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Analysis of FRP-Strengthened RC Beam-Column Joints
Costas P. Antonopoulos1 and Thanasis C. Triantafillou, M.ASCE2

Abstract: Analytical models are presented in this study for the analysis of reinforced concrete joints strengthened with com
materials in the form of externally bonded reinforcement comprising unidirectional strips or flexible fabrics. The models provide equ
for stresses and strains at various stages of the response~before or after yielding of the beam or column reinforcement! until the ultimate
capacity is reached, defined by concrete crushing or fiber-reinforced polymer~FRP! failure due to fracture or debonding. Solutions to
these equations are obtained numerically. The models provide useful information on the shear capacity of FRP-strengthened
terms of the quantity and configuration of the externally bonded reinforcement and may be used to design FRP patching for inade
detailed beam-column joints. A number of case studies are examined in this article, indicating that even low quantities of FRP m
may provide significant enhancement of the shear capacity. The effectiveness of external reinforcement increases considerably if
ing is suppressed and depends heavily on the distribution of layers in the beam and column. The latter depends on the relative q
of steel reinforcement crossing the joint panel and the level of axial load in the column. Analytical shear strength predictions were
agreement with test results found in the literature, thus adding confidence to the validity of the proposed models.
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Introduction

Reinforced concrete~RC! beam-column joints have been the su
ject of intensive research over the past few decades. Inadequ
detailed joints, especially exterior ones, have been identified
critical structural elements that may fail prematurely due to h
shear stresses. Bond failure of longitudinal reinforcement
been observed too, especially in interior joints where rebars
not properly anchored with standard hooks@e.g., Paulay and
Priestley~1992!#.
Strengthening of RC joints is a rather difficult task. A variety
techniques have been applied to joints, with the most comm
being the construction of RC or steel jackets@e.g., Alcocer and
Jirsa~1993!#. Plain or corrugated steel plates have also been t
@e.g., Beres et al.~1992!; Ghobarah et al.~1997!#. To overcome
the difficulties and some problems associated with these te
niques, namely intensive labor, artful detailing, increased dim
sions, corrosion protection, and special attachments, recen
search efforts have focused on the use of fiber-reinfor
polymers~FRP!, which may be epoxy-bonded in the form of flex
ible sheets or strips with fibers oriented properly so as to ca
tension forces due to shear~Fig. 1 is a typical example!.
FRP-strengthened joints mainly have been studied experim
tally. The results of an extensive test program carried out by
writers on 18 2/3 scale exterior joints are reported in Antono
ulos and Triantafillou~2001!. Other studies include those of Pan
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telides et al.~1997, 1999!, who tested two full-scale bridge bents,
and Gergely et al.~2000!, who tested a series of one-third-scale
exterior joints. Shear strengthening of the joints in these studi
was achieved in most cases by bonding CFRP sheets in two
thogonal directions. A common conclusion was that even ve
low quantities of FRP materials~a few layers! increase the shear
capacity of RC joints considerably.
Analytical modeling of FRP-strengthened joints has been e
tremely limited. Gergely et al.~1998! calculated the contribution
of the FRP to the shear capacity of a joint by analogy to ste
stirrups, assuming that the FRP crossing a potential shear crack
the beam will exhaust its tensile capacity. Tsonos and Stylianid
~1999! followed the same approach but fixed the FRP strain at
value equal to 0.0035. Gergely et al.~2000! repeated this argu-
ment and, based on limited test results, fixed the FRP strain
0.0021, for concrete surfaces prepared with a wire brush, or
0.0033, for water-jetted concrete surfaces. These approaches
rather oversimplified and, according to the writers’ view, fail to
capture the real state of stress~and strain! in the joint. Further-
more, fixing the FRP failure strain to a certain value in shea
strengthening applications does not reflect the real behavior@e.g.,
Triantafillou and Antonopoulos 2000#: depending on its axial
stiffness~elastic modulus times thickness!, the FRP may debond
prematurely at strain levels well below the fracture strain.
Analytical modeling of RC joints~without FRP! has been exten-
sive, and a thorough survey of the relevant literature falls outsid
the scope of the present study. One of the most powerful mode
is that of Pantazopoulou and Bonacci~1992!, which uses stress
equilibrium and strain compatibility to yield the shear strength o
a joint with known geometry and reinforcement quantities. In thi
study, the writers have extended the aforementioned model
account for the effect of externally bonded FRP. They have als
developed two computer programs that may be used to trace
state of stress and strain in RC joints strengthened with eith
unidirectional strips or flexible sheets~the latter may be combined
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to form laminates!. Following the analytical and numerical for-
mulations, a series of case studies is analyzed and the analy
model compared with existing test results.

