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Basikèènnoiestoqastik¸nanel�xewnkaishm�twnkai

susthm�twn(sunèqeia)

•Basikèènnoiestoqastik¸nanel�xewnkaishm�twnkaisusthm�twn(sunèqeia).

•Anapar�stashkumatomorf¸nwdianÔsmata.
•JìrubostiYhfiakèEpikoinwn�e
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Grammik�,Qronik¸Amet�blhtaSust mata

•SÔsthma
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Je¸rhmaDeigmatolhy�a
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Je¸rhmaDeigmatolhy�a

S
h
a
n
n
o
n
/
N

yq
u
ist(2)

•Epomènw,hanakataskeu enìsuneqoÔs matoapìtade�gmat�tou

e�naip�ntotedunat efìsonhdeigmatolhy�ag�neimerujmìtoul�qiston

dipl�siothmegalÔterhsuqnìthtatous mato.

•Ikan ,all�ìqianagka�asunj kh(giat�;)
•Anakataskeu s mato.Meqr shep�pedouidanikoÔbajuperatoÔf�ltrou
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Je¸rhmaDeigmatolhy�a
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Sust matakaiStoqastikèAnel�xei

•'Estwmia
W
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Sstoqastik anèlixh
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StoqastikèAnel�xeikaiDeigmatolhy�a

•'Estwmia
W

S
Sstoqastik anèlixhsuneqoÔqrìnou

{
X

(t)}hopo�adeigmatolhpte�tai

omoiìmorfameper�odo
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Y
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shm�twn.
•Epomènw,hanakataskeu thsuneqoÔstoqastik anèlixhg�netaimeqr sh

bajuperatoÔf�ltrou(palm¸n
sin

c).Wstìso,seant�jeshmetanomoteleiak�s mata,gia

thnanakataskeuasmènhstoqastik anèlixh
{
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(t)}isqÔei

E
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(t)
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Y
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2]
=

0
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Ŷ
(t)

=
Y

(t),dhlad up�rqeiper�ptwshoi
Ŷ

(t)kai

Y
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ènaarijm simosÔnolotim¸ntouqrìnou
t.GiatoudikoÔmaskopoÔ(an�lushkai

sqed�ashYhfiak¸nSusthm�twnEpikoinwni¸n)hsunj kh
E
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−
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Anapar�stashkumatomorf¸nwdianÔsmata

•Basikèènnoiestoqastik¸nanel�xewnkaishm�twnkaisusthm�twn

(sunèqeia).
•Anapar�stashkumatomorf¸nwdianÔsmata.
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Anapar�stashkumatomorf¸nwdianÔsmata

•E�naidunatìnnaparast soumetikumatomorfèwdianÔsmata(vectors),

naor�soume,dhlad ,dianusmatikìq¸ro(vector
sp

ace)shm�twn.

•Hanapar�stashwdianÔsmatapollèforèaplopoie�tosqediasmìkai

dieukolÔneithnexagwg sumperasm�twn.
•Prot�jhkearqik�apìtou

W
ozen

craftkai
Jacob

s.
•Staepìmenaparat�jetaihantistoiq�ametaxÔthanapar�stashshm�twn

wkumatomorfèkaithanapar�stas touwdianÔsmata.
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Q¸roShm�twn

•'Enagrammikì dianusmatikìq¸ro

Vapotele�taiapìènasÔnolodianusm�twn

{
x
}

kaiapìdÔopr�xei:prìsjeshkaipollaplasiasmìmestajer�.

Diakrit�s mata:
x

↔
x
[k

],
k

∈
S(endeqomènwto

Snaperilamb�neiìloutou

akèraiou).
Suneq s mata:

x
↔

x
(t),

t
∈

S(endeqomènwto

Snaperilamb�neiìloutou

pragmatikoÔ).
•Sun jwupojètoumeìtitas mataèqounpeperasmènhenèrgeia

∑k
∈
S

|y
[k

]| 2
<

∞
,

∫

S

|y
(τ

)| 2d
τ

<
∞

.

•Tas mataendèqetainapa�rnounmigadikètimè,dhlad 
x
[k

]
∈

C(x
(t)

∈
C).11



Prìsjeshkaipollaplasiasmì

•Prìsjesh:
x

+
y
↔

x
[k

]
+

y
[k

]
∀

k
∈
S,

x
+

y
↔

x
(t)

+
y
(t)

∀
t
∈
S,

x
+

y
∈
V.Ep�sh,isqÔeihantimetajetik kaihprosetairistik idiìthta.

