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Το Βασικό Ερώτημα που θα προσπαθήσουμε να απαντήσουμε είναι:

Πώς μπορούμε να γενικεύσουμε τεχνικές:
• της κλασσικής και 
• της στατιστικής επεξεργασίας σημάτων 
σε δεδομένα που είναι πιο γενικά δομημένα;
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Μητρώο Κυκλικής Ολίσθησης, ή….:
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(α): Περιοδικό Σήμα Διακριτού Χρόνου τοποθετημένο σε ένα μη κατευθυνόμενο
Κυκλικό Γράφημα
(β): Μη κατευθυνόμενο Γράφημα και η αναπαράσταση ενός Περιοδικού (;)
σήματος διακριτού χρόνου πάνω του

30 Ljubǐsa Stanković, Miloš Daković, and Ervin Sejdić
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Fig. 19 (a) A circular graph. (b) A periodic signal on a graph. Signal values are presented
as vertical lines starting from the corresponding vertex.
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Fig. 20 (a) A signal on an undirected circular graph. (b) Undirected arbitrary graph. Signal
values are presented as vertical lines starting from the corresponding vertex.

For a general graph we can define a vertex-invariant filtering function, using
shifts on a graph. Various forms of signal shifts on a graph will be introduced in
the next sections. They are used to introduce e�cient graph signal processing
methods [24–38].

3.1 Adjacency Matrix and Graph Signal Shift

Consider a graph signal x. Its sample at a vertex n is x(n). The signal shift on
a graph can be defined as the movement of the signal sample from the vertex
n along all walks, with the length equal to one. The movement is done for
all vertices. The signal shifted in this way is denoted by x1. Its values can be
defined using the graph adjacency matrix as

x1 = Ax (14)

As an illustration of a signal and its shifted version, consider classical signal
processing, where the adjacency matrix is defined by graph Fig. 19(a). The

(β)(α)
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Το μητρώο γειτνίασης  A έχει διαστάσεις Μ × Μ (6x6 στο παράδειγμά μας) και η τιμή  του 
στοιχείου 𝛼!" του μητρώου υποδηλώνει την ύπαρξη ή όχι της ακμής (i, j) , δηλαδή:

𝛼!" = #1, αν υπάρχει η ακµή0, αν δεν υπάρχει

     Γράφημα Μητρώο Γειτνίασης
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Το μητρώο γειτνίασης ενός μη κατευθυνόμενου γραφήματος είναι συμμετρικό, και επομένως
έχει:

• ένα πλήρες σύνολο από πραγματικές ιδιοτιμές και
• μια ορθογώνια βάση ιδιοδιανυσμάτων

Το σύνολο των ιδιοτιμών του μητρώου αποτελεί το φάσμα του.

     Γράφημα Μητρώο Γειτνίασης
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Συμπληρώστε το μητρώο Γειτνίασης για το παραπάνω Γράφημα

2 1

3

5

4

0 0 0 1 0

1 0 1 1 1

0 1 0 0 0

0 0 0 0 0

0 1 1 1 0

     Γράφημα Μητρώο Γειτνίασης
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Το μητρώο γειτνίασης ενός μη κατευθυνόμενου γραφήματος είναι συμμετρικό, και επομένως έχει ένα πλήρες σύνολο
από πραγματικές ιδιοτιμές και μια ορθογώνια βάση ιδιοδιανυσμάτων. Tι μπορούμε να πούμε για τα ιδιοδιανύσματα ενός
κατευθυνόμενου γραφήματος;

        Γράφημα                    Μητρώο Γειτνίασης
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1. Ολίσθηση γραφοσήματος
2. Ενέργεια Ολισθημένου Σήματος σε Γράφημα (κανονικοποίηση)
3. Σήματα σε Γραφήματα & Συστήματα
4. Μετασχηματισμός Fourier Σήματος σε Γράφημα
5. Απόκριση Συχνότητας
6. Φασματική Κατάταξη ιδιοδιανυσμάτων
7. Φιλτράρισμα στο φασματικό χώρο & στο χώρο των ακμών
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Αναπαράσταση Περιοδικού Σήματος

σε Κυκλικό Γράφημα    
Introduction to Graph Signal Processing 31
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.

