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MODAL RESPONSE CONTRIBUTIONS 

Modal Expansion of Excitation Vector  𝐩ሺ𝑡ሻ ൌ 𝐬𝑝ሺ𝑡ሻ  

A common loading case is the one in which the applied forces 𝑝௝ሺ𝑡ሻ have the same time variation  𝑝ሺ𝑡ሻ, 

and their spatial distribution is defined by 𝐬, independent of time. 

𝐩ሺ𝑡ሻ ൌ 𝐬𝑝ሺ𝑡ሻ  

We expand the vector 𝐬 in its modal components as: 

𝐬 ൌ ෍ 𝐬௥

ே

௥ୀଵ

ൌ ෍ Γ௥𝐦𝛟௥

ே

௥ୀଵ

 

Pre-multiplying by 𝛟௡
்  and utilizing the orthogonality property of the modes, we obtain: 

Γ௡ ൌ
𝛟௡

்𝐬
𝑀௡

𝑴𝒐𝒅𝒂𝒍
𝑷𝒂𝒓𝒕𝒊𝒄𝒊𝒑𝒂𝒕𝒊𝒐𝒏 𝑭𝒂𝒄𝒕𝒐𝒓

 

It is evident that Γ௡ is not independent of how the mode is normalized. 

 

The contribution of the 𝑛௧௛ mode to 𝐬 is: 

𝐬௡ ൌ Γ௡𝐦𝛟௡  

which is independent of how the modes are normalized. 

 

The inertia forces, associated with the 𝑛௧௛ mode, are: 

ሺ𝐟ூሻ௡ ൌ െ𝐦𝐮ሷ ௡ሺ𝑡ሻ ൌ െ𝐦𝛟௡𝑞ሷ௡ሺ𝑡ሻ 

Clearly, the spatial distribution of the inertia forces ሺ𝐟𝑰ሻ𝒏 associated with the 𝑛௧௛ 

mode, is the same as that of  𝐬௡. 
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The expansion, 

𝐬 ൌ ෍ 𝐬௥

ே

௥ୀଵ

ൌ ෍ Γ௥𝐦𝛟௥

ே

௥ୀଵ

 

has two useful properties: 

(1) The force vector 𝐬௡𝑝ሺ𝑡ሻ produces response only in the 𝑛௧௛ mode but 
no response in any other mode. 

 

Proof: 
Generalized force associated with 𝐬௡𝑝ሺ𝑡ሻ : 

𝑃௥ሺ𝑡ሻ ൌ 𝛟௥
்𝐬௡𝑝ሺ𝑡ሻ ൌ Γ௥ ሺ𝛟௥

்𝐦𝛟௡ሻᇣᇧᇧᇤᇧᇧᇥ
ெ೙ఋ೙ೝ

𝑝ሺ𝑡ሻ ൌ Γ௥𝑀௡𝛿௡௥𝑝ሺ𝑡ሻ

ሾ𝛿௡௥: 𝐾𝑟𝑜𝑛𝑒𝑐𝑘𝑒𝑟 𝑑𝑒𝑙𝑡𝑎ሿ
 

 
 
 

(2) The dynamic response of the 𝑛th mode is entirely due to the partial 

force vector 𝐬௡𝑝ሺ𝑡ሻ. 

Proof: 
Generalized force associated with 𝐬𝑝ሺ𝑡ሻ : 

𝑃௡ሺ𝑡ሻ ൌ 𝛟௡
்𝐬𝑝ሺ𝑡ሻ ൌ ෍ Γ௥ሺ𝛟௡

்𝐦𝛟௥ሻ𝑝ሺ𝑡ሻ
ே

௥ୀଵ

ൌ Γ௡𝑀௡𝑝ሺ𝑡ሻ 

 

Evidently, the 𝑛௧௛  mode generalized force associated with the complete force vector 𝐬𝑝ሺ𝑡ሻ is the 

same as the 𝑛௧௛  mode generalized force associated with the partial force vectors 𝐬௡𝑝ሺ𝑡ሻ. 
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Modal Analysis for   𝐩ሺ𝑡ሻ ൌ 𝐬𝑝ሺ𝑡ሻ  

We have derived 𝑁 uncoupled equations: 