Perilamb�netaitooudèterostoiqe�othprìsjesh

0(mhdenikìs ma),

kaj¸kaitoant�strofostoiqe�othprìsjesh

−
x(ant�jetos ma).

•Pollaplasiasmìmestajer�:
α
·x

↔
α
x
[k

]
∀

k
∈
S,

α
·x

↔
α
x
(t)

∀
t
∈

S,

α
·x

∈
V.

0
·x

=
0.IsqÔeihprosetairistik idiìthta.Perilamb�netai

tooudèterostoiqe�otoupollaplasiasmoÔ
x

=
1

(x
[k

]
=

1
∀

k
∈

S,

x
(t)

=
1
∀

k
∈
S).Tèlo,isqÔeihepimeristik idiìthta:

α
·
(x

+
y
)

=
α
·
x

+
α
·
y
,

(α
+

β
)
·
x

=
α
·
x

+
β
·
x.
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Eswterikìginìmeno

•Toeswterikìginìmeno
〈
x
,
y
〉sto

N
−di�statoEukle�deioq¸roisoÔtaime

∑
Nk
=

1
x

k
y
∗k

(upojètoumeìtitadianÔsmatae�nai,sthgenik per�ptwsh,migadik�).

•Giatoq¸roshm�twn,toeswterikìginìmeno(in
n
er

pro
d
u
ct)or�zetaiwex :

�Diakrit�s mata:
〈
x
,
y
〉

=
∑

k
∈
S

x
[k

]y
[k

] ∗.

�Suneq s mata:
〈
x
,
y
〉

=
∫

S
x
(τ

)y
∗(τ

)d
τ.

'Enadianusmatikìq¸romeeswterikìginìmenoe�naiq¸ro

H
ilb

ert(efìsonoq¸ro

e�naipl rh�upojètoumeìtie�nai).
•Tomètro(n

orm)

||x
||enìs matompore�naoriste�w:

||x
|| 2

=
〈
x
,
x
〉

=
∑

k
∈
S
|x

[k
]| 2,

||x
|| 2

=
〈
x
,
x
〉

=
∫

S
|x

(τ
)| 2d

τ.

Tomètro(m ko)enìs matoisoÔtaimethntetragwnik r�zathenèrgei�tou(logikì).

Upenjum�zetaiìtièqeiupoteje�peperasmènhenèrgeia(ìqis maisqÔo).
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'Alleidiìthte�orismo�

•Epomènw,mporoÔmenafantastoÔmetas matawdianÔsmatamem ko,

kateÔjunshstoq¸ro,gwn�ametaxÔtouklp.

•DÔos matae�naiorjog¸niaìtan

〈x
,y

〉
=

0.Giapar�deigma,

∫
∞−
∞

x
(τ

)y
(τ

)
∗d

τ
=

0.

•'EnasÔnolo

Ndianusm�twn/shm�twne�naiorjokanonik�ìtane�naimetaxÔ

touorjog¸niakaitomètrotoukajenìisoÔtaime1.
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'Alleidiìthte�orismo�(2)

•'EnasÔnolo
Ndianusm�twne�naigrammik¸anex�rthtae�nkanèna

di�nusmadempore�naekfraste�wgrammikìsunduasmìtwn�llwn.

•Htrigwnik anisìthtaisqÔei(profan¸)giatas mata,ìpwkaigiata

dianÔsmata:
||x

[k
]+

y
[k

]||
≤

||x
[k

]||+
||y

[k
]||.

•Anisìthta
C
au

ch
y-S

ch
w
artz:

|〈x
,y

〉|
≤

||x
||||y

||.

HisìthtaisqÔeiìtan
x

=
k
·
y(kstajer�)�jamaqreiaste�argìtera.

p.q.giasuneq s mata,
∣∣∣∣ ∫

S

x
(τ

)y
∗(τ

)d
τ

∣∣∣∣ 2

≤

∣∣∣∣ ∫

S

|x
(τ

)| 2d
τ

∣∣∣∣

∣∣∣∣ ∫

S

|y
(τ

)| 2d
τ

∣∣∣∣ .

