÅðáíáëÜâå�å �á Åñù�Þìá�á (á)-(ã) ãéá ãñáöïìç÷áíÞ ìå 25 ðëÞê�ñá.ÁðÜí�çóç:Ôá Åñù�Þìá�á (á) êáé (â) ëýíïí�áé ìå �ïí ßäéï �ñüðï üðùò êáé ãéá �çí ðåñßð�ùóçãñáöïìç÷áíÞò ìå 24 ðëÞê�ñá. Ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý åßíáé log 25 bits êáé
log 25

2
bits, áí�ßó�ïé÷á.�éá �çí ðåñßð�ùóç (ã), äåäïìÝíïõ ü�é êÜèå ìÞíõìá ðñÝðåé íá êùäéêïðïéçèåß áõ-�üíïìá, ÷ñåéáæüìáó�å áêÝñáéï áñéèìü ìçíõìÜ�ùí. �ñïêåéìÝíïõ íá åðé�ý÷ïõìåìçäåíéêü óöÜëìá áðïêùäéêïðïßçóçò ó�ï äÝê�ç, ï ìÝãéó�ïò áñéèìüò óõìâüëùí ðïõìðïñïýìå íá ÷ñçóéìïðïéÞóïõìå åßíáé 12. ÅðïìÝíùò, ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçòéóïý�áé ìå log 12 bits/÷ñÞóç êáíáëéïý êáé åßíáé ìéêñü�åñïò áðü �ç ÷ùñç�éêü�ç�á.26. Ôï êáíÜëé Æ { Cover & Thomas 7.8¸ó�ù êáíÜëé Z ìå ðßíáêá ìå�ÜâáóçòP =

[

1 0
1=2 1=2 ] ×;Õ ∈ {0; 1}:Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý, êáèþò êáé �çí êá�áíïìÞ åéóüäïõ ìå �çí ïðïßáåðé�õã÷Üíå�áé ç ÷ùñç�éêü�ç�á.ÁðÜí�çóç:¸ó�ù p = Pr{X = 1}. ÅðïìÝíùò, ìå ÷ñÞóç �ïõ ðßíáêá ìå�Üâáóçò ìðïñïýìå íáãñÜøïõìå:H(Y |X) = Pr{X = 0} · H(Y |X = 0) + Pr{X = 1} · H(Y |X = 1) = (1 − p) · 0 + p ·H(1=2) = p. 50



Pr{Y = 1} = 1
2
Pr{X = 1} = p

2
⇒ H(Y ) = H(p=2).Óõíåðþò,I(X;Y ) = H(Y )−H(Y |X) = H(p=2)− p.�íùñßæïõìå ü�é, ãéá äåäïìÝíç p(y|x), ç I(X;Y ) åßíáé êïßëç (∩) óõíÜñ�çóç �çò p(x).ÅðïìÝíùò, åÜí õðÜñ÷åé p∗ �Ý�ïéï þó�å ddpI(X;Y ) = 0, ç êá�áíïìÞ {1−p∗; p∗} åðé�õã÷Ü-íåé �ç ÷ùñç�éêü�ç�á. ÅÜí ddpI(X;Y ) 6= 0 ãéá p ∈ [0; 1], ç ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áéãéá p = 0 Þ p = 1.ddpI(X;Y ) =

ddp{H(p=2)− p}
= −1

2
log2

p
2
− 1

2

p
2

2p log2 e+ 1

2
log2(1− p=2) + 1

2
(1− p=2) 1

1− p=2 log2 e− 1

=
1

2
log

1− p=2p=2 − 1 = 0⇒ log
1− p=2p=2 = 2⇒ 1− p=2p=2 = 4

⇒ 1− p=2 = 2p⇒ 5p=2 = 1⇒ p∗ = 2

5
:H ÷ùñç�éêü�ç�á éóïý�áé ìå H ( 2

10

)

− 2=5 ≈ 0:322 bits.27. ×ñïíéêþò Ìå�áâáëëüìåíá ÊáíÜëéá { Cover & Thomas 7.11Èåùñïýìå �ï ÷ñïíéêþò ìå�áâáëëüìåíï êáíÜëé �ïõ Ó÷Þìá�ïò 10. Ïé Y1; Y2; : : : ; Yn åßíáéõðü óõíèÞêç áíåîÜñ�ç�åò äåäïìÝíùí �ùí X1; X2; : : : ; Xn ìå õðü óõíèÞêç êá�áíïìÞìÜæáò ðéèáíü�ç�áò p(y|x) =∏ni=1 pi(yi|xi). ¸ó�ù X = (X1; X2; : : : ; Xn),Y = (Y1; Y2; : : : ; Yn). Âñåß�å �ç maxp(x) I(X;Y). Ó÷ïëéÜó�å �çí �éìÞ �çò ÷ùñç�éêü�ç-�áò êáé �çí êá�áíïìÞ ìå �çí ïðïßá áõ�Þ åðé�õã÷Üíå�áé.
Ó÷Þìá 10: Xñïíéêþò Ìå�áâáëëüìåíï BSC.ÁðÜí�çóç:ÄåäïìÝíïõ ü�é �ï êáíÜëé ìå�áâÜëëå�áé, äåí Ý÷åé íüçìá íá ÷ñçóéìïðïéÞóïõìå �çí I(X;Y ).1Èá ÷ñçóéìïðïéÞóïõìå �çí I(Xn;Y n). Ìðïñïýìå, äçëáäÞ, íá äïýìå �ï êáíÜëé ùò Ýíá1Èá ìðïñïýóáìå íá ÷ñçóéìïðïéÞóïõìå �çí I(X ;Y ) ãéá êÜèå �éìÞ �çò p áí �á pi åðáíáëáìâÜíïí�áé, äçëáäÞ,ãéá ðáñÜäåéãìá, áí pi+nk = pi. Ùó�üóï áõ�ü äåí éó÷ýåé, áðáñáß�ç�á, ó�çí Üóêçóç.51



êáíÜëé ÷ùñßò ìíÞìç ìå n åéóüäïõò êáé n åîüäïõò ó�ï ïðïßï ç êÜèå åßóïäïò i óõíäÝå�áéìüíï ìå �çí Ýîïäï i ìÝóù åíüò BSC ìå ðéèáíü�ç�á áíáó�ñïöÞò øçößïõ pi.�éá �ï êáíÜëé áõ�ü,I(Xn
1 ; Y n

1 ) = H(Y n
1 )−H(Y n

1 |Xn
1 )

(i)
= H(Y n

1 )−
n
∑i=1

H(Yi|Xi)
(ii)
≤

n
∑i=1

H(Yi)− n
∑i=1

H(Yi|Xi)
=

n
∑i=1

(H(Yi)−H(Yi|Xi))
(iii)
≤

n
∑i=1

(1−H(pi)) = n− n
∑i=1

H(pi(yi|xi)):
(i) Áðü �ï ãåãïíüò ü�é ïé Y1; Y2; : : : ; Yn åßíáé õðü óõíèÞêç áíåîÜñ�ç�åò äåäïìÝíùí �ùíX1; X2; : : : ; Xn. (ii) áðü �ï Üíù öñÜãìá ãéá �çí áðü êïéíïý åí�ñïðßá (iii) �éá BSC ìåðéèáíü�ç�á áíáó�ñïöÞò øçößïõ pi, I(Xi;Yi) ≤ 1−H(pi) = Ci.Ç éóü�ç�á ó�çí ðáñáðÜíù ó÷Ýóç éêáíïðïéåß�áé ü�áí ïé Yi åßíáé áíåîÜñ�ç�åò, ü�áí,äçëáäÞ, åßíáé áíåîÜñ�ç�åò êáé ïé Xi. Åðßóçò, ðñÝðåé ïé Xi íá áêïëïõèïýí ïìïéüìïñöçêá�áíïìÞ (pi = 1=2 ãéá üëá �á i). Óõíåðþò,

max I(Xn
1 ; Y n

1 ) = n− n
∑i=1

H(pi(yi|xi)):EðïìÝíùò, ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý åßíáé n−∑ni=1H(pi(yi|xi)) bits/(n ìå�áäüóåéò)Þ 1 − 1n∑ni=1H(pi(yi|xi)) bits áíÜ ÷ñÞóç �ïõ êáíáëéïý êáé åðé�õã÷Üíå�áé ìå ÷ñÞóçâéâëßùí êùäßêùí ðïõ êá�áóêåõÜæïí�áé ìå ñßøç áìåñüëçð�ïõ êáé i.i.d. êÝñìá�ïò.
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28. ÊáíÜëéá ìå åîÜñ�çóç ìå�áîý �ùí óõìâüëùí { Cover & Thomas 7.14ÈåùñÞó�å �ï åîÞò êáíÜëé �ï ïðïéï ÷ñçóéìïðïéåß äõáäéêü áëöÜâç�ï, ðáßñíåé ùò åßóïäïóýìâïëá �ùí 2 bits êáé ðáñÜãåé ùò Ýîïäï óýìâïëá �ùí 2 bits óýìöùíá ìå �çí áêüëïõèçáðåéêüíéóç: 00 → 01, 01 → 10, 10 → 11 êáé 11 → 00. ÅðïìÝíùò, åÜí ç åßóïäïò ó�ïêáíÜëé åßíáé ç áêïëïõèßá 01, ç Ýîïäïò åßíáé 10 ìå ðéèáíü�ç�á 1. Óõìâïëßæïõìå �á äýïóýìâïëá åéóüäïõ ìå X1; X2 êáé �á äýï óýìâïëá åîüäïõ ìå Y1; Y2.(á) Yðïëïãßó�å �çí áìïéâáßá ðëçñïöïñßá I(X1; X2;Y1; Y2) óõíáñ�Þóåé �çò êá�áíïìÞòåéóüäïõ åðÜíù ó�á 4 ðéèáíÜ æåýãç åéóüäïõ.ÁðÜí�çóç:Áí èåùñÞóïõìå �ï êáíÜëé ìå 4 åéóüäïõò (�ùí 2 bits ç êáèåìßá) êáé 4 åîüäïõò (�ùí 2bits), óå êÜèå åßóïäï áí�éó�ïé÷åß ìüíï ìéá Ýîïäïò. ÅðïìÝíùò, H(Y1; Y2|X1; X2) =
0. Óõíåðþò,C = H(Y1; Y2)−H(Y1; Y2|X1; X2) = H(Y1; Y2) = Ç(×1; ×2) = H(p);üðïõ p ç êá�áíïìÞ �ùí 4 óõìâüëùí åéóüäïõ.(â) Äåßî�å ü�é ç ÷ùñç�éêü�ç�á áíÜ ìå�Üäïóç æåýãïõò øçößùí éóïý�áé ìå 2 bits.ÁðÜí�çóç:Áðü �ï Üíù öñÜãìá ãéá �çí åí�ñïðßá, H(p) ≤ 2 bits. H éóü�ç�á éó÷ýåé ü�áíp = [1=4; 1=4; 1=4; 1=4]. Óõíåðþò, ç ÷ùñç�éêü�ç�á áíÜ ìå�Üäïóç æåýãïõò øçößùíéóïý�áé ìå 2 bits.(ã) Äåßî�å ü�é, ãéá �çí êá�áíïìÞ åéóüäïõ ðïõ åðé�õã÷Üíåé �ç ÷ùñç�éêü�ç�á ó�ï ðñïç-ãïýìåíï åñþ�çìá, É(×1;Õ1) = 0. ÅðïìÝíùò, ç êá�áíïìÞ ó�éò áêïëïõèßåò åéóüäïõðïõ åðé�õã÷Üíåé �ç ÷ùñç�éêü�ç�á äå ìåãéó�ïðïéåß áðáñáß�ç�á �çí áìïéâáßá ðëçñï-öïñßá ìå�áîý ìåìïíùìÝíùí óõìâüëùí åéóüäïõ êáé �ùí áí�ßó�ïé÷ùí åîüäùí.ÁðÜí�çóç:Må åðéóêüðçóç (Þ ìå ÷ñÞóç �ïõ èåùñÞìá�ïò ïëéêÞò ðéèáíü�ç�áò, áí èÝëïõìå íáåßìáó�å ðéï áõó�çñïß), ðáñá�çñïýìå ü�é, áí åîå�Üóïõìå �ç ìå�Üäïóç áíÜ bit, áí÷ñçóéìïðïéÞóïõìå êáé �á 4 óýìâïëá �ùí 2 bits ìå �çí ßäéá ðéèáíü�ç�á, óå åðßðåäïbit �ï êáíÜëé óõìðåñéöÝñå�áé ùò BSC ìå ðéèáíü�ç�á áíáó�ñïöÞò øçößïõ ßóç ìå1/2. Óõíåðþò, I(X;Y ) = 1−H(1=2) = 0.29. Êùäéêïðïéç�Þò êáé Áðïêùäéêïðïéç�Þò ùò ìÝñïò �ïõ êáíáëéïý { Cover &Thomas 7.16ÈåùñÞó�å Äõáäéêü Óõììå�ñéêü ÊáíÜëé (BSC) ìå ðéèáíü�ç�á áíáó�ñïöÞò øçößïõ(
rossover probability) 0.1. ¸íá ðéèáíü ó÷Þìá êùäéêïðïßçóçò ãéá áõ�ü �ï êáíÜëé �ïïðïßï ÷ñçóéìïðïéåß äýï êùäéêÝò ëÝîåéò ìÞêïõò 3 åßíáé íá êùäéêïðïéÞóïõìå �ï ìÞíõìá a1ùò 000 êáé �ï ìÞíõìá a2 ùò 111. ÅÜí ÷ñçóéìïðïéïýìå áõ�üí �ïí êþäéêá, ìðïñïýìå íáèåùñÞóïõìå ü�é ï óõíäõáóìüò êùäéêïðïéç�Þ, êáíáëéïý êáé áðïêùäéêïðïéç�Þ áðï�åëåßÝíá íÝï BSC ìå äýï åéóüäïõò a1 êáé a2 êáé äýï åîüäïõò a1 êáé a2.53



(á) Âñåß�å �çí ðéèáíü�ç�á áíáó�ñïöÞò ãéá �ï íÝï êáíÜëé.ÁðÜí�çóç:Ï áðïêùäéêïðïéç�Þò áðïöáóßæåé ðïéï áðü �á äýï óýìâïëá ìå�áäüèçêå (000 Þ 111)ìå�ñþí�áò �á 0 êáé �á 1 ó�ç ëçöèåßóá �ñéÜäá. Áðïäåéêíýå�áé ü�é ï êáíüíáòML åßíáé ç áðüöáóç íá ãßíåé ìå âÜóç �çí ðëåéïøçößá �ùí óõìâüëùí. ÄçëáäÞü�áí ëáìâÜíïí�áé �ñßá Þ äýï 0 ï äÝê�çò áðïöáóßæåé 000, áëëéþò áðïöáóßæåé 111(ìðïñåß�å íá �ï áðïäåßîå�å Þ íá äåß�å ð.÷. �éò äéáëÝîåéò �ïõ 3ïõ ìÝñïõò �ïõìáèÞìá�ïò \Èåùñßá �ëçñïöïñßáò"). Óõíåðþò, ç ðéèáíü�ç�á óöÜëìá�ïò éóïý�áéìå Pe = Pr{000}Pe|000 + Pr{111}Pe|111:Ëüãù óõììå�ñßáò, Pe|000 = Pe|111. ÅðïìÝíùò,Pe = Pe|000 = Pr{111|000}+ Pr{110|000}+ Pr{101|000}+ Pr{011|000}
= p3 + 3p2(1− p) = 0:028:(â) �ïéá åßíáé ç ÷ùñç�éêü�ç�á �ïõ íÝïõ êáíáëéïý óå bits áíÜ ÷ñÞóç �ïõ áñ÷éêïýêáíáëéïý;ÁðÜí�çóç:To íÝï êáíÜëé åßíáé Ýíá BSC ìå ðéèáíü�ç�á ìå�Üâáóçò 0.028. Óõíåðþò, C ′ =

1 − H(0:028) bits/3 ÷ñÞóåéò = 0.2719 bits/÷ñÞóç êáíáëéïý. Ç ÷ùñç�éêü�ç�áåðé�õã÷Üíå�áé ÷ñçóéìïðïéþí�áò �á 000 êáé 111 ìå �çí ßäéá ðéèáíü�ç�á.(ã) �ïéá åßíáé ç ÷ùñç�éêü�ç�á �ïõ áñ÷éêïý BSC ìå ðéèáíü�ç�á áíáó�ñïöÞò 0.1;ÁðÜí�çóç:Ç ÷ùñç�éêü�ç�á �ïõ áñ÷éêïý BSC éóïý�áé ìå C = 1−H(0:1) = 0:531 bits/÷ñÞóçêáíáëéïý. Óõíåðþò, ìå �ç ÷ñÞóç �ïõ ó÷Þìá�ïò åðáíÜëçøçò, ç ÷ùñç�éêü�ç�áìåéþíå�áé.(ä) Áðïäåßî�å �ï åîÞò ãåíéêü áðï�Ýëåóìá: �éá ïðïéïäÞðï�å êáíÜëé, åÜí èåùñÞóïõìåáðü êïéíïý �ïí êùäéêïðïéç�Þ, �ï êáíÜëé êáé �ïí áðïêùäéêïðïéç�Þ ùò Ýíá íÝïêáíÜëé ìå åßóïäï ìçíýìá�á êáé Ýîïäï åê�éìþìåíá ìçíýìá�á, ç ÷ùñç�éêü�ç�á óåbits áíÜ ÷ñÞóç �ïõ áñ÷éêïý êáíáëéïý äåí ìðïñåß íá áõîçèåß.ÁðÜí�çóç:¸ó�ùW �ï ìÞíõìá ó�çí åßóïäï �ïõ êùäéêïðïéç�Þ êáé ç óõíÜñ�çóç êùäéêïðïßçóçòf(W ) ðïõ áí�éó�ïé÷ßæåé �ï W ó�çí n-Üäá Xn
1 . Ó�ï äÝê�ç, Ýó�ù óõíÜñ�çóç g(Y n

1 )ðïõ ðáñÜãåé �çí åê�ßìçóç Ŵ . ÅðïìÝíùò, W → Xn
1 → Y n

1 → Ŵ . Aðü �çíáíéóü�ç�á åðåîåñãáóßáò äåäïìÝíùí, I(W ; Ŵ ) ≤ I(Xn
1 ;Y n

1 ). ¢ñá, ãéá ïðïéïäÞðï�åêáíÜëé, åÜí èåùñÞóïõìå áðü êïéíïý �ïí êùäéêïðïéç�Þ, �ï êáíÜëé êáé �ïíáðïêùäéêïðïéç�Þ ùò Ýíá íÝï êáíÜëé ìå åßóïäï ìçíýìá�á êáé Ýîïäï åê�éìþìåíáìçíýìá�á, ç ÷ùñç�éêü�ç�á óå bits áíÜ ÷ñÞóç �ïõ áñ÷éêïý êáíáëéïý äåí ìðïñåß íááõîçèåß. 54



30. *×ùñç�éêü�ç�á êáíáëéïý Ôá÷õäñïìéêþí ðåñéó�åñéþí (�ñï÷ùñçìÝíá ÈÝìá�áÈåùñßáò �ëçñïöïñßáò) { Cover & Thomas 7.19 (�ñïðïðïéçìÝíç) { Ó÷å�éêÜÄýóêïëçÌéá ïìÜäá áðïêëåéóìÝíùí ìá÷ç�þí åðéêïéíùíåß ìå �ïõò óõììÜ÷ïõò �ïõò ìå ÷ñÞóç�á÷õäñïìéêþí ðåñéó�åñéþí. Èåùñïýìå ü�é êÜèå �á÷õäñïìéêü ðåñéó�Ýñé ìðïñåß íá ìå�á-öÝñåé Ýíá óýìâïëï ÁSCII (8 bits), ü�é Ýíá ðåñéó�Ýñé ó�Ýëíå�áé êÜèå 5 ëåð�Ü �çò þñáòêáé ü�é ÷ñåéÜæå�áé ðÜí�á 3 áêñéâþò ëåð�Ü �çò þñáò ãéá íá ö�Üóåé ó�ïí ðñïïñéóìü �ïõ.(á) ÅÜí üëá �á ðåñéó�Ýñéá êá�áöÝñíïõí íá ö�Üóïõí ó�ïí ðñïïñéóìü �ïõò, ðïéá åßíáéç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý óå bits/þñá;ÁðÜí�çóç:ÄåäïìÝíïõ ü�é êÜèå 5 ëåð�Ü ëáìâÜíïõìå 8 bits, ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïýéóïý�áé ìå 8 × 60=5 = 96 bits/þñá. Ï ÷ñüíïò ðïõ ÷ñåéÜæå�áé �ï ðåñéó�Ýñé ãéáíá ö�Üóåé ó�ïí ðñïïñéóìü �ïõ äåí åðçñåÜæåé �ï áðï�Ýëåóìá ãéá�ß, ìå�Ü áðü �çíáñ÷éêÞ ìå�áâá�éêÞ ðåñßïäï, ï ñõèìüò ìå�Üäïóçò ðëçñïöïñßáò èá åßíáé ó�áèåñüò.(â) ¸ó�ù ü�é ï ðáñáëÞð�çò ãíùñßæåé ü�é �á ðåñéó�Ýñéá ó�Ýëíïí�áé ìå ó�áèåñü ñõèìü,ïðü�å ìðïñåß íá áíé÷íåýóåé åÜí Ýíá ðåñéó�Ýñé äå ö�Üóåé ó�ïí ðñïïñéóìü �ïõ. ÅÜíïé áí�ßðáëïé êá�áöÝñíïõí íá óêï�þíïõí ðïóïó�ü � �ùí ðåñéó�åñéþí, ðïéá åßíáé ç÷ùñç�éêü�ç�á �ïõ êáíáëéïý; �þò èá ìïí�åëïðïéïýóá�å �ï êáíÜëé;ÁðÜí�çóç:�ñüêåé�áé ãéá 256-áäéêü êáíÜëé äéáãñáöÞò (erasure 
hannel). ÊáèÝíá áðü �á 256óýìâïëá ASCII åß�å ö�Üíåé ó�ïí ðñïïñéóìü ìå ðéèáíü�ç�á 1−�, åß�å äéáãñÜöå�áéìå ðéèáíü�ç�á �. Ìðïñïýìå íá õðïëïãßóïõìå �ç ÷ùñç�éêü�ç�á îåêéíþí�áò áðü�éò êá�áíïìÝò �ùí X êáé Y . ¸ó�ù pi = Pr{X = i}. ÅðïìÝíùò, Pr{Y = i} =
(1−�)pi ãéá i = 0; : : : ; 255 êáé Pr{Y = E} = (