𝑞ሷ௡ሺ𝑡ሻ ൅ 2𝜉௡𝜔௡𝑞ሶ௡ሺ𝑡ሻ ൅ 𝜔௡
ଶ𝑞௡ሺ𝑡ሻ ൌ

𝑃௡ሺ𝑡ሻ

𝑀௡
ሺ𝑛 ൌ 1,2, ⋯ , 𝑁ሻ

where: 𝑃௡ሺ𝑡ሻ ൌ 𝛟௡
்𝐩ሺ𝑡ሻ ൌ 𝛟௡

்𝐬𝑝ሺ𝑡ሻ ൌ Γ௡𝑀௡𝑝ሺ𝑡ሻ
 

Therefore: 

𝑞ሷ௡ሺ𝑡ሻ ൅ 2𝜉௡𝜔௡𝑞ሶ௡ሺ𝑡ሻ ൅ 𝜔௡
ଶ𝑞௡ሺ𝑡ሻ ൌ Γ௡𝑝ሺ𝑡ሻ 

We can write the solution 𝑞௡ሺ𝑡ሻ as follows: 

𝐷ሷ ௡ሺ𝑡ሻ ൅ 2𝜉௡𝜔௡𝐷ሶ ௡ሺ𝑡ሻ ൅ 𝜔௡
ଶ𝐷௡ሺ𝑡ሻ ൌ 𝑝ሺ𝑡ሻ

and 𝑞௡ሺ𝑡ሻ ൌ Γ௡𝐷௡ሺ𝑡ሻ
 

 

Contribution of the 𝑛௧௛ mode to  𝐮ሺ𝑡ሻ: 

𝐮௡ሺ𝑡ሻ ൌ 𝛟௡𝑞௡ሺ𝑡ሻ ൌ Γ௡𝛟௡𝐷௡ሺ𝑡ሻ  

 

Equivalent static forces  𝐟ௌ௡ሺ𝑡ሻ  : 

𝐟ௌ௡ሺ𝑡ሻ ൌ 𝐤𝐮௡ሺ𝑡ሻ ൌ Γ௡ 𝐤𝛟௡ถ
ఠ೙

మ 𝐦𝛟೙

𝐷௡ሺ𝑡ሻ ൌ Γ௡𝐦𝛟௡ᇣᇧᇤᇧᇥ
𝐬೙

ሾ𝜔௡
ଶ𝐷௡ሺ𝑡ሻሿ

⟹ 𝐟ௌ௡ሺ𝑡ሻ ൌ 𝐬௡ሾ𝜔௡
ଶ𝐷௡ሺ𝑡ሻሿ
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Equivalent Static Forces   𝐟ௌ௡ሺ𝑡ሻ : 

𝐟ௌ௡ሺ𝑡ሻ ൌ 𝐬௡ሾ𝜔௡
ଶ𝐷௡ሺ𝑡ሻሿ  

The 𝑛௧௛ mode contribution 𝑟௡ሺ𝑡ሻ to any response quantity 𝑟ሺ𝑡ሻ is determined by static analysis of the 

structure subjected to forces  𝐟ௌ௡ሺ𝑡ሻ.  

Let: 

𝑟௡
௦௧ 

modal static response 

= the static value of response quantity 𝑟 due 
to external forces 𝐬௡ 

 
Then: 

𝑟ሺ𝑡ሻ ൌ ෍ 𝑟௡ሺ𝑡ሻ
ே

௡ୀଵ

ൌ ෍ 𝑟௡
௦௧ሾ𝜔௡

ଶ𝐷௡ሺ𝑡ሻሿ
ே

௡ୀଵ

 

The modal analysis procedure presented above provides a basis for identifying and understanding the 
factors that influence the relative modal contributions to the response. 

 

__________________ 

NOTE:  

Although we loosely refer to 𝐬௡ as forces, they are dimensionless because 𝑝ሺ𝑡ሻ has units of force.  

