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Το Βασικό Ερώτημα που θα προσπαθήσουμε να απαντήσουμε είναι:

Πώς μπορούμε να γενικεύσουμε τεχνικές:
• της κλασσικής και 
• της στατιστικής επεξεργασίας σημάτων 
σε δεδομένα που είναι πιο γενικά δομημένα;
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Fig. 17 The Minnesota road-map graph with new thee-dimensional vertex positions de-
fined by the Laplacian eigenvectors {u2,u3,u4} as the vertex coordinates (the 3D Laplacian
eigenmap)
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Fig. 18 Graph representation of a classical time-domain signal.

The graph is considered as a generalized signal domain.
In general, any linear processing of a graph signal at a vertex n can be

defined as a linear combination of the signal value x(n) at this vertex and the
signal samples x(m) at vertices around this vertex

y(n) = x(n)h(n, n) +
X

m2Vn

x(m)h(n,m),

where Vn is the set of vertices in the neighborhood of vertex n. This form
is highly vertex-varying. Only in a specific case of regular graphs can it be
vertex invariant. Then Vn is a K-neighborhood of the vertex n with h(n,m) =
h(n�m).

Αναπαράσταση ενός σήματος διακριτού χρόνου σε μορφή γραφήματος
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Fig. 19 (a) A circular graph. (b) A periodic signal on a graph. Signal values are presented
as vertical lines starting from the corresponding vertex.
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Fig. 20 (a) A signal on an undirected circular graph. (b) Undirected arbitrary graph. Signal
values are presented as vertical lines starting from the corresponding vertex.

For a general graph we can define a vertex-invariant filtering function, using
shifts on a graph. Various forms of signal shifts on a graph will be introduced in
the next sections. They are used to introduce e�cient graph signal processing
methods [24–38].

3.1 Adjacency Matrix and Graph Signal Shift

Consider a graph signal x. Its sample at a vertex n is x(n). The signal shift on
a graph can be defined as the movement of the signal sample from the vertex
n along all walks, with the length equal to one. The movement is done for
all vertices. The signal shifted in this way is denoted by x1. Its values can be
defined using the graph adjacency matrix as

x1 = Ax (14)

As an illustration of a signal and its shifted version, consider classical signal
processing, where the adjacency matrix is defined by graph Fig. 19(a). The

(α): Κυκλικό Γράφημα και
(β): η αναπαράσταση ενός περιοδικού σήματος διακριτού χρόνου πάνω στο
γράφημα

(α) (β)



ΕΠΕΞΕΡΓΑΣΙΑ ΣΗΜΑΤΩΝ &ΓΡΑΦΗΜΑΤΩΝ
Μητρώο Κυκλικής Ