
Di�lexh 9 Shmei¸seic

Efarmogèc oloklhrwm�twn

1 Embadìn

BreÐte to embadìn thc perioq c pou perikleÐetai apì tic kampÔlec

f(x) = 8− x2 kai g(x) = 6− x

ìpwc faÐnetai sto parak�tw gr�fhma

'Eqoume ìti oi dÔo kampÔlec f(x) kai g(x) eÐnai Ðsec (tèmnontai) sta shmeÐa

8− x2 = 6− x⇒
x2 − x− 2 = 0⇒

x∗1,2 =
− (−1)±

√
(−1)2 − 4 (−2)

2 · 1
=

{
−1
2

'Ara oloklhr¸noume

2∫
−1

(
8− x2

)
dx−

2∫
−1

(6− x) dx =

2∫
−1

(
8− x2 − 6 + x

)
dx

=

2∫
−1

(
−x2 + x+ 2

)
dx = −

2∫
−1

x2dx+

2∫
−1

xdx+ 2

2∫
−1

dx

= − x3

3

∣∣∣∣2
−1

+
x2

2

∣∣∣∣2
−1

+ 2 · x|2−1

= −8

3
+

1

3
+

4

2
− 1

2
+ 4 + 2

= 10.5

Opìte to embadìn thc skiasmènhc perioq c sto parap�nw gr�fhma eÐnai
Ðso me 10.5.
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2 M koc Tìxou

To m koc thc kampÔlhc pou sqhmatÐzei h sun�rthsh y = f(x) apì to x = a
èwc to x = β dÐnetai apì ton tÔpo

L =

β∫
a

√
1 +

(
dy

dx

)2

dx

 

L =

β∫
a

√
1 + (f ′(x))2dx

ìtan oi f(x) kai f ′(x) eÐnai suneqeÐc sto di�sthma [α, β].
'Otan h sun�rthsh f(x) den eÐnai sqetik� apl  (p.q èna qamhl c t�xhc

polu¸numo), tìte h analutik  epÐlush tou oloklhr¸matoc L kajÐstatai apì
dÔskolh èwc kai adÔnath.

Sun jwc loipìn qrhsimopoioÔntai proseggÐseic tou orismènou oloklh-
r¸matoc L gia th mètrhsh tou m kouc tìxou kampÔlhc. Parak�tw ja doÔme
dÔo apl� paradeÐgmata eÔreshc tou L.

• Par�deigma. 'Estw h aploÔsterh grammik  sun�rthsh y = x (h
eujeÐa twn 45o). Tìte to m koc tou tìxou apì to 0 mèqri to 1 eÐnai Ðso
me

L =

1∫
0

√
1 + (1)2dx =

√
2

1∫
0

dx

=
√

2 x|10 =
√

2

JumhjeÐte apì thn gewmetrÐa ìti to m koc thc upoteÐnousac enìc orjo-
gwnÐou trig¸nou me pleurèc pou èqoun m koc a, β dÐnetai apì√

a2 + β2

sto sugkekrimèno par�deigma

√
12 + 12 =

√
2

• Par�deigma. 'Estw y = x3/2 ìpwc faÐnetai sto parak�tw gr�fhma.
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BreÐte to m koc tou tìxou apì to 1 mèqri to 2. 'Eqoume ìti dy
dx

= 3
2
x

1
2

�ra

L =

2∫
1

√
1 +

(
3

2
x

1
2

)2

dx =

2∫
1

√
1 +

9

4
xdx

Epeid  ∫
(1 + ax)1/2 dx =

2

3a
(1 + ax)3/2 + c

èqoume

L =

2∫
1

√
1 +

9

4
xdx

=
2 · 4
3 · 9

(
1 +

9

4
x

)3/2
∣∣∣∣∣
2

1

=
8

27

(
1 +

18

4

)3/2

− 8

27

(
1 +

9

4

)3/2

= 2.085

3 Pleìnasma katanalwt  kai pleìnasma pa-

ragwgoÔ

'Estw ìti Q = D(P ) h sun�rthsh z thshc kai Q = S(P ) h sun�rthsh pro-
sfor�c se mÐa agor�. Gia par�deigma to parak�tw gr�fhma (gr�fhma 1) deÐqnei
th grammik  sun�rthsh z thshc