∑ pi)� = �, üðïõ E �ï åíäå÷üìåíïäéáãñáöÞò (äçëáäÞ íá óêï�ùèåß �ï ðåñéó�Ýñé). �áñá�çñïýìå ü�é H(Y |X) = H(�).�éá �çí H(Y ),H(Y ) = E

[

1

log p(Y )

]

= −
255
∑i=0

(1− �)pi log(1− �)pi − � log�
= −(1− �)∑i pi (log(1− �) + log pi)− � log�
= −(1− �)[log(1− �) +∑i pi log pi]− � log�
= −(1− �) log(1− �)− � log� + (1− �)H(p)
= H(�) + (1− �)H(p):Ôï áðï�Ýëåóìá èá ìðïñïýóå íá ðñïêýøåé êá�åõèåßáí êáé ìå áñ÷Þ äéá÷ùñéóéìü�ç-�áò åí�ñïðßáò, ÷ñçóéìïðïéþí�áò ìéá âïçèç�éêÞ �.ì. E ç ïðïßá éóïý�áé ìå 1 ü�áíóõìâáßíåé äéáãñáöÞ, êáé ìå 0 ü�áí �á ðåñéó�Ýñéá ö�Üíïõí ó�ïí ðñïïñéóìü �ïõò.55



ÄåäïìÝíïõ ü�é ç êá�áíïìÞ ðïõ ìåãéó�ïðïéåß �çí H(p) åßíáé ç ïìïéüìïñöç,
maxH(p) = (1− �)8 bits/ðåñéó�Ýñé. Óõíåðþò,C = maxp(x) I(X;Y ) = maxp(x) H(Y )−H(Y |X) = 8(1− �) +H(�)−H(�)

= 8(1− �) bits/ðåñéó�Ýñé = 96(1− �) bits/þñáÅíáëëáê�éêÜ, ç ÷ùñç�éêü�ç�á ìðïñåß íá âñåèåß ìåãéó�ïðïéþí�áò �çí H(X): C =
maxp(x)(H(X)−H(X|Y )) (äïêéìÜó�å �ï ùò Üóêçóç).(*ã) Èåùñïýìå, �þñá, ü�é ïé áí�ßðáëïé ãíùñßæïõí Èåùñßá �ëçñïöïñßáò êáé, áöïý ðéÜ-óïõí Ýíá ðåñéó�Ýñé ìå ðéèáíü�ç�á �, áí�ß íá �ï óêï�þóïõí, áí�éêáèéó�ïýí �ïóýìâïëï ASCII ðïõ ó�Ýëíåé �ï ðåñéó�Ýñé ìå Ýíá äéáöïñå�éêü (áðü �á 255 ðéèáíÜ).Ôï óýìâïëï áí�éêá�Üó�áóçò åðéëÝãå�áé ìå âÜóç ïìïéüìïñöç êá�áíïìÞ. �ïéá åßíáéç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý; �þò èá ìïí�åëïðïéïýóá�å �ï êáíÜëé;ÁðÜí�çóç:ÊÜèå óýìâïëï ðáñáìÝíåé �ï ßäéï ìå ðéèáíü�ç�á 1 − � Þ ìå�áâáßíåé óå Ýíá áðü �áÜëëá óýìâïëá ìå ðéèáíü�ç�á �=255. ÅðïìÝíùò, Pr{Y = i|X} = 1−� åÜí X = i,áëëéþò Pr{Y = i|X} = �=255. ¼ìïéá ìå �ï Åñþ�çìá (â),H(Y |X) = −(1 − �) log(1− �)− (�=255) 254

∑i=0

log(�=255)
= −(1 − �) log(1− �)− � log(�=255):H I(X;Y ) = H(Y ) − H(Y |X) ìåãéó�ïðïéåß�áé ü�áí ç H(Y ) åßíáé ïìïéüìïñöç.Ùó�üóï, ðñÝðåé íá åîå�Üóïõìå åÜí õðÜñ÷åé �ñüðïò íá åðé�ý÷ïõìå ïìïéüìïñöçêá�áíïìÞ ó�çí Ýîïäï ãéá êÜðïéá p(X). Áí åðéëÝîïõìå ïìïéüìïñöç X,p(y) = 255

∑i=0

p(xi; y) = 255
∑i=0

p(xi)p(y|xi) = 1

256

255
∑i=0

p(y|xi) = 1

256
;äåäïìÝíïõ ü�é, áí y = xi, p(y|xi) = 1− �, åíþ áí y 6= xi, p(y|xi) = �

255
. Óõíåðþò,

∑255i=0 p(y|xi) = 1− �+ 255 �
255

= 1 (�ñïóï÷Þ! �åíéêÜ, ∑x p(y|x) 6= 1).Óõíåðþò, ãéá ïìïéüìïñöç X,I(X;Y ) = 8−H(Y |X) = 8 + (1− �) log(1− �) + � log(�=255) bits/ðåñéó�Ýñé:Ç ÷ùñç�éêü�ç�á ìåãéó�ïðïéåß�áé ü�áí � = 0 (C = 8 bits/ðåñéó�Ýñé = 96 bits/þñá).�áñá�çñÞó�å ü�é ç ÷ùñç�éêü�ç�á éóïý�áé ìå 0 ãéá � = 255
256

êáé ü÷é ãéá � = 1! ¼�áí� = 1, îÝñïõìå ü�é ï å÷èñüò ðÜí�á áëëïéþíåé �ï ìÞíõìá êáé áõ�ü ìáò äßíåé êÜðïéá(ìéêñÞ) ðëçñïöïñßá. ÄçëáäÞ, îÝñïõìå ü�é áðïêëåßå�áé �ï óýìâïëï ðïõ ëÜâáìå íáåßíáé �ï ßäéï ìå áõ�ü ðïõ ó�åßëáìå. ÅÜí ï å÷èñüò ãíùñßæåé Èåùñßá �ëçñïöïñßáò èá56



ðñÝðåé íá áëëÜæåé �ï ìÞíõìá ó÷åäüí ðÜí�á, áëëÜ ü÷é ðÜí�á (êá�Ü ìÝóï üñï ðñÝðåéíá áöÞíåé 1 ó�á 256 ðåñéó�Ýñéá íá ðåñÜóïõí ùò Ý÷ïõí).To êáíÜëé åßíáé Ýíá 256-äéêü óõììå�ñéêü êáíÜëé, üðïõ ïé ìå�áâÜóåéò óå äéáöïñå�éêüóýìâïëï Ý÷ïõí ðéèáíü�ç�á �
255

, åíþ ïé ìå�áâÜóåéò ó�ï ßäéï óýìâïëï Ý÷ïõí ðéèá-íü�ç�á 1 − �. ÅðïìÝíùò, Ýíáò Üëëïò �ñüðïò íá âñåèåß ç ÷ùñç�éêü�ç�á åßíáé ìå÷ñÞóç �çò ó÷Ýóçò C = log |Y| −H (1− �; �
255
; �
255
; : : : ; �

255

).(*ä) Áí ïé áí�ßðáëïé ìðïñïýí íá ðéÜíïõí üëá �á ðåñéó�Ýñéá, áëëÜ äå èÝëïõí íá îÝñïõìåü�é �á Ýðéáóáí (äçëáäÞ äåí �á óêï�þíïõí, áëëÜ ìðïñïýí íá áëëÜîïõí �ï óýìâïëïASCII, áí èÝëïõí, ðñéí �á áöÞóïõí) �é åßíáé �ï ÷åéñü�åñï (ãéá åìÜò) ðïõ ìðïñïýííá êÜíïõí;ÁðÜí�çóç:ÄåäïìÝíïõ ü�é C = 0 ü�áí � = 255
256

, �ï ÷åéñü�åñï ðïõ ìðïñïýí íá êÜíïõí ïéáí�ßðáëïé åßíáé íá ìçí áëëÜæïõí �ï óýìâïëï �ïõ ðåñéó�åñéïý êá�Ü ìÝóï üñï ìéáêÜèå 256 öïñÝò.31. ÕðÜñ÷åé ðåñßð�ùóç ç ðñïóèÞêç ðåñéóóü�åñùí åéóüäùí ó�ï êáíÜëé íá åëá��þóåé�ç ÷ùñç�éêü�ç�Ü �ïõ; { Cover & Thomas 7.22Äåßî�å ü�é ç ðñïóèÞêç ìéáò ïðïéáóäÞðï�å ãñáììÞò ó�ïí ðßíáêá ìå�Üâáóçò åíüò äéáêñé-�ïý êáíáëéïý ÷ùñßò ìíÞìç äåí ìðïñåß íá åëá��þóåé �ç ÷ùñç�éêü�ç�Ü �ïõ.ÁðÜí�çóç:H ðñïóèÞêç ìéáò ïðïéáóäÞðï�å ãñáììÞò ó�ïí ðßíáêá ìå�Üâáóçò åíüò äéáêñé�ïý êáíá-ëéïý, äçëáäÞ ç ðñïóèÞêç ìéáò áêüìá åéóüäïõ äåí ìðïñåß íá åëá��þóåé �ç ÷ùñç�éêü�ç�á�ïõ êáíáëéïý, åðåéäÞ ìðïñïýìå íá åðé�ý÷ïõìå ñõèìü ìå�Üäïóçò ßóï ìå �ç ÷ùñç�éêü�ç�áðñéí ðñïó�åèåß ç ãñáììÞ áðëþò áãíïþí�áò �ç íÝá åßóïäï (äçëáäÞ èÝ�ïí�áò ìçäåíéêÞðéèáíü�ç�á åéóüäïõ ó�ï íÝï óýìâïëï).¸ó�ù Cm ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý ðñéí ðñïó�åèåß ç íÝá åßóïäïò êáé Cm+1 ç÷ùñç�éêü�ç�Ü �ïõ ìå�Ü �çí ðñïóèÞêç �çò íÝáò ãñáììÞò.Cm+1 = maxp(x1;x2;:::;xm;xm+1)
I(X;Y )

≥ maxp(x1;x2;:::;xm;0) I(X;Y ) = Cm:×ùñßò âëÜâç �çò ãåíéêü�ç�áò õðïèÝóáìå ü�é ç ãñáììÞ ðñïó�Ýèçêå ó�ï �Ýëïò �ïõ ðßíáêáìå�Üâáóçò.32. ÊáíÜëé äéáãñáöÞò { Cover & Thomas 7.27¸ó�ù {X ; p(y|x);Y} Ýíá äéáêñé�ü êáíÜëé ÷ùñßò ìíÞìç ìå ÷ùñç�éêü�ç�á C. ÕðïèÝó�åü�é ó�çí Ýîïäï �ïõ êáíáëéïý óõíäÝå�áé Ýíá êáíÜëé äéáãñáöÞò {Y ; p(s|y);S} �ï ïðïßïäéáãñÜöåé �çí Ýîïäï �ïõ ðñþ�ïõ êáíáëéïý ìå ðéèáíü�ç�á �.57



Ó÷Þìá 11: ÊáíÜëé ãéá �ï �ñüâëçìá 7.27 �ùí Cover & Thomas.ÓõãêåêñéìÝíá, S = {y1; y2; : : : ; ym; e}, êáé
Pr{S = y|X = x} = �̄p(y|x); y ∈ Y ;
Pr{S = e|X = x} = �:Âñåß�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý áðü �ï X ó�ï S.ÁðÜí�çóç:¸íáò ãñÞãïñïò �ñüðïò ãéá íá ëõèåß �ï ðñüâëçìá åßíáé ìå ÷ñÞóç �çò áñ÷Þò äéá÷ù-ñéóéìü�ç�áò �çò åí�ñïðßáò. ¸ó�ù �.ì. E ðïõ õðïäçëþíåé åÜí Ý÷åé ãßíåé äéáãñáöÞ.H(S) = H(S) + H(E|S) = H(S;E) = H(E) + H(S|E) ⇒ H(S) = H(E) + Pr{E 6=e}H(S|E 6= e) = H(�) + (1− �)H(Y ).Ïìïßùò, Ç(S|X) = H(S|X) + H(E|S;X) = H(S;E|X) = H(E|X) + H(S|E;X) ⇒H(S|X) = H(E) + Pr{E 6= e}H(S|X;E 6= e) = H(�) + (1− �)H(Y |X).ÅðïìÝíùò,C ′ = max I(X;S) = max {(1− �)H(Y )− (1− �)H(Y |X)}

= (1− �)max {H(Y )−H(Y |X)} = (1− �)C:33. ÊáíÜëéá (Ôåëéêü Äéáãþíéóìá È. �., ÖåâñïõÜñéïò 2008)¸ó�ù P (�) = [ 1− � �� 1− � ]ï ðßíáêáò ìå�Üâáóçò åíüò äõáäéêïý óõììå�ñéêïý êáíáëéïý ìå ðéèáíü�ç�á óöÜëìá�ïò �.Åðßóçò, ïñßæå�áé ç ðñÜîç ∗ ùò åîÞò:a ∗ b = (1− a)b+ a(1 − b):(á) Íá áðïäåßîå�å ü�é �ï êáíÜëé �ï ïðïßï Ý÷åé ãéá ðßíáêá ìå�Üâáóçò �ï ãßíïìåíïP (�1)P (�2) åßíáé éóïäýíáìï ìå Ýíá äõáäéêü óõììå�ñéêü êáíÜëé �ïõ ïðïßïõ çðéèáíü�ç�á óöÜëìá�ïò éóïý�áé ìå �1 ∗ �2.58



ÁðÜí�çóç:Ç ãåíéêÞ ìïñöÞ �ïõ ðßíáêá ìå�Üâáóçò åíüò äõáäéêïý óõììå�ñéêïý êáíáëéïý èáðñÝðåé íá Ý÷åé �ç ìïñöÞ P (�∗) = [ 1− �∗ �∗�∗ 1− �∗ ] : (1)Áðü �ïí ðïëëáðëáóéáóìü �ùí ðéíÜêùí P (�1) êáé P (�2) ðñïêýð�åé ü�éP (�1)P (�2) = [ 1− [(1− �1)�2 + �1(1− �2)] (1− �1)�2 + �1(1− �2)
(1− �1)�2 + �1(1− �2) 1− [(1− �1)�2 + �1(1− �2)] ] : (2)Áðü �éò (1) êáé (2),P (�1)P (�2) = P (�1 ∗ �2) = [ 1− �1 ∗ �2 �1 ∗ �2�1 ∗ �2 1− �1 ∗ �2 ] ;üðïõ �1 ∗ �2 = (1− �1)�2 + �1 ∗ (1− �2).(â) Äþó�å ìéá öõóéêÞ åñìçíåßá �çò ðáñáêÜ�ù áíéóü�ç�áò, êáèþò êáé �çí áðüäåéîÞ �çò

1−H(�1 ∗ �2) ≤ min (1−H(�1); 1−H(�2)) ;åÜí ãíùñßæå�å ü�é éó÷ýïõí ïé áíéóü�ç�åò: |0:5−�1∗�2| ≤ |0:5−�1| êáé |0:5−�1∗�2| ≤
|0:5− �2|.ÁðÜí�çóç:�íùñßæïõìå ü�é ç ÷ùñç�éêü�ç�á åíüò äõáäéêïý óõììå�ñéêïý êáíáëéïý ìå ðéèáíü-�ç�á áíáó�ñïöÞò øçößïõ � éóïý�áé ìå 1 − Ç(�). ¢ñá, ç áíéóü�ç�á 1 − Ç(�1 ∗�2) ≤ min ((1−H(�1); 1−H(�2)) õðïäçëþíåé ü�é ç ÷ùñç�éêü�ç�á �ïõ äõáäéêïýóõììå�ñéêïý êáíáëéïý �1 ∗ �2 åßíáé ìéêñü�åñç Þ ßóç áðü �çí åëÜ÷éó�ç ÷ùñç�éêü-�ç�á �ùí åðéìÝñïõò äõáäéêþí óõììå�ñéêþí êáíáëéþí, �1 êáé �2, áí�ßó�ïé÷á. Áõ�üìáò ïäçãåß ó�ï óõìðÝñáóìá ü�é �ï êáíÜëé �1 ∗ �2 óõìðåñéöÝñå�áé éóïäýíáìá ìå �áêáíÜëéá �1 êáé �2 óå óåéñÜ êáé ü�é ç ÷ùñç�éêü�ç�á �ïõ óõíäõáóìïý �ïõò åîáñ�Ü�áéáðü �ï êáíÜëé ìå �ç ìéêñü�åñç ÷ùñç�éêü�ç�á. �éá íá áðïäåßîïõìå, �þñá, ü�é éó÷ýåéç áíéóü�ç�á ìå äåäïìÝíç �ç ó÷Ýóç �çò Üóêçóçò, áñêåß íá äåßîïõìå, éóïäýíáìá, ü�ééó÷ýåé H(�1 ∗ �2) ≥ max (H(�1); H(�2)) :�éá �1; �2 ≤ 0:5, �1 ∗ �2 ≤ 0:5 êáé áñêåß íá äåßîïõìå ü�é �1 ∗ �2 ≥ max(�1; �2),áöïý ç åí�ñïðßá åßíáé áýîïõóá óõíÜñ�çóç �ïõ ïñßóìá�ïò (ü�áí �ï üñéóìá åßíáé
≤ 0:5). Áõ�Þ, üìùò, ç ó÷Ýóç ìå�áîý �ùí ðéèáíï�Þ�ùí �1, �2 êáé �1∗�2 éó÷ýåé, üðùòìðïñïýìå íá óõìðåñÜíïõìå ìå ìßá áðëÞ åðéóêüðçóç �ùí ó÷Ýóåùí ðïõ äßíïí�áé áðü�çí Üóêçóç. Ìå ðáñüìïéï �ñüðï áðïäåéêíýå�áé ç ó÷Ýóç ãéá �çí ðåñßð�ùóç ðïõ ïé�1 êáé �2 åßíáé ≥ 0:5 êáé ãéá �çí ðåñßð�ùóç ðïõ Ýíá � åßíáé ≤ 0:5 êáé �ï Üëëï �åßíáé ≥ 0:5. 59



(ã) Íá áðïäåßîå�å ü�é �ï êáíÜëé �ï ïðïßï Ý÷åé ãéá ðßíáêá ìå�Üâáóçò �ï ãéíüìåíïP �(�) åßíáé éóïäýíáìï ìå Ýíá äõáäéêü óõììå�ñéêü êáíÜëé �ïõ ïðïßïõ ç ðéèáíü�ç�áóöÜëìá�ïò äßíå�áé áðü �ç ó÷Ýóç 1
2
[1− (1− 2�)�]. Óå áõ�Þí �çí ðåñßð�ùóç, ðïéáåßíáé ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý;ÁðÜí�çóç:�éá íá áðïäåßîïõìå �ç ó÷Ýóç áõ�Þ èá ÷ñçóéìïðïéÞóïõìå �çí åðáãùãéêÞ ìÝèïäï.Äåßîáìå Þäç ü�é éó÷ýåé ãéá n = 2. ¸ó�ù ü�é éó÷ýåé ãéá n− 1, äçëáäÞ,P n−1(�) = P (1

2

[

1− (1− 2�)n−1
]

) :Èá ðñÝðåé íá äåßîïõìå ü�éP n(�) = P (�) · P n−1(�) = P (1

2
[1− (1− 2�)n]) :�ñÜãìá�é, áðü �ï ãéíüìåíï �ùí ðéíÜêùí P (�) · P n−1(�) ðñïêýð�åé ü�éP (�) · Pn−1(�) = [
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=
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2
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=
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[

1− (1− 2�)n−1 + 2�(1− 2�)n−1
]

=
1
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[

1− (1− 2�)(1− 2�)n−1
]

=
1
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[1− (1− 2�)n] :34. Êá�áíïìÞ ðçãÞò (Åðáíáëçð�éêÞ ÅîÝ�áóç È. �., Óåð�Ýìâñéïò 2008)Èåùñïýìå �ï êáíÜëé ðñïóèå�éêïý èïñýâïõ �ïõ Ó÷Þìá�ïò 12.Ç (äéáêñé�Þ) ðçãÞ X ðáßñíåé �éìÝò ó�ï óýíïëï {−1;+1} êáé ïé Xi ðïõ áí�éó�ïé÷ïýíóå äéáöïñå�éêÝò ÷ñïíéêÝò ó�éãìÝò i åßíáé áíåîÜñ�ç�åò ïìïßùò êá�áíåìçìÝíåò (i.i.d.) ∼60



Ó÷Þìá 12: ÊáíÜëé ðñïóèå�éêïý èïñýâïõ ìå êýêëùìá áðüöáóçò (sli
er)Bern(p). O èüñõâïò Zi åßíáé óõíå÷Þò áíåîÜñ�ç�ç ïìïßùò êá�áíåìçìÝíç �.ì. (äçëáäÞ ìéáëåõêÞ �õ÷áßá äéáäéêáóßá äéáêñé�ïý ÷ñüíïõ ìå óõíå÷åßò �éìÝò) êáé áêïëïõèåß ïìïéüìïñöçêá�áíïìÞ ó�ï äéÜó�çìá [−4=3; 4=3]. To êýêëùìá áðüöáóçò ðáñÜãåé ìéá åê�ßìçóç Yi�çò Xi ìå âÜóç �çí �éìÞ �ïõ áèñïßóìá�ïò Ui = Xi+Zi. ¼�áí Ui > �, Õi = +1, áëëéþòYi = −1. � ∈ R.Äßíå�áé ü�é log2 7 ≈ 2:8074.(á) Ó÷åäéÜó�å Þ äþó�å ìéá Ýêöñáóç ãéá �ç óõíÜñ�çóç ðõêíü�ç�áò ðéèáíü�ç�áò �çò Æi.ÁðÜí�çóç:pZ(z) = 3
8
, z ∈ [−4=3; 4=3]. Ç ó.ð.ð. �çò Zi öáßíå�áé ó�ï Ó÷Þìá 13.