Mechanics of RC Joints Strengthened with FRP
Strips

Basic Assumptions

A typical beam-column joint is illustrated in Fig. 2. The joint is
idealized as a 3D element with dimensionsd ~width of column!, b
~width of beam!, andh ~height of beam!. Average stresses in the
joint are shown in Fig. 3~a,b!. Shear stresses are introduced b
direct member action and by bond that develops between
main reinforcement and the joint core concrete. For simplicity,
is assumed that the shear stress,n, is uniformly distributed over
the boundaries of the joint. Furthermore, it is assumed that at
moment of strengthening the joint is already loaded, so that a
of initial normal strains,e0t ande0l in the transverse~beam! and
longitudinal ~column! direction, respectively, and an initial shea
strain,g0 , have developed.
The principal strains,e1 ande2 , are related to those in the longi
tudinal and transverse directions,e l ande t , through the following
expression:

Fig. 1. Schematic illustration of RC joint strengthened with FRP
42 / JOURNAL OF COMPOSITES FOR CONSTRUCTION / FEBRUARY 20
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tan2 u5
e12e t

e12e l
5

e22e l

e22e t
(1)

whereu is the inclination~from thet-axis! of the maximum prin-
cipal straine1 . Moreover, assuming that~1! the maximum prin-
cipal stress in the concrete,s1 , cannot exceed the tensile capac
ity, which is taken to be zero; and~2! the directions of principal
strains and stresses coincide~this is nearly correct if the reinforce-
ment has not yielded!, one may show that

s t52n tanu (2)

s l52
n

tanu
(3)

wheres t and s l are the average compressive stress in the co
crete in the transverse~t! and longitudinal~l! directions, respec-
tively. Finally, with s150, the ‘‘stress invariant’’ condition states
give the minimum principal stress in the concrete:

s25s t1s l (4)

We would like to note here that the above equations have be
derived and used in the work of Pantazopoulou and Bonac
~1992!.

Equilibrium Considerations

A key assumption in this section is that strengthening of the join
is carried out through the use of unidirectional strips placed

Fig. 2. Moment and shear acting at joint and definition of coordinat
system
Fig. 3. Stress equilibrium:~a! horizontal forces;~b! vertical forces
02



e

-

l-

r
l

e

of

l-

ly

-
.

;

n

of
two orthogonal directions~vertically and horizontally!. Horizontal
force equilibrium requires thats t satisfy the following relation-
ship:

s t52~rs1b trb! f t2r f t f f t2
Nh

bh
(5)

wheref t5average stress in the horizontal stirrups~at midwidth of
the joint!; rs5stirrup reinforcement ratio;rb5total main beam
reinforcement ratio;b t5factor with values between 0 and 1, re-
lating the magnitude of stresses~or strains! in the main beam
reinforcement to the average stirrup stresses~or strains! at the
column centerline;f f t5average normal stress in the FRP in the
transverse direction~at midwidth of the joint!; r f t5FRP rein-
forcement ratio in the transverse direction; andNh

5compressive axial force of the beam~if any!. The factorb t

accounts for the bond conditions along the main beam reinforc
ment: for perfect bond,b t50; for negligible bond,b t51 ~Pan-
tazopoulou and Bonacci 1992!.

Similarly, vertical force equilibrium gives the average longitu
dinal compressive stress in the concrete,s l , as follows:

s l52~rc,in1b lrc! f l2r f l f f l2
Nv

bd
(6)

wheref l5average stress of longitudinal reinforcement of the co
umn inside the joint core at the midheight of the joint;rc5total
main column reinforcement ratio~at the boundaries of the joint
core!; rc,in5column reinforcement ratio inside the joint core;
b l5factor that relates the magnitude of stresses~or strains! in the
column reinforcement outside the core to the average stresses~or
strains! of the reinforcement inside the core at the beam cente
line; f f l5average normal stress in the FRP in the longitudina
direction~at midheight of the joint!; r f l5FRP reinforcement ratio
in the longitudinal direction; andNv5compressive axial force of
the column. As above, the factorb l accounts for the bond condi-
tions along the main column reinforcement~at the boundaries of
the core!.
To limit the number of variables in the problem, we make th
following simplifications:r t5rs1b trb5effective horizontal re-
inforcement ratio;r l5rc,in1b lrc5effective vertical reinforce-
(9)
H 11
1

nsc~r t1nf sr f t!
F12

eh2nf cr f te0t

nsc~r t1nf sr f t!e t1eh2nf cr f te0t
G

11
1

nsc~r l1nf sr f l !

J tan4 u

1 H ev2nf cr f le0l

@11nsc~r l1nf sr f l !#@nsc~r t1nf sr f t!e t1eh2nf cr f te0t#
J tan2 u2150
JOUR
-
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ment ratio. Moreover, we assume that the effective yield stress
the horizontal reinforcement,f yt , is given as f yt5(rsf sy

1b trbf by)/r t , where f sy5yield stress of stirrups andf by

5yield stress of beam reinforcement. The yield stress of the co
umn reinforcement is denoted asf yl .
Next we analyze all the possible states of joint behavior, name
Step~a! Before yielding of steel reinforcement;
Step~b! After yielding of effective horizontal reinforcement, be-
fore yielding of effective vertical reinforcement;
Step~c! After yielding of both horizontal and vertical reinforce-
ment;
Step~d! After yielding of effective vertical reinforcement, before
yielding of effective horizontal reinforcement;
Step ~e! Crushing of concrete, defined when the principal com
pressive stress,s2 , reaches the crushing strength of concrete
This condition defines failure of the joint and will occur during
one of the aforementioned four states; and
Step~f! Failure of the FRP by either debonding or tensile fracture
this may occur before the concrete crushes.