Ολίσθηση του Περιοδικού Σήματος
σε Κυκλικό Γράφημα    
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Αναπαράσταση δεξιά ολισθημένης ακολου-
θίας Kronecker (δ(n-2)) σε Γράφημα

Ολίσθηση (πώς;) ενός βήματος της
ακολουθίας στο Γράφημα (αποδείξτε το)
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Αναπαράσταση Περιοδικού Σήματος
σε Γράφημα

Ολίσθηση  Σήματος στο Γράφημα    

Introduction to Graph Signal Processing 31
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Μητρώο Ολίσθησης Γραφημάτων:

A𝒙#=                               
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Μητρώο Ολίσθησης Γραφημάτων:

A𝒙#=                     

𝑥$
𝑥%
𝑥&
𝑥'
𝑥(
𝑥)

=

𝑥$ + 𝑥% + 𝑥(
𝑥$ + 𝑥& + 𝑥(
𝑥% + 𝑥'

𝑥& + 𝑥( + 𝑥)
𝑥$ + 𝑥% + 𝑥'

𝑥'
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Αναπαράσταση δεξιά ολισθημένης ακολου-
θίας Kronecker (δ(n-2)) σε Γράφημα

Ολίσθηση (πώς;) ενός βήματος της
ακολουθίας στο Γράφημα (αποδείξτε το)
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Αναπαράσταση Περιοδικού Σήματος
σε Γράφημα

Ολίσθηση του Περιοδικού Σήματος
στο Γράφημα
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).

0

1

2 3

4

5

6

7

0

1

2 3

4

5

6

7

0

1

2 3

4

5

6

7

(a)

0

1

2 3

4

5

6

7

(b)

Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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from (a).

0

1

2 3

4

5

6

7

0

1

2 3

4

5

6

7

0

1

2 3

4

5

6

7

(a)

0

1

2 3

4

5

6

7

(b)

Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
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original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Αποσύνθεση Μητρώου Κυκλικής Ολίσθησης: 

𝑈*$ 𝒙*
 𝑈*% 𝒙* 
	 𝑈*& 𝒙* 
      .
      .
      .
	 𝑈**+% 
𝒙*

𝛪,𝒙*
 𝑊𝛬*% 𝑊-𝒙*
	 𝑊𝛬*& 𝑊-𝒙* 
          .
          .
          .
	 𝑊𝛬**+%𝑊-𝒙*

𝑈*=W𝛬,𝑊-

Το Μητρώο είναι 
ΔΙΑΓΩΝΟΠΟΙΗΣΙΜΟ:
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Μητρώο Ολίσθησης Γραφημάτων: 

𝐴*$ 𝒙*
 𝐴*% 𝒙* 
. 	𝐴*& 𝒙* 
      .
      .
      .
	 𝐴**+% 𝒙*

𝛪,𝒙*
 𝑉𝛬*% 𝑉.𝒙*
	 𝑉𝛬*& 𝑉.𝒙* 
          .
          .
          .
	 𝑉𝛬**+%𝑉.𝒙*

𝐴*=V𝛬,𝑉.

Αν το Μητρώο Γειτνίασης 
είναι ΔΙΑΓΩΝΟΠΟΙΗΣΙΜΟ:
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Μητρώο Κυκλικής Ολίσθησης: Κυκλική Ολίσθηση Σημάτων – Ιδιότητες 

𝑊*×* = %
*
𝒛$ 𝒛% 𝒛& … 𝒛*+%  

Ας ορίσουμε το ακόλουθο ορθοκανονικό μητρώο:

𝒛01 = 𝑧0$ 𝑧0% 𝑧0& … 𝑧0*+%  

𝑧0=𝑒
"!"#$ ,m=0,1,2,…,M-1,	οι	M-οστές ρίζες	της	µονάδας,	δηλαδή:

𝑧02 = 1,𝑚 = 0,1, …
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Μητρώο Κυκλικής Ολίσθησης: Κυκλική Ολίσθηση Σημάτων – Ιδιότητες 

𝑊*×* = %
*
𝒛$ 𝒛% 𝒛& … 𝒛*+%  

Αποδείξτε ότι το μητρώο:

1
𝑀
< 𝒛0 , 𝒛3 >= #1, 𝑚 = 𝑙

0, 𝑚 ≠ 𝑙 ,𝑚, 𝑙 = 0,1, …𝑀 − 1

είναι ορθοκανονικό, δηλαδή:
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Συνδεδεμένο Γράφημα Μητρώο Γειτνίασης
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n and m means that (m,n) 2 B. The graph from Fig. 2(b) is described by

V = {0, 1, 2, 3, 4, 5, 6, 7}

B ⇢ {0, 1, 2, 3, 4, 5, 6, 7}⇥ {0, 1, 2, 3, 4, 5, 6, 7}

B = {(0,1),(1,3),(1,7),(2,0),(2,1),(3,2),(3,5),(4,6),(4,7),(5,3),(5,4),(6,5),(7,0),(7,1),(7,3)}.
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Fig. 2 Examples of: (a) Undirected graph and (b) Directed graph.

A graph can be undirected and directed. In the case of undirected graphs,
as in Fig. 2(a), it is assumed that the edge connecting the vertex n to the vertex
m also connects the vertex m to the vertex n. This means that if (n,m) 2 B

then (m,n) 2 B.
In general, this property does not hold for directed graphs. An example of a

directed graph is shown in Fig. 2(b). The undirected graphs can be considered
as a special case of directed graphs.

For a given set of vertices and edges, the graph can be represented by an
adjacency matrix A. This matrix describes the vertices connectivity. If there
are N vertices then A is an N⇥N matrix. The elements Amn of the adjacency
matrix A assume values Amn 2 {0, 1}. The value Amn = 0 is assigned if the
vertices m and n are not connected with an edge, and Amn = 1 if these vertices
are connected,

Amn =

(
1 if (m,n) 2 B

0 if (m,n) /2 B.

The adjacency matrices for the graphs from Fig. 2(a) and (b) are

A =

0

1

2

3

4

5

6

7

2

66666666664

0 1 1 0 0 0 0 1
1 0 1 1 1 0 0 1
1 1 0 1 0 0 0 0
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3

77777777775

0 1 2 3 4 5 6 7

, A =

2
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1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 1
0 0 0 1 1 0 0 0
0 0 0 0 0 1 0 0
1 1 0 1 0 0 0 0

3

77777777775

, (1)
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as in Fig. 2(a), it is assumed that the edge connecting the vertex n to the vertex
m also connects the vertex m to the vertex n. This means that if (n,m) 2 B

then (m,n) 2 B.
In general, this property does not hold for directed graphs. An example of a

directed graph is shown in Fig. 2(b). The undirected graphs can be considered
as a special case of directed graphs.

For a given set of vertices and edges, the graph can be represented by an
adjacency matrix A. This matrix describes the vertices connectivity. If there
are N vertices then A is an N⇥N matrix. The elements Amn of the adjacency
matrix A assume values Amn 2 {0, 1}. The value Amn = 0 is assigned if the
vertices m and n are not connected with an edge, and Amn = 1 if these vertices
are connected,

Amn =

(
1 if (m,n) 2 B

0 if (m,n) /2 B.

The adjacency matrices for the graphs from Fig. 2(a) and (b) are

A =

0

1

2
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2

66666666664

0 1 1 0 0 0 0 1
1 0 1 1 1 0 0 1
1 1 0 1 0 0 0 0
0 1 1 0 1 1 0 1
0 1 0 1 0 1 1 1
0 0 0 1 1 0 1 0
0 0 0 0 1 1 0 0
1 1 0 1 1 0 0 0

3
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0 1 2 3 4 5 6 7

, A =
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0 1 0 0 0 0 0 0
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1 1 0 0 0 0 0 0
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Fig. 10 Eigenvalues �k and corresponding eigenvectors uk(n) for the adjacency matrix of
the graph presented in Fig. 2(a). The eigenvectors are shown on the vertex index line (left)
and on the graph (right).
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and on the graph (right).
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Fig. 10 Eigenvalues �k and corresponding eigenvectors uk(n) for the adjacency matrix of
the graph presented in Fig. 2(a). The eigenvectors are shown on the vertex index line (left)
and on the graph (right).
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and on the graph (right).
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n and m means that (m,n) 2 B. The graph from Fig. 2(b) is described by

V = {0, 1, 2, 3, 4, 5, 6, 7}

B ⇢ {0, 1, 2, 3, 4, 5, 6, 7}⇥ {0, 1, 2, 3, 4, 5, 6, 7}

B = {(0,1),(1,3),(1,7),(2,0),(2,1),(3,2),(3,5),(4,6),(4,7),(5,3),(5,4),(6,5),(7,0),(7,1),(7,3)}.
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Fig. 2 Examples of: (a) Undirected graph and (b) Directed graph.

A graph can be undirected and directed. In the case of undirected graphs,
as in Fig. 2(a), it is assumed that the edge connecting the vertex n to the vertex
m also connects the vertex m to the vertex n. This means that if (n,m) 2 B

then (m,n) 2 B.
In general, this property does not hold for directed graphs. An example of a

directed graph is shown in Fig. 2(b). The undirected graphs can be considered
as a special case of directed graphs.

For a given set of vertices and edges, the graph can be represented by an
adjacency matrix A. This matrix describes the vertices connectivity. If there
are N vertices then A is an N⇥N matrix. The elements Amn of the adjacency
matrix A assume values Amn 2 {0, 1}. The value Amn = 0 is assigned if the
vertices m and n are not connected with an edge, and Amn = 1 if these vertices
are connected,

Amn =

(
1 if (m,n) 2 B

0 if (m,n) /2 B.

The adjacency matrices for the graphs from Fig. 2(a) and (b) are

A =

0

1

2

3

4

5

6

7

2

66666666664

0 1 1 0 0 0 0 1
1 0 1 1 1 0 0 1
1 1 0 1 0 0 0 0
0 1 1 0 1 1 0 1
0 1 0 1 0 1 1 1
0 0 0 1 1 0 1 0
0 0 0 0 1 1 0 0
1 1 0 1 1 0 0 0

3

77777777775

0 1 2 3 4 5 6 7

, A =

2

66666666664

0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 1
1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 1
0 0 0 1 1 0 0 0
0 0 0 0 0 1 0 0
1 1 0 1 0 0 0 0

3

77777777775

, (1)
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A graph can be undirected and directed. In the case of undirected graphs,
as in Fig. 2(a), it is assumed that the edge connecting the vertex n to the vertex
m also connects the vertex m to the vertex n. This means that if (n,m) 2 B

then (m,n) 2 B.
In general, this property does not hold for directed graphs. An example of a

directed graph is shown in Fig. 2(b). The undirected graphs can be considered
as a special case of directed graphs.

For a given set of vertices and edges, the graph can be represented by an
adjacency matrix A. This matrix describes the vertices connectivity. If there
are N vertices then A is an N⇥N matrix. The elements Amn of the adjacency
matrix A assume values Amn 2 {0, 1}. The value Amn = 0 is assigned if the
vertices m and n are not connected with an edge, and Amn = 1 if these vertices
are connected,

Amn =

(
1 if (m,n) 2 B

0 if (m,n) /2 B.

The adjacency matrices for the graphs from Fig. 2(a) and (b) are

A =

0

1
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7

2

66666666664

0 1 1 0 0 0 0 1
1 0 1 1 1 0 0 1
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0 0 0 0 1 1 0 0
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1 1 0 0 0 0 0 0
0 0 1 0 0 1 0 0
0 0 0 0 0 0 1 1
0 0 0 1 1 0 0 0
0 0 0 0 0 1 0 0
1 1 0 1 0 0 0 0

3
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, (1)
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Fig. 7 A disconnected graph.

As an example, let us consider a graph derived form Fig. 2(a) by removing
some edges. This graph is presented in Fig. 7.
The adjacency matrix for this graph is

A =

2

66666666664

0 1 1 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 0 0 0 0 0 0
0 0 0 0 1 1 0 1
0 0 0 1 0 1 1 1
0 0 0 1 1 0 1 0
0 0 0 0 1 1 0 0
0 0 0 1 1 0 0 0

3

77777777775

(9)

with the corresponding Laplacian

L =

2

66666666664

2 �1 �1 0 0 0 0 0
�1 2 �1 0 0 0 0 0
�1 �1 2 0 0 0 0 0
0 0 0 3 �1 �1 0 �1
0 0 0 �1 4 �1 �1 �1
0 0 0 �1 �1 3 �1 0
0 0 0 0 �1 �1 2 0
0 0 0 �1 �1 0 0 2

3

77777777775

. (10)

These matrices are in a block-diagonal form with two blocks.
If there is an isolated vertex in a graph, then the corresponding row and
column of the matrices A and L will be zero-valued.

16. If we have two graphs defined on the same vertices, with adjacency matrices
A1 and A2, we can define a sum of the graphs as a new graph with the
adjacency matrix

A = A1 +A2.

