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S18ovtan otovg akoAovBovg vo mivakeg:

0.054 0.283 0957 3.61
®=(0406 0870 -—0.281| , Q= 24.2 (rad/sec)
0913 —0.402  0.068 77.7

Oewpovue 0Tt 1) Sokog £xel undevikr) amodofeon.

(1) YmoAoyioate moia ;pesmel va eival 1 apyiKn LETATOIO)
u’(t = 0) = [uy(t = 0),u,(t = 0),uz(t = 0)]"
g SokoL €101 WOTE va SieyepOel povov ) ¢s, eav u,(t = 0) = 5 cm.
(2) Ymoloyicate tnVv amokpilon us(t) g padag #3 otav pa Suvapg
p.(t) = 1-6(t) N aokeitar otnVv pada #2, vroHeTovtag OTL 1 KATAOKELN
EVPIOKETAL O KATAOTAOT) N)pEULAC.
(3) Kavovtag xpriomn ToL AWTOTEAECUATOG TOV EPpWTNUATOG (2) vIToAoyicate
NV astokpion us(t) g Sokov otav

T
Po sin(Qt) 0<t< (—)
_ Q
P2 (t) - s

0 (5) <t

YmoB&Touvpe OTL N KATAOKELT EKKIVEL AITO TNV KATAOTAOT N)peUiag.
(4) Tha v eoption mov Sidetal 0To epwTNUA (3), EKTIUNOCATE TNV LEYIOTN
mtaxlu3 ()] amoxkplon vroBetTovTag OTL 1] OAIKT ATTOKPLOT) TTEPTY PAPETAL

3
) <Q=Zw1 po=10kN)

1KAVOITOU TIKA AU BAVOVTAG LITOWT) TNV CUUUETOXT) LOVOV TNG TIPOTNG
1510p0p PTG,

(5) Ymoloyicate Tnv amokplon us(t), oe poviun tahaviworn (steady-state),
g SokoL OTav N dieyeipovoa SLvAUN, 1) ACKOVUEVT] OTNV Hada #2,
eiva appovikn ™g popeig p,(t) = p, - e (2 =Zw;  p, = 10 kN).
Extiunoate v peyiotn amokpion mtaxlu3 (t)| vtoBetovtag 0T ) OAkN
QITOKP10T) TTEPTYPAPETAL IKAVOITONTIKA AaufAavovTag vioyn tnv
OVULLLETOYT) LOVOV TNG TTPWTNG 1810L0PPT|C.



SOLUTION

In order to excite the 3* mode only with the requirement that u,(t = 0) = 5 cm, then
u(0) = cs;. Specifically,

uy (t=0) 0.957) (ui(t =0)
u(0) =qu(t =0)r=c{-0.281¢ = 5 }cm
us(t =0) 0.068 u;(t =0)
Evidently, ¢ = —17.794. Therefore

uy (t=0) 0.957 0.957 —17.029
u(0) =3u(t=0)p = C{—O.ZBl} = —17.794{—0.281} = { 5.000} cm

us(t =0) 0.068 0.068 —1,210

The applied force is p(t) = s6(t) N, where sT =10,1,0]". We resolve vector § in its
modal components:

N s
s = nZl [,md¢, [, = oImo.,
M; = ¢Tmd¢, = 5844.71 M, = ¢ md¢, = 5828.79 M; = ¢imd; = 5833.7
M, = ¢{¢T§i¢1 =6.946-107° T, = ¢72"¢T£:>2 =1493-107% I3 = <I>73"¢T£:>3 =—4.817-107°

1 1
m=m 1 = 5837 1 kg
1 1

The displacement response to the force p(t) = s&(t) is

N N
u(®) = ) O, = ) LD,
n=1 n=1

The modal equations and their solutions are

D, + w?D, = 6(t) 1
{Dl(t =0)=0 = D,(t) = —sin(w,t) (n=1,2,3)
Dyt = 0) = 0} “n

Therefore

Us (t) = FlDl(t)¢31 + FZDZ(t)¢32 + F3D3(t)¢33
= (6.946-1075)Dy(t) + (—4.194 - 1075)D,(t) + (—3.275 - 10-6)D4 ()

When p,(t) is equal to the given half-sine pulse, the response u3(t) is



Us (t) = Fl [Dl(t) *P, (t)]¢31 + FZ [DZ (t) *P, (t)]¢32 + l—‘3 [D3(t) *P, (t)]¢33

( (6.648-107°)[D,(t) * p, (O] \
+
(—4.194-107%)[D,(6) = p, (1)]
+
(—3.275-1079)[D3(0) * p,(®)])

The convolution integral D, (t) * p, (t) is

Dy () * pr(t) = 1

Recall that: sinx - siny =

then

sin(Qt) - sin[w, (t — 7)]