Q = 50− 2P

'Estw ìti P = D−1(Q) h antÐstrofh sun�rthsh z thshc kai P = S−1(P )
h antÐstrofh sun�rthsh prosfor�c. To parak�tw gr�fhma deÐqnei thn a-
ntÐstrofh sun�rthsh z thshc gia thn proanaferjeÐsa grammik  sun�rthsh
z thshc

P = 25− 0.5Q

H antÐstrofh kampÔlh z thshc deÐqnei tic an¸terec timèc pou o katana-
lwt c eÐnai prìjumoc na plhr¸sei gia diaforetikèc posìthtec Q1, Q2, ... enìc
agajoÔ
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Gr�fhma 1. Diagrammatik  apeikìnish grammik c sun�rthshc z thshc Q =
50− 2P

• To pleìnasma tou katanalwt  P.K   CS (consumer surplus)
eÐnai ènac deÐkthc euhmerÐac. H diafor� thc mègisthc tim c pou oi katana-
lwtèc ja  tan diatejeimènoi na plhr¸soun apì aut n pou diamorf¸netai
sthn agor� kai telik� plhr¸noun. Gia par�deigma

dap�nh P1Q1 = 20 · 10 = 200 ìtan h tim  P1 eÐnai = 20
dap�nh P2Q2 = 15 · 20 = 300 ìtan h tim  P2 eÐnai = 15

...
dap�nh PkQk = 12 · 26 = 312 ìtan h tim  Pk eÐnai = 12

An h tim  diamorfwjeÐ sthn Pk = 12 tìte h dap�nh eÐnai Ðsh me to em-
badìn tou parallhlìgrammou ABCD dhlad  Ðsh me 312. 'Omwc k�poioi
katanalwtèc  tan diatejeimènoi na plhr¸soun perissìtero apì Pk = 12
gia to agajì. To pleìnasma tou katanalwt  loipìn dÐnetai apì thn
sunolik  dap�nh pou eÐnai diatejeimènoi na plhr¸soun oi agorastèc se
k�je epÐpedo tim c meÐon thn telik  dap�nh apì touc agorastèc pou
basÐzetai sthn “telik ” tim  P ìpwc aut  diamorf¸netai sthn agor�.
'Ara to pleìnasma tou katanalwt  dÐnetai apì thn perioq  tou trig¸nou
EBC

• Qrhsimopoi¸ntac thn antÐstrofh sun�rthsh z thshc, to pleìnasma tou
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Gr�fhma 2. Diagrammatik  apeikìnish tou pleon�smatoc tou katanalwt 
kai thc dap�nhc me b�sh thn antÐstrofh sun�rthsh z thshc

katanalwt  upologÐzetai apì th sqèsh

CS =

∫ Q∗

0

D−1(Q)dQ− P ∗Q∗

kai grafik� dÐnetai apì to embadìn thc skiasmènhc perioq c ìpwc faÐne-
tai parak�tw ìtan upojèsoume ìti h tim  isorropÐac eÐnai P ∗ = 12 �ra
kai h posìthta isorropÐac eÐnai Ðsh me Q∗ = 26 (sto epÐpedo k�jetoc
�xonac P kai orizìntioc �xonac Q) dhlad 

CS =

∫ 26

0

(25− 0.5Q) dQ− 12× 26

• Enallaktik� qrhsimopoi¸ntac th sun�rthsh z thshc mporoÔme na upo-
logÐsoume to pleìnasma tou katanalwt  apì to olokl rwma

CS =

∫ PU

P ∗
D(P )dP

ìpou PU h tim  pou prokÔptei lÔnontac thn exÐswsh 0 = D(P ). An h ka-
mpÔlh z thshc den tèmnei ton orizìntio �xona, dhlad  den up�rqei lÔsh
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Gr�fhma 3. Pleìnasma katanalwt  me b�sh thn antÐstrofh sun�rthsh
z thshc

sthn exÐswsh 0 = D(P ) tìte jètoume PU = +∞. To parak�tw gr�fh-
ma deÐqnei thn perioq  pou antistoiqeÐ sto pleìnasma tou katanalwt 
ìtan h tim  eÐnai P ∗ = 12 dhlad 1