If we want to keep binary values 0, 1 in the adjacency matrix then the
logical (Boolean) summation rule 1 + 1 = 1 should be used in the matrix
addition. In this chapter we will use the arithmetic summation rule only.
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0 0 0 1 0 1 1 1
0 0 0 1 1 0 1 0
0 0 0 0 1 1 0 0
0 0 0 1 1 0 0 0

3

77777777775

(9)

with the corresponding Laplacian

L =

2

66666666664

2 �1 �1 0 0 0 0 0
�1 2 �1 0 0 0 0 0
�1 �1 2 0 0 0 0 0
0 0 0 3 �1 �1 0 �1
0 0 0 �1 4 �1 �1 �1
0 0 0 �1 �1 3 �1 0
0 0 0 0 �1 �1 2 0
0 0 0 �1 �1 0 0 2

3

77777777775

. (10)

These matrices are in a block-diagonal form with two blocks.
If there is an isolated vertex in a graph, then the corresponding row and
column of the matrices A and L will be zero-valued.

16. If we have two graphs defined on the same vertices, with adjacency matrices
A1 and A2, we can define a sum of the graphs as a new graph with the
adjacency matrix

A = A1 +A2.

If we want to keep binary values 0, 1 in the adjacency matrix then the
logical (Boolean) summation rule 1 + 1 = 1 should be used in the matrix
addition. In this chapter we will use the arithmetic summation rule only.
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Μητρώο Κυκλικής Ολίσθησης: Κυκλική Ολίσθηση Σημάτων – Ιδιότητες 

Αν 𝒙*= [𝑥$ 𝑥% … 𝑥*+& 𝑥*+%]1 , τότε:

𝑈*𝑥* =

𝑥*+%
𝑥$
𝑥%.
.
.

𝑥*+&

, και																																																= 𝟎*+%1 1
𝐼*+% 𝟎*+%
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Μητρώο Κυκλικής Ολίσθησης: Κυκλική Ολίσθηση Σημάτων – Ιδιότητες 

Αν 𝒙*= [𝑥$ 𝑥% … 𝑥*+& 𝑥*+%]1 , τότε:

𝑈*𝒙* = 𝟎*+%1 1
𝐼*+% 𝟎*+%

𝒙*+%
𝑥*+% =

𝑥*+%
𝑥$
𝑥%.
.
.

𝑥*+&

,	άρα:

Ι1:	||	𝑈*𝒙*||&& = || 𝒙*||&&	 Διατήρηση της ενέργειας
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Μητρώο Κυκλικής Ολίσθησης: Κυκλική Ολίσθηση Σημάτων – Ιδιότητες 

Αν 𝒙*= [𝑥$ 𝑥% … 𝑥*+& 𝑥*+%]1 , τότε:

𝑈*𝒙* = 𝟎*+%1 1
𝐼*+% 𝟎*+%

𝒙*+%
𝑥*+% =

𝑥*+%
𝑥$
𝑥%.
.
.

𝑥*+&

= 𝒙𝑴
(𝟏),	άρα:

Ι1:	||𝒙𝑴
(𝟏)||&&=||	𝑈*𝒙*||&& = || 𝒙*||&&	 Διατήρηση της ενέργειας
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Μητρώο Κυκλικής Ολίσθησης: Κυκλική Ολίσθηση Σημάτων – Ιδιότητες 

Αποδείξτε ότι:  1. 𝑈*.𝑈* = 𝐼* 	και	 𝑈*3.𝑈*3 = 𝐼* ,	𝑙 = 1,2, … ,𝑀

||𝒙𝑴
(3)||&&=||𝑈*3 𝒙*||&& = || 𝒙*||&&, 𝑙 = 1,2, … ,𝑀 − 1

Τα 𝑀 − 1	σήματα που προκύπτουν από κυκλικές ολισθήσεις του 𝒙*:

𝒙𝑴
(3) = 𝑈*3 𝒙* , 𝑙 = 1,2, … ,𝑀 − 1

έχουν την ίδια ενέργεια με το αρχικό σήμα 𝒙* , δηλαδή:

2. 𝑈** = 𝑈*
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ΒΑΣΙΣΜΕΝΗ ΣΤΟ ΜΗΤΡΩΟ ΓΕΙΤΝΙΑΣΗΣ

Μητρώο Κυκλικής Ολίσθησης: Ολίσθηση Γραφημάτων – Ιδιότητες 

Η ενέργεια ενός ολισθημένου γραφήματος είναι ||𝒙%||&&=||Α𝒙||&& όπου 
Α το μητρώο γειτνίασης.
Χρησιμοποιώντας την l2 στάθμη ενός πίνακα, μπορούμε να
αποδείξουμε ότι η ενέργεια του ολισθημένου γραφήματος και του
αρχικού, ικανοποιούν την ακόλουθη σχέση:

max
𝒙

||)𝒙||!!
||𝒙||!!