Ó÷Þìá 13: ÓõíÜñ�çóç �õêíü�ç�áò �éèáíü�ç�áò �çò Æi(â) Ó÷åäéÜó�å Þ äþó�å ìéá Ýêöñáóç ãéá �ç óõíÜñ�çóç ðõêíü�ç�áò ðéèáíü�ç�áò �çò UiåÜí p = 1=2.ÁðÜí�çóç:Ìå áðëÞ åðéóêüðçóç ðñïêýð�åé ü�épU(u) = 


3
16

ãéá u ∈ [−7
3
;−1

3

]

∪
[

1
3
; 7
3

]

3
8

ãéá u ∈ [−1
3
; 1
3

]

0 ãéá u ∈ [−∞;−7
3

]

∪
[

7
3
;+∞]Ó�ï ßäéï áðï�Ýëåóìá ìðïñåß�å íá ïäçãçèåß�å ìå ðñÜîåéò Þ ìå ÷ñÞóç �ïõ ü�é ç ó.ð.ð.�ïõ áèñïßóìá�ïò �.ì. éóïý�áé ìå �ç óõíÝëéîç �ùí ó.ð.ð. �ùí �.ì. Ç pU(u) Ý÷åéó÷åäéáó�åß ó�ï Ó÷Þìá 14. 61



Ó÷Þìá 14: ÓõíÜñ�çóç �õêíü�ç�áò �éèáíü�ç�áò �çò Ui(ã) ¸ó�ù, ü�é � ∈ [−0:5; 0:5]. Õðïëïãßó�å �éò äåóìåõìÝíåò ðéèáíü�ç�åò óöÜëìá�ïòPe;−1 = Pr{Y = +1|X = −1} êáé Pe;+1 = Pr{Y = −1|X = +1} ùò óõíÜñ�çóç�ïõ �. p ∈ [0; 1] (êáé ü÷é, êá�' áíÜãêç, p = 1=2 üðùò ðñïçãïõìÝíùò).ÁðÜí�çóç:
• Pe;−1 = Pr{Y = +1|X = −1} = Pr{U > �|X = −1} = Pr{Z > � + 1}.
• Pe;+1 = Pr{Y = −1|X = +1} = Pr{U < �|X = +1} = Pr{Z < �− 1}.Äéáêñßíïõìå ðåñéð�þóåéò êáé ÷ñçóéìïðïéïýìå �ç ó.ð.ð. �ïõ Åñù�Þìá�ïò (á):
• � ∈ [−1

2
;−1

3

): Pe;−1 =
(

1
3
− �) 3

8
, Pe;+1 = 0.

• � ∈ [−1
3
; 1
3

): Pe;−1 =
(

1
3
− �) 3

8
, Pe;+1 =

(

1
3
+ �) 3

8
.

• � ∈ [1
3
; 1
2

]: Pe;−1 = 0, Pe;+1 =
(

1
3
+ �) 3

8
.Ïé Pe;−1 êáé Pe;+1 Ý÷ïõí ó÷åäéáó�åß ó�ï Ó÷Þìá 15.(ä) ¸ó�ù, �þñá, ü�é � = 0. Õðïëïãßó�å �éò ðéèáíü�ç�åò óöÜëìá�ïò Pe;−1 êáé Pe;+1.ÁðÜí�çóç:Áðü �ï ðñïçãïýìåíï åñþ�çìá, Þ áðåõèåßáò áðü �éò ó÷Ýóåéò Pe;−1 = Pr{Æ > 1} êáéPe;+1 = Pr{Æ < −1}; Pe;−1 = Pe;+1 =

1
8
.(å) �éá � = 0, äþó�å Ýíá äéáêñé�ü ìïí�Ýëï ãéá �ï êáíÜëé ìå åßóïäï �ç X êáé Ýîïäï�çí Y . �ñüêåé�áé ãéá êáíÜëé ìå ç ÷ùñßò ìíÞìç; Áé�éïëïãÞó�å �çí áðÜí�çóÞ óáò.ÁðÜí�çóç:To êáíÜëé ìðïñåß íá ìïí�åëïðïéçèåß ùò äõáäéêü óõììå�ñéêü êáíÜëé, üðùò öáßíå�áéó�ï Ó÷Þìá 16. Ôï êáíÜëé äåí Ý÷åé ìíÞìç ãéá�ß ç �éìÞ �çò Yi åîáñ�Ü�áé (ó�á�éó�éêÜ)ìüíï áðü �çí �éìÞ �çò Xi.(ó�) Õðïëïãßó�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý ðïõ ìïí�åëïðïéÞóá�å ó�ï ðñïçãïýìåíïåñþ�çìá. �éá ðïéá �éìÞ �çò p åðé�õã÷Üíå�áé ç ÷ùñç�éêü�ç�á;ÁðÜí�çóç:Êá�Ü �á ãíùó�Ü ãéá �ç ÷ùñç�éêü�ç�á äõáäéêïý óõììå�ñéêïý êáíáëéïý, C = 1 −
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Ó÷Þìá 15: ÄåóìåõìÝíåò ðéèáíü�ç�åò óöÜëìá�ïò Pe;−1 êáé Pe;1 óõíáñ�Þóåé �ïõ � ∈ [−0:5; 0:5]
Ó÷Þìá 16: Ìïí�Ýëï ãéá �ï êáíÜëé �çò Üóêçóçò, ãéá � = 0.H(f). Óõíåðþò, C = 1−H(7=8)

= 1 +
7

8
log2

7

8
+

1

8
log

1

8

= 1 +
7

8
log2 7− 3

7

8
− 3

1

8
≈ 3:8074− 3 = 0:8074 bits:H ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áé ìå ïìïéüìïñöç êá�áíïìÞ �ùí óõìâüëùí ðçãÞò:

Pr{X = −1} = Pr{X = +1} = 1
2
.63



35. ÊáíÜëé ìå áíáìå�áäü�ç (ÔåëéêÞ ÅîÝ�áóç È. �., ÖåâñïõÜñéïò 2009)�ñïêåéìÝíïõ íá ìå�áäþóïõìå ðëçñïöïñßá óå ìåãÜëç áðüó�áóç ÷ñçóéìïðïéïýìå �ï êá-íÜëé ìå áíáìå�áäü�ç �ïõ Ó÷Þìá�ïò 17.
Ó÷Þìá 17: ÊáíÜëé ìå áíáìå�áäü�ç ðïõ åíéó÷ýåé �ï óÞìá.Tá äýï êáíÜëéá ðñéí êáé ìå�Ü �ïí áíáìå�áäü�ç åéóÜãïõí áðüóâåóç |h| > 1 êáé �êá-ïõóéáíü èüñõâï Ni ìçäåíéêÞò ìÝóçò �éìÞò. ÄçëáäÞ, ãéá �ï óÞìá Y1 ó�çí åßóïäï �ïõáíáìå�áäü�ç éó÷ýåé Y1 = 1hX + N1. O áíáìå�áäü�çò (ó�çí ïõóßá Ýíáò åíéó÷õ�Þò)ðïëëáðëáóéÜæåé �ï Y1 ìå |G| > 1. ÈåùñÞó�å ü�é ç ìÝóç éó÷ýò �ïõ óÞìá�ïò X ó�çíåßóïäï �ïõ êáíáëéïý éóïý�áé ìå P . Åðßóçò, èåùñÞó�å ü�é èüñõâïé Ni åßíáé áíåîÜñ�ç�ïéìå�áîý �ïõò êáé áíåîÜñ�ç�ïé �çò X.Èåùñïýìå ü�é ï äÝê�çò ãíùñßæåé �éò �éìÝò �ùí h êáé G, êáèþò êáé �éò �éìÝò �çò äéáóðïñÜò�ùí �êáïõóéáíþí èïñýâùí N1 êáé N2, �2

1 êáé �2
2, áí�ßó�ïé÷á.(á) Âñåß�å �ï ìÝãéó�ï áñéèìü bits ðïõ ìðïñïýìå íá ìå�áäþóïõìå êÜèå öïñÜ ðïõ ÷ñç-óéìïðïéïýìå �ï êáíÜëé ìå åßóïäï X êáé Ýîïäï Y2 (óõíáñ�Þóåé �ùí P , h, G, �1 êáé�2), êáèþò êáé �çí êá�áíïìÞ åéóüäïõ ðïõ ðñÝðåé íá ÷ñçóéìïðïéÞóïõìå. �ñÝðåé íááé�éïëïãÞóå�å åðáñêþò �çí áðÜí�çóÞ óáò.ÁðÜí�çóç:�éá �ï óÞìá ó�çí Ýîïäï �ïõ êáíáëéïý ìðïñïýìå íá ãñÜøïõìåÕ2 =

1hG(1hX +N1

)

+N2

=
Gh2X +

GhN1 +N2

=
Gh2X + Ñ :ÄåäïìÝíïõ ü�é ïðïéïóäÞðï�å ãñáììéêüò óõíäõáóìüò �êáïõóéáíþí �.ì. åßíáé�êáïõóéáíÞ �.ì., ç �.ì. Ñ åßíáé �êáïõóéáíÞ ìå ìÝóç �éìÞ 0 êáé äéáóðïñÜ G2h2 �2

1+�2
2(åðåéäÞ ïé èüñõâïé åßíáé áíåîÜñ�ç�ïé).ÅðïìÝíùò, ìðïñïýìå íá ÷ñçóéìïðïéÞóïõìå �ï éóïäýíáìï ìïí�Ýëï êáíáëéïý �ïõÓ÷Þìá�ïò 18.Ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçò éóïý�áé ìå �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý. Äåäï-ìÝíïõ ü�é �ï áñ÷éêü êáíÜëé éóïäõíáìåß ìå áõ�ü �ïõ Ó÷Þìá�ïò 18, ç ÷ùñç�éêü�ç�Ü64



Ó÷Þìá 18: Éóïäýíáìï ìïí�Ýëï êáíáëéïý ìå áíáìå�áäü�ç ðïõ åíéó÷ýåé �ï óÞìá.�ïõ ìðïñåß íá åðé�åõ÷èåß ìå ÷ñÞóç �êáïõóéáíÞò êá�áíïìÞò åéóüäïõ: X ∼ N (0; P ).�íùñßæïõìå, åðßóçò, ü�é ç ÷ùñç�éêü�ç�á �êáïõóéáíïý êáíáëéïý éóïý�áé ìå
1
2
log2 (1 + SNR) : ÅðïìÝíùò,Camplify-and-forward =

1

2
log

(

1 +
E[X2]

E[Ñ2]

)

=
1

2
log

(

1 +
G2h4 PG2h2 �2
1 + �2

2

)

=
1

2
log

(

1 +
Ph2(�2

1 + h2�2
2=G2)

) :(â) ¸ó�ù, �þñá, ü�é, áí�ß ãéá åíéó÷õ�Þ, ï áíáìå�áäü�çò áðï�åëåß�áé áðü Ýíá äÝê�çêáé Ýíá ðïìðü, üðùò öáßíå�áé ó�ï Ó÷Þìá 19.

Ó÷Þìá 19: ÊáíÜëé ìå áíáìå�áäü�ç ðïõ áðïêùäéêïðïéåß, åðáíáêùäéêïðïéåß êáé åðáíáìå�áäßäåé.O äÝê�çò �ïõ áíáìå�áäü�ç áðïêùäéêïðïéåß �ï ìÞíõìá êáé ï ðïìðüò �ïõ �ï åðáíá-êùäéêïðïéåß êáé �ï åðáíáìå�áäßäåé, ðÜëé ìå éó÷ý P . �ïéïò åßíáé ï ìÝãéó�ïò áñéèìüò65



bits ðïõ ìðïñïýìå íá ìå�áäþóïõìå óå áõ�Þí �çí ðåñßð�ùóç êáé ðïéåò êá�áíïìÝòðñÝðåé íá ÷ñçóéìïðïéÞóïõìå ãéá �éò × êáé ×2;ÁðÜí�çóç:Ï ìÝãéó�ïò ñõèìüò ìå �ïí ïðïßï ìðïñïýìå íá ìå�áäþóïõìå áðü �çí åßóïäï �ïõêáíáëéïý Ýùò �ï äÝê�ç �ïõ áíáìå�áäü�ç éóïý�áé ìå �ç ÷ùñç�éêü�ç�á �ïõ �êáïõ-óéáíïý êáíáëéïý Ýùò �ïí áíáìå�áäü�çCleft = 1

2
log

(

1 +
Ph2�2
1

)

=
1

2
log

(

1 +
Ph2�2

1

)êáé åðé�õã÷Üíå�áé ìå ÷ñÞóç �êáïõóéáíÞò êá�áíïìÞò: X ∼ N (0; P ).Ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçò ðïõ ìðïñïýìå íá åðé�ý÷ïõìå áðü �ïí ðïìðü �ïõáíáìå�áäü�ç Ýùò �çí Ýîïäï �ïõ êáíáëéïý éóïý�áé ìå �ç ÷ùñç�éêü�ç�á �ïõ �êáïõ-óéáíïý êáíáëéïý áðü �çí Ýîïäï �ïõ áíáìå�áäü�ç Ýùò �çí Ýîïäï �ïõ êáíáëéïýCright = 1

2
log

(

1 +
Ph2�2
2

)

=
1

2
log

(

1 +
Ph2�2

2

) :H X2 ðñÝðåé íá áêïëïõèåß �êáïõóéáíÞ êá�áíïìÞ: X2 ∼ N (0; P ).Ï ìÝãéó�ïò åðé�åýîéìïò ñõèìüò ó�ï êáíÜëé èá êáèïñéó�åß áðü �ï êïììÜ�é �ïõêáíáëéïý ðïõ Ý÷åé �ç ìéêñü�åñç ÷ùñç�éêü�ç�á. ÅðïìÝíùò,Cde
ode-and-reen
ode = min
{Cleft; Cright}

=
1

2
min

{

log

(

1 +
Ph2�2

1

) ; log(1 + Ph2�2
2

)} :(ã) ÅÜí ç ðïëõðëïêü�ç�á �ïõ áíáìå�áäü�ç äåí áðï�åëåß ðåñéïñéó�éêü ðáñÜãïí�á êáéG = h (þó�å �ï óÞìá ðëçñïöïñßáò ó�çí Ýîïäï �ïõ áíáìå�áäü�ç-åíéó÷õ�Þ íá Ý÷åéåíÝñãåéá P êáé íá åßíáé äßêáéç ç óýãêñéóç ìå �ïí áíáìå�áäü�ç-ðïìðïäÝê�ç), ðïéááðü �éò äýï õëïðïéÞóåéò �ïõ áíáìå�áäü�ç ïäçãåß ó�ï ìÝãéó�ï åðé�åýîéìï ñõèìüìå�Üäïóçò;
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ÁðÜí�çóç:�áñá�çñïýìå ü�é, ãéá G = h, éó÷ýåé ðÜí�ï�åCamplify-and-forward < Cde
ode-and-reen
ode ãéá ïðïéáäÞðï�å �éìÞ �ïõ G(åê�üò áðü �çí áêñáßá ðåñßð�ùóç üðïõ �2 = 0, ïðü�å ïé äýï ÷ùñç�éêü�ç�åòéóïýí�áé). ¼�áí �1 < �2, ðñïöáíþò Cde
ode-and-reen
ode
= 1

2
log
(

1 + Ph2�2
2

) > 1
2
log
(

1 + Ph2(�2
1+�2

2)

)

= Camplify-and-forward. �áñïìïßùò,ü�áí �1 ≥ �2, Cde
ode-and-reen
ode = 1
2
log
(

1 + Ph2�2
1

) > 1
2
log
(

1 + Ph2(�2
1+�2

2)

)

=Camplify-and-forward.O áíáìå�áäü�çò-åíéó÷õ�Þò, åê�üò áðü �ï ùöÝëéìï óÞìá åíéó÷ýåé êáé �ï èüñõâï.ÅðïìÝíùò, ðáñüëï ðïõ âåë�éþíåé �ç \óèåíáñü�ç�á" �ïõ óÞìá�ïò X2 ðïõ èá ìå-�áäïèåß ó�ï äåý�åñï êáíÜëé, äå óõìâÜëëåé êáèüëïõ ó�çí áíÜê�çóç ðëçñïöïñßáòáðü �ï óÞìá ðïõ ëáìâÜíåé. Áí�ßèå�á, åöüóïí ï ñõèìüò ìå�Üäïóçò ó�ï ðñþ�ï êá-íÜëé äåí õðåñâáßíåé �ç ÷ùñç�éêü�ç�á, ï áíáìå�áäü�çò-áðïêùäéêïðïéç�Þò áíáê�Ü �ïáñ÷éêü óÞìá ìå ðéèáíü�ç�á óöÜëìá�ïò áõèáßñå�á êïí�Ü ó�ï 0. ÄçëáäÞ, áöáéñåß�ï èüñõâï N1 áðü �ï óÞìá ðñéí �ï ó�åßëåé ó�ï äåý�åñï êáíÜëé. ÖõóéêÜ, ìðïñåß íááöáéñÝóåé �ï èüñõâï ìüíï åÜí åßíáé óå èÝóç íá áðïêùäéêïðïéÞóåé �çí ðëçñïöïñßá÷ùñßò óöÜëìá �ï ïðïßï áðáé�åß ç ìå�Üäïóç íá ãßíå�áé ìå ñõèìü ðïõ äåí õðåñâáß-íåé �ç ÷ùñç�éêü�ç�á. Ôï êÝñäïò åßíáé ìåãÜëï ü�áí �á êáíÜëéá Ý÷ïõí óõãêñßóéìïèüñõâï. ¼�áí ï èüñõâïò ó�ï Ýíá êáíÜëé åßíáé äõóáíÜëïãá ìåãÜëïò óå ó÷Ýóç ìå�ï Üëëï êáíÜëé, ç ÷ñÞóç �ïõ áíáìå�áäü�ç-ðïìðïäÝê�ç äåí ïäçãåß óå óçìáí�éêÞáýîçóç �çò ÷ùñç�éêü�ç�áò. Ìðïñåß íá áðïäåé÷�åß åýêïëá ü�é �ï ìåãáëý�åñï êÝñäïòåìöáíßæå�áé ü�áí Cleft = Cright.Ó�ï Ó÷Þìá 20 Ý÷ïõí ó÷åäéáó�åß ïé Camplify-and-forward êáéCde
ode-and-reen
ode óõíáñ�Þóåé �ïõ �2
1=�2

2 ãéá P = 1, G = h = 1 êáé �2
1 +�2

2 = 1. Ç Camplify-and-forward åßíáé ó�áèåñÞ äåäïìÝíïõ ü�é �2
1 + �2

2 = 1. Hìåãáëý�åñç äéáöïñÜ ìå �ç Cde
ode-and-reen
ode åìöáíßæå�áé ü�áí �1 = �2, oðü�åCleft = Cright.¸íá ðëåïíÝê�çìá �çò ìåèüäïõ amplify-and-forward åßíáé ü�é áðáé�åß�áé ìüíï Ýíá(�åñÜó�éï) âéâëßï êùäßêùí êáé Ýíáò áðïêùäéêïðïéç�Þò, åíþ ç ìÝèïäïò de
ode-and-reen
ode áðáé�åß 2 (�åñÜó�éá) âéâëßá êùäßêùí êáé äýï áðïêùäéêïðïéç�Ýò, ìåáðï�Ýëåóìá ç êáèõó�Ýñçóç ìå�Üäïóçò êáé ïé áðáé�Þóåéò óå ìíÞìç êáé õðïëïãéóìïýòíá åßíáé ìåãáëý�åñåò.36. ÊáíÜëé (Åðáíáëçð�éêÞ åîÝ�áóç È. �., Óåð�Ýìâñéïò 2009)¸ó�ù X = Y = {0; 1; 2; 3} �á óýìâïëá åéóüäïõ êáé åîüäïõ, áí�ßó�ïé÷á, äéáêñé�ïýêáíáëéïý ÷ùñßò ìíÞìç ìå ðßíáêá ìå�ÜâáóçòP =









1− � � 0 0� 1− � 0 0
0 0 1− Æ Æ
0 0 Æ 1− Æ  :67
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Ó÷Þìá 20: Óýãêñéóç ÷ùñç�éêï�Þ�ùí �ùí êáíáëéþí ðïõ áí�éó�ïé÷ïýí ó�éò äýï õëïðïéÞóåéò�ïõ áíáìå�áäü�ç.�áñá�çñÞó�å ü�é ü�áí ç åßóïäïò �ïõ êáíáëéïý áíÞêåé ó�ï X1 = {0; 1} ç Ýîïäïò áíÞêåéó�ï Y1 = {0; 1}. Ïìïßùò, ãéá X2 = {2; 3}, ç Ýîïäïò áíÞêåé ó�ï Y2 = {2; 3}.(á) Ó÷åäéÜó�å �ï äéÜãñáììá ìå�Üâáóçò �ïõ êáíáëéïý.ÁðÜí�çóç:Ôï äéÜãñáììá ìå�Üâáóçò �ïõ êáíáëéïý Ý÷åé ó÷åäéáó�åß ó�ï Ó÷Þìá 21.(â) Õðïëïãßó�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý ãéá � = Æ = 1=2.ÁðÜí�çóç:�áñá�çñïýìå ü�é, ãéá � = Æ = 1=2, �ï êáíÜëé åßíáé óõììå�ñéêü. ÅðïìÝíùò,C = log |Y| −H([1=2; 1=2; 0; 0]) = 2− 1 = 1 bit:To áðï�Ýëåóìá åßíáé äéáéóèç�éêÜ ëïãéêü. Ôï êáíÜëé áðï�åëåß�áé áðü äýï BSC,�ï êáèÝíá ìå ðéèáíü�ç�á áí�éó�ñïöÞò ßóç ìå 1/2. ÅðïìÝíùò, ï äÝê�çò ìðïñåßíá îå÷ùñßóåé ðïéï BSC ÷ñçóéìïðïéïýìå, áëëá ü÷é �ï óýìâïëï ðïõ ó�Ýëíïõìåóå êÜèå BSC. ÄåäïìÝíïõ ü�é ï ðïìðüò ìðïñåß íá åðéëÝîåé Ýíá áðü äýï BSC,ìðïñïýìå íá ìå�áäþóïõìå 1 bit ðëçñïöïñßáò. �áñá�çñÞó�å, åðßóçò, ü�é ìå �ïí�ñüðï, áõ�üí, ìå�Üäïóçò, åðé�õã÷Üíïõìå ðéèáíü�ç�á óöÜëìá�ïò áêñéâþò ßóç ìå 0.68