15



Anapar�stashsun�rthshmeqr shorjokanonik¸n

sunart sewn

•'Estwènadi�nusma
Ndiast�sewnstonEukle�deioq¸ro,kai

Nor-

jokanonik�dianÔsmata
e

i (ep�shstonEukle�deioq¸rodi�stash

N,

p.q.
(0,0,...,1,...,0)me1sthjèsh

i).Tìte,k�jedi�nusma

xtou

N-di�statouq¸roumpore�naekfraste�wsun�rthshtwn

e
i taopo�a

apoteloÔnmiab�shtouq¸rou:
x

=
N

∑k
=

1

x
i e

i
=

N
∑k
=

1 〈x
,e

i 〉e
i .

•IsodÔnama,mporoÔmenaekfr�soumemiasun�rthshmeqr sh

orjokanonik¸nsunart sewn.
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Anapar�stashsun�rthshmeqr shorjokanonik¸n

sunart sewn(2)

•'Estw
Norjokanonikèsunart sei

f
i (t):

∫

S

f
i (τ

)f
∗j
(τ

)d
τ

=

{
0

i
6=

j

1
i
=

j

•Oisunart seiautèkalÔptounènaq¸rosunart sewn

Vdi�stash

N(e�naioisunart -

seib�shtouq¸rou).O
Ve�naiupìqwrotouq¸rouìlwntwnsunart sewnsuneqoÔ

qrìnou(oopo�oèqei�peirhdi�stash).
•E�n

g
(x

)
∈

V,

g
(x

)
=

∑
Nk
=

1
g

k
f

k (x
)
↔

g
=

∑
Nk
=

1
g

k
f
k

=
∑

Nk
=

1 〈
g
,
f
k 〉

f
k
,ìpou

〈
g
,
f
k 〉

=
∫

S
g
(τ

)f
∗k
(τ

)d
τ.

•Parade�gmata:
�Seirè

F
o
u
rier.Sunart seib�sh:

e
j
2
π

k
t

T
=

e
j
2
π

k
f
c
t.

�Diamìrfwsh

F
S
K.Sunart seib�sh:

c
o
s(2

π
k
f

c t).
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Anapar�stashsun�rthshmeqr shorjokanonik¸n

sunart sewn(3)

•'Estwmiasun�rthsh
h
(t)hopo�aendèqetainamhnan keistonupìqwro

V.E�n
ĥ
(t)

=
∑

Nk
=

1
h

i f
i (t)(kai,�ra,

∈
V)p¸prèpeinaepilegoÔn

oisuntelestè
h

i ¸stenaelaqistopoihje�totetr�gwnothdiafor�

e(t)
=

h
(t)

−
ĥ
(t);
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Je¸rhmaprobol 

•Mpore�naapodeiqje�majhmatik�autìpouperimènoumediaisjhtik�apìtosq ma,ìti,

dhlad ,hsun�rthsh
ĥ
(t)hopo�aelaqistopoie�totetragwnikìsf�lmaisoÔtaimethn

probol th
h
(t)stonupìqwro

V:
ĥ

=
∑

Nk
=

1 〈
h
,
f
k 〉

f
k .

•Je¸rhmaProbol :'Estwènaupìqwro
Vtouq¸rou

H
ilb

ert
Hkaiènadi�nusma

xtou

H.Up�rqeimonadikìdi�nusma
p
V
(x

)
∈

Vgiatoopo�oisqÔeiìti

〈
x
−

p
V
(x

),
y
〉

=
0

giaopoiod potedi�nusma
ytou

V.Todi�nusma
p
V
(x

)onom�zetaiprobol tou

xston

V.•Diaisjhtik�,e�ntodi�nusma
e

=
x
−

p
V
(x

)den tank�jetosto

VjamporoÔsame

naprob�loumeènamèrotousto
Vmeapotèlesmatodi�nusma

p
V naprosegg�seiakìma

kalÔteratodi�nusma

x.To

eperièqeimìnothnposìthtaplhrofor�atou

xhopo�a

br�sketaistosumpl rwma(orjog¸nioupìqwro)
V

⊥tou
V.
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Diadikas�a

G
ra

m
-S

ch
m

id
t

•Hdiadikas�a
G

ram
-S

ch
m

id
te�naimiamèjodokataskeu orjokanonik¸n

dianusm�twn.
•'Estw

NdianÔsmata
v

i (ìqikat'an�gkhgrammik¸anex�rthta)

�

u
1

=
v

1

||v
1 || .

�

u
′2

=
v

2
−
〈v

2 ,u
1 〉u

1 .
u

2
=

u
′2

||u
′2 || .