Thus, 𝑟௡
௦௧does not have the same units as  𝑟, but equation 𝑟௡ሺ𝑡ሻ ൌ 𝑟௡

௦௧ሾ𝜔௡
ଶ𝐷௡ሺ𝑡ሻሿ gives the correct units 

for 𝑟௡ and equation 𝑟ሺ𝑡ሻ ൌ ∑ 𝑟௡ሺ𝑡ሻே
௡ୀଵ  for 𝑟 . 
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Modal Contribution Factors 

Let: 

𝑟௦௧  
= the static value of response quantity 𝑟 due 
to external forces 𝒔

 

Contribution of the 𝑛௧௛ mode to response quantity  𝒓 : 

𝑟௡ሺ𝑡ሻ ൌ 𝑟௡
௦௧ሾ𝜔௡

ଶ𝐷௡ሺ𝑡ሻሿ ൌ 𝑟௦௧ ቆ
𝑟௡

௦௧

𝑟௦௧ቇ ሾ𝜔௡
ଶ𝐷௡ሺ𝑡ሻሿ

ൌ 𝑟௦௧𝑟̅௡ሾ𝜔௡
ଶ𝐷௡ሺ𝑡ሻሿ

where: 𝑟̅௡ ൌ ቆ
𝑟௡

௦௧

𝑟௦௧ቇ
𝒏𝒕𝒉

𝒎𝒐𝒅𝒂𝒍 𝒄𝒐𝒏𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏
𝒇𝒂𝒄𝒕𝒐𝒓

 

 

Properties of modal contribution factors  𝒓ത𝒏 : 

(1) They are dimensionless; 
 

(2) They are independent of how modes are normalized; 
 

(3) The sum of the modal contribution factors over all modes is unity, that is: 

෍ 𝑟̅௡

ே

௡ୀଵ

ൌ 1  

Property #3 follows by the following reasoning: 

𝐬 ൌ ෍ 𝐬௡

ே

௡ୀଵ

⟹ 𝑟௦௧ ൌ ෍ 𝑟௡
௦௧

ே

௡ୀଵ

⟹ 1 ൌ ෍ ቆ
𝑟௡

௦௧

𝑟௦௧ቇ
ᇣᇤᇥ

௥̅೙

ே

௡ୀଵ
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MODAL ANALYSIS: SUMMARY 

Dynamic response of an MODF system with classical damping to external forces 𝐩ሺ𝑡ሻ: 

(1) Define the structural properties: 
(a) Determine the mass matrix 𝐦 and stiffness matrix 𝐤; 
(b) Estimate the modal damping ratios 𝜉௡. 

 
 

(2) Determine the natural frequencies 𝜔௡ and modes 𝛟௡; 

[i.e., solve the eigenvalue problem: ሺ𝐤 െ 𝜔ଶ𝐦ሻ𝛟 ൌ 𝟎] 
 
 

(3) Compute the response in each mode by following the steps: 
(a) Set up the following 𝑁 uncoupled equations ሺ𝑛 ൌ 1,2, ⋯ , 𝑁ሻ: 

𝑀௡𝑞ሷ௡ሺ𝑡ሻ ൅ 𝐶௡𝑞ሶ௡ሺ𝑡ሻ ൅ 𝐾௡𝑞௡ሺ𝑡ሻ ൌ 𝑃௡ሺ𝑡ሻ

⟹ 𝑞ሷ௡ሺ𝑡ሻ ൅ 2𝜉௡𝜔௡𝑞ሶ௡ሺ𝑡ሻ ൅ 𝜔௡
ଶ𝑞௡ሺ𝑡ሻ ൌ

𝑃௡ሺ𝑡ሻ

𝑀௡

 

  and solve for 𝑞௡ሺ𝑡ሻ. 

(b) Compute the nodal displacements 𝐮௡ሺ𝑡ሻ ൌ 𝛟௡𝑞௡ሺ𝑡ሻ  

(c) Compute the element forces associated with 𝑢௡ሺ𝑡ሻ by implementing the equivalent static 
force method: 

𝐟ௌ௡ሺ𝑡ሻ ൌ 𝐤𝐮௡ሺ𝑡ሻ ⟹ 𝐟ௌ௡ሺ𝑡ሻ ൌ 𝜔௡
ଶ𝐦𝛟௡𝑞௡ሺ𝑡ሻ ሺ𝑛 ൌ 1,2, ⋯ , 𝑁ሻ  

 
(4) Combine the contributions of all the modes to determine the response: 

𝑒. 𝑔.