Ó÷Þìá 21: ÄéÜãñáììá ìå�Üâáóçò êáíáëéïý.ÔÝëïò, õðÜñ÷ïõí äéÜöïñïé óõíäõáóìïß êá�áíïìþí åéóüäïõ ðïõ åðé�õã÷Üíïõí �ç÷ùñç�éêü�ç�á, áñêåß íá éó÷ýåé p(0) + p(1) = p(2) + p(3) = 1=2.(ã) Ó�ç óõíÝ÷åéá �çò Üóêçóçò èåùñïýìå ü�é �á Æ êáé � ìðïñïýí íá ðÜñïõí ïðïéåóäÞðï�å�éìÝò (ü÷é, ðëÝïí, 1/2).¸ó�ù ü�é, ãéá �çí êá�áíïìÞ åéóüäïõ, p(x), éó÷ýåé p(0)+p(1) = � êáé p(2)+p(3) =
1 − �. Äåßî�å ü�é ãéá �çí áìïéâáßá ðëçñïöïñßá, I(X;Y ), ìå�áîý �çò åéóüäïõ, X,êáé �çò åîüäïõ, Y , �ïõ êáíáëéïý P éó÷ýåéI(X;Y ) = H(�) + �I(X;Y |X ∈ X1) + (1− �)I(X;Y |X ∈ X2):Õðüäåéîç: ÈåùñÞó�å �.ì. V ç ïðïßá õðïäçëþíåé åÜí X ∈ X1 Þ X ∈ X2 êáé÷ñçóéìïðïéÞó�å �ç ãéá íá âñåß�å åêöñÜóåéò ãéá �çí H(X) êáé Ç(× |Y ).ÁðÜí�çóç:¢ðü �ïí ïñéóìü �çò áìïéâáßáò ðëçñïöïñßáò,I(X;Y ) = H(X)−H(X|Y ):Åðßóçò, H(X; V ) = H(X) +H(V |X) = H(X);äåäïìÝíïõ ü�é ç V åßíáé í�å�åñìéíéó�éêÞ óõíÜñ�çóç �çò X. Åðßóçò, H(X; V ) =H(V ) +H(X|V ). ÅðïìÝíùò,H(X) = H(V ) +H(X|V ) = H(�) + �H(X|V = 0) + (1− �)H(X|V = 1);üðïõ V = 0 ü�áí X ∈ X1 êáé V = 1 ü�áí X ∈ X2.69



Oìïßùò, ãéá �çí H(X|Y ),H(X; V |Y ) = H(X|Y ) +H(V |X; Y ) = H(X|Y ) = H(V |Y ) +H(X|V; Y ):�áñá�çñïýìå ü�é H(V |Y ) = 0. Åðßóçò, H(V |X; Y ) = �H(X|V = 0; Y ) + (1 −�)H(X|V = 1; Y ).ÓõíäõÜæïí�áò üëá �á ðáñáðÜíù,I(X;Y ) = H(X)−H(X|Y )

= H(�) + �H(X|V = 0) + (1− �)H(X|V = 1)

− �H(X|V = 0; Y )− (1− �)H(X|V = 1; Y )

= H(�) + �I(X;Y |V = 0) + (1− �)I(X;Y |V = 1)

= H(�) + �I(X;Y |X ∈ X1) + (1− �)I(X;Y |X ∈ X2):(ä) Äåßî�å ü�é ç ìåãéó�ïðïßçóç �çò áìïéâáßáò ðëçñïöïñßáò ðñïêåéìÝíïõ íá õðïëïãß-óïõìå �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý ìðïñåß íá ãßíåé óå äýï âÞìá�á: Ó�ï ðñþ�ïâÞìá âñßóêïõìå �éò êá�áíïìÝò p1(x|X ∈ X1) êáé p2(x|X ∈ X2) ðïõ ìåãéó�ïðïéïýí�éò I(X;Y |X ∈ X1) êáé I(X;Y |X ∈ X2), áí�ßó�ïé÷á. Ó�ï äåý�åñï âÞìá õðïëïãß-æïõìå �çí ðáñÜìå�ñï � ðïõ ìåãéó�ïðïéåß �çí I(X;Y ). ÅÜí C1 åßíáé ç ÷ùñç�éêü�ç�á�ïõ êáíáëéïý P1 =

[

1− � �� 1− � ]êáé C2 ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïýP2 =

[

1− Æ ÆÆ 1− Æ ] ;åîçãÞó�å ãéá�ßC , maxp(x) I(X;Y ) = max� {H(�) + �C1 + (1− �)C2} :ÁðÜí�çóç:�éá ïðïéáäÞðï�å óõíÜñ�çóç éó÷ýåé
maxx1;x2;:::;xn f(x1; x2; : : : ; xn) = maxx1 {

maxx2 {

· · ·
{

maxxn f(x1; x2; : : : ; xn)}}} :ÅðïìÝíùò, ìðïñïýìå íá ìåãéó�ïðïéÞóïõìå ðñþ�á ùò ðñïò p1(x|X ∈ X1) êáép1(x|X ∈ X2) ãéá äåäïìÝíç �éìÞ �çò ðáñáìÝ�ñïõ � êáé ìå�Ü ùò ðñïò �. �á-ñá�çñïýìå, åðßóçò ü�é
• H I(X;Y |X ∈ X1) äåí åîáñ�Ü�áé áðü �çí �éìÞ �çò ðáñáìÝ�ñïõ �, áëëÜ ìüíï áðü�çí õðü óõíèÞêç ó.ì.ð. p1(x|X ∈ X1). Åðßóçò, äåí åîáñ�Ü�áé áðü �çí p2(x|X ∈
X2) ãéá �ï óõãêåêñéìÝíï êáíÜëé, P , ðïõ èåùñïýìå.70



• Ïìïßùò, ç I(X;Y |X ∈ X2) åîáñ�Ü�áé ìüíï áðü �çí õðü óõíèÞêç ó.ì.ð. p2(x|X ∈
X2).Óõíåðþò, ç ìåãéó�ïðïßçóç ùò ðñïò �éò p1, p2 êáé � ìðïñåß íá ãßíåé îå÷ùñéó�Ü. �á-ñá�çñïýìå, åðßóçò, ü�é maxpi I(X;Y |X ∈ Xi) = Ci. ¢ñá, ìðïñïýìå íá ãñÜøïõìåC ,maxp(x) I(X;Y ) = max� {H(�) + �{maxp1 I(X;Y |X ∈ X1)

}

= +(1− �){maxp2 I(X;Y |X ∈ X2)

}}

= max� {H(�) + �C1 + (1− �)C2} :(å) Äåßî�å ü�é ç ÷ùñç�éêü�ç�á, C, �ïõ êáíáëéïý ìå ðßíáêá ìå�Üâáóçò P éóïý�áé ìåC = log
(

2C1 + 2C2
).ÁðÜí�çóç:Áðü �ï ðñïçãïýìåíï åñþ�çìá ðáñá�çñïýìå ü�é ç I(X;Y ) åßíáé Üèñïéóìá ìéáòãñáììéêÞò óõíÜñ�çóçò ùò ðñïò � êáé ìéáò êïßëçò (H(�)) êáé, åðïìÝíùò, åßíáéêïßëç ùò ðñïò �. Óõíåðþò, ãéá íá âñïýìå �çí �éìÞ �çò � ðïõ ìåãéó�ïðïéåß �çíI(X;Y ), áñêåß íá âñïýìå �çí �éìÞ �çò � ãéá �çí ïðïßá ìçäåíßæå�áé ç �I(X;Y )=��.�I(X;Y )�� =

�H(�)�� + C1 − C2

= − log2 � + � 1� log2 e+ log2(1− �)− (1− �) 1

1− � log2 e+ C1 − C2

= log2
1− �� + C1 − C2 = 0

⇒ log2
�

1− � = C1 − C2 ⇒
�

1− � = 2C1=2C2 ⇒ �2C2 = (1− �)2C1

⇒ � =
2C1

2C1 + 2C2
:Áí�éêáèéó�þí�áò,C = − 2C1

2C1 + 2C2
log2

2C1

2C1 + 2C2
− 2C2

2C1 + 2C2
log2

2C2

2C1 + 2C2

+
C12

C1

2C1 + 2C2
+

C22
C2

2C1 + 2C2

= − C12
C1

2C1 + 2C2
+

log2
(

2C1 + 2C2
)

2C1

2C1 + 2C2
− C22

C2

2C1 + 2C2
+

log2
(

2C1 + 2C2
)

2C2

2C1 + 2C2

+
C12

C1

2C1 + 2C2
+

C22
C2

2C1 + 2C2
= log2

(

2C1 + 2C2
) :�áñá�çñÞó�å ü�é 2C = 2C1 + 2C2 �ï ïðïßï åßíáé äéáéóèç�éêÜ áíáìåíüìåíï. Äå-äïìÝíïõ ü�é �á õðï-êáíÜëéá åßíáé áíåîÜñ�ç�á, ï óõíïëéêüò áñéèìüò äéáêñé�þí71



ìçíõìÜ�ùí ðïõ ìðïñïýìå íá ìå�áäþóïõìå ó�ï êáíÜëé éóïý�áé ìå �ïí Üèñïéóìá�ùí äéáêñé�þí ìçíõìÜ�ùí ðïõ ìðïñïýìå íá ìå�áäþóïõìå óå êÜèå åðéìÝñïõò õðï-êáíÜëé.37. *ÊáíÜëé { Cover & Thomas 7.12 (Åðáíáëçð�éêÞ ÅîÝ�áóç �. È. È. �.,Óåð�Ýìâñéïò 2009)Èåùñïýìå �ï äéáêñé�ü êáíÜëé ÷ùñßò ìíÞìç ìå ðßíáêá ìå�ÜâáóçòP =


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3
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3

1
3

1
3

0 1
3
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3



 :(á) Ó÷åäéÜó�å �ï äéÜãñáììá �ïõ êáíáëéïý.ÁðÜí�çóç:Ôï äéÜãñáììá �ïõ êáíáëéïý äßíå�áé ó�ï Ó÷Þìá 22. Óçìåéþíå�áé ü�é �ï áëöÜâç�ïåéóüäïõ êáé åîüäïõ Ý÷åé åðéëåãåß �õ÷áßá.

Ó÷Þìá 22: ÄéÜãñáììá êáíáëéïý ìå 3 åéóüäïõò êáé 3 åîüäïõò.(â) Õðïëïãßó�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý êáé �çí êá�áíïìÞ ìå �çí ïðïßá áõ�Þåðé�õã÷Üíå�áé. ÅîçãÞó�å äéáéóèç�éêÜ ãéá�ß ìßá áðü �éò åéóüäïõò �ïõ êáíáëéïý(ðïéá;) äå ÷ñçóéìïðïéåß�áé ü�áí ìå�áäßäïõìå ìå ñõèìü áõèáßñå�á êïí�Ü ó�ç÷ùñç�éêü�ç�á.Õðüäåéîç: Eêìå�áëëåõ�åß�å êÜðïéá óõììå�ñßá ó�ï êáíÜëé ãéá íá áðëïðïéÞóå�å �éòðñÜîåéò.ÁðÜí�çóç:Ï ðéï åýêïëïò �ñüðïò íá ëõèåß �ï ðñüâëçìá åßíáé ðáñá�çñþí�áò ü�é �ï êáíÜëéóõìðåñéöÝñå�áé ìå �ïí ßäéï �ñüðï ãéá �éò åéóüäïõò 0 êáé 2. ÅðïìÝíùò, ãéá íáåðé�ý÷ïõìå ìå�Üäïóç ìå �ç ÷ùñç�éêü�ç�á, ðñÝðåé p(0) = p(2).¸íáò Üëëïò �ñüðïò ãéá íá äéêáéïëïãçèåß áõ�Þ ç åðéëïãÞ åßíáé ï åîÞò. Ó�ï ìÜèçìá�ñï÷ùñçìÝíá ÈÝìá�á È. �. åßäáìå ü�é, ãéá üëåò �éò åéóüäïõò, xi, åíüò êáíáëéïý72



ðïõ ÷ñçóéìïðïéïýí�áé ðñÝðåé íá éó÷ýåé I(X = xi;Y ) = C, üðïõ C ç ÷ùñç�éêü�ç�á�ïõ êáíáëéïý. ÅðïìÝíùò, ðñÝðåé íá éó÷ýåé I(X = 0;Y ) = I(X = 2;Y ) Þ H(Y )−H(Y |X = 0) = H(Y )−H(Y |X = 2) ç H(Y |X = 0) = H(Y |X = 2). Ìðïñïýìåíá äéáðéó�þóïõìå åýêïëá ü�é ç éóü�ç�á éó÷ýåé åÜí êáé ìüíï åÜí p(X = 0) = p(X =
2).ÅÜí, ëïéðüí, èÝóïõìå p(0) = p(2) = � êáé p(1) = 1− �, ç ëýóç ðñïêýð�åé åýêïëáåêöñÜæïí�áò �çí I(X;Y ) óõíáñ�Þóåé �ïõ � êáé ðáñáãùãßæïí�áò.Ó�ç óõíÝ÷åéá äßíå�áé ç ãåíéêü�åñç ëýóç, üðïõ pX = {�; 1− �− �; �}.I(X;Y ) = H(Y )−H(Y |X)
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log 3:�áñá�çñïýìå ü�é ç ðñþ�ç ãñáììÞ ìåãéó�ïðïéåß�áé ü�áí � = � (ðñüêåé�áé ãéá�çí åí�ñïðßá ìéáò êá�áíïìÞò ìå 3 ìÜæåò), åíþ ç 2ç ãñáììÞ ìåãéó�ïðïéåß�áé ü�áíìåãéó�ïðïéåß�áé �ï (�+�). ÄåäïìÝíïõ ü�é �+� ≤ 1, èÝëïõìå �+� = 1. Óõíåðþò,� = � = 0:5.Áí�éêáèéó�þí�áò, âñßóêïõìå ü�é C = log2 3−H (13). Ç ÷ùñç�éêü�ç�á åðé�õã÷Üíå-�áé ÷ñçóéìïðïéþí�áò ìüíï �á óýìâïëá 0 êáé 2.Äéáéóèç�éêÜ, ï ëüãïò ãéá �ïí ïðïßï äå ÷ñçóéìïðïéåß�áé ç åßóïäïò 1 åßíáé ü�é ïäçãåßóå üëåò �éò åîüäïõò ìå �çí ßäéá ðéèáíü�ç�á.(ã) Åðáëçèåýó�å ü�é ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý åßíáé ç ßäéá ìå áõ�Þ �ïõ êáíáëéïýäéáãñáöÞò (Binary Erasure Channel).ÁðÜí�çóç:H åðáëÞèåõóç ìðïñåß íá ãßíåé áñéèìç�éêÜ Þ ðáñá�çñþí�áò ü�é, ü�áí ÷ñçóéìïðïéïýìåìüíï �éò åéóüäïõò 0 êáé 2, �ï êáíÜëé åêöõëßæå�áé óå êáíÜëé äéáãñáöÞò ìå ðéèáíü�ç�áäéáãñáöÞò 1/3. 73
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= CBEC:38. ×ñÞóç äéáãñáöÞò áðü �ïí ðïìðü (ÔåëéêÞ ÅîÝ�áóç È. �., ÖåâñïõÜñéïò 2010)¼ðùò åßäáìå ó�ï ìÜèçìá, ç ÷ùñç�éêü�ç�á �ïõ äõáäéêïý êáíáëéïý äéáãñáöÞò (binaryerasure 
hannel - BEC) éóïý�áé ìå C = 1−� êáé åðé�õã÷Üíå�áé ìå ÷ñÞóç ïìïéüìïñöçòêá�áíïìÞò ó�ïí ðïìðü (Bern(1/2)). Ó�çí Üóêçóç áõ�Þ èá åîå�Üóïõìå åÜí Ý÷åé íüçìá,åöüóïí áõ�ü åßíáé åöéê�ü, ï ðïìðüò íá ó�Ýëíåé ü÷é ìüíï äýï óýìâïëá (ð.÷. 0 êáé 1),áëëÜ êáé Ýíá �ñß�ï óýìâïëï äéáãñáöÞò. Ó�çí Üóêçóç áõ�Þ äå èá ìáò áðáó÷ïëÞóåé óå�é áí�éó�ïé÷åß Ýíá óýìâïëï äéáãñáöÞò ó�çí ðñÜîç êáé áðëþò èá �ï äïýìå ùò Ýíá �ñß�ïóýìâïëï åéóüäïõ ðïõ Ý÷ïõìå ó�ç äéÜèåóÞ ìáò ãéá �ç ìå�Üäïóç.ÓõãêåêñéìÝíá, èåùñïýìå �ï äéáêñé�ü êáíÜëé ÷ùñßò ìíÞìç �ïõ Ó÷Þìá�ïò 23. Ôá óýì-âïëá 0 êáé 1 äéáãñÜöïí�áé ìå ðéèáíü�ç�á 1/2, åíþ, áí ó�åßëïõìå äéáãñáöÞ, èåùñïýìåü�é ö�Üíåé ðÜí�ï�å ó�ï äÝê�ç ùò äéáãñáöÞ.
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Ó÷Þìá 23: ÔñïðïðïéçìÝíï ÊáíÜëé ÄéáãñáöÞò ìå 3 åéóüäïõò.(á) Åßíáé �ï êáíÜëé óõììå�ñéêü; Åßíáé �ï êáíÜëé áóèåíþò óõììå�ñéêü;ÁðÜí�çóç:Ï ðßíáêáò ðéèáíï�Þ�ùí ìå�Üâáóçò �ïõ êáíáëéïý åßíáé ïP =
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

 :To êáíÜëé äåí åßíáé ïý�å óõììå�ñéêü ïý�å áóèåíþò óõììå�ñéêü, áöïý ç äåý�åñçãñáììÞ �ïõ P äåí ðñïêýð�åé áðü áíáäéÜ�áîç �çò ðñþ�çò.74



(â) Äþó�å Ýíá Üíù öñÜãìá, CUB, êáé Ýíá êÜ�ù öñÜãìá, CLB, ãéá �ç ÷ùñç�éêü�ç�á�ïõ êáíáëéïý. Ôï êÜ�ù öñÜãìá ðïõ æç�åß�áé ðñÝðåé íá åßíáé áõó�çñþò ìåãáëý�åñï�ïõ 0.5: CLB > 0:5 bits. Ìå âÜóç �á üñéá ðïõ âñÞêá�å, áí ìáò äßíå�áé çäõíá�ü�ç�á, êåñäßæïõìå óå ÷ùñç�éêü�ç�á áí ÷ñçóéìïðïéÞóïõìå êáé �ï 3ï óýìâïëïäéáãñáöÞò ó�ïí ðïìðü;Yðüäåéîç: Áí äõóêïëåýåó�å íá âñåß�å CLB > 0:5 bits, ðéèáíþò íá óáò âïçèÞóåé çáðÜí�çóÞ óáò ó�ï åðüìåíï Åñþ�çìá (ã).Óå ðåñßð�ùóç ðïõ óáò ÷ñåéáó�åß, äßíå�áé ü�é log2 3 ≈ 1:585 êáé ü�é H(1=3) ,
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≈ 0:9183 bits.ÁðÜí�çóç:Áí äå ÷ñçóéìïðïéÞóïõìå êáèüëïõ �çí åßóïäï Å, ÷ñçóéìïðïéïýìå �ï êáíÜëé ùòäõáäéêü êáíÜëé äéáãñáöÞò êáé, åðïìÝíùò, ìðïñïýìå íá ìå�áäþóïõìå Ýùò 1− � =
1=2 bits. Óõíåðþò, C ≥ 1=2 bits. Ùó�üóï, ìðïñïýìå íá âñïýìå êáëý�åñï öñÜãìáùò åîÞò: �éá ïðïéáäÞðï�å êá�áíïìÞ åéóüäïõ, p(x), ç áìïéâáßá ðëçñïöïñßá ìå�áîýåéóüäïõ êáé åîüäïõ áðï�åëåß êÜ�ù öñÜãìá ãéá �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý.ÅÜí ÷ñçóéìïðïéÞóïõìå ïìïéüìïñöç êá�áíïìÞ X ∼ Unif[1=3; 1=3; 1=3] ðñïêýð�åéåýêïëá ü�é p(y) = {1=6; 4=6; 1=6}. Óõíåðþò, H(Y ) = H(1=3)+2×1=6×H(1=2) =H(1=3) + 1=3 bits. Åðßóçò, H(Y |X) = 2 × 1

3
H(1=2) = 2=3. ¢ñá, CLB =I(X;Y ) = H(1=3)− 1=3 ≈ 0:585 bits.�íùñßæïõìå, åðßóçò, ü�é C ≤ |Y| êáé C ≤ |X |. ÅðïìÝíùò, C ≤ log2 3 ≈

1:585 bits = CUB.¸íá êáëý�åñï Üíù öñÜãìá (�ï ïðïßï äå ÷ñåéáæü�áí íá âñåß�å ãéá �ï äéáãþíéóìá)ìðïñåß íá âñåèåß ùò åîÞò: Èåùñïýìå �ï êáíÜëé �ïõ Ó÷Þìá�ïò 24. Áðü �çí ¢óêçóç�çò Åðáíáëçð�éêÞò ÅîÝ�áóçò Óåð�åìâñßïõ (Þ áðü Cover & Thomas ¢óêçóç 7.28),áí èåùñÞóïõìå 2 õðï-êáíÜëéá, Ýíá êáíÜëé Æ ìå f = 0:5 êáé ÷ùñç�éêü�ç�á C1 êáéÝíá �å�ñéììÝíï êáíÜëé ìå 1 åßóïäï êáé 1 Ýîïäï), ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý �ïõÓ÷Þìá�ïò 24 éóïý�áé ìåC ′ = log2
(

2C1 + 2C2
)

≈ log2(2
0:322 + 20) ≈ 1:17 bits:Èåùñïýìå, �þñá, �ï ÊáíÜëé �ïõ Ó÷Þìá�ïò 25. �ñüêåé�áé ãéá Ýíá êáíÜëé Æ ìåf = 0:5, äåäïìÝíïõ ü�é äåí ìðïñïýìå íá îå÷ùñßóïõìå �éò åéóüäïõò E êáé 1.Óõíåðþò, C ′′ ≈ 0:322 bits:�éá äåäïìÝíç p(x), ç I(X;Y ) åßíáé êõñ�Þ ∪ óõíÜñ�çóç �çò p(y|x). ÄçëáäÞ, áí ãéáäýï êá�áíïìÝò ìå�Üâáóçò p1(y|x) êáé p2(y|x) êáé ãéá äåäïìÝíç êá�áíïìÞ åéóüäïõ,p(x), ç áìïéâáßá ðëçñïöïñßá ìå�áîý åéóüäïõ êáé åîüäïõ éóïý�áé ìå I1 êáé I2,áí�ßó�ïé÷á, ãéá �çí áìïéâáßá ðëçñïöïñßá, I, ðïõ åðé�õã÷Üíå�áé ìå �çí êá�áíïìÞ�p1(y|x) + (1 − �)p2(y|x), 0 ≤ � ≤ 1, É ≤ �É1 + (1 − �)I2. �áñá�çñÞó�å, �þñá,ü�é ç p(y|x) �ïõ êáíáëéïý �ïõ Ó÷Þìá�ïò 23 áðï�åëåß êõñ�ü óõíäõáóìü (
onvex
ombination) �ùí êá�áíïìþí �ùí êáíáëéþí �ùí Ó÷çìÜ�ùí 24 êáé 25 ìå � = 0:5.75



Ó÷Þìá 24: ÊáíÜëé ãéá õðïëïãéóìü CUB.

Ó÷Þìá 25: ÊáíÜëé ãéá õðïëïãéóìü CUB.Óõíåðþò, ãéá ïðïéáäÞðï�å p(x), É(× ;Õ ) ≤ �I1 + (1 − �)I2 ≤ �C ′ + (1 − �)C ′′.ÅðïìÝíùò, êáé ãéá �çí p∗(x) ç ïðïßá åðé�õ÷ãÜíåé �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý,C ≤ �C ′ + (1− �)C ′′. Óõìðåñáßíïõìå, ëïéðüí, ü�é C ≤ C ′ ≈ 1:17 bits.ÔÝëïò, Ýíáò Üëëïò �ñüðïò íá âñïýìå Ýíá Üíù öñÜãìá ãéá �ç C åßíáé ìå ÷ñÞóç �çòó÷Ýóçò C ≤ maxH(Y ). Ùó�üóï, ðñÝðåé íá ðñïóÝîïõìå �ï åîÞò: Ç êá�áíïìÞåéóüäïõ, p(x), ðïõ ìåãéó�ïðïéåß �çí H(Y ) äåí åßíáé, êá�' áíÜãêç ßäéá ìå �çíêá�áíïìÞ ðïõ ìåãéó�ïðïéåß �çí I(X;Y ). ÈÝ�ïí�áò pX(0) = pX(1) = p (äåß�å�çí áé�éïëüãçóç ãéá áõ�Þí �çí åðéëïãÞ ó�ï Eñþ�çìá (ã)), H(Y ) = H(p) + 2 ×p
2
× H(1=2) = H(p) + p. �ñÝðåé, �þñá, íá ìåãéó�ïðïéÞóïõìå �çí H(p) + p.ÁðëÞ ðáñáãþãéóç äßíåé p = 2=3, �éìÞ ç ïðïßá äåí åßíáé áðïäåê�Þ ãéá�ß ðñÝðåé

2p ≤ 1. �ñÝðåé, ëïéðüí, íá ìåãéó�ïðïéÞóïõìå �çí Ç(p) + p õðü �ïí ðåñéïñéóìü
0 ≤ p ≤ 1

2
. Ó�ç ãåíéêÞ ðåñßð�ùóç, áðáé�åß�áé ÷ñÞóç ðïëëáðëáóéáó�þí La-grange. Ùó�üóï, ó�ç óõãêåêñéìÝíç ðåñßð�ùóç ìðïñïýìå íá åêìå�áëëåõ�ïýìå �çíêõñ�ü�ç�á �çò H(Õ ) êáé �ï ãåãïíüò ü�é, áí äåí Ý÷ïõìå ðåñéïñéóìü, ç ìÝãéó�ç76



�éìÞ åðé�õã÷Üíå�áé ãéá p > 1
2
. Áõ�ü óçìáßíåé ü�é ç H(p) + p ìåãéó�ïðïéåß�áé óåÝíá áðü �á Üêñá �ïõ äéáó�Þìá�ïò åðé�ñåð�þí �éìþí �çò p. ÅðåéäÞ H(0) + 0 = 0,

max{H(p) + p} = H(1=2) + 1=2 = 1:5 bits. ¢ñá, ç H(Y ) ìåãéó�ïðïéåß�áé ãéápX(0) = pX(1) = 1=2 êáé PX(E) = 0. �áñá�çñÞó�å ü�é, ðáñüëï ðïõ ç ïìïéüìïñöçêá�áíïìÞ åéóüäïõ ïäçãåß óå ìåãáëý�åñç áìïéâáßá ðëçñïöïñßá áð' ü,�é ç êá�áíïìÞpX(0) = pX(1) = 1=2 êáé PX(E) = 0 (êáé, ìÜëéó�á, åðé�õã÷Üíåé �ç ÷ùñç�éêü�ç�á,üðùò èá äïýìå ó�ï Åñþ�çìá (ã)), ç Ç(Õ ) óå áõ�Þí �çí ðåñßð�ùóç éóïý�áé ìå1.2516 bits.ÄåäïìÝíïõ ü�é CLB > 0:5 = CBEC, óõìöÝñåé íá ìå�áäßäïõìå êáé äéáãñáöÝò áðü�ïí ðïìðü, åöüóïí ìáò äßíå�áé ç äõíá�ü�ç�á.(ã) Õðïëïãßó�å �ç ÷ùñç�éêü�ç�á, C, �ïõ êáíáëéïý �ïõ Ó÷Þìá�ïò 23, êáèþò êáé �çíêá�áíïìÞ ðïìðïý, p∗(x), ìå �çí ïðïßá åðé�õã÷Üíå�áé.Õðüäåéîç: ×ñçóéìïðïéÞó�å �ç óõììå�ñßá �ïõ äéáãñÜììá�ïò ìå�Üâáóçò �ïõ êáíá-ëéïý ãéá íá áðëïðïéÞóå�å �éò ðñÜîåéò (�ñïóï÷Þ: Äå óçìáßíåé, áðáñáß�ç�á, ü�é �ïêáíÜëé åßíáé óõììå�ñéêü Þ áóèåíþò óõììå�ñéêü).ÁðÜí�çóç:Aðü �ç óõììå�ñßá �ïõ äéáãñÜììá�ïò ìå�Üâáóçò, pX(0) = pX(1) = p êáé pX(E) =
1− 2p. ÅðïìÝíùò, pY (0) = pY (1) = p=2 êáé pY (E) = 1− p. Áõ�ü ìðïñïýìå íá �ïäéêáéïëïãÞóïõìå ùò åîÞò: Êá�' áñ÷Üò, äéáéóèç�éêÜ, äåäïìÝíïõ ü�é áí\áíáðïäïãõñßóïõìå" �ï êáíÜëé èá åßíáé �ï ßäéï, äåí õðÜñ÷åé ëüãïò íá÷ñçóéìïðïéÞóïõìå ìéá åßóïäï ìå ìåãáëý�åñç ðéèáíü�ç�á áðü ìßá Üëëç. �éï áõ-ó�çñÜ, áí ç ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áé áðü �çí êá�áíïìÞ pX(0) = p, pX(1) = qêáé pX(E) = 1 − p − q, �ü�å ìðïñïýìå íá åðé�ý÷ïõìå �ç ÷ùñç�éêü�ç�á êáé ìå�çí êá�áíïìÞ pX(0) = q, pX(1) = p êáé pX(E) = 1 − p − q. ÄåäïìÝíïõ ü�é,ãéá äåäïìÝíåò p(y|x), ç áìïéâáßá ðëçñïöïñßá åßíáé êïßëç ∩ óõíÜñ�çóç �çò p,ïðïéïóäÞðï�å êõñ�üò óõíäõáóìüò �ùí äýï êá�áíïìþí ïäçãåß óå áìïéâáßá ðëç-ñïöïñßá �ïõëÜ÷éó�ïí ßóç ìå �çí áìïéâáßá ðëçñïöïñßá ðïõ åðé�õã÷Üíåé êÜèå ìßááðü �éò äýï êá�áíïìÝò. ¢ñá, ìå ÷ñÞóç �çò pX(0) = (p + q)=2, pX(1) = (p+ q)=2êáé pX(E) = 1 − p − q ìðïñïýìå íá åðé�ý÷ïõìå �ç ÷ùñç�éêü�ç�á. ¸íáò Üëëïò�ñüðïò åßíáé ìå ÷ñÞóç �ïõ åîÞò èåùñÞìá�ïò (ðïõ äåí Ý÷ïõìå áíáöÝñåé óå áõ�ü�ï ìÜèçìá): �éá �éò êá�áíïìÝò åéóüäïõ pX(x) ðïõ åðé�õã÷Üíïõí �ç ÷ùñç�éêü-�ç�á éó÷ýåé I(Y ;X = x) = C ãéá üëá �á x ãéá �á ïðïßá pX(x) > 0. ¢ñá, áí÷ñçóéìïðïéçèïýí ïé åßóïäïé 0 êáé 1, èá éó÷ýåé I(Y ;X = 0) = I(Y ;X = 1) = C.ÄåäïìÝíçò �çò óõììå�ñßáò �ïõ êáíáëéïý, ãéá íá åðé�ý÷ïõìå I(Y ;X = 0) =I(Y ;X = 1) ÷ñåéáæüìáó�å êáé ßóåò ðéèáíü�ç�åò åéóüäïõ. ÔÝëïò, Ýíáò óáöþò ðéïðïëýðëïêïò �ñüðïò åßíáé íá ìç ÷ñçóéìïðïéÞóïõìå �ç óõììå�ñßá �ïõ äéáãñÜììá�ïòêáé íá ìåãéó�ïðïéÞóïõìå óõíÜñ�çóç 2 ìå�áâëç�þí.Óõíåðþò, ÷ñçóéìïðïéþí�áò pX(0) = pX(1) = p, H(Y ) = H(p)+2× p

2
×H(1=2) =H(p)+p. H(Y |X) = 2×p×H(1=2) = 2p. ¢ñá, I(X;Y ) = H(p)−p. ÄåäïìÝíïõü�é ç I(X;Y ) åßíáé êïßëç ∩ óõíÜñ�çóç �çò p(x) ãéá äåäïìÝíç p(y|x), ìðïñïýìå íá77



âñïýìå �ï ìÝãéó�ï �çò I(X;Y ) ðáñáãùãßæïí�áò ùò ðñïò p:I(X;Y ) = −p log2 p− (1− p) log2(1− p)− p⇒dI(X;Y )dp = − log2 p− p1p log2 e+ log2(1− p)− (1− p) · (−1) 1

1− p log2 e− 1 = 0⇒

log2
1− pp = 1⇒ 1− pp = 2⇒ p =

1

3
:ÅðïìÝíùò, ðáñüëï ðïõ �ï êáíÜëé äåí åßíáé óõììå�ñéêü ç êá�áíïìÞ ðïõ åðé�õã÷Üíåé�ç ÷ùñç�éêü�ç�á åßíáé ç ïìïéüìïñöç: p∗(x) = {1=3; 1=3; 1=3}.H ÷ùñç�éêü�ç�á �ïõ êáíáëéïý éóïý�áé ìå C = H(p)− p = H(1=3)− 1=3 ≈ 0:585bits.Óçìåßùóç: Åßíáé äåëåáó�éêü íá äïõëÝøïõìå ìå öõóéêïýò ëïãáñßèìïõò (äçëáäÞíá åêöñÜóïõìå �çí åí�ñïðßá óå nats) ãéá íá áðëïðïéÞóïõìå �éò ðáñáãùãßóåéò.Ùó�üóï, óå áõ�Þí �çí ðåñßð�ùóç ðñÝðåé íá ðñïóÝîïõìå, ãéá�ß H(1=2) = ln 2 nats!(êáé ü÷é 1).Ó�ç óõíÝ÷åéá äßíå�áé Ýíá ðñüãñáììá óå MATLAB �ï ïðïßï ó÷åäéÜæåé �ç ÷ùñç�éêü-�ç�á �ïõ êáíáëéïý ãéá äéáöïñå�éêÝò ðéèáíü�ç�åò ìå�Üâáóçò � êáé �çí êá�áíïìÞ ìå �çíïðïßá áõ�Þ åðé�õã÷Üíå�áé. Åðßóçò, ç ÷ùñç�éêü�ç�á óõãêñßíå�áé ìå �ç ÷ùñç�éêü�ç�á�ïõ áí�ßó�ïé÷ïõ BEC, ìå �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý �ïõ Ó÷Þìá�ïò 24, êáèþò êáéìå �ï ñõèìü ìå�Üäïóçò ðïõ åðé�õã÷Üíå�áé ìå �çí ïìïéüìïñöç êá�áíïìÞ (Ó÷Þìá 26).�áñá�çñïýìå ü�é ç âÝë�éó�ç êá�áíïìÞ åéóüäïõ Ý÷åé áñêå�Ü åíäéáöÝñïõóá óõìðåñéöïñÜ:Åßíáé ó÷åäüí ïìïéüìïñöç êáé �áõ�ßæå�áé ìå �çí ïìïéüìïñöç ãéá � = 0 êáé � = 0:5. �á-ñá�çñïýìå, åðßóçò, ü�é ç áðþëåéá ñõèìïý ìå�Üäïóçò ü�áí ÷ñçóéìïðïéåß�áé ïìïéüìïñöçêá�áíïìÞ åéóüäïõ óå ó÷Ýóç ìå �ç ÷ùñç�éêü�ç�á åßíáé ðïëý ìéêñÞ ãéá üëåò �éò �éìÝò�ïõ � (êáé ìçäåíéêÞ ãéá � = 0 êáé 0:5). ÔÝëïò, üðùò ðåñéìÝíáìå, ç ÷ùñç�éêü�ç�áìåãéó�ïðïéåß�áé ü�áí � = 0 ïðü�å �ï êáíÜëé äåí Ý÷åé èüñõâï (C = log 3) êáé éóïý�áé ìå0 ü�áí � = 1, ïðü�å üëåò ïé åßóïäïé ïäçãïýí ó�çí ¸îïäï E.%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% EE676 - Information Theory %% Sample 
ode for Problem 3 of 2010 Final %% %% Dimitris Toumpakaris, 20/01/2010 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
lear all;% transition probability values of the 
hannelalpha = linspa
e(0,0.99,100);% Cal
ulate intermediate parameters78
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Ó÷Þìá 26: ÊáíÜëé ãéá õðïëïãéóìü CUB.H_alpha = -alpha.*log2(alpha) - (1-alpha).*log2(1-alpha);% Set H_alpha 
orresponding to alpha=0 manually% to avoid numeri
al problemsH_alpha(1) = 0;% 
al
ulate distribution that a
hieves 
apa
ityp = 1/2./(1-alpha)./(1.+2.^((H_alpha+alpha-1)./(1-alpha)));
lf;subplot(3,1,1);plot(alpha,p);grid on;hold on; 79



% show interse
tion with uniform distributionunif = 1/3*ones(1,100);plot(alpha,unif,'-.');title('Capa
ity-a
hieving distribution')xlabel('\alpha')ylabel('p(x)')legend('p^*(x)','Unif[1/3,1/3,1/3℄');% find 
orresponding 
apa
itybeta = 2.*(1-alpha).*p;C = -beta.*log2(beta)-(1-beta).*log2(1-beta) + 2.*p.*(1-alpha-H_alpha);% generate plot 
omparing 
apa
ity with 
orresponding erasure 
hannelsubplot(3,1,2);plot(alpha,C);grid on;hold on;% plot 
apa
ity of erasure 
hannel with alphaplot(alpha,1-alpha,'-.');% plot 
apa
ity of 
ombined Z 
hannel and trivial 
hannel% with one input and one outputC_ub = log2(2+(1-alpha).*alpha.^(alpha./(1-alpha)));plot(alpha,C_ub,':');title('Comparison of 
apa
ity with lower and upper bounds');xlabel('\alpha');ylabel('Average Transmission Rate [bits/
hannel use℄');legend('C','C_{erasure}','C_{ub}');% generate plot 
omparing 
apa
ity with lower bound a
hieved% with uniform input distributionsubplot(3,1,3);% plot lower bound assuming that the uniform input distribution is usedp_lb = 1/3*ones(1,100);beta_lb = 2.*(1-alpha).*p_lb;C_lb = -beta_lb.*log2(beta_lb)-(1-beta_lb).*log2(1-beta_lb) +...2.*p_lb.*(1-alpha-H_alpha);plot(alpha,C-C_lb); 80



title('Comparison of 
apa
ity with rate (R_{unif})...a
hieved by uniform input distribution');xlabel('\alpha');ylabel('C-R_{unif} [bits/
hannel use℄');grid on;hold on;39. Ìç óõììå�ñéêü Äõáäéêü ÊáíÜëé (Åðáíáëçð�éêÞ ÅîÝ�áóç �. È. È. �.,Óåð�Ýìâñéïò 2010)Èåùñïýìå �ï ìç óõììå�ñéêü äõáäéêü êáíÜëé �ïõ Ó÷Þìá�ïò 27.
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Ó÷Þìá 27: Ôï ìç óõììå�ñéêü äõáäéêü êáíÜëé.Óå ðåñßð�ùóç ðïõ óáò ÷ñåéáó�åß ó�çí Üóêçóç, äßíå�áé ü�é ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïýÆ éóïý�áé ìå C ≤ log
(

1 + (1− f)f f=(1−f)), üðïõ f ç ðéèáíü�ç�á ìå�Üâáóçò áðü �ï 1ó�ï 0.(á) Äåßî�å ü�é �ï ìç óõììå�ñéêü äõáäéêü êáíÜëé ìðïñåé íá ãñáö�åß ùò äéáäï÷Þ åíüòäõáäéêïý óõììå�ñéêïý êáíáëéïý ìå ðéèáíü�ç�á áíáó�ñïöÞò øçößïõ p êáé åíüò êá-íáëéïý Æ ìå ðéèáíü�ç�á ìå�Üâáóçò áðü �ï 1 ó�ï 0 ßóç ìå f . Äþó�å åêöñÜóåéò ãéá�éò ðáñáìÝ�ñïõò p êáé f óõíáñ�Þóåé �ùí p1 êáé p2.ÁðÜí�çóç:Èåùñïýìå, ÷ùñßò âëÜâç �çò ãåíéêü�ç�áò, ü�é p2 ≥ p1. Áí p1 ≥ p2 ðñÝðåé íá÷ñçóéìïðïéÞóïõìå �ï êáíÜëé Æ ðïõ áíáó�ñÝöåé �ï øçößï åéóüäïõ 0. Áðü �ï Ó÷Þìá28,
Pr{Y = 0|X = 0} = 1− p1 = 1− p+ pf = 1− p(1− f);
Pr{Y = 1|X = 0} = p1 = p(1− f);
Pr{Y = 1|X = 1} = 1− p2 = (1− p)(1− f) êáé
Pr{Y = 0|X = 1} = p2 = p+ (1− p)f:81
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Ó÷Þìá 28: Ôï äõáäéêü ìç óõììå�ñéêü êáíÜëé ùò äéáäï÷Þ BSC êáé êáíáëéïý Æ.ÅðïìÝíùò, f = p2 − p1 êáé p = p1
1+p1−p2 .�áñá�çñÞó�å ü�é ü�áí p1 = p2, f = 0 êáé p = p1 = p2.(â) Äåßî�å ü�é ãéá ïðïéïäÞðï�å êáíÜëé C ðïõ ìðïñåß íá ãñáö�åß ùò äéáäï÷Þ äýï êáíá-ëéþí C1 êáé C2, C ≤ min{C1; C2}, üðïõ C, C1 êáé C2 åßíáé ïé ÷ùñç�éêü�ç�åò �ùíêáíáëéþí C, C1 êáé C2, áí�ßó�ïé÷á.Åðßóçò, äþó�å ìéá éêáíÞ óõíèÞêç ãéá íá éó÷ýåé ç éóü�ç�á, äçëáäÞC = min{C1; C2}.ÁðÜí�çóç:

C
1

C
2X Y

Z

   CÓ÷Þìá 29: Äéáäï÷Þ êáíáëéþí.Áðü �çí áíéóü�ç�á åðåîåñãáóßáò äåäïìÝíùí ãíùñßæïõìå ü�éI(X;Y ) ≤ I(X;Z) êáéI(X;Y ) ≤ I(Z;Y ):ÅðïìÝíùò, C = max I(X;Y ) ≤ max I(X;Z) = C1 êáéC = max I(X;Y ) ≤ max I(Z;Y ) = C2:Óõíåðþò, C ≤ min{C1; C2}. 82



Ç éóü�ç�á éó÷ýåé ü�áí �ïõëÜ÷éó�ïí Ýíá áðü �á êáíÜëéá åßíáé í�å�åñìéíéó�éêü êáéáí�éó�ñÝøéìï (1-ðñïò-1).(ã) Ìå âÜóç �éò áðáí�Þóåéò óáò ó�á Åñù�Þìá�á (á) êáé (â) âñåß�å Ýíá Üíù öñÜãìá ãéá�ç ÷ùñç�éêü�ç�á �ïõ ìç óõììå�ñéêïý äõáäéêïý êáíáëéïý. To Üíù öñÜãìá ðñÝðåéíá åßíáé óõíÜñ�çóç �ùí p1 êáé p2.ÁðÜí�çóç:H ÷ùñç�éêü�ç�á �ïõ ìç óõììå�ñéêïý äõáäéêïý êáíáëéïý äåí õðåñâáßíåé �ç ÷ùñç�é-êü�ç�á �ïõ äõáäéêïý óõììå�ñéêïý êáíáëéïý ìå ðáñÜìå�ñï p. Åðßóçò, äåí õðåñâáßíåé�ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý Æ ìå ðáñÜìå�ñï f .EðïìÝíùò, C ≤ 1−H(p) = 1−H ( p1
1 + p1 − p2)êáé C ≤ log

(

1 + (1− f)f f=(1−f)) = log
(

1 + (1 + p1 − p2)(p2 − p1) p2−p1
1+p1−p2 ) :(ä) Bñåß�å Ýíá êÜ�ù öñÜãìá ãéá �ç ÷ùñç�éêü�ç�á �ïõ ìç óõììå�ñéêïý äõáäéêïý êá-íáëéïý (÷ùñßò íá ÷ñçóéìïðïéÞóå�å, êá�' áíÜãêç, �á ðñïçãïýìåíá åñù�Þìá�á). Äå÷ñåéÜæå�áé íá äþóå�å áíáëõ�éêÝò åêöñÜóåéò. Áñêåß íá åîçãÞóå�å ðþò ìðïñåß íáõðïëïãéó�åß �ï êÜ�ù öñÜãìá.ÁðÜí�çóç:Ìðïñïýìå íá âñïýìå Ýíá êÜ�ù öñÜãìá áí õðïëïãßóïõìå �çí áìïéâáßá ðëçñïöïñßá,I(X;Y ), ãéá ïìïéüìïñöç êá�áíïìÞ åéóüäïõ.pX = (1=2; 1=2)⇒ pY = (1=2 + 1=2(p2 − p1); 1=2− 1=2(p2 − p1)).ÅðïìÝíùò,I(X;Y )|pX=(1=2;1=2) = H(Y )−H(Y |X) =

= H (1=2 + 1=2(p2 − p1); 1=2− 1=2(p2 − p1))
− 1

2
H(p1)− 1

2
H(p2) ≤ C:40. Äõáäéêü óõììå�ñéêü êáíÜëé ìå ìå�áâáëëüìåíç ðéèáíü�ç�á áíáó�ñïöÞò øçößïõ(ÔåëéêÞ ÅîÝ�áóç È. �., ÖåâñïõÜñéïò 2011)Èåùñïýìå Ýíá äõáäéêü óõììå�ñéêü êáíÜëé (BSC) ìå ðéèáíü�ç�á áíáó�ñïöÞò øçößïõp ≤ 1

2
. Ùó�üóï, ç ðéèáíü�ç�á áíáó�ñïöÞò øçößïõ ìå�áâÜëëå�áé ìå �ï ÷ñüíï, n.ÓõãêåêñéìÝíá, ç pn ìðïñåß íá ðÜñåé äýï ðéèáíÝò �éìÝò, pA êáé pB. Èåùñïýìå, åðßóçò,÷ùñßò âëÜâç �çò ãåíéêü�ç�áò, ü�é 0 ≤ pA ≤ pB ≤ 1

2
. Ç äéáäéêáóßá pn åßíáé áíåîÜñ�ç�çêáé ïìïßùò êá�áíåìçìÝíç (i.i.d.), äçëáäÞ ç �éìÞ �çò �ç ÷ñïíéêÞ ó�éãìÞ n äåí åîáñ�Ü�áéáðü ðñïçãïýìåíåò ÷ñïíéêÝò ó�éãìÝò êáé äåí åðçñåÜæåé åðüìåíåò ÷ñïíéêÝò ó�éãìÝò.¸ó�ù ü�é Pr{pn = pA} = � = 1− Pr{pn = pB}.83



(á) ÅÜí ãíùñßæïõìå �çí �éìÞ �çò pn �ç ÷ñïíéêÞ ó�éãìÞ n, ìå �é éóïý�áé ç ÷ùñç�éêü�ç�á,C, �ïõ êáíáëéïý �ç ÷ñïíéêÞ ó�éãìÞ n; Èá ïíïìÜóïõìå �çí �éìÞ áõ�Þ C(Sn) üðïõSn = A Þ Â, áíÜëïãá ìå �çí �éìÞ �çò pn (pA Þ pB, áí�ßó�ïé÷á).Ìå ðïéá êá�áíïìÞ åéóüäïõ åðé�õã÷Üíå�áé ç ÷ùñç�éêü�ç�á;ÁðÜí�çóç:ÅÜí ãíùñßæïõìå �çí �éìÞ �çò pn, êá�Ü �á ãíùó�Ü áðü �ï äõáäéêü óõììå�ñéêü êá-íÜëé, C(S) = 1−H(pS). H ÷ùñç�éêü�ç�á åðé�õã÷Üíå�áé ìå ïìïéüìïñöç êá�áíïìÞåéóüäïõ.(â) ÅÜí ÷ñçóéìïðïéÞóïõìå �ï êáíÜëé ðÜñá ðïëëÝò öïñÝò (n → ∞) êáé êÜèå öïñÜãíùñßæïõìå �çí �éìÞ �çò pn ó�ïí ðïìðü (ç ïðïßá, üìùò, åîáêïëïõèåß íá ìå�áâÜë-ëå�áé ìå �õ÷áßï �ñüðï) ðïéïò åßíáé ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçò ðïõ ìðïñïýìå íáåðé�ý÷ïõìå; ÄçëáäÞ, ìå �é éóïý�áé ç ðïóü�ç�áCperfe
t = limn→∞

1n n
∑i=1

C(Sn);ÁðÜí�çóç:Må ðéèáíü�ç�á � �ï êáíÜëé èá âñßóêå�áé ó�Þí êá�Üó�áóç Á, åíþ ìå ðéèáíü�ç�á
1− � ó�çí êá�Üó�áóç B. ÅðïìÝíùò, ó�ï üñéï,Cperfe
t = �C(A) + (1− �)C(B) = 1− �H(pA)− (1− �)H(pB):ÄçëáäÞ, ó�ï üñéï, èá ÷ñçóéìïðïéÞóïõìå �ï êáíÜëé ùò êáíÜëé Á nA ≈ �n öïñÝò(ïðü�å èá ó�åßëïõìå �C(A)n bits) êáé ùò êáíÜëé Â nB ≈ (1− �)n öïñÝò.(ã) ¸ó�ù, �þñá, ü�é äå ãíùñßæïõìå �çí �éìÞ �çò pn ó�ïí ðïìðü. Äåßî�å ü�é ìðïñïýìåíá ìïí�åëïðïéÞóïõìå �ï êáíÜëé ùò Ýíá äõáäéêü óõììå�ñéêü êáíÜëé (BSC) ìåðáñÜìå�ñï p̄. Äþó�å ìéá Ýêöñáóç ãéá �çí p̄ óõíáñ�Þóåé �ùí �, pA êáé pB, êáèþòêáé ãéá �ç ÷ùñç�éêü�ç�á, Cno state info, åÜí õðïèÝóïõìå ü�é ÷ñçóéìïðïéïýìå �ïêáíÜëé n öïñÝò ìå n→∞.ÁðÜí�çóç:Må ÷ñÞóç �ïõ èåùñÞìá�ïò ïëéêÞò ðéèáíü�ç�áò, ç ðéèáíü�ç�á �ï øçößï 0 íá áí�é-ó�ñáöåß ó�ï 1 ìðïñåß íá ãñáö�åß ùòp̄ = Pr{0→ 1} = Pr{S = A}Pr{0→ 1|S = A}+ Pr{S = B}Pr{0→ 1|S = B}

= �pA + (1− �)pB:Áí�ßó�ïé÷á ìðïñïýìå íá åîáãÜãïõìå êáé �éò õðüëïéðåò ðéèáíü�ç�åò ìå�Üâáóçò.ÅðïìÝíùò, ìðïñïýìå íá ìïí�åëïðïéÞóïõìå �ï êáíÜëé ùò BSC ìå p̄ = �pA + (1 −�)pB.H ÷ùñç�éêü�ç�á éóïý�áé ìå Cno state info = 1 − H(p̄) = 1 − H(�pA + (1 − �)pB)êáé åðé�õã÷Üíå�áé ìå ïìïéüìïñöç êá�áíïìÞ åéóüäïõ.84



(ä) �ïéïò åßíáé ï ìÝãéó�ïò ñõèìüò, R
onservative, ìå �ïí ïðïßï ìðïñïýìå íá ìå�á-äþóïõìå áí åßìáó�å óõí�çñç�éêïß êáé õðïèÝóïõìå ü�é ç pn ðáßñíåé ðÜí�ï�å �ç(÷åéñü�åñç) �éìÞ pB; Ôé êá�áíïìÞ åéóüäïõ ðñÝðåé íá ÷ñçóéìïðïéÞóïõìå; Óõãêñßíå�åìå �ç Cno state info �ïõ ðñïçãïýìåíïõ åñù�Þìá�ïò. ÕðÜñ÷åé ðåñßð�ùóç íá éó÷ýåéR
onservative = Cno state info;ÁðÜí�çóç: R
onservative = 1−H(pB);ìå ÷ñÞóç ïìïéüìïñöçò êá�áíïìÞò. �éá 0 < pA ≤ pB ≤ 1
2
, pB ≥ (1 − �)pA + �pBãéá ïðïéïäÞðï�å � > 0, ïðü�å êáé Ç(pB) ≥ H((1− �)pA + �pB)⇒ 1−H(pB) ≤

1 − H((1 − �)pA + �pB). H ìüíç ðåñßð�ùóç üðïõ éó÷ýåé ç éóü�ç�á åßíáé ü�áípA = pB Þ ü�áí � = 1, ïðü�å, ó�çí ïõóßá, �ï êáíÜëé äåí áëëÜæåé êáé R
onservative =Cno state info. �éá ïðïéáäÞðï�å ìç �å�ñéììÝíç ðåñßð�ùóç,R
onservative < Cno state info.(å) Áðïäåßî�å ü�é Cno state info ≤ Cperfe
t. EðïìÝíùò, ãíþóç �çò êá�Üó�áóçò �ïõêáíáëéïý ó�ïí ðïìðü áõîÜíåé �ç ÷ùñç�éêü�ç�á. ÅÜí � > 0, ãéá ðïéåò �éìÝò �ùípA êáé pB éó÷ýåé ç éóü�ç�á;ÁðÜí�çóç:�íùñßæïõìå ü�é ç åí�ñïðßá åßíáé êõñ�Þ óõíÜñ�çóç �çò êá�áíïìÞò. ÅðéðëÝïí, çåí�ñïðßá äõáäéêÞò �.ì. åßíáé áõó�çñþò êõñ�Þ. ÅðïìÝíùò, ãéá 0 < � < 1, �H(p1)+
(1 − �)H(p2) ≤ H(�p1 + (1 − �)p2). Ç éóü�ç�á éó÷ýåé ü�áí p1 = p2. ÈÝ�ïí�áò� = �, p1 = pA êáé p2 = pB ðñïêýð�åé �ï æç�ïýìåíï. �áñá�çñÞó�å ü�é äåí åßíáéáðáñáß�ç�ï ïé pA êáé pB íá éóïýí�áé ìå 1

2
.�áñá�çñÞóåéò:¸íá ëÜèïò ðïõ Ýêáíáí êÜðïéïé Þ�áí íá õðïèÝóïõí ü�é, ó�ï Åñþ�çìá (â), �ï êáíÜëéðáñáìÝíåé óå ìßá áðü �éò êá�áó�Üóåéò (pA Þ pB). Áõ�ü äåí åßíáé óùó�ü. Ôï êáíÜëéìå�áâáßíåé ìå�áîý �ùí äýï êá�áó�Üóåùí ìå �õ÷áßï (êáé i.i.d.) �ñüðï. ¸íá Üëëï ëÜèïòðïõ Ýêáíáí êÜðïéïé Þ�áí íá ãñÜøïõí C = 1 − limn→+∞

1nH(S1; S2; : : : ; Sn), üðïõ Sn çêá�Üó�áóç �ïõ êáíáëéïý. Êáé áõ�ü äåí åßíáé óùó�ü. ÅðåéäÞ ç êá�Üó�áóç �ïõ êáíáëéïýìáò åßíáé ãíùó�Þ, C(Sn) = 1 −H(pn) üðïõ pn åßíáé ç �éìÞ �çò ðéèáíü�ç�áò ìå�Üâáóçòó�çí êá�Üó�áóç Sn êáé ü÷é ç êá�áíïìÞ �çò êá�Üó�áóçò Sn (ç ïðïßá åßíáé Bernoulli(�)).41. Ìßá Þ äýï êåñáßåò; (ÔåëéêÞ ÅîÝ�áóç �. È. È. �. { Éïýíéïò 2008)Ó�ï óýó�çìá �ïõ Ó÷Þìá�ïò 30 ï ðïìðüò ÷ñçóéìïðïéåß 2 êåñáßåò ðñïêåéìÝíïõ íá ó�åßëåéìçíýìá�á W ó�ï äÝê�ç.�éá êÜèå ÷ñÞóç êáíáëéïý, k, �o óÞìá ó�ï äÝê�ç éóïý�áé ìå Yk = h1X1;k + h2X2;k +Nk,üðïõ h1 êáé h2 (ðñáãìá�éêÝò) ó�áèåñÝò ãíùó�Ýò �üóï ó�ïí ðïìðü üóï êáé ó�ï äÝê�çêáé N i.i.d. ãêáïõóéáíüò èüñõâïò ∼ N (0; �2). Ïé X1 êáé X2 åßíáé áíåîÜñ�ç�åò áðü �ïèüñõâï N , áëëÜ ü÷é áðáñáß�ç�á áíåîÜñ�ç�åò ìå�áîý �ïõò. Åðßóçò, õðÜñ÷åé ðåñéïñéóìüò85



Ó÷Þìá 30: Ìå�Üäïóç ìå ÷ñÞóç 2 êåñáéþí êáé êïéíü êùäéêïðïéç�Þ.éó÷ýïò ó�ïí ðïìðü: Ôï Üèñïéóìá �ùí éó÷ýùí �ùí óçìÜ�ùí ðïõ åêðÝìðïí�áé áðü �éòäýï êåñáßåò äåí ðñÝðåé íá õðåñâáßíåé ìéá �éìÞ P . �éï óõãêåêñéìÝíá, E[X2
1 ]+E[X2

2 ] ≤ P .ÈÝëïõìå íá âñïýìå ðïéá åßíáé ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý êáé ðþò ðñÝðåé íá ó÷åäéáó�åßï êùäéêïðïéç�Þò ðñïêåéìÝíïõ íá åðé�ý÷ïõìå ìå�Üäïóç ìå �ç ÷ùñç�éêü�ç�á.(á) ÈåùñÞó�å �ï êáíÜëé ìå åßóïäï (X1; X2) êáé Ýîïäï Y . ÅîçãÞó�å ãéá�ß �ï êáíÜëéäåí Ý÷åé ìíÞìç êáé äþó�å ìéá Ýêöñáóç ãéá �ç óõíÜñ�çóç ìå�Üâáóçò f(y|x1; x2).Õðåíèõìßæå�áé ü�é ïé ðáñÜìå�ñïé h1 êáé h2 èåùñïýí�áé ãíùó�Ýò êáé ó�áèåñÝò.ÁðÜí�çóç:Ç �éìÞ �çò Yk ãéá äåäïìÝíç åßóïäï (X1;k; X2;k) åîáñ�Ü�áé ìüíï áðü �çí �éìÞ �ïõèïñýâïõ Nk. Ï èüñõâïò åßíáé ëåõêüò, åðïìÝíùò ïé ðñïçãïýìåíåò �éìÝò �ïõ åßíáéáóõó÷Ý�éó�åò ìå �çí �ñÝ÷ïõóá �éìÞ Nk. Óõíåðþò, �ï êáíÜëé äåí Ý÷åé ìíÞìç. ÇóõíÜñ�çóç ìå�Üâáóçò f(y|x1; x2) éóïý�áé ìåf(y|x1; x2) = fN(y − h1x1 − h2x2) = 1√
2��e− (y−h1x1−h2x2)2

2�2 :(â) Äþó�å ìéá Ýêöñáóç ãéá �çí áìïéâáßá ðëçñïöïñßá I(Y ;X1; X2). �ïéá ðñÝðåé íáåßíáé ç êá�áíïìÞ �çò Y þó�å íá ìåãéó�ïðïéåß�áé ç I(Y ;X1; X2); ÁíáöÝñå�å áðëþò�çí êá�áíïìÞ, äå ÷ñåéÜæïí�áé ðåñéóóü�åñåò ëåð�ïìÝñåéåò (ðñïò �ï ðáñüí).ÁðÜí�çóç: I(Y ;X1; X2) = h(Y )− h(Y |X1; X2)

= h(Y )− 1

2
log 2�e�2:ÄåäïìÝíïõ ü�é ç Y Ý÷åé ðåñéïñéóìü éó÷ýïò (ùò Üèñïéóìá h1X1+h2X2+N), ç h(Y )êáé, åðïìÝíùò ç I(Y ;X1; X2), ìåãéó�ïðïéåß�áé ü�áí ç Y áêïëïõèåß ãêáïõóéáíÞêá�áíïìÞ. 86



(ã) Èåùñïýìå, ÷ùñßò áðþëåéá �çò ãåíéêü�ç�áò, ü�é E[X1] = E[X2] = 0. Äåßî�å ü�éç E[Y 2] ìåãéó�ïðïéåß�áé ü�áí X1 = 
X2, üðïõ 
 ó�áèåñÜ. Õðüäåéîç: Ìðïñåß�åíá ÷ñçóéìïðïéÞóå�å �çí áíéóü�ç�á Cau
hy-S
hwarz: (E[X1X2])
2 ≤ E[X2

1 ]E[X2
2 ]ìå = ü�áí X1 = 
X2 (ãåíéêÜ X1 = 
X2 + d; Åäþ d = 0 ëüãù �çò õðüèåóçò

E[X1] = E[X2] = 0).ÁðÜí�çóç:
E[Y 2] = E[(h1X1 + h2X2 +N)2]

(i)
= h21E[X2

1 ] + h22E[X2
2 ] + 2h1h2E[X1X2] + E[N2]

(ii)
≤ h21E[X2

1 ] + h22E[X2
2 ] + 2h1h2√E[X1]

√

E[X2] + E[N2]:
(i) E[X1N ] = E[X1]E[N ] = 0, êáé E[X2N ] = E[X2]E[N ] = 0, äåäïìÝíïõ ü�é ïèüñõâïò åßíáé áíåîÜñ�ç�ïò �çò åéóüäïõ. (ii) Áíéóü�ç�á Cau
hy-S
hwarz.(ä) Äþó�å ìéá Ýêöñáóç ãéá �çí E[Y 2] ü�áí X1 = 
X2 (óõíáñ�Þóåé �ùí 
, P , h1 êáéh2). (Õðüäåéîç: ×ñçóéìïðïéÞó�å �ïí ðåñéïñéóìü éó÷ýïò ó�ïí ðïìðü). Ôé êá�áíïìÞðñÝðåé íá áêïëïõèïýí ïé X1 êáé X2 ãéá íá ìåãéó�ïðïéåß�áé ç I(Y ;X1; X2);ÁðÜí�çóç:¼�áí X1 = 
X2, Y = (
h1 + h2)X2 +N ⇒ E[Y 2] = (
h1 + h2)2E[X2

2 ] + E[N2] =
(
h1 + h2)2E[X2

2 ] + �2.Áðü �ïí ðåñéïñéóìü éó÷ýïò ó�ïí ðïìðü, E[X2
1 ] + E[X2

2 ] = P ⇒ (
2 + 1)E[X2
2 ] =P ⇒ E[X2

2 ] = P=(
2 + 1).Áí�éêáèéó�þí�áò, E[Y 2] = (
h1+h2)2P
2+1
+ �2.ÄåäïìÝíïõ ü�é Y = (
h1+h2)X2+N êáé ïé Y êáéN åßíáé ãêáïõóéáíÝò (ðñïêåéìÝíïõíá ìåãéó�ïðïéåß�áé ç I(Y ;X1; X2), êáé ç X2 (êáé, åðïìÝíùò, êáé ç X1) ðñÝðåé íáåßíáé ãêáïõóéáíÝò. �áñá�çñÞó�å ü�é ïé X1 êáé X2 åßíáé ðëÞñùò óõó÷å�éóìÝíåòãêáïõóéáíÝò, äåäïìÝíïõ ü�é X2 = 
X1.ÅðïìÝíùò, ðñïêåéìÝíïõ íá ìåãéó�ïðïéåß�áé ç I(Y ;X1; X2) (ãéá äåäïìÝíï 
), X1 ∼

N (0; 
2P=(
2 + 1)), êáé X2 ∼ N (0; P=(
2 + 1)) êáé, åðßóçò, X1 = 
X2.(å) Âñåß�å �çí �éìÞ �çò 
 ç ïðïßá ìåãéó�ïðïéåß �çí E[Y 2]. Båâáéùèåß�å ü�é ëáìâÜíå�åõðüøç óáò �ïí ðåñéïñéóìü éó÷ýïò E[X2
1 ]+E[X2

2 ] ≤ P . ¸íáò �ñüðïò åßíáé íá âñåß�å�ï 
 ðïõ ìåãéó�ïðïéåß �çí Ýêöñáóç ãéá �çí E[Y 2] ðïõ âñÞêá�å ó�ï ðñïçãïýìåíïåñþ�çìá. Åíáëëáê�éêÜ, ìðïñåß�å íá èåùñÞóå�å ü�é X1 = �X êáé X2 = �X, üðïõ
E[X2] = 1 êáé �2 + �2 = P êáé íá âñåß�å �ç ó÷Ýóç ìå�áîý � êáé �.
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ÁðÜí�çóç: dd
E[Y 2] = P 2h1(
h1 + h2)(
2 + 1)− 2
(
h1 + h2)2
(
2 + 1)2

= 0

⇒ h1(
2 + 1) = 
(
h1 + h2)
⇒ 
 = h1h2 :�éá íá áðïäåßîïõìå ü�é �ï 
 = h1h2 åßíáé âÝë�éó�ï áñêåß íá äåßîïõìå ü�é ç óõíÜñ�çóç

E[Y 2] åßíáé êïßëç (∩) ìå ÷ñÞóç ð.÷. �çò 2çò ðáñáãþãïõ. Áõ�ü åßíáé áñêå�Ü÷ñïíïâüñï. Ìéá Üëëç ìÝèïäïò, êáé äåäïìÝíïõ ü�é ç [Y 2] åßíáé óõíå÷Þò êáé äåíõðÜñ÷åé Üëëç �éìÞ �ïõ 
 ó�çí ïðïßá ìçäåíßæå�áé ç 1ç ðáñÜãùãïò, åßíáé íá äåßîïõìåü�é ãéá 
 = 0 êáé 
 → ∞ ç �éìÞ �çò [Y 2] åßíáé ìéêñü�åñç. �éá 
 = 0, E[Y 2] =h22P + �2, åíþ ãéá 
→∞, E[Y 2]→ h21P + �2.¸íáò Üëëïò, áðëïýó�åñïò �ñüðïò áðüäåéîçò, åßíáé ï åîÞò: ÈÝëïõìå íá ìåãéó�ïðïé-Þóïõìå �çí ðïóü�ç�á 
h1+h2 = [
 1][h1 h2]T . Áðü �çí áíéóü�ç�á Cau
hy-S
hwarz(êáé ðÜëé!), �ï åóù�åñéêü ãéíüìåíï äýï äéáíõóìÜ�ùí a êáé b ìåãéó�ïðïéåß�áé ü�áía = 
b. ÅðïìÝíùò, [
 1]T = [bh1 bh2]T = b[h1=h2 1]T ⇒ b = 1; 
 = h1=h2.(ó�) Ìå âÜóç �á ðáñáðÜíù, êáèþò êáé �ç âÝë�éó�ç �éìÞ �çò 
 ðïõ âñÞêá�å ó�ï ðñïç-ãïýìåíï åñþ�çìá, õðïëïãßó�å �ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý. Óõãêñßíå�å ìå �çíðåñßð�ùóç ðïõ ÷ñçóéìïðïéåß�áé ìüíï ìéá êåñáßá ãéá �ç ìå�Üäïóç (÷ùñßò áðþëåéá�çò ãåíéêü�ç�áò, ìðïñåß�å íá èåùñÞóå�å ü�é h1 ≥ h2).ÁðÜí�çóç:Áðü �ï Åñþ�çìá (ä), X1 ∼ N
(

0; Ph1√h21+h22), X2 ∼ N
(

0; Ph2√h21+h22) êáé X1X2
= 
 =h1h2 .H Y áêïëïõèåß ãêáïõóéáíÞ êá�áíïìÞ ìå E[Y 2] = (
∗h1+h2)2P
∗2+1

+ �2 =
(h21+h22)2Ph21+h22 +�2 = (h21 + h22)P + �2.ÅðïìÝíùò, C = maxf(x):(1+h21=h22)E[X2]≤P I(Y ;X1; X2)

=
1

2
log 2�e ((h21 + h22)P + �2

)

− 1

2
log 2�e�2

=
1

2
log

(

1 +
(h21 + h22)P�2

) :Óõíåðþò, ç ÷ùñç�éêü�ç�á �ïõ êáíáëéïý éóïý�áé ìå �ç ÷ùñç�éêü�ç�á �êáïõóéáíïýêáíáëéïý ìå SNR = (h21+h22)P�2 .ÅÜí ÷ñçóéìïðïéÞóïõìå ìüíï 1 êåñáßá, áõ�Þ ðïõ áí�éó�ïé÷åß ó�ï êáëý�åñï êáíÜëé,Y = h1X1 +N ìå E[X2] = P . H I(Y ;X1) ìåãéó�ïðïéåß�áé ìå ÷ñÞóç ãêáïõóéáíÞò88



X1 êáé max I(Y ;X1) = 1
2
log
(

1 +
h21P�2

)

≤ C, ìå = ü�áí h2 = 0. ÅðïìÝíùòáðïäåßîáìå �ï ü÷é êáé �üóï äéáéóèç�éêÜ ðñïöáíÝò áðï�Ýëåóìá: ¼�áí Ý÷ïõìå 2äéáèÝóéìåò êåñáßåò ãéá íá ìå�áäþóïõìå óå Ýíá äÝê�ç, ðñÝðåé íá ÷ñçóéìïðïéÞóïõìåêáé �éò 2 êåñáßåò. ÊÜèå êåñáßá ìå�áäßäåé �ï ßäéï óÞìá, áëëÜ ìå äéáöïñå�éêÞ éó÷ý.Ç êåñáßá ðïõ âëÝðåé �ï êáëý�åñï êáíÜëé ìå�áäßäåé ìå ìåãáëý�åñç éó÷ý. Åðßóçò, çáíáëïãßá éó÷ýùí �ùí ìå�áäéäüìåíùí óçìÜ�ùí éóïý�áé ìå �çí áíáëïãßá êåñäþí (ÞáðïóâÝóåùí) �ùí êáíáëéþí.Áðïäåéêíýå�áé ü�é �ï äõúêü ðñüâëçìá üðïõ ï ðïìðüò Ý÷åé ìéá êåñáßá êáé ï äÝê�çòäýï êåñáßåò Ý÷åé �çí ßäéá ëýóç (Maximal Ratio Combining - MRC): Ï âÝë�éó�ïòäÝê�çò ðïëëáðëáóéÜæåé �ï óÞìá áðü �çí êÜèå êåñáßá ìå óõí�åëåó�Þ hi üðïõ hi =hi=�i êáé ðñïóèÝ�åé �á äýï óÞìá�á. Åìåßò áðïäåßîáìå ü�é ü�áí ÷ñçóéìïðïéïýí�áé 2êåñáßåò ó�ïí ðïìðü êáé 1 ó�ï äÝê�ç, ï âÝë�éó�ïò ðïìðüò äçìéïõñãåß �á åêðåìðüìåíáóÞìá�á ìå ÷ñÞóç MRC.(æ) �åñéãñÜø�å ðïëý óõíïð�éêÜ ðþò èá êá�áóêåõÜæá�å �ï âéâëßï êùäßêùí óå áõ�ü�ï êáíÜëé êáé �é ìå�áäßäå�áé áðü êÜèå êåñáßá åÜí áêïëïõèÞóïõìå �ç ìÝèïäï (�ïõShannon) ðïõ ÷ñçóéìïðïéÞóáìå ãéá �çí áðüäåéîç �ïõ èåùñÞìá�ïò êùäéêïðïßçóçòãéá �ï ãêáïõóéáíü êáíÜëé.ÁðÜí�çóç:Ï ðïìðüò äçìéïõñãåß âéâëßï êùäßêùí ãéá ìå�Üäïóç óå ãêáïõóéáíü êáíÜëé ìå SNR= (h21+h22)P�2 ìå ðåñéïñéóìü éó÷ýïò E[X2] ≤ P . Óå êÜèå ìå�Üäïóç, ìå âÜóç �ï ìÞíõìáWk, åðéëÝãåé êùäéêÞ ëÝîç Xn(Wk). H êåñáßá 1 ó�Ýëíåé óÞìá h1√h21+h22Xn(Wk), ç äåêåñáßá 2 óÞìá h2√h21+h22Xn(Wk). Ï äÝê�çò áðïêùäéêïðïéåß �ç ëçöèåßóá áêïëïõèßáY nk óå Ýíá áðü �á ðéèáíÜ ìçíýìá�á Wk ìå ÷ñÞóç áðü êïéíïý �õðéêü�ç�áò.(ç) ÕðïèÝó�å, �þñá, ü�é ç êÜèå êåñáßá áíÞêåé óå äéáöïñå�éêü ðïìðü (÷ñÞó�ç) êáé ü�é ïéäýï ðïìðïß äåí åðéêïéíùíïýí ìå�áîý �ïõò, üðùò öáßíå�áé ó�ï Ó÷Þìá 31. Ùó�üóï,êáé ïé äýï ðïìðïß ãíùñßæïõí �á h1 êáé h2. ÕðïèÝó�å, åðßóçò, ÷ùñßò áðþëåéá �çòãåíéêü�ç�áò, ü�é h1 ≥ h2. Ïé ðïìðïß ðñÝðåé íá ìïéñáó�ïýí ìå�áîý �ïõò óõíïëéêÞéó÷ý P . ÄçëáäÞ, ðáñüëï ðïõ, óå áí�ßèåóç ìå ðñéí, ïé êåñáßåò óõíäÝïí�áé óåäéáöïñå�éêïýò ðïìðïýò, ðñÝðåé E[X2
1 ]+E[X2

2 ] ≤ P . ÔÝëïò, èåùñïýìå ü�é, ìå ÷ñÞóçêáíáëéïý åëÝã÷ïõ, õðïäåéêíýå�áé óå êÜèå ðïìðü ìå ðüóç éó÷ý ðñÝðåé íá åêðÝìøåé.EÜí R1 êáé R2 åßíáé ïé ñõèìïß ìå�Üäïóçò áðü �çí êåñáßá 1 êáé 2, áí�ßó�ïé÷á, ðþòðñÝðåé íá ìïéñáó�åß ç éó÷ýò P ìå�áîý �ùí 2 ðïìðþí êáé ðïéï åßíáé �ï ìÝãéó�ïÜèñïéóìá ñõèìþí ìå�Üäïóçò R1 +R2 ðïõ ìðïñïýìå íá åðé�ý÷ïõìå; Óõãêñßíå�å ìå�ï áðï�Ýëåóìá �ïõ Åñù�Þìá�ïò (ó�) êáé ó÷ïëéÜó�å.
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Ó÷Þìá 31: Ìå�Üäïóç ìå ÷ñÞóç 2 êåñáéþí êáé áíåîÜñ�ç�ï êùäéêïðïéç�Þ óå êÜèå êåñáßá.ÁðÜí�çóç:Ôï êáíÜëé �ïõ ó÷Þìá�ïò åßíáé Ýíá ãêáïõóéáíü MAC ãéá �ï ïðïßï ãíùñßæïõìå ü�éR1 < 1

2
log

(

1 +
h21P1�2

) ;R2 < 1

2
log

(

1 +
h22P2�2

) ;R1 +R2 < 1

2
log

(

1 +
h21P1 + h22P2�2

) :�ñïóÝî�å �çí ðñïóèÞêç �ùí êåñäþí êáíáëéïý h1 êáé h2 ó�éò åêöñÜóåéò.ÄåäïìÝíïõ ü�é P1 + P2 = P , ìðïñïýìå íá ãñÜøïõìå P1 = �P êáé P2 = (1− �)P ,
0 ≤ � ≤ 1.Ìðïñïõìå íá äïýìå åýêïëá ü�éR1;max =

1

2
log

(

1 +
h21P�2

) êáéR2;max =
1

2
log

(

1 +
h22P�2

) :ÄåäïìÝíïõ ü�é h1 ≥ h2, R1;max ≥ R2;max. ÁðïìÝíåé íá óõãêñßíïõìå �ï R1;max ìå�ï max(R1 + R2) = max� 1
2
log
(

1 +
h21�P+h22(1−�)P�2

) : H log(1 + x) åßíáé ãíçóßùòáýîïõóá, åðïìÝíùò áñêåß íá ìåãéó�ïðïéÞóïõìå �çí ðïóü�ç�á h21�P+h22(1−�)P =h22P +�P (h21−h22), 0 ≤ � ≤ 1. �ñüêåé�áé ãéá ìéá ãñáììéêÞ óõíÜñ�çóç �ïõ �, êáé,äåäïìÝíïõ ü�é h1 ≥ h2, ìåãéó�ïðïéåß�áé èÝ�ïí�áò � = 1. Óõíåðþò, �ï Üèñïéóìá �ùíñõèìþí ìå�Üäïóçò ìåãéó�ïðïéåß�áé ìå�áäßäïí�áò ìüíï áðü �çí êåñáßá ðïõ ``âëÝðåé''�ï êáëý�åñï êáíÜëé!Ó�çí ðåñßð�ùóç ðïõ ïé äýï êåñáßåò åëÝã÷ïí�áé áðü �ïí ßäéï ðïìðü ï ìÝãéó�ïòñõèìüò ìå�Üäïóçò éóïý�áé ìå CMISO = 1
2
log
(

1 +
(h21+h22)P�2

) êáé åðé�õã÷Üíå�áé ìå90



÷ñÞóç êáé �ùí äýï êåñáéþí óå óõíäõáóìü ìå MRC. Áí�ßèå�á, ü�áí ç ìå�Üäïóçáðü êÜèå êåñáßá ãßíå�áé áíåîÜñ�ç�á, ðñÝðåé íá ÷ñçóéìïðïéÞóïõìå ìüíï �ï êáëý�åñïêáíÜëé êáé ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçò éóïý�áé ìå 1
2
log
(

1 +
h21P�2

)

≤ CMISO ìå�çí éóü�ç�á íá éó÷ýåé ìüíï ü�áí h2 = 0.�éá�ß áõ�Þ ç äéáöïñÜ; Ç áðÜí�çóç âñßóêå�áé ó�ï ü�é, ó�çí ðñþ�ç ðåñßð�ùóç, çìå�Üäïóç åßíáé óýìöùíç (
oherent): Ïé äýï êåñáßåò åëÝã÷ïí�áé áðü �ïí ßäéï ðïìðü,ìå áðï�Ýëåóìá íá ìðïñåß íá ÷ñçóéìïðïéçèåß ç âÝë�éó�ç áðü êïéíïý êá�áíïìÞ �ùíX1 êáé X2. ¼ðùò åßäáìå, ðñÝðåé �á X1 êáé X2 íá äéáöÝñïõí ìüíï êá�Ü ìéáðïëëáðëáóéáó�éêÞ ó�áèåñÜ. Áí�ßèå�á, ó�çí ðåñßð�ùóç üðïõ ïé êåñáßåò åëÝã÷ïí�áéáðü áíåîÜñ�ç�ïõò ðïìðïýò, ç ìå�Üäïóç åßíáé, áíáãêáó�éêÜ, áóýìöùíç(non-
oherent). f(x1; x2) = f(x1)f(x2), êá�áíïìÞ ðïõ åíäÝ÷å�áé íá ïäçãåß óåìéêñü�åñç I(Y ;X1; X2) áðü �ç âÝë�éó�ç f ∗(x1; x2). Áêñéâþò áõ�ü óõìâáßíåé ó�ïóõãêåêñéìÝíï êáíÜëé ðïõ ÷ñçóéìïðïéÞèçêå ó�çí Üóêçóç.42. Äéáêñé�ü MAC ÷ùñßò èüñõâï (Åðáíáëçð�éêÞ åîÝ�áóç �. È. È. �., Óåð�Ýìâñéïò2009)Ó�ï êáíÜëé �ïõ Ó÷Þìá�ïò 32, äýï ÷ñÞó�åò (1 êáé 2) åðéèõìïýí íá åðéêïéíùíÞóïõí ìåÝíá äÝê�ç. Ï äÝê�çò ëáìâÜíåé �ï Üèñïéóìá �ùí óçìÜ�ùí X1 êáé X2 �ïõ ÷ñÞó�ç 1êáé 2, áí�ßó�ïé÷á. Ùó�üóï, ü�áí ç áðüëõ�ç �éìÞ �ïõ áèñïßóìá�ïò åßíáé ìåãáëý�åñçáðü 1, ï äÝê�çò øáëéäßæåé �ï óÞìá. ÄçëáäÞ, Õ = max {−1;min {1; X1 +X2}}. Êáéïé äýï ÷ñÞó�åò ÷ñçóéìïðïéïýí �ï ßäéï áëöÜâç�ï X1 = X2 = {−1; 0; 1}. Ïé ÷ñÞó�åòäå óõíåííïïýí�áé ìå�áîý �ïõò ðñéí ìå�áäþóïõí. Ùó�üóï, èåùñïýìå ü�é ãíùñßæïõí �çíêá�áíïìÞ pXi(xi) ìå �çí ïðïßá ðñÝðåé íá ìå�áäþóïõí (ãéá ðáñÜäåéãìá, ìðïñåß íá �ïõò�çí Ý÷åé ãíùó�ïðïéÞóåé ï äÝê�çò ðñéí áñ÷ßóåé ç ìå�Üäïóç).Äßíå�áé, åðßóçò, ü�é log2 3 ≈ 1:585 êáé log2 5 ≈ 2:3219.(á) Âñåß�å �ç ìÝãéó�ç �éìÞ ðïõ ìðïñåß íá ðÜñåé ï ñõèìüò ìå�Üäïóçò R1 �ïõ ÷ñÞó�ç1. ÅðáíáëÜâå�å ãéá �ï ñõèìü ìå�Üäïóçò R2 �ïõ ÷ñÞó�ç 2. Âñåß�å, åðßóçò,�çí êá�áíïìÞ pXi(xi) ðïõ åðé�õã÷Üíåé �ï ìÝãéó�ï ñõèìü ìå�Üäïóçò, Ri, óå êÜèåðåñßð�ùóç.ÁðÜí�çóç:Áðü �ï èåþñçìá êùäéêïðïßçóçò êáíáëéïý ãéá �ï MAC,
maxpX1

(x1)pX2
(x2)R1 = maxpX1

(x1)pX2
(x2) I(X1;Y |X2)

= maxpX1
(x1)pX2

(x2) {H(Y |X2)−H(Y |X1; X2)}

(i)
= maxpX1

(x1)pX2
(x2)H(Y |X2)

(i) Áí ãíùñßæïõìå �á X1 êáé X2 ìðïñïýìå íá õðïëïãßóïõìå �ï Y .91



Ó÷Þìá 32: Äéáêñé�ü MAC ÷ùñßò èüñõâï êáé äßðëåõñï øáëéäéóìü.Åýêïëá âëÝðïõìå ü�é H(Y |X2 = 0) = log2 3, �éìÞ ç ïðïßá åðé�õã÷Üíå�áé ãéáïìïéüìïñöá êá�áíåìçìÝíç X1. ¼�áí X2 = −1 ç Y ðáßñíåé ìüíï äýï �éìÝò, −1 Þ
0. Ç ìÝãéó�ç åí�ñïðßá åðé�õã÷Üíå�áé ü�áí ç åßóïäïò X1 = −1 ÷ñçóéìïðïéåß�áé ìåäéðëÜóéá óõ÷íü�ç�á áðü �éò åéóüäïõò X1 = +1 êáé X1 = 0. Ùó�üóï, áêüìá êáé óåáõ�Þí �çí ðåñßð�ùóç, H(Y |X2 = −1) = 1 bit. Ïìïßùò, maxH(Y |X2 = +1) = 1.ÅðïìÝíùò, çH(Y |X2) ìåãéó�ïðïéåß�áé ü�áí çX2 �ßèå�áé ìüíéìá ó�çí �éìÞ 0, ïðü�åR1 = log2 3 bits êáé R2 = 0.Ï ìÝãéó�ïò ñõèìüò åðé�õã÷Üíå�áé ìå ïìïéüìïñöá êá�áíåìçìÝíç X1. ÅðïìÝíùò,p∗X1

= {1=3; 1=3; 1=3}.Oìïßùò (Þ áðü �ç óõììå�ñßá �ïõ ðñïâëÞìá�ïò), R2 ≤ log 3 bits êáép∗X2
= {1=3; 1=3; 1=3} ìå �ç ×1 ó�çí �éìÞ 0.(â) Õðïëïãßó�å �ç ìÝãéó�ç �éìÞ �ïõ áèñïßóìá�ïò R1+R2 �ùí ñõèìþí ìå �ïõò ïðïßïõòìðïñïýí íá ìå�áäþóïõí �áõ�ü÷ñïíá ïé äýï ÷ñÞó�åò (sum 
apa
ity �ïõ êáíáëéïý).�éá ðïéá êá�áíïìÞ pX1(x1) · pX2(x2) ìåãéó�ïðïéåß�áé �ï Üèñïéóìá; Ó÷åäéÜó�å �çíðåñéï÷Þ ÷ùñç�éêü�ç�áò (
apa
ity region), C, �ïõ êáíáëéïý.ÁðÜí�çóç:Áðü �ï èåþñçìá êùäéêïðïßçóçò êáíáëéïý ãéá �ï MAC, R1 + R2 < I(X1; X2;Y ).
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Óõíåðþò,Csum , max{R1 +R2} = maxpX1
(x1)pX2

(x2) I(X1; X2;Y )

= maxpX1
(x1)pX2

(x2) {H(Y )−H(Y |X1; X2)}

(i)
= maxpX1

(x1)pX2
(x2)H(Y )

(ii)
≤ log 3:

(i) ÄåäïìÝíïõ ü�é �ï êáíÜëé äåí Ý÷åé èüñõâï, áí ãíùñßæïõìå �ç X1 êáé �ç X2ìðïñïýìå íá âñïýìå �çí �éìÞ �çò Y .
(ii) Ç Y ìðïñåß íá ðÜñåé ìüíï �éò �éìÝò −1, 0 Þ 1.ÁðïìÝíåé íá äïýìå åÜí õðÜñ÷åé êá�áíïìÞ pX1(x1)pX2(x2) ãéá �çí ïðïßá H(Y ) =
log 3.ÈÝ�ïí�áò pX1 = {1=3; 1=3; 1=3} êáé pX2 = {1=3; 1=3; 1=3} ðáñá�çñïýìå ü�é çpX1(x1)pX2(x2) åßíáé ïìïéüìïñöç ó�éò �éìÝò {−1; 0; 1} êáé, åðïìÝíùò, H(Y ) =
log2 3 bits.Må âÜóç �á ðáñáðÜíù ó÷åäéÜæïõìå �çí ðåñéï÷Þ ÷ùñç�éêü�ç�áò ó�ï Ó÷Þìá 33.

Ó÷Þìá 33: �åñéï÷Þ ÷ùñç�éêü�ç�áò �ïõ äéáêñé�ïý MAC ÷ùñßò èüñõâï êáé äßðëåõñï øáëéäéóìü.(ã) �åñéãñÜø�å Ýíáí �ñüðï ìå �ïí ïðïßï ìðïñåß�å íá åðé�ý÷å�å ìå�Üäïóç ìå ïðïéïäÞ-ðï�å æåýãïò ñõèìþí ìå�Üäïóçò (R1; R2) ðïõ áíÞêåé ó�çí ðåñéï÷Þ ÷ùñç�éêü�ç�áò,
C.ÁðÜí�çóç:O ðéï åýêïëïò �ñüðïò åßíáé ìå timesharing. ¸ó�ù ü�é R1 = � log2 3, 0 ≤ � ≤ 1.Ôü�å, R2 = � log2 3 ≤ (1−�) log2 3 (� ≤ 1−� ãéá�ß åíäÝ÷å�áé íá ìç âñéóêüìáó�å93



åðÜíù ó�ï üñéï �çò ðåñéï÷Þò ÷ùñç�éêü�ç�áò). �éá 100�% �ïõ ÷ñüíïõ ìå�áäßäåéìüíï ï ÷ñÞó�çò 1, ãéá 100�% �ïõ ÷ñüíïõ ìüíï ï ÷ñÞó�çò 2 êáé ãéá 100(1−�−�)%�ïõ ÷ñüíïõ êáíåßò.(ä) ¸ó�ù, �þñá, ü�é ï äÝê�çò øáëéäßæåé �ï Üèñïéóìá ìüíï ó�ï +1, äçëáäÞ Y =
min{1; X1 +X2}, üðùò öáßíå�áé ó�ï Ó÷Þìá 34.