= max
𝒙

𝒙")#)𝒙
||𝒙||!!

=𝜆!+,- , όπου 𝜆!+, = max
𝒌

{𝜆/}
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Μητρώο Κυκλικής Ολίσθησης: Ολίσθηση Γραφημάτων – Ιδιότητες 

max
𝒙

𝒙""#$%&' "#$%&𝒙
||𝒙||((

=1!

Επομένως η ενέργεια ενός ολισθημένου γραφήματος δεν διατηρείται!

Αν θέλουμε να διατηρείται, θα πρέπει αντί να χρησιμοποιούμε το
μητρώο γειτνίασης Α να χρησιμοποιήσουμε το κανονικοποιημένο
μητρώο:

Α012! =
Α

𝜆!+,

Τώρα είναι προφανές ότι:

ΕΠΕΞΕΡΓΑΣΙΑ ΣΗΜΑΤΩΝ &ΓΡΑΦΗΜΑΤΩΝ
ΒΑΣΙΣΜΕΝΗ ΣΤΟ ΜΗΤΡΩΟ ΓΕΙΤΝΙΑΣΗΣ



Μητρώο Κυκλικής Ολίσθησης: Ολίσθηση Γραφημάτων – Ιδιότητες 
Επομένως η ενέργεια ενός ολισθημένου γραφήματος δεν διατηρείται!

Η ενέργεια ενός ολισθημένου σήματος γραφήματος είναι μικρότερη ή
ίση με την ενέργεια του αρχικού σήματος γραφήματος.
Η ισότητα ισχύει αν και μόνο αν το σήμα είναι ανάλογο του
ιδιοδιανύσματος που αντιστοιχεί στην ιδιοτιµή 𝜆0?@ .

ΕΠΕΞΕΡΓΑΣΙΑ ΣΗΜΑΤΩΝ &ΓΡΑΦΗΜΑΤΩΝ
ΒΑΣΙΣΜΕΝΗ ΣΤΟ ΜΗΤΡΩΟ ΓΕΙΤΝΙΑΣΗΣ
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Μητρώο Κυκλικής Ολίσθησης: Ολίσθηση Γραφημάτων – Ιδιότητες 

Η έξοδος ενός συστήματος σε ένα γράφημα με κανονικοποιημένο
μητρώο γειτνίασης θα είναι της μορφής:

𝒚 = !
!"#

$%&

ℎ!𝐴012!! 𝒙
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Μητρώο Κυκλικής Ολίσθησης: Ολίσθηση Γραφημάτων – Ιδιότητες 
Επομένως, η έξοδος ενός συστήματος σε ένα γράφημα με
κανονικοποιημένο μητρώο γειτνίασης μπορεί να γραφεί ισοδύναμα ως
εξής:

𝒚 = !
!"#

$%&

ℎ!𝐴012!! 𝒙 = 𝐻(𝐴012!)𝒙

ΕΠΕΞΕΡΓΑΣΙΑ ΣΗΜΑΤΩΝ &ΓΡΑΦΗΜΑΤΩΝ
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Μητρώο Κυκλικής Ολίσθησης: Ολίσθηση Γραφημάτων – Ιδιότητες 

Ας υποθέσουμε ότι το μητρώο 𝐻(𝐴ABC0) είναι διαγωνοποιήσιμο,
δηλαδή: 𝐻 𝐴012! = 𝑼𝑯 𝚲 𝑼%𝟏, τότε:

𝒚 = 𝐻 𝐴012! 𝒙 = 𝑼𝑯 𝚲 𝑼%𝟏 𝒙

ή:

𝚼 = 𝑯 𝚲 𝚾, όπου 𝚼 = 𝑼%𝟏𝒚 και 𝚾 = 𝑼%𝟏𝒙ή ισοδύναμα:

𝑼%𝟏𝒚 = 𝑯 𝚲 𝑼%𝟏 𝒙

είναι οι Μετασχηματισμοί Fourier των γραφοσημάτων (GFT) x και y
αντίστοιχα.
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