Step „a… Analysis before Yielding of Steel Reinforcement
We start with Eq.~1! and the material constitutive laws:

tan2 u5
e22e l

e22e t
5S s2

Ec
2e l D S s2

Ec
2e tD 21

(7)

whereEc5 is the secant elastic modulus of concrete in the strai
under consideration. The stresss2 and the strainse l ,e t are writ-
ten in terms ofn and tanu using Eqs.~2!–~6!, with f l5Ese l , f t

5Ese t , f f l5Ef(e l2e0l), and f f t5Ef(e t2e0t). The elastic
modulus of steel isEs andEf is the elastic modulus of the FRP in
the principal fiber direction. Next,n is replaced by2s t /tanu,
wheres t is given by Eq.~5!. The result is

n5
1

tanu Fr tEse t1r f tEfe t2r f tEfe0t1
Nh

bhG (8)

The procedure described above leads to a quadratic polynomial
tan2 u:
wherensc5Es /Ec ; nf s5Ef /Es ; eh5Nh /bhEc ; andev5Nv /bdEc .

Step „b… Analysis after Yielding of Effective Horizontal Reinforcement and before Yielding of Effective Vertical Reinforcement
The analysis is carried out as in Step~a! above withf t5 f yt . The shear stressn is given by Eq.~8!, with the productEse t replaced byf yt ,
and the polynomial of tanu becomes
NAL OF COMPOSITES FOR CONSTRUCTION / FEBRUARY 2002 / 43
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nf cr f t
F12

eh2nf cr f te0t1nscr t~ f yt /Es!

nscr t~ f yt /Es!1nf cr f te t1eh2nf cr f te0t
G

11
1

nsc~r l1nf sr f l !

J tan4 u

1 H ev2nf cr f le0l

@11nsc~r l1nf sr f l !#@nscr t~ f yt /Es!1nf cr f te t1eh2nf cr f te0t#
J tan2 u2150 (10)

Step „c…. Analysis after Yielding of Both Horizontal and Vertical Reinforcement
The analysis is carried out as in Step~a! above withf t5 f yt and f l5 f yl . The shear stressn is given by Eq.~8! with the productEse t

replaced byf yt , and the polynomial of tanu becomes

H 11
1

nf cr f t
F12

eh2nf cr f te0t1nscr t~ f yt /Es!

nscr t~ f yt /Es!1nf cr f te t1eh2nf cr f te0t
G

11
1

nf cr f l

J tan4 u

1 H ev2nf cr f le0l1nscr l~ f yl /Es!

~11nf cr f l !@nscr t~ f yt /Es!1nf cr f te t1eh2nf cr f te0t#
J tan2 u2150 (11)

Step „d…. Analysis after Yielding of Effective Vertical Reinforcement and before Yielding of Effective Horizontal Reinforcement
The analysis is carried out as in Step~a! above withf l5 f yl . The shear stressn is given by Eq.~8!, and the polynomial of tanu becomes

H 11
1

nsc~r t1nf sr f t!
F12

eh2nf cr f te0t

nsc~r t1nf sr f t!e l1eh2nf cr f te0t
G

11
1

nf cr f l

J tan4 u

1 H ev2nf cr f le0l1nscr l~ f yl /Es!

~11nf cr f l !@nsc~r t1nf sr f t!e t1eh2nf cr f te0t#
J tan2 u2150 (12)

Step „e…. Compressive Crushing of Concrete
During any of the preceding states the concrete may crush; this will define failure of the joint. Crushing will occur when the prin
compressive stress,s2 , reaches the strength of concrete,f c

max. The stress-strain relationship assumed here along the principal compres
direction is that described in Pantazopoulou and Bonacci~1992!:

s25 f c
maxF2 e2

emax
2S e2

emax
D 2G where 5

f c
max5l f c

emax5le0

l5
11rsvu f ys / f cu

0.820.34~e1 /e0!
6 (13)

wheref c ande0(520.002) are the compressive strength and failure strain of concrete in uniaxial compression~they both carry negative
signs! andrsv is the volume ratio of stirrups.
ka

s
of
he
Step „f…. Failure of FRP
The FRP will fail by tensile fracture when the tensile stress~f f t or
f f l! reaches the tensile strength,f f u . Debonding is treated here
according to the fractural mechanics-based model of Holzen¨-
mpfer ~1994!. This model is slightly modified here to give the
maximum tensile stress in an FRP strip of thicknesst f in milli-
meters~mm! when debonding occurs, equal to

f f ,deb5 f f
max5c1AEf f ctm

t f
for l b>l b,max (14)

f f ,deb5 f f
max

l b

l b,max
S 22

l b

l b,max
D for l b,l b,max (15)

where f ctm is the mean tensile strength of concrete in mega pa
cals ~MPa!, l b is the bond length~in mm!, and

l b,max5A Eft f

c2f ctm
(16)
44 / JOURNAL OF COMPOSITES FOR CONSTRUCTION / FEBRUARY 20
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Note that in Eqs.~14! and ~16! Ef is given in mega pascals.
Moreover, as equilibrium of the joint is studied at midwidth and
midheight, l b is taken as approximately equal to the distance
from the end of the FRP to the middle of the joint core~Fig. 1!.
Finally, Neubauer and Rosta´sy ~1997! have shown that in the case
of CFRP the constantsc1 and c2 in Eqs. ~14! and ~16! take the
values 0.64 and 2, respectively.

Solution Procedure

The analytical formulation given above was implemented in a
computer program specifically developed for the analysis of RC
joints strengthened with FRP strips. The user inputs a series
material and geometric characteristics, and the program traces t
state of stress and strain in the joint until failure. Input to the
program consists of ~1! the geometric variables
rs ,rb ,rc,in ,rc ,r f t ,r f l ; ~2! the bond condition variablesb t and
b l ; ~3! the material propertiesf c , f ctm, ande0 for concrete,Es ,
02
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f yl , f ys , and f yb for steel,Ef , f f u , and f f ,deb for FRP; ~4! the
normalized axial forcesNv /bd and Nh /bh; and ~5! the initial
straine0t in the joint ~at the moment of strengthening!.
As a first step, the program calculates the initial straine0l re-
quired to satisfy equilibrium of the joint~without the FRP!. Next,
the straine t is incremented, and for each value ofe t Eq. ~9! is
solved for tanu, so that the shear stressn may be calculated@Eq.
~8!#. The values ofn and tanu are then used to calculate all othe
stresses and strains@Eqs.~2!–~6!#. When first yielding of the re-
inforcement occurs~this is checked at each step by compari
steel strains to yield values!, the analysis proceeds with mech
nisms~or steps! ~b! or ~d! described above, either of which ma
be followed by mechanism~c!. The value of tanu is always ob-
tained by solving the equation corresponding to the mechan
that is active in each step. At the end of each step the prog
checks for two conditions:~1! concrete crushing@through Eq.
~13!#, which signals termination of the analysis and defines
shear capacity of the joint,nmax; and ~2! failure of the FRP@ f f l

5min(f f,deb, f f u), f f t5min(f f,deb, f f u)#, which again terminates
the analysis and defines the shear capacity~at least equal to that
of the joint as if no FRP had been applied,n0,max!.
In principle,Ec is to be obtained through a secant modulus ite
tion scheme at each step. However, extensive analyses perfo
by the writers on FRP-strengthened joints as well as by Pa
zopoulou and Bonacci~1992! on RC joints without FRP led to the
conclusion that quite similar results can be obtained without
eration by choosingEc to be the secant modulus at peak stre
this value may be assumed equal to 2f c /e0 , that is, Ec

51,000f c .

Joints Strengthened with Flexible Sheets or Fabrics

The assumption of unidirectional strips bonded in the horizon
and vertical directions is relaxed in this section. The FRP mate
considered here consists of sheets or fabrics~with fibers in direc-
tions that do not coincide necessarily with the vertical and
horizontal! that are stacked to form a laminate of thicknesst f . In
this case,r f t5r f l5r f5ntf /b, wheren is the number of lami-
nates~n52 for two-sided patching, when both sides of the joi
are accessible;n51 for one-sided patching, when a transver
beam exists so that application of the FRP on both sides is
possible!.
Stresses and strains in the composite material are coupled ac
ing to the following constitutive law:

F f f t

f f l

f ftl

G5FQ11 Q12 Q13

Q12 Q22 Q23

Q13 Q23 Q33

G •S F e l

e l

g
G2F e0t

e0l

g0

G D (17)

where f ftl is the shear stress in the composite material,g is the
shear strain in the joint, andQi j ( i , j 51,2,3) are elements of the
composite material stiffness matrix that depend on the prope
~four elastic constants and thickness! of the various laminae~lay-
ers! that have been stacked to form the joint’s external reinfor
ment. Details about these elements may be found in standard
on composite materials@e.g., Jones~1975!#.
The shear straing in the joint equals

g5
2~e l2e t!

tanu
5

22 tanu~e l2e t!

12tan2 u
(18)

By introducing the above matrix formulation, the equilibrium r
lationships given by Eqs.~5!–~6! are written as follows:
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s t52r t f t2r f@Q11~e t2e0t!1Q12~e l2e0l !1Q13~g2g0!#2
Nh

bh
(19)

s l52r l f l2r f@Q12~e t2e0t!1Q22~e l2e0l !1Q23~g2g0!#2
Nv

bd
(20)

Next we analyze the four basic states of joint behavior, as in t
previous section.

Step „a…. Analysis before Yielding of Steel Reinforcement
We start with Eq.~7! and write the stresss2 in terms ofn and
tanu, using Eqs.~2!–~4!. The resulting expression is

2nnsc tan3 u2e tEs tan2 u1
nscn

tanu
1e lEs (21)

Next we write Eq.~19! with s t replaced by2n tanu, g replaced
by the right term in Eq.~18!, andf t5Ese t . The result is obtained
in terms ofn as follows:

n5
1

tanu Fr tEse t1r f S Q111
2Q13 tanu

12tan2 u D e t1r f S Q12

2
2Q13 tanu

12tan2 u D e l2r fK11
Nh

bhG (22)

where

K15Q11e0t1Q12e0l1Q13g0 (23)

Finally, we write Eq.~20! with s l replaced by2n/ tanu, g re-
placed by the right term in Eq.~18!, f l5Ese l , andn as given in
Eq. ~22!. The result in terms ofe l is as follows:

e l5

~r tEs1r fA!e t2r f~K12K2 tan2 u!1
Nh

bh
2

Nv

bd
tan2 u

r fB1r lEs tan2 u
(24)

where

A5S Q111
2Q13 tanu

12tan2 u D2S Q121
2Q23 tanu

12tan2 u D tan2 u (25)

B52S Q122
2Q13 tanu

12tanu D1S Q222
2Q23 tanu

12tan2 u D tan2 u (26)

K25Q12e0t1Q22e0l1Q23g0 (27)

Step „b…. Analysis after Yielding of Effective Horizontal Re-
inforcement and before Yielding of Effective Vertical Rein-
forcement
The analysis is carried out as in Step~a! above with f t5 f yt .
Hencen is given by Eq.~22! with the productEse t replaced by
f yt , and the expression fore l becomes

e l5

r fAe t2r f~K12K2 tan2 u!1
Nh

bh
2

Nv

bd
tan2 u1r t f yt

r fB1r lEs tan2 u
(28)

Analysis after Yielding of Both Horizontal and Vertical Re-
inforcement
The analysis is carried out as in Step~a! above withf t5 f yt and
f l5 f yl . Hencen is given by Eq.~22! with the productEse t re-
placed byf yt , and the expression fore l becomes
NAL OF COMPOSITES FOR CONSTRUCTION / FEBRUARY 2002 / 45



e l5

r fAe t2r f~K12K2 tan2 u!1
Nh

bh
2

Nv

bd
tanu1r t f yt2r t f yl tan2 u

r fB
(29)

Analysis after Yielding of Effective Vertical Reinforcement and before Yielding of Effective Horizontal Reinforcement
Here too, the analysis is carried out as in Step~a! above withf l5 f yl . The shear stressn is given by Eq.~22!, ande l is

e l5

~r tEs1r fA!e2r f~K12K2 tan2 u!1
Nh

bh
2

Nv

bd
tan2 u2r l f y l tan2 u

r fB
(30)
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Solution Procedure

The analytical formulation given above was implemented in
computer program specifically developed for the analysis of
joints strengthened with flexible sheets or fabrics. Regard
input to the program, the only difference from the previous s
tion lies in the introduction of the FRP material properties: t
user describes the geometric and elastic constants of the va
laminae forming the FRP laminate, and the program calculates
elementsQi j of the stiffness matrix. Moreover, the user defin
the failure criterion for fracture of the laminate. For the mo
common case of laminates with fibers in the two orthogonal
rections~l andt!, it is sufficient to define the ultimate FRP stres
f f u,t in the directiont and f f u,l in the directionl. Upper limits to
the FRP stress are also introduced to account for debonding; t
values are estimated using the approach described in the pre
section withEf taken equal toQ11 or Q22, for the limiting values
of f f t or f f l , respectively.
The solution algorithm follows principles similar to those pr
sented in the previous section: the straine t is incremented, and
through an iteration scheme Eqs.~21!, ~22!, and ~24! are solved
for tanu, n, ande l . The value ofe l is always obtained by solving
the equation corresponding to the state that is active in each
At the end of each step the program checks for FRP debondin
concrete crushing, which define the shear capacitynmax.

Numerical Case Studies of FRP-Strengthened Joints

Case Study 1

In the preceding sections algebraic expressions were derived
stresses and strains in RC joints strengthened with FRP mate
at various states of the steel reinforcement~elastic, postyield!. In
this section the equations for joint shear strength are applied
generic joint strengthened with flexible sheets applied in sev
layers~laminae!. The joint is assumed to be reinforced with a l
more reinforcement in the column than in the beam (r l
46 / JOURNAL OF COMPOSITES FOR CONSTRUCTION / FEBRUARY 20
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50.015,r t50.006). Each FRP layer~lamina! consists of unidi-
rectional carbon fibers in an epoxy matrix and has the followi
elastic constants: elastic modulus parallel to the fibersEi

5180 GPa, elastic modulus perpendicular to the fibersE'

510 GPa, shear modulusGi ,'55 GPa and Poisson’s ration i ,'

50.25.
If FRP debonding is prevented~e.g., through the use of mechan
cal anchors!, absolute dimensions of the joint need not be spe
fied, as they serve only to normalize steel/FRP quantities
axial loads. But if debonding dominates, we need to knowt f , that
is, br f /n, and the FRP bond length in each direction. Hence,
eachr f we need to know the number of joint sides covered by t
FRP~n51 or 2! and the width of the beam,b. In this case study
b5250 mm andn52. The bond lengths along thet and l direc-
tions are taken asl bt5250 mm andl bl5500 mm.
Next we define asVl and Vt the volume fraction~within the
laminate! of layers placed in the column and beam direction, r
spectively (Vl1Vt51). The following four configurations of the
carbon sheets are assumed:~1! all layers with the fibers in the
direction of the beam,Vl /Vt50/1; ~2! the number of layers with
fibers in the beam direction is the same as that in the colu
direction,Vl /Vt50.5/0.5; ~3! the layers with fibers in the beam
direction are two times more than those with fibers in the colu
direction,Vl /Vt50.33/0.67; and~4! all layers with the fibers in
the direction of the column,Vl /Vt51/0. A summary of the design
parameters for the case study is given in Tables 1 and 2. From
initial strain e0t before strengthening of the joints the other tw
elements of the initial strain matrix are calculated as follow
e0l526.9731025 and g051.9531024 for case A ~low axial
force!; e0l523.5231024 andg051.8631024 for case B~high
axial force!.