Ó÷Þìá 34: Äéáêñé�ü MAC ÷ùñßò èüñõâï êáé ìïíüðëåõñï øáëéäéóìü.Ôé ðåñéìÝíå�å ãéá �ç íÝá ðåñéï÷Þ ÷ùñç�éêü�ç�áò, C′, óå ó÷Ýóç ìå �çí ðñïçãïýìåíç;Áé�éïëïãÞó�å �çí áðÜí�çóÞ óáò.ÁðÜí�çóç:�åñéìÝíïõìå ü�é C ⊆ C′. Áí èÝóïõìå Y2 = max {−1;min {1; X1 +X2}} êáé Y1 =
min {1; X1 +X2}, Y2 = max{−1; Y1}. EðïìÝíùò, (X1; ×2) → Y1 → Y2 êáé, áðü�çí áíéóü�ç�á åðåîåñãáóßáò äåäïìÝíùí, I(X1; X2;Y2) ≤ I(X1; X2;Y1). Åðßóçò,I(X1;Y2|X2) = H(X1) = I(X1;Y1|X2) êáé I(X2;Y2|X1) = H(X2) = I(X2;Y1|X1).ÅðïìÝíùò, C ⊆ C′.(å) �ïéü åßíáé �ï Üíù öñÜãìá ãéá �ï Üèñïéóìá ñõèìþí ìå�Üäïóçò (sum 
apa
ity)Csum = R1 +R2;ÁðÜí�çóç: I(X1; X2;Y ) = H(Y )−H(Y |X1; X2)⇒ Csum ≤ 2;äåäïìÝíïõ ü�é, �þñá, ç Y ìðïñåß íá ðÜñåé 4 �éìÝò.(ó�) Ó÷åäéÜó�å �çí ðåñéï÷Þ ñõèìþí ìå�Üäïóçò, R, ðïõ åðé�õã÷Üíå�áé ìå ÷ñÞóç �ùíêá�áíïìþí ðïõ âñÞêá�å ó�á åñù�Þìá�á (á) êáé (â). Óõãêñßíå�å ìå �çí ðåñéï÷Þ94



÷ùñç�éêü�ç�áò �ïõ Åñù�Þìá�ïò (â). Mðïñåß�å íá ðåß�å êÜ�é ðåñéóóü�åñï óå ó÷Ýóçìå áõ�Ü ðïõ óõìðåñÜíá�å ó�ï Åñþ�çìá (ä);ÁðÜí�çóç:ÈÝ�ïí�áò pX1 = {1=3; 1=3; 1=3}, R1 ≤ I(X1;Y |X2) = H(X1) = log2 3 bits.Oìïßùò, R2 = log2 3 bits. ÔÝëïò, ðáñá�çñïýìå ü�é, ãéá X1 êáé X2 ïìïéüìïñöåò,pY (y) = {1=9; 2=9; 1=3; 1=3}. ÅðïìÝíùò,R1 +R2 = I(X1; X2;Y ) = H(Y )
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log 3
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log 3
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≈ 1:8911 bits:�áñá�çñïýìå ü�é 4

3
log 3 − 2

9
> 4

3
log 3 − 2

9
log 3 > 4

3
log 3 − 1

3
log 3 = log 3 êáé,åðïìÝíùò, äåäïìÝíïõ ü�é ç ðåñéï÷Þ ñõèìþí ìå�Üäïóçò ðïõ âñÞêáìå åßíáé õðïóýíïëï�çò C′, C ⊂ R ⊆ C′:Ç ðåñéï÷Þ ñõèìþí ìå�Üäïóçò R ó÷åäéÜæå�áé ó�ï Ó÷Þìá 35 üðïõ êáé óõãêñßíå�áéìå �çí ðåñéï÷Þ ÷ùñç�éêü�ç�áò, C.

Ó÷Þìá 35: Óýãêñéóç ðåñéï÷Þò åðé�åýîéìùí ñõèìþí ìå�Üäïóçò R ìå �ç C.(*æ) Äåßî�å ü�é Ýíá êÜ�ù öñÜãìá ãéá �ç sum 
apa
ity åßíáé �ï 1.9772. Ìå âÜóç áõ�ü�ï öñÜãìá êáé �çí ðåñéï÷Þ åðé�åýîéìùí ñõèìþí ìå�Üäïóçò �ïõ Åñù�Þìá�ïò (ó�)ó÷åäéÜó�å ìéá ðåñéï÷Þ åðé�åýîéìùí ñõèìþí ìå�Üäïóçò ðïõ åßíáé ðéï êïí�Ü ó�çíðåñéï÷Þ ÷ùñç�éêü�ç�áò C′ áðü áõ�Þí �ïõ Åñù�Þìá�ïò (ó�).95



Yðüäåéîç: Âñåß�å ìéá êá�áíïìÞ pX1(x1) · pX2(x2) ãéá �çí ïðïßá R1+R2 = 1:9772.ÁðÜí�çóç:ÄåäïìÝíïõ ü�é Ç(Õ ) = 2 bits ü�áí pY (y) = {1=4; 1=4; 1=4; 1=4} ðñïóðáèïýìå íá\éóïññïðÞóïõìå" �éò ðéèáíü�ç�åò �ùí 4 åíäå÷ïìÝíùí. ÅðéëÝãïí�áò pX1 = pX2 =
{1=2; 1=4; 1=4}, pY (y) = {1=4; 1=4; 5=16; 3=16}. Óõíåðþò,R1 +R2 = I(X1; X2;Y ) = H(Y )

= 2× 1

4
log 4 +

5

16
log

16

5
+

3

16
log

16

3

= 1 +
20

16
− 5

16
log 5 +

12

16
− 3

16
log 3

= 3− 5

16
log 5− 3

16
log 3 ≈ 1:9772 bits:Ìå ÷ñÞóç time sharing, ìðïñïýìå íá åðé�ý÷ïõìå ïðïéïäÞðï�å óçìåßï ìðïñåß íáåêöñáó�åß ùò ãñáììéêüò óõíäõáóìüò �ùí ðåñéï÷þí �ïõ Åñù�Þìá�ïò (ó�) êáé �ïõÅñù�Þìá�ïò (æ). Ç íÝá ðåñéï÷Þ åðé�åýîéìùí ñõèìþí ìå�Üäïóçò öáßíå�áé ó�ï Ó÷Þìá36.

Ó÷Þìá 36: Âåë�éùìÝíç ðåñéï÷Þ åðé�åýîéìùí ñõèìþí ìå�Üäïóçò êáé óýãêñéóç ìå Üíù öñÜãìá.43. ÊáíÜëé ðïëëáðëÞò ðñüóâáóçò (Åðáíáëçð�éêÞ ÅîÝ�áóç �. È. È. �., Óåð�Ýìâñéïò2010)Èåùñïýìå �ï êáíÜëé ðïëëáðëÞò ðñüóâáóçò 2 ÷ñçó�þí, ç Ýîïäïò �ïõ ïðïßïõ äßíå�áé áðü�ç ó÷Ýóç Y = |X1| ·X2;96



üðïõ Xi åßíáé �á óýìâïëá �ïõ ÷ñÞó�ç 1 êáé 2, áí�ßó�ïé÷á. |X| åßíáé ç áðüëõ�ç �éìÞ �çòX.Èåùñïýìå, åðßóçò, ü�é X1 ∈ {−1; 0; 1} êáé X2 ∈ {−1; 0; 1}.Óå ðåñßð�ùóç ðïõ óáò ÷ñåéáó�åß äßíå�áé ü�é log2 3 ≈ 1:585.(á) �ïéïò åßíáé ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçò, R1;max, ðïõ ìðïñåß íá åðé�ý÷åé ï ÷ñÞó�çò1 áí äå ìáò åíäéáöÝñåé ï ñõèìüò ìå�Üäïóçò �ïõ ÷ñÞó�ç 2;Âñåß�å ìéá áðü êïéíïý êá�áíïìÞ p×1(x1)p×2(x2) ìå �çí ïðïßá åðé�õã÷Üíå�áé ìå�Ü-äïóç �ïõ ÷ñÞó�ç 1 ìå �ï ìÝãéó�ï ñõèìü.ÁðÜí�çóç:Ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçò ðïõ ìðïñåß íá åðé�ý÷åé ï ÷ñÞó�çò åßíáé 1 bit äåäï-ìÝíïõ ü�é, ãéá ó�áèåñÞ X2 ç Y ìðïñåß íá ðÜñåé �ï ðïëý äýï �éìÝò (0 êáé 1). Áí ï÷ñÞó�çò 2 ìå�áäßäåé ðÜí�ï�å �çí �éìÞ 1 (ç −1),R1 ≤ I(X1;Y |X2) ≤ I(X1;Y |X2 = 1)

= H(Y |X2 = 1)−H(Y |X1; X2 = 1) = H(|X1|):ÄåäïìÝíïõ ü�é ç |X2| éóïý�áé ìå 0 Þ 1, R1;max = 1 bit.�éá íá ìåãéó�ïðïéÞóïõìå �ï ñõèìü ìå�Üäïóçò �ïõ ÷ñÞó�ç 1 ìðïñïýìå íá ÷ñçóé-ìïðïéÞóïõìå pX1 = {�; 1=2; 1=2− �}, 0 ≤ � ≤ 1=2 êáé pX2 = {1; 0; 0} Þ {0; 0; 1}.(â) �ïéïò åßíáé ï ìÝãéó�ïò ñõèìüò ìå�Üäïóçò, R2;max, ðïõ ìðïñåß íá åðé�ý÷åé ï ÷ñÞó�çò2 áí äå ìáò åíäéáöÝñåé ï ñõèìüò ìå�Üäïóçò �ïõ ÷ñÞó�ç 1;Âñåß�å ìéá áðü êïéíïý êá�áíïìÞ p×1(x1)p×2(x2) ìå �çí ïðïßá åðé�õã÷Üíå�áé ìå�Ü-äïóç �ïõ ÷ñÞó�ç 2 ìå �ï ìÝãéó�ï ñõèìü.ÁðÜí�çóç:�áñüìïéá ìå �ï ðñïçãïýìåíï åñþ�çìá, R2;max = log2 3 bits. pX1 = {�; 0; 1− �},
0 ≤ � ≤ 1 êáé pX2 = {1=3; 1=3; 1=3}.(ã) Bñåß�å �ï ìÝãéó�ï ñõèìü ìå �ïí ïðïßï ìðïñåß íá ìå�áäþóåé ï ÷ñÞó�çò 2 ü�áí ï÷ñÞó�çò 1 ìå�áäßäåé ìå �ï ìÝãéó�ï ñõèìü, R1;max, �ïõ Åñù�Þìá�ïò (á). �ïéá åßíáéç áðü êïéíïý êá�áíïìÞ, pX1pX2 ðïõ ðñÝðåé íá ÷ñçóéìïðïéÞóïõìå;Õðüäåéîç: Âñåß�å �ç ìïñöÞ ðïõ ðñÝðåé íá Ý÷åé ç pX2 þó�å ï ÷ñÞó�çò 1 íá ìå�áäßäåéìå R1;max êáé ðñïóðáèÞó�å íá ìåãéó�ïðïéÞóå�å �ïí R2.ÁðÜí�çóç:¸ó�ù pX1 = {
; Æ; 1− 
 − Æ} êáé pX2 = {�; �; 1− �− �}.R1 ≤ I(X1;Y |X2) = �I(X1;Y |X2 = 0) + (1− �)I(X1;Y |X2 6= 0)

= � [H(Y |X2 = 0)−H(Y |X1; X2 = 0)]

+ (1− �) [H(Y |X2 6= 0)−H(Y |X1; X2 6= 0)]

= (1− �)H(|X1|): 97



O R1 ìåãéó�ïðïéåß�áé (ó�çí �éìÞ 1) ü�áí 1 − � = 1 êáé X1 ∼ {
; 1=2; 1=2 − 
},äçëáäÞ Æ = 1=2 êáé � = 0. EðïìÝíùò, ï ÷ñÞó�çò 2 äå ÷ñçóéìïðïéåß ðï�Ý �çí åßóïäï
0.�íùñßæïõìå, åðßóçò, ü�é, ãéá äåäïìÝíç áðü êïéíïý êá�áíïìÞ pX1pX2 ,R2 ≤ I(X2;Y |X1). �éá �éò êá�áíïìÝò pX1 = {
; 1=2; 1=2−
} êáé pX2 = {�; 0; 1−�}R2 ≤ I(X2;Y |X1) = H(Y |X1)−H(Y |X1; X2) = H(Y |X1)

=
1

2
H(Y |X1 = 0) +

1

2
H(Y |X1 6= 0) =

1

2
H(Y |X1 6= 0)

=
1

2
H(X2) =

1

2
H(�) ≤ 1

2
:Åðßóçò,R1 +R2 ≤ I(X1; X2;Y ) = I(X2;Y ) + I(X1;Y |X2) = I(X2;Y ) + 1⇒R2 ≤ I(X2;Y ) = H(Y )−H(Y |X2) = H(Y )−H(|X1|) = H(Y )− 1:¼ðùò ðñïêýð�åé åýêïëá, Y ∼ {�=2; 1=2; 1=2 − �=2}. Óõíåðþò, áðü �çí áñ÷Þäéá÷ùñéóéìü�ç�áò �çò åí�ñïðßáò, H(Y ) = 1 + 1

2
H(�) ≤ 3

2
.ÅðïìÝíùò, R2 ≤ 1

2
bits, �á ïðïßá åðé�õã÷Üíïí�áé ìå X2 ∼ {1=2; 0; 1=2}.(ä) Bñåß�å �ï ìÝãéó�ï ñõèìü ìå �ïí ïðïßï ìðïñåß íá ìå�áäþóåé ï ÷ñÞó�çò 1 ü�áí ï÷ñÞó�çò 2 ìå�áäßäåé ìå �ï ìÝãéó�ï ñõèìü, R2;max, �ïõ Åñù�Þìá�ïò (â). �ïéá åßíáéç áðü êïéíïý êá�áíïìÞ, pX1pX2 ðïõ ðñÝðåé íá ÷ñçóéìïðïéÞóïõìå;ÁðÜí�çóç:�áñüìïéá ìå �ï ðñïçãïýìåíï åñþ�çìá,R2 ≤ I(X2;Y |X1) = ÆI(X2;Y |X1 = 0) + (1− Æ)I(X2;Y |X1 6= 0)

= (1− Æ) [H(Y |X1 6= 0)−H(Y |X2; X1 6= 0)]

= (1− Æ)H(X2):O R2 ìåãéó�ïðïéåß�áé ü�áí Æ = 0 êáé X2 ∼ {1=3; 1=3; 1=3}. Aõ�ü óõíåðÜãå�áé ü�éç X1 äåí ìðïñåß íá ðáßñíåé �çí �éìÞ 0. ÅðïìÝíùò |X1| = 1 ðÜí�ï�å êáé R1 = 0.¸íáò Üëëïò �ñüðïò (ðïõ ÷ñçóéìïðïßçóå ìßá óõíÜäåëöüò óáò) åßíáé íá ðáñá�çñÞóå�åü�é, äåäïìÝíïõ ü�é ç Y ìðïñåß íá ðÜñåé ìüíï 3 �éìÝò, R1 + R2 ≤ log2 3. ¼�áíR2 = log2 3, áíáãêáó�éêÜ R1 = 0.(å) �ïéá åßíáé ç ìÝãéó�ç �éìÞ �ïõ áèñïßóìá�ïò R1 + R2 �ùí ñõèìþí ìå�Üäïóçò ðïõìðïñïýìå íá åðé�ý÷ïõìå; Âñåß�å üëåò �éò êá�áíïìÝò pX1pX2 ðïõ ìåãéó�ïðïéïýí �ïÜèñïéóìá R1+R2 (�ï ïðïßï ïíïìÜæå�áé áèñïéó�éêÞ ÷ùñç�éêü�ç�á { sum 
apa
ity).ÁðÜí�çóç:�íùñßæïõìå ü�éR1 +R2 ≤ I(X1; X2;Y ) = H(Y )−H(Y |X1; X2) = H(Y );98



äåäïìÝíïõ ü�é �ï êáíÜëé äåí Ý÷åé èüñõâï (åßíáé íïìï�åëåéáêü). ÅðïìÝíùò, áñêåßíá âñïýìå �éò êá�áíïìÝò pX1pX2 (áí õðÜñ÷ïõí) ãéá �éò ïðïßåò Y ∼ {1=3; 1=3; 1=3}.ÈÝ�ïí�áò pX1 = {
; Æ; 1 − 
 − Æ} êáé pX2 = {�; �; 1 − � − �} üðùò ó�ï Åñþ�çìá(ã), Õ ∼ {Æ + (1− Æ)�; (1− Æ)(1− �− �); (1− Æ)�}.ÅðïìÝíùò, ïé ðáñÜìå�ñïé ðïõ ìåãéó�ïðïéïýí �çí H(Y ) éêáíïðïéïýí �éò åîéóþóåéòÆ + (1− Æ)� =
1

3

(1− Æ)(1− �− �) = 1

3
êáé

(1− Æ)� = 1

3
:Méá áðü �éò 3 åîéóþóåéò åßíáé ðëåïíÜæïõóá, äåäïìÝíïõ ü�é �ï Üèñïéóìá �ùí ðéèá-íï�Þ�ùí ðñÝðåé íá åßíáé ðÜí�ï�å 1.ÅðéðëÝïí, ïé ðáñÜìå�ñïé ðñÝðåé íá áíÞêïõí ó�ï äéÜó�çìá [0; 1]. Áðü �çí �ñß�çåîßóùóç, � = 1

3(1−Æ) ≤ 1. EðïìÝíùò, Æ ≤ 2
3
. Áðü �çí ðñþ�ç åîßóùóç, � = 1−3Æ

3(1−Æ) ≥
0. Óõíåðþò, Æ ≤ 1

3
.Áðü �çí ðñþ�ç åîßóùóç, Æ = 1− 1

3� ≥ 0. ÅðïìÝíùò, � ≥ 1
3
. Aí�éêáèéó�þí�áò ó�çäåý�åñç åîßóùóç, 1− �− � = �⇒ � = 1− 2� ≤ 1. Óõíåðþò, � ≤ 1

2
.¢ñá, ãéá íá åðé�ý÷ïõìå ïìïéüìïñöç êá�áíïìÞ ãéá �çí Y áñêåß íá èÝóïõìå Æ ∈

[0; 1=3], � = 1
3(1−Æ) êáé � = 1−2�. Ïé äýï áêñáßåò �éìÝò åßíáé (Æ; �; �) = (0; 1=3; 1=3)êáé (1=3; 1=2; 0). Ó�çí ðñþ�ç ðåñßð�ùóç, üðùò åßäáìå ó�ï Åñþ�çìá (ä), R1 = 0êáé R2 = log2 3 bits. Ó�ç äåý�åñç ðåñßð�ùóç, ìå ðñÜîåéò, R1 = H(1=3) ≈ 0:9183bits êáé R2 = 2=3 bits. Åðáëçèåýó�å ü�é R1 +R2 = log2 3 bits.(ó�) Ìå âÜóç �éò áðáí�Þóåéò óáò ó�á Åñù�Þìá�á (ã){(å) ó÷åäéÜó�å ìéá ðåñéï÷Þ åðé�åý-îéìùí ñõèìþí ìå�Üäïóçò ãéá �ï êáíÜëé ðïëëáðëÞò ðñüóâáóçò �ïõ ðñïâëÞìá�ïò.Äéåõêñéíßó�å, åðßóçò, óå ðïéá óçìåßá �ï üñéï �çò ðåñéï÷Þò óõìðßð�åé ìå �ï üñéï �çòðåñéï÷Þò ÷ùñç�éêü�ç�áò �ïõ êáíáëéïý.ÁðÜí�çóç:Ç ðåñéï÷Þ åðé�åýîéìùí ñõèìþí ìå�Üäïóçò Ý÷åé ó÷åäéáó�åß ó�ï Ó÷Þìá 37. Ó�ïó÷Þìá öáßíïí�áé ïé äýï åðé�åýîéìåò ðåñéï÷Ýò �ùí Åñù�çìÜ�ùí (ã) êáé (å). Ìå÷ñÞóç time-sharing ìðïñïýìå íá åðé�ý÷ïõìå, åðßóçò, üëá �á æåýãç ñõèìþí ó�ïåõèýãñáììï �ìÞìá ìå�áîý (1; 1=2) êáé (H(1=3); 2=3). TÝëïò, ìå äéáêåêïììÝíçãñáììÞ Ý÷åé ó÷åäéáó�åß �ï Üíù öñÜãìá �çò ðåñéï÷çò ÷ùñç�éêü�ç�áò ðïõ äßíå�áéáðü �éò áíéóü�ç�åò R1 ≤ 1 êáé R1 +R2 ≤ log2 3.To üñéï �çò ðåñéï÷Þò åðé�åýîéìùí ñõèìþí ìå�Üäïóçò óõìðßð�åé ìå �ï üñéï �çòðåñéï÷Þò ÷ùñç�éêü�ç�áò óå üëá �á óçìåßá åê�üò, ðéèáíþò, áðü �ï åõèýãñáììï�ìÞìá ìå�áîý (1; 1=2) êáé (H(1=3); 2=3).
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1

H(1/3)

log23

R1+R2=log23

Ó÷Þìá 37: �åñéï÷Þ åðé�åýîéìùí ñõèìþí ìå�Üäïóçò ãéá �ï êáíÜëé ðïëëáðëÞò ðñüóâáóçò �çò¢óêçóçò.
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