𝑛𝑜𝑑𝑎𝑙
𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡𝑠ൠ 𝐮ሺ𝑡ሻ ൌ ෍ 𝐮௡ሺ𝑡ሻ

ே

௡ୀଵ

ൌ ෍ 𝛟௡𝑞௡ሺ𝑡ሻ
ே

௡ୀଵ

𝑒𝑙𝑒𝑚𝑒𝑛𝑡
𝑓𝑜𝑟𝑐𝑒𝑠 ൠ 𝑟ሺ𝑡ሻ ൌ ෍ 𝑟௡ሺ𝑡ሻ

ே

௡ୀଵ
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MODAL ANALYSIS FOR  𝐩ሺ𝑡ሻ ൌ 𝐬𝑝ሺ𝑡ሻ  

After we determine: 

 the structural properties (i.e., 𝐦 & 𝐤, 𝜉௡ ). 

 the vibration properties (i.e., 𝜔௡ & 𝛟௡ ). 

we expand the force distribution 𝐬 into its modal components 𝐬௡ , i.e., 

𝐬 ൌ ෍ 𝐬௡

ே

௡ୀଵ

ൌ ෍ሼΓ௡𝐦𝛟௡ሽ
ே

௡ୀଵ

 

The contribution 𝑟௡ሺ𝑡ሻ of the 𝑛௧௛ mode to the dynamic response is obtained by multiplying the results of 
two analyses: 

(1) Static analysis of the structure subjected to external forces 𝐬௡  ሺ𝑛 ൌ 1,2, ⋯ , 𝑁ሻ . 

(2) Dynamic analysis of the 𝑛௧௛  mode SDOF system excited by the force 𝑝ሺ𝑡ሻ: 

 

𝐷ሷ ௡ሺ𝑡ሻ ൅ 2𝜉௡𝜔௡𝐷ሶ ௡ሺ𝑡ሻ ൅ 𝜔௡
ଶ𝐷௡ሺ𝑡ሻ ൌ 𝑝ሺ𝑡ሻ ሺ𝑛 ൌ 1,2, ⋯ , 𝑁ሻ

𝑞௡ሺ𝑡ሻ ൌ Γ௡𝐷௡ሺ𝑡ሻ
 

Combining the modal responses gives the dynamic response of the structure. 
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Modal Responses and Required Number of Modes 

Let: 

𝐷௡௢ ≝ max
௧

|𝐷௡ሺ𝑡ሻ| 

Then, the corresponding value of 𝑟௡ሺ𝑡ሻ is: 

𝑟௡௢ ൌ 𝑟௦௧𝑟̅௡ถ
௥೙

ೞ೟

𝜔௡
ଶ𝐷௡௢  

Let: 

𝑅ௗ௡ ൌ
𝐷௡௢

൫𝐷௡,௦௧൯
௢

𝐷𝑦𝑛𝑎𝑚𝑖𝑐
𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒 𝐹𝑎𝑐𝑡𝑜𝑟 

where: 

൫𝐷௡,௦௧൯
௢

ൌ max
௧

ห𝐷௡,௦௧ሺ𝑡ሻหᇣᇧᇧᇤᇧᇧᇥ
𝒔𝒕𝒂𝒕𝒊𝒄 𝒓𝒆𝒔𝒑𝒐𝒏𝒔𝒆

ൌ ൭
max

௧
|𝑝ሺ𝑡ሻ|

𝜔௡
ଶ ൱

ൌ ൬
𝑝௢

𝜔௡
ଶ൰

 

The static response 𝐷௡,௦௧ሺ𝑡ሻ is obtained from 𝐷ሷ ௡ሺ𝑡ሻ ൅ 2𝜉௡𝜔௡𝐷ሶ ௡ሺ𝑡ሻ ൅ 𝜔௡
ଶ𝐷௡ሺ𝑡ሻ ൌ 𝑝ሺ𝑡ሻ, by dropping the 

𝐷ሷ ௡ & 𝐷ሶ ௡ terms. 

Therefore: 

𝑟௡௢ ൌ 𝑟௦௧𝑟̅௡𝑝௢𝑅ௗ௡  

The algebraic sign of 𝑟௡௢ is the same as that of 𝑟௡
௦௧ ≝ 𝑟௦௧𝑟̅௡ because 𝑅ௗ௡ is positive by definition. 