Application of the procedure described above gives the sh
strength of the joint in terms of the amount of FRP, as shown
Figs. 4~a,b! for Nn /bd52.5 MPa and in Figs. 4~c,d! for Nn /bd
510 MPa, respectively. Figs. 4~a,c! apply if debonding is pre-
vented, and Figs. 4~b,d! apply with debonding taken into accoun
Each figure also gives the state of reinforcement at failure: s
Table 1. Summary of Design Parameters for Case Studies

Case
f c

~MPa!
f ctm

~MPa!
r l

~-!
r t

~-!
f yl

~MPa!
f yt

~MPa!

Nh

bh
~MPa!

Ny

bd
~MPa!

«ot

~-!

1A 25 1.97 0.015 0.006 400 310 0 2.5 0.0002
1B 25 1.97 0.015 0.006 400 310 0 10 0.0002
2A 25 1.97 0 0 — — 0 2.5 0
2B 25 1.97 0 0 — — 0 10 0
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Table 2. FRP Properties for Case Studies

Vl /Vt

Q11

~GPa!
Q12

~GPa!
Q13

~GPa!
Q22

~GPa!
Q23

~GPa!
Q33

~GPa!
f f u,t

~MPa!
f f u,l

~MPa!

0/1 180.63 2.51 0 10.03 0 5 1800 100
0.5/0.5 95.33 2.51 ;0 95.33 ;0 5 950 950
0.33/0.67 122.52 2.48 ;0 66.23 ;0 4.95 1,220 660
1/0 10.03 2.51 0 180.63 0 5 100 1,800
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may have yielded and the FRP may debond or fracture, the la
being the case when the ultimate strain« f u is reached~as an
example,« f u is taken here as equal to 0.01, a value that might
considered a typical design value for carbon fibers!.

The general conclusion is that if debonding is not an issue,
effectiveness~increase in shear capacityn! of FRP is quite sub-
stantial and, for a givenr f , improves as more fibers are place
horizontally. This result is not surprising, as for this particula
case study the joint steel reinforcement is much higher in
vertical direction than in the horizontal. If debonding is account
for, the effectiveness of the FRP is relatively limited. Moreove
the favorable effect of high axial load becomes more pronounc
as more fibers are placed horizontally. Finally, FRP fracture
possible at lowr f only and occurs in the horizontal~beam! direc-
tion. In fact, for very lowr f the FRP may fracture prematurely
before the ultimate capacity of the joint is reached, implying th
JOUR
r

e

d

following FRP fracture the joint may carry additional load until
fails as if no external reinforcement were present~this is why in
Fig. 4 for very lowr f some lines fall below that of the contro
specimen!.

Case Study 2

Here we apply the analytical model, assuming a similar type
strengthening~flexible sheets with material properties as in ca
study~1! of a joint with rc,in5rs50 and perfect bond conditions
that is,b t5b l50. Further, it is assumed that debonding has n
occurred at failure of the joint. As shown in Figs. 5 and 6, eith
concrete crushing or FRP fracture will determine the joint’s sh
capacity. In these two figures solid lines represent the respons
joints as if FRP fracture were not a dominating failure mod
Cutoff lines ~only active ones, that is, those falling below or in
d

Fig. 4. Shear strength of FRP-strengthened joint in terms ofr f for various fiber distributions:~a! Nn /bd52.5 MPa, no debonding;~b!
Nn /bd52.5 MPa, debonding is considered;~c! Nn /bd510 MPa, no debonding; and~d! Nn /bd510 MPa, debonding is considere
~t-yield5yielding of beam reinforcement;l -yield5yielding of column reinforcement;t-debond5debonding of beam reinforcement!.
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Fig. 5. Shear strength of FRP-strenghtened joint and FRP strains in terms ofr f for various fiber distributions andNn /bd52.5 MPa: ~a! shear
strength;~b! FRP strain in beam direction; and~c! FRP strain in column direction.
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tersecting the ones corresponding to concrete crushing! are pro-
vided for two different cases of FRP ultimate strain: 0.01~e.g.,
typical design value for carbon fibers, dashed lines! and 0.025
~e.g., typical design value for glass or aramid fibers, dash-d
lines!.
At relatively low axial loads in the column~Fig. 5!, the increase
in shear capacity is maximum when substantial percentages
fibers are placed both horizontally and vertically@cases 2 and 3 in
Fig. 5~a!#, and it is rather insensitive to the exact value of thes
percentages unless FRP fractures at low strains~0.01 assumed
here!; in the latter case placing more fibers in the beam rath
than in the column gives the highest effectiveness. But as t
axial load gets higher, placing the fibers in the horizontal dire
tion gives the highest shear capacity@Fig. 6~a!#.
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Figs. 5~b,c! and 6~b,c! provide information about strains in the
FRP. It is clear that at the joint’s ultimate capacity the fibers a
more effective~that is, they develop high strains! asr f decreases;
this is not the case if failure is dominated by FRP fracture.