CS =

∫ 25

12

(50− 2P ) dP = ... = 169

• AntÐstoiqa, h agoraÐa kampÔlh prosfor�c deÐqnei th sunolik  prosfe-
rìmenh posìthta gia k�je epÐpedo tim c tou agajoÔ kai isodÔnama h
antÐstrofh kampÔlh prosfor�c deÐqnei thn el�qisth tim  pou apaiteÐ na
eispr�xei o paragwgìc (epiqeÐrhsh) gia na par�gei kai na prosfèrei mia
dedomènh posìthta tou agajoÔ. To pleìnasma tou paragwgoÔ
P.P   PS (producer surplus) dÐnetai apì ta èsoda meÐon to metablhtì
kìstoc tou paragwgoÔ (to stajerì kìstoc den ephre�zei to pleìnasma
afoÔ den exart�tai apì to Ôyoc thc prosferìmenhc posìthtac) kai to

1Ent�xei, sthn perÐptwsh grammik¸n sunart sewn z thshc   prosfor�c, ta pleon�sma-
ta antistoiqoÔn se embadìn orjogwnÐou trig¸nou pou dÐnetai apì to misì tou ginomènou
thc b�shc epÐ to Ôyoc tou trig¸nou (0.5 epÐ to ginìmeno twn dÔo k�jetwn pleur¸n tou
trig¸nou). 'Ara sthn sugkekrimènh �skhsh CS = 1

2 (13 · 26) = 169
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Gr�fhma 4. Pleìnasma katanalwt  CS = 169 k�tw apì thn sun�rthsh
z thshc Q = 50− 2P me tim  isorropÐac   sthn tim  P ∗ = 12

upologÐzoume mèsw thc

PS = P ∗Q∗ −
∫ Q∗

0

S−1(Q)dQ

 

PS = P ∗Q∗ −
∫ Q∗

0

S−1(Q)dQ

= P ∗Q∗ −
∫ Q∗

0

MC(Q)dQ

= P ∗Q∗ − [TC(Q∗)− TC(0)]

= P ∗Q∗ − TV C(Q∗)

Dhlad  to pleìnasma tou paragwgoÔ eÐnai h diafor� thc telik c da-
p�nhc gia to proðìn apì thn el�qisth dap�nh pou zhteÐtai apì ton pa-
ragwgì ¸ste na prosfèrei to proðìn   h diafor� thc telik c tim c apì
thn el�qisth apodekt  tim  apì ton paragwgì. Ta èsoda P ∗Q∗ prèpei
na kalÔptoun to sunolikì metablhtì kìstoc TV C(Q∗) sto epÐpedo pa-
ragwg c Q∗.
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• Enallaktik�, to pleìnasma tou paragwgoÔ brÐsketai apì thn kampÔlh
prosfor�c mèsw tou oloklhr¸matoc

PS =

∫ P ∗

PL

S(P )dP

ìpou PL = max {0, PL} kai PL h tim  pou prokÔptei lÔnontac thn e-
xÐswsh 0 = S(P )

To parak�tw gr�fhma deÐqnei mazÐ to pleìnasma tou katanalwt  kai to
pleìnasma tou paragwgoÔ qrhsimopoi¸ntac tic antÐstoiqec antÐstrofec su-
nart seic z thshc kai prosfor�c ìtan

QD =
28

3
− 2

3
P

QS = −4 + P

Gr�fhma 5. Pleìnasma katanalwt  kai paragwgoÔ me b�sh tic antÐstrofec
sunart seic z thshc kai prosfor�c

To �jroisma twn dÔo pleonasm�twn kaleÐtai koinwnikì pleìnasma,
KΠ   sthn Agglik : social surplus (SS),

KΠ = ΠK + ΠΠ

SS = CS + PS
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3.1 Par�deigma (S.O.S)

1. 'Estw h sun�rthsh z thshc

Q = aP−β

me a > 0, β > 1. BreÐte to pleìnasma tou katanalwt  wc sun�rthsh
k�poiac tim c P0, dhlad  upologÐste to CS(P0).

2. 'Estw t¸ra h sun�rthsh prosfor�c sthn Ðdia agor�

Q = γ ln (1 + P )

me γ > 0. BreÐte to pleìnasma tou paragwgoÔ wc sun�rthsh k�poiac
tim c P0, dhlad  upologÐste to PS(P0).

Ap�nthsh

1. EÐnai emfanèc ìti gia P0 h posìthta pou zhteÐtai eÐnai Q0 = aP−β0 . Epei-
d  h �skhsh zht� na broÔme to pleìnasma tou katanalwt  wc sun�rthsh
thc tim c P0 endeÐknutai na qrhsimopoi soume ton tÔpo

CS =

∫ PU

P0

D(P )dP

�ra na broÔme thn perioq  pou faÐnetai se skÐash sto parak�tw gr�fh-
ma.