�

u
′3

=
v

3
−
〈v

3 ,u
1 〉u

1
−
〈v

3 ,u
2 〉u

2 .
u

3
=

u
′3

||u
′3 || .

�k.o.k.
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Diadikas�a

G
ra

m
-S

ch
m

id
t(2)

•Sek�jeb maprob�lloumetodi�nusma

v
i stonupìqwropoudhmiourgoÔn

tadianÔsmata
{
u

1 ,u
2 ,...,u

i−
1 },krat�metoupìloipopoudenan kei

stonupìqwrokaikanonikopoioÔmetomètrotousto1.To

u
i perièqeimìno

plhrofor�ahopo�adenperièqetaista

{
u

1 ,u
2 ,...,u

i−
1 }.Epagwgik�,h

plhrofor�apouperièqeito
u

i denperièqetaiseepìmenadianÔsmata

u
k .

'Ara,ta
u

i e�naiorjog¸niametaxÔtou.
•Hseir�methnopo�aepilègoumeta

v
i e�naiauja�reth.Taorjokanonik�

dianÔsmatapouprokÔptounendèqetainae�naidiaforetik�,all�oarijmì

toue�naio�diokai�somethdi�stashtouupìqwrou(hopo�aendèqetai

nae�nai

<
N).

•E�nhdi�stashtouupìqwroue�nai<
N,k�poiaapìta

u
i jae�naimhdenik�

(ìlhhplhrofor�atou

v
i perièqetaiseprohgoÔmenadianÔsmata).21



Paragontopo�hsh

Q
R

•ParathroÔmeìtik�jedi�nusma
v

i e�naisun�rthshmìnotwn

{
u

1 ,
u

2 ,
.
.
.
,
u

i }.

�
v

1
=

u
1 ||v

1 ||

�
v

2
=

〈
v

2 ,
u

1 〉
u

1
+

||u
′2 ||u

2

�k.o.k.MporoÔme,epomènwnagr�youme
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R

•Op�naka

Re�naiklimakwtì�nwtrigwnikì(klimakwtììtank�poiaapìtadianÔsmata

v
i e�naiexarthmèna(M

<
N)).Op�naka

Qe�naiorjog¸nio.
•Hparagontopo�hsh

Q
Rqrhsimopoie�taisuqn�giaapode�xeikaiaplopo�hshekfr�sewn

kaiulopoi sewn.
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JìrubostiYhfiakèEpikoinwn�e

•Basikèènnoiestoqastik¸nanel�xewnkaishm�twnkaisusthm�twn

(sunèqeia).
•Anapar�stashkumatomorf¸nwdianÔsmata.

•JìrubostiYhfiakèEpikoinwn�e

�

L
ee

&
M

essersch
m

itt
C
h
.

3,
5

(2n
d

ed
.).

23



Jìrubo

•Ojìruboe�naièna�gnwstos ma.
•Mpore�naofe�letaisefusik�fainìmena(p.q.jermikìjìrubo,hlektrikèekken¸-

sei),stonanjr¸pinopar�gonta(p.q.kinht re,parembolèstiradiosuqnìthte) sta

sust mataepikoinwni¸n(diafwn�a,jìrubokbantismoÔ).

•Kathgor�ejorÔbou
�An�logametop¸upert�jetaistos ma:Ajroistikì/Pollaplasiastikì/Jìrubo

f�sh.�An�logamethstatistik toukatanom :st�simo,mhst�simo,kroustikì

(im
p
u
lse/

b
u
rst).

•Toposìthplhrofor�apoumporoÔmenametad¸soumeexart�tai(kai)apìtojìrubo.24



LeukìJìrubo(W
h
ite

N
o
ise)

•AperioristoÔme,protoparìn,sthnkathgor�atou

W
S
SajroistikoÔjorÔbou.

•Parìlopoudegnwr�zoumetiakribe�timètoujorÔbou,endèqetainagnwr�zoumek�poie

idiìthtètou(p.q.mèshtim kaiautosusqètish).

•'Estwh
W

S
Sstoqastik anèlixhdiakritoÔqrìnou

{
n

k }me

m
=

0kai

R
(l)

=
N

02
δ

l

(dèltatou
K

ro
n
ecker).