Comparison of Analytical Model with Test Results

Experimental data on FRP-strengthened beam-column joints h
been relatively limited. In order to validate the analytical mode
presented above and to obtain a more thorough understandin
the effect of various parameters on the behavior of RC joints; t
writers conducted a comprehensive program that involved sim
lated seismic testing of approximately two-thirds scale T-join
02



Fig. 6. Shear strength of FRP-strengthened joint and FRP strains in terms ofr f for various fiber distributions andNn /bd510 MPa: ~a! shear
strength;~b! FRP strain in beam direction; and~c! FRP strain in column direction.
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models. The joints were inadequately detailed~with no stirrups in
the joint core!, and the strengthening system was designed su
that failure would occur due to shear. Earthquake loads we
simulated by applying an alternating force~in a quasistatic cyclic
pattern! to the end of the beam through an idealized pin, and th
axial force in the column was kept constant. The displacemen
controlled loading sequence for each specimen consisted of th
cycles at a series of progressively increasing~by 5 mm! displace-
ment amplitudes in each direction~push and pull! until a displace-
ment of 45 mm was reached. Details about these tests may
found in the recent article of Antonopoulos and Triantafillou
~2001!. From the load versus displacement curves it was possib
to record the peak force, corresponding to joint failure, and bas
on that to calculate~1! the tensile forceTb in the main beam
JOUR
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e

-
e

e

e
d

reinforcement~calculated from cross-section analysis!; and ~2!
the shear forceVc at the column face. The quantity (Tb

2Vc)/bd gives the experimentally obtained value for the shea
strength of the joint,nmax, which may be compared with the
prediction of the analytical model.
Another set of~in principle! similar test results available in the
literature is that of Gergely et al.~2000!, who tested~differently
detailed, compared to the above specimens! T-joints strengthened
with CFRP and calculated the shear stress based on the exp
mentally measured load applied at failure of the joints.
Both sets of test data described above were used to evaluate
proposed analytical model. A few test results were omitted from
the comparison because the associated strengthening designs w
considered either unsuccessful or unrealistic: three joints in t
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Table 3. Comparison of Analytical Model Predictions with Test Results

Specimen
f c

~MPa!

Ny

bd
~MPa! (L/u)4d

t f

~mm!
r f

(31023)
Ei

~GPa!
nmax2Exp

~Mpa!
nmax2Anal

~MPa!

nmax2Anal

nmax2Exp

AT~F11! 22.8 1.15 2/0°, 2/90° 0.13 2.6 230 4.64 4.50 0.97
AT~F22! 27.2 1.15 4/0°, 4/90° 0.13 5.2 230 5.37 6.62 1.23
AT~F21! 27.0 1.15 4/0°, 2/90° 0.13 3.9 230 5.47 5.75 1.05
AT~F12! 29.5 1.15 2/0°, 4/90° 0.13 3.9 230 4.74 5.84 1.23
AT~F22W! 29.2 1.15 4/0°, 4/90° 0.13 5.2 230 6.15 6.88 1.12
AT~GL! 19.5 1.15 5/0°, 5/90° 0.17 8.4 70 4.80 4.36 0.91
AT~SF22!b 19.0 1.15 4/0°, 4/90° 0.13 5.2 230 4.81 5.68 1.18
AT~T-F33! 26.0 1.15 3/0°, 3/90° 0.13 3.8 230 4.80 5.66 1.18
AT~T-F22S2!c 22.0 1.15 2/0°, 2/90° 0.13 2.6 230 4.33 4.42 1.02

GPR~4! 20.0 0 2/45°, 2/245° 1.32 15.0 64.7 2.36 3.04 1.29
GPR~8! 20.0 0 2/45°, 2/245° 1.32 15.0 64.7 2.36 3.04 1.29
GPR~9! 20.0 0 2/45°, 2/245° 1.32 15.0 64.7 2.56 3.04 1.19
GPR~12! 34.0 0 2/45°, 2/245° 1.32 15.0 64.7 2.59 3.04 1.17
GPR~13! 34.0 0 2/45°, 2/245° 1.32 15.0 64.7 2.58 3.04 1.18
GPR~14! 34.0 0 2/45°, 2/245° 1.32 15.0 64.7 2.96 3.04 1.02

Note: AT5Antonopoulos and Triantafillou~2001!; GPR5Gergely et al.~2000!.
aNotation in brackets denotes specimens as defined by those who conducted tests.
brs50.0017;rsv50.0034; f y5265 MPa.
cStrips placed on one side of joint debonded well before peak load~strength! was reached and were ignored.
dL denotes total number of layers on both sides of joint at angleu from horizontal.
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study by Antonopoulos and Triantafillou~2001! were strength-
ened with stiff strips that debonded quite early~before the peak
load was reached!, whereas four joints in the study by Gergely
et al.~2000! were strengthened with unrealistically low quantities
~resulting in extremely low axial rigidity! of FRP. The comparison
between analytical and experimental values for the joint she
strength is given in Table 3, along with the design parameters f
each test. Unless described differently in the table, in all the
testsrs andrc,in were equal to zero and the bond of rebars wa
assumed perfect, corresponding tob t5b l50. The last assump-
tion was verified in the tests of Antonopoulos and Triantafillo
~2001!, whereas no details are provided by Gergely et al.~2000!
regarding rebar slip.
The writers found the agreement between analysis and test res
surprisingly good and feel confident that the analytical procedu
developed in this study may be used as a valuable tool toward
design of FRP externally bonded reinforcement for she
strengthening of beam-column joints.