Ja eÐnai duskolìtero na upologÐsoume to pleìnasma mèsw tou tÔpou

CS =

∫ Q0

0

D−1(Q)dQ− P0Q0

kai sth sunèqeia na antikatast soume ìpou Q0 thn tim  aP−β0 . Epeid 
kaj¸c Q→ 0 h tim  den orÐzetai (teÐnei sto �peiro) jètoume PU = +∞
kai

CS =

∫ PU

P0

D(P )dP

=

∫ +∞

P0

aP−βdP = lim
ε→+∞

∫ ε

P0

aP−βdP

= lim
ε→+∞

[
aP 1−β

1− β

∣∣∣∣ε
P0

]
= lim

ε→+∞

[
aε1−β

1− β
− aP 1−β

0

1− β

]

=
aP 1−β

0

β − 1
> 0
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Gr�fhma 6. Pleìnasma katanalwt  k�tw apì thn kampÔlh z thshc

2. To pleìnasma tou paragwgoÔ gia k�poia tim  P0 dÐnetai apì

PS = γ

∫ P0

0

ln (1 + P ) dP

ìpwc faÐnetai apì thn skiasmènh perioq  sto parak�tw gr�fhma

Jètoume u = 1 + P kai du = dP me ìria olokl rwshc [1, 1 + P0]

PS = γ

∫ P0

0

ln (1 + P ) dP

= γ

∫ 1+P0

1

lnudu

= γu (lnu− 1)|1+P0

1

= γ (1 + P0) (ln (1 + P0)− 1)− γ (ln 1− 1)

= γ (1 + P0) ln (1 + P0)− γ (1 + P0) + γ

= γ ln (1 + P0) + γP0 ln (1 + P0)− γP0

4 DeÐkthc Gini kai kampÔlh Lorenz

ParousÐash deÐkth Gini kai kampÔlhc Lorenz

Sto parap�nw gr�fhma (gr�fhma 8):
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Gr�fhma 7. Pleìnasma paragwgoÔ k�tw apì thn kampÔlh prosfor�c

• o orizìntioc �xonac parist�nei to posostì tou plhjusmoÔ èstw x me
0 ≤ x ≤ 1

• en¸ o katakìrufoc �xonac parist�nei to ajroistikì posostì tou ei-
sod matoc pou katèqei to antÐstoiqo posostì tou plhjusmoÔ. To po-
sostì tou eisod matoc prokÔptei met� apì taxinìmhsh twn tim¸n tou
eisod matoc kat� aÔxousa t�xh

Gia par�deigma, an èna shmeÐo to shmeÐo thc kampÔlhc L(x) èqei suntetag-
mènec (x, y) = (0.35, 0.20), tìte deÐqnei ìti to 35% tou plhjusmoÔ (sto deÐgma)
katèqei to 20% tou sunolikoÔ eisod matoc (tou eisod matoc pou prokÔptei
apì to �jroisma twn dhlwjèntwn eisodhm�twn twn atìmwn tou deÐgmatoc).

O deÐkthc anisokatanam c Gini apoteleÐ èna mètro thc anisokatanom c (a-
nomoiìthtac) enìc sunìlou dedomènwn pou sun jwc anafèrontai sto eisìdhma
  ton ploÔto qwrÐc ìmwc na apokleÐetai kai h epèktash thc qr shc tou mètrou
se �lla dedomèna. O deÐkthc Gini G dÐnetai apì to kl�sma

G =
A

A+B
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Gr�fhma 8. DeÐkthc Gini kai kampÔlh Lorenz

ìpou A kai B eÐnai to embadìn twn perioq¸n ìpwc faÐnontai parap�nw kai
basÐzetai sthn kampÔlh Lorenz L (x)

G =
A

A+B
=

1
2
−B
1
2

= 1− 2B = 1− 2

1∫
0

L (x) dx

afoÔ eÐnai emfanèc ìti A+B = 1
2
.

• 'Otan o deÐkthcGini eÐnai Ðsoc me to mhdèn, G = 0, tìte h kampÔlh Lorenz
sumpÐptei me thn eujeÐa twn 45o kai èqoume tèleia isokatanom , p.q.
gia k�je �tomo i = 1, .., n se èna deÐgma n atìmwn, antistoiqeÐ eisìdhma
Ðso me Mi = M .