�H

{
n

k }exel�ssetaiìsopiotuqa�ag�netaistoqrìno

k(giat�;)

�H

P
S
De�naiep�pedh.Diaisjhtik�,h

{
n

k }mpore�nametablhje�ex�soupijan�me

opoiad pote�taqÔthta�.
•Miastoqastik anèlixhmemhdenik mèshtim kaiautosusqètish

R
(t

1 ,
t
2 )

=
K

δ
(t

1
−

t
2 )onom�zetaileuk (seanalog�ametoleukìfwtoopo�operièqeiìletisuqnìthte

touoratoÔf�smato).
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LeukìJìrubo(W
h
ite

N
o
ise)(2)

•'Estw,t¸ra,h
W

S
Sstoqastik anèlixhsuneqoÔqrìnou

{n
(t)}me

m
=

0kai
R

(τ
)

=
N

0
2

δ(τ
).

•SthfÔshe�naiadÔnatonaup�rqeitètoios ma(suneq leukìjìrubo)

(giat�;)

•Aupojèsoume,ìmw,ìtih
{n

(t)}èqeiep�pedh
P
S
Dstisuqnìthtepou

maendiafèroun.E�ng�neideigmatolhy�aseautètisuqnìthte(met�,

bèbaia,apìkat�llhlobajuperatìf�ltro),hdiakrit stoqastik anèlixh

{n
k }pouprokÔpteièqeiep�pedh

P
S
D.'Ara,stoyhfiakìped�oh

{n
k }

e�naileuk .
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Jermikìjìrubo(J
o
h
n
so

n)

•Ofe�letaisthjermik k�nhshtwnhlektron�wn.Emfan�zetaiseopoiod potesÔsthma

leitourge�semhmhdenik jermokras�a.H(monìpleurh)

P
S
DtoujermikoÔjorÔbouisoÔtai

me
S
(f

)
=

h
f

e
h

f
k
T

n
−

1

,

ìpou

hhstajer�tou
P
lan

ck,
khstajer�tou

B
o
ltzm

an
n(=

1
.3

8
·
1
0
−

2
3

Jo
u
lesan�

bajmì

K
elvin)kai

T
n hjermokras�asebajmoÔ

K
elvin.

•H(monìpleurh)

P
S
Dgiasuqnìthteèwkaita300,per�pou,

G
H

zisoÔtaime

k
T

n

(ep�pedh).Epomènw,stoyhfiakìped�o,kaiefìsonhdeigmatolhy�ag�netaik�twapìta

300

G
H

z,ojermikìjìrubompore�najewrhje�leukìmepolÔkal prosèggish.

•Sthnous�a,ojermikìjìrubometab�lletaiex�soupijan�sthnperioq �taqut twn�èw

kai300

G
H

z.Giatayhfiak�sust matataopo�aleitourgoÔnk�twapìta300

G
H

zo

jìrubometab�lletaiex�soupijan�seìletiqrhsimopoioÔmenesuqnìthte.
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LeukìProsjetikìGkaousianìJìrubo(A
W

G
N)

•TogegonììtihautosusqètishtouleukoÔjorÔbouisoÔtaime

N
02
δ
(t)ded�neikamia

plhrofor�agiathnkatanom twntim¸ntou.Giapar�deigma,mialeuk stoqastik anèlixh

endèqetainapa�rneitimèmìno0kai1(B
ern

o
u
lli).

•LeukìProsjetikìGkaousianìJìrubo:Leukìjìrubotade�gmatatouopo�oue�nai

anex�rthteomo�wkatanemhmène(i.i.d
.)gkaousianèmetablhtè.

•O

A
W

G
Ne�naitopioeurèwqrhsimopoioÔmenomontèlojorÔbou.Olìgoe�naiìtimon-

telopoie�polÔkal�ènameg�loposostìkumatomorf¸njorÔboupouemfan�zetaisti

YhfiakèEpikoinwn�e.

�Leukìthta:Apotèlesmathtuqaiìthtathk�nhshtwnhlektron�wn.

�Gkaousianì:Dikaiologe�taiapìtoKentrikìOriakìJe¸rhma:Osunolikìjìrubo

e�naiapotèlesmathajroistik sumbol enìpolÔmeg�louarijmoÔ(i.i.d)phg¸n

jorÔbou.
�Ojermikìjìrubomontelopoie�taiw

A
W

G
N.

•'Egqrwmo(co
lored)ProsjetikìGkaousianìJìrubo:H

P
S
Ddene�naiep�pedh.

Montelopoie�jìrubolìgwdiafwn�a(cro
sstalk) lìgwf�ltrwn.
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