Conclusions

Analytical models are presented in this study for the analysis
RC joints strengthened with composite materials in the form o
externally bonded reinforcement comprising unidirectional strip
or flexible fabrics. The models provide equations for stresses a
strains at various stages of the response until the ultimate capa
is reached, defined by concrete crushing or FRP failure due
fracture or debonding. Solutions to these equations are obtain
numerically.
The models provide useful information on the shear capacity
FRP-strengthened joints in terms of the quantity and configur
tion of the externally bonded reinforcement and may be used
design FRP reinforcement for inadequately detailed beam-colum
joints.
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A few parametric analyses carried out in this study indicate tha
even low quantities of FRP materials may provide significant en-
hancement of the shear capacity. The effectiveness of extern
reinforcement increases considerably if debonding is suppresse
~e.g., through proper anchorage! and depends heavily on the dis-
tribution of layers in the beam and the column. The latter depend
on the relative quantities of steel reinforcement crossing the join
panel and the level of axial load in the column.
Shear-strength predictions provided by the analytical models wer
found in extremely good agreement with 15 experimental results
found in the literature, thus adding confidence to the validity of
the proposed equations.
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Notation

The following symbols are used in this paper:
b 5 width of beam;
d 5 width of column;

Ec 5 secant elastic modulus of concrete;
Ef 5 elastic modulus of FRP strips in principal fiber

direction;
Es 5 elastic modulus of steel;
Ei 5 elastic modulus of single FRP layer parallel to

fibers;
E' 5 elastic modulus of single FRP layer perpendicular

to fibers;
2
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to
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’’
-

1,

m-
f by 5 yield stress of beam reinforcement;
f cy 5 yield stress of column reinforcement;
f c 5 strength of concrete in uniaxial compression;

f c
max 5 strength of concrete;
f ctm 5 mean tensile strength of concrete;

f f ,deb 5 stress in FRP when debonding occurs;
f f l 5 average normal stress in FRP along directionl ~at

midheight of joint!;
f f t 5 average normal stress in FRP along directiont ~at

midwidth of joint!;
f f t l 5 shear stress in FRP laminate;
f f u 5 tensile strength of FRP strip;

f f u,l 5 tensile strength of FRP laminate along directionl;
f f u,t 5 tensile strength of FRP laminate along directiont;
f sy 5 yield stress of stirrups,
f t 5 average stress in horizontal stirrups~at midwidth

of joint!;
f yt 5 effective yield stress of horizontal reinforcement;

Gi ,' 5 shear modulus of single FRP layer;
h 5 height of beam;
l 5 longitudinal ~column! direction;

l b 5 FRP bond length;
l bl 5 FRP bond length along directionl;
l bt 5 FRP bond length along directiont;
Nh 5 compressive axial load in beam;
Nv 5 compressive axial load in column;

n 5 number of joint sides covered by FRP;
Qi j 5 ij element of FRP laminate stiffness matrix;
Tb 5 tensile force in main beam reinforcement;

t 5 transverse~beam! direction;
t f 5 thickness of FRP;

Vc 5 shear force at column face;
Vl 5 percentage of layers placed along directionl;
Vt 5 percentage of layers placed along directiont;
b l 5 ratio of average stress in column reinforcement

outside core to average stress of column reinforc
ment inside core at beam centerline;

b t 5 ratio of average main beam reinforcement stress
average stirrup stress at column centerline;

g 5 average shear strain of joint panel;
g0 5 average shear strain of joint at moment of

strengthening;
« f u 5 ultimate FRP strain;
« l 5 average normal strain along directionl of joint

panel;
« l0 5 normal strain along directionl of joint at moment

of strengthening;
« t 5 average normal strain along directiont of joint

panel;
« t0 5 normal strain along directiont of joint at moment

of strengthening;
«0 5 failure strain of concrete in uniaxial compression
«1 5 maximum principal strain;
«2 5 minimum principal strain;
u 5 inclination ~from t axis! of maximum principal

strain«1 ;
n 5 average joint shear stress;

nmax 5 joint shear strength;
n0,max 5 shear strength of joint without FRP;

n i ,' 5 Poisson’s ratio of single FRP layer;
JOUR
rb 5 total main beam reinforcement ratio;
rc 5 total main column reinforcement ratio~at bound-

aries of joint core!;
rc,in 5 column reinforcement ratio inside joint core;

r f l 5 FRP reinforcement ratio along directionl;
r f t 5 FRP reinforcement ratio along directiont;
r l 5 effective vertical reinforcement ratio;
rs 5 stirrup reinforcement ratio;

rsv 5 volume ratio of stirrups;
r t 5 effective horizontal reinforcement ratio;
s l 5 average stress in concrete along directionl;
s t 5 average stress in concrete along directiont;
s1 5 maximum principal stress in concrete; and
s2 5 minimum principal stress in concrete.
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