• 'Otan o deÐkthc Gini eÐnai Ðsoc me th mon�da, G = 1, tìte èqoume tèleia
anisokatanom  ìpou èna �tomo ston plhjusmì katèqei ìlo to eisìdhma
en¸ ta upìloipa n− 1 �toma èqoun mhdenikì eisìdhma.

• H kampÔlh Lorenz paÐrnei timèc an�mesa sto 0 kai sto 1 me L(0) = 0
kai L(1) = 1 en¸ eÐnai aÔxousa kai kurt .

• K�poiec genikèc sunarthsiakèc morfèc gia tic kampÔlec Lorenz eiso-
d matoc

I

L (x) =
ekx − 1

ek − 1
, k > 0
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I
L (x) = xαx−1 , α > 0

I
L (x) = xe−β(1−x) , β > 0

4.1 Par�deigma

Er. Gia tic parak�tw kampÔlec Lorenz2

LA (x) =
x2

2
+
x

2

LB (x) =
e2x − 1

e2 − 1

tou pragmatikoÔ et siou kat� kefal n eisod matoc se dÔo q¸rec, èstw
A kai B, upologÐste ton deÐkth Gini kai apofanjeÐte sqetik� me thn
eisodhmatik  anisìthta (stic dÔo q¸rec).

Ap. 'Eqoume ìti o deÐkthc Gini gia thn q¸ra A eÐnai Ðsoc me

GA = 1− 2

1∫
0

(
x2

2
+
x

2

)
dx

= ...

=
1

6
≈ 0.166

en¸ gia thn q¸ra B eÐnai Ðsoc me

GB = 1− 2

1∫
0

e2x − 1

e2 − 1
dx

= ...

≈ 0.313

'Ara sth q¸ra A up�rqei mikrìterh anisokatanom  tou eisod ma-
toc ap'ìti sth q¸ra B afoÔ

GA < GB

2Prèpei na eÐnai kurtèc sunart seic sto x ∈ (0, 1)
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5 KampÔlh Lorenz me diakrit� dedomèna

'Estw ìti èqoume sth di�jes  mac èna deÐgma n atìmwn kai k�je �tomo d lwse
stoiqeÐa sqetik� me to pragmatikì tou eisìdhma Mi.

• TaxinomoÔme to eisìdhmaMi, i = 1, ..., n twn n atìmwn se aÔxousa t�xh
dhlad  Mi ìpou M1 ≤ M2 ≤ ... ≤ Mn �ra M1 dhl¸nei to mikrìtero
eisìdhma sto deÐgma kai Mn to megalÔtero.

• UpologÐzoume mÐa st lh me to ajroistikì posostì eisod matoc

L (xi) =
Si
Sn

ìpou Si = M1 + ...+Mi   Si =
i∑

j=1

Mj (�ra kai Sn =
n∑
j=1

Mj).

• UpologÐzoume to ajroistikì posostì tou plhjusmoÔ xi = i/n gia i =
1, ..., n

• Sqedi�zoume ston orizìntio �xona thn xi (to ajroistikì posostì tou
plhjusmoÔ) kai ston k�jeto thn L (xi) (to ajroistikì posostì eiso-
d matoc)

5.1 Par�deigma me n = 5

'Estw ìti n = 5 �toma mac dièjesan to eisìdhm� touc

Eisìdhma
18003
43587
44304
17164
40946

Akolouj¸ntac thn proanaferjeÐsa mejodologÐa

Mi Si Si/Sn i/n

17164 17164 0.104 0.2
18003 35167 0.214 0.4
40946 76113 0.464 0.6
43587 119700 0.729 0.8
44304 164004 1 1
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Gr�fhma 9. mpla

kai oi dÔo teleutaÐec st lec tou pÐnaka apeikonÐzontai sto gr�fhma (9) wc
shmeÐa.

O deÐkthc Gini gia diakrit� dedomèna proseggÐzetai apì �jroisma (sthn
ousÐa to olokl rwma proseggÐzetai arijmhtik� apì èna �jroisma)

G = 1− 2

n− 1

n−
n∑
i=1

iMi

Sn


'Ara gia to par�deigm� mac me n = 5 èqoume

Sn = 164004

kai
Mi iMi

17164 17164
18003 36006
40946 122838
43587 174348
44304 221520

n∑
i=1

iMi = 571876
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opìte

G = 1− 2

4

(
5− 571876

164004

)
= 0.243481866
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