Therefore

n

¢
P, b[ sin(Q71) -wisin[wn(t —1)] dr <t < (%))
@

tg=(m/

f sin(Q1) -wisin[wn(t —1)] dt ((g) < t)

0 n

%[cos(x —vy) —cos(x +y)]and Q = Zwﬁ let B, = wﬁ;

= sin(ﬁnwnr) - sin[w, (t — 7)]

= 2 {eos[wn ((B, + 1) —£)] —cos [wn (8, ~ D +¢)]}



t

f sin(Qr) - wisin[wn(t —-1)] dr

n
0

ot
j cos[wn((Bn + D1 — 1)] de
1 0

an t

—f cos[a)n((ﬁn — D7+ t)] dt
\ 0
( 1 wpPnt

oG D sin[]

X +
_1 a’n.Bnt

o= 1) sin[]

1
1 |Bat D

2
2ws;

+

2w,

{sin(Qt) + sin(w,t)}

+

-1
k(ﬂ——l) {sin(Qt) - sin(wnt)}
1 —2 . ZIBn
m ﬁSll’l(Ql’) + '32 1

m [ﬁn Sil’l(a)nt) - sin(Qt)]

m [Sil’l(ﬂt) - ,Bn Sil’l((unt)]

sin(w,t)

This result is identical (with the proper adjustments (X I},) with Eqn. 4.8.2 in Chopra’s

book.

Similarly



( ta=(m/Q)

. [ cosfwn((Bn+ e -0)] e
0
.f sin(Qr) -isin[a)n(t -7]dr = ! { +
) W 20n | tg=(n/0)
- ] cos[wn((Br — D + ¢)] dr
\
( 01 on((Bn+Dta—t)
B PR AL B
= 3 +
an -1 . wn((ﬁn—l)td+t)
ERAEE R
(1 Bn + .
. m sin ( A n — wnt) + sm(wnt)}
A B — N
Lm< sin( A T+ wnt) - sin(wnt)}
1
) (ﬁn D sin(w,t) + sin <a) t— E)}
- 2w < 1 *
\(ﬁn ) i1sin(w,t) + sin (a) t— E)}
((p _ - : _
) ) B—1) {sm((untl-i- sin ((u t ﬁn)}

Z‘U%(ﬁi - 1) B, + 1) {sin(wnt) + sin (a) £ _>}

B
= %{sin(wnt) + sin ((‘)"t B /;T_n)}
i %Sm (vt =35) < 55)

2, cos
= —w%(ﬁn <_2'8’)1) sin (a)nt - %)

This result is identical (with the proper adjustments (X I};,) with Eqn. 4.8.3 in Chopra’s
book.

Summarizing:



m [sin(Qt) — B, sin(w,t)] <t < (%))
Dy (t) xpp(t) = | 28 cos <23 )

T
WZ(BI—1) S‘“( t‘ﬁ) <(5)<t>

Notice that in the forced vibration part (t <(m/ .Q)) both the forcing circular frequency

() and the natural circular frequency w, of the corresponding mode are involved in the
oscillatory response. For the free-vibration part ((7‘[ /Q) < t) only the natural circular

frequency w, of the corresponding mode are involved in the oscillatory response.

Determination of m?X|u3 (t)|, assuming that the total response is satisfactorily described

by the first mode alone.
Evidently

VA
EZ@Z&ZL:_
T, T, 2Q 2(5(»1) 3

4

Because, 0.5 < (t;/T;) < 1.5, the peak is controlled by the forced phase, during which
only one peak occurs (see Chopra, Section 4.8). The peak is given by Eqn. 4.8.9, propetly
interpreted / modified for our problem. Specifically

max|us (1] = 11(<f3_1 1293( ' (12:[2)_3 18I <1 inﬁl»

For our problem

3
_361rad 0 z®W 3
@1 = sec ﬁl_wl_wl 4

Therefore

mtax|u3(t)| =(8.853-107°-10*) m = 8.853 cm

Steady state response:

The applied force is p(t) = se' where sT = [0,1,0]7, i.e. the vector s which defines

the spatial distribution of the applied force is the same as in question (2).



N N
M®es = ) 1nOlss, = ) TalDa O,
n=1

n=1
The modal equations are
D, +wiD, =p, e (n=1,23)
The steady-state response is [Dy, (t)]ss = Hp(Q) - €%, Substituting in the ODE we
convert it to an algebraic equation. Specifically

.. , . . : p
Do+ @30y =py ¥ > [(0)2Hp(@) + 0FHA ()] € = py - = Hy() = —2s
n

3

[us(O)]ss = z M el

w2 — Q2

n=1

Peak response, assuming that the total response is satisfactorily described by the first mode alone:

I'1¢31p, _ I'1¢31p,

I[u3(t)]ss|o = =
-]

=(1.166-1075-10)m = 11.7 cm