 

  



Lecture Notes: STRUCTURAL	DYNAMICS   /     FALL 2011   /   Page: 10 
Lecturer: Prof.  APOSTOLOS	S.	PAPAGEORGIOU	

SEOUL	NATIONAL	UNIVERSITY	
PART	(13):	MODAL	RESPONSE	ANALYSIS	‐	MODAL	RESPONSE	CONTRIBUTIONS 

 

Peak Modal Response 

𝑟௡௢ ൌ 𝑟௦௧𝑟̅௡𝑝௢𝑅ௗ௡  

Peak modal response is the product of four quantities: 

(1) 𝑅ௗ௡ (=dimensionless) dynamic response factor for the 𝑛௧௛ mode SDOF excited by force 𝑝ሺ𝑡ሻ 
 

(2) 𝑝௢, the peak value of 𝑝ሺ𝑡ሻ 
 

(3) 𝑟̅௡ (=dimensionless) modal contribution factor for response quantity 𝑟 
 

(4) 𝑟௦௧ , the static value of 𝑟 due to external forces 𝐬 

 

Clearly: 

𝑟௦௧ & 𝑟̅௡ : depend on the spatial distribution 𝐬 of the applied forces but are 
independent of the time variation 𝑝ሺ𝑡ሻ of the applied forces. 

𝑅ௗ௡ : depends on  𝑝ሺ𝑡ሻ, but is independent of 𝐬. 

 

𝑟̅௡ & 𝑅ௗ௡ influence the relative response contributions of the various vibration 
modes, and hence the minimum number of modes that should be included in 
the dynamic analysis. 
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EXAMPLE: 
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The relative contributions of the various modes to the response, 

and 

the number of modes that should be included in dynamic analysis 

depend on the following two influencing factors: 

(1) The modal contribution factor 𝑟̅௡, which depends on the spatial 
distribution of forces.  

(2) The dynamic response factor 𝑅ௗ௡, which is controlled by the time variation 
of forces. 

 

  



Lecture Notes: STRUCTURAL	DYNAMICS   /     FALL 2011   /   Page: 13 
Lecturer: Prof.  APOSTOLOS	S.	PAPAGEORGIOU	

SEOUL	NATIONAL	UNIVERSITY	
PART	(13):	MODAL	RESPONSE	ANALYSIS	‐	MODAL	RESPONSE	CONTRIBUTIONS 

 

 

 

Observation: 

The contributions of the higher modes to 𝐬 are larger for 𝐬𝒃 than for 𝐬𝒂 , 
suggesting that these modes (i.e., the higher modes) may contribute more to the 

response if the force distribution is 𝐬𝒃 than if it is 𝐬𝒂. 
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Determination of the modal contribution factors for: 

(i) The base shear 𝑉௕ 
(ii) The roof (𝑁th floor) displacement 𝑢ே 
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Therefore: 
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𝑉௕
௦௧ & 𝑢ே

௦௧  are obtained from a static analysis of the building subjected to 

(lateral) forces 𝐬. 

 

We define: 
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௦௧  
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Observations: 

(1) The modal contribution factors are larger for base shear than for roof 
displacement. 
 
Higher modes contribute more to base shear (and other element forces) 
than to roof displacement (and other floor displacements) 
 

(2) The modal contribution factors for higher modes are larger for force 
distribution 𝐬𝒃 than for 𝐬𝒂. 
 
Higher modes contribute more to a response in the 𝐬𝒃 case. 
 
The modal expansion of 𝐬𝒂 & 𝐬𝒃 suggests the same conclusion. 
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How 𝑅ௗ௡ (= the value of 𝑅ௗ for the 𝑛௧௛ mode) for a given excitation 𝑝ሺ𝑡ሻ varies 

with 𝑛 

depends on 

where the natural periods 𝑇௡ fall on the period scale. 

 

In the case of pulse excitation, the above FIGURE shows that 𝑅ௗ௡ varies over a 

narrow range for a wide range of 𝑇௡ and could have similar values for several 
modes. 
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For lightly damped systems subjected to harmonic excitation (Ω), 𝑅ௗ௡ is 
especially large for modes with natural period 𝑇௡ close to the forcing period 𝑇, 

and perhaps these are the only modes that need be included in modal analysis 

unless the modal contribution factors 𝑟̅௡ for these modes are much smaller 
than for some other modes. 
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In judging the contribution of a natural mode to the dynamic response of a 
structure, it is necessary to consider the combined effects of the modal contribution 
factor 𝑟̅௡ and the dynamic response factor 𝑅ௗ௡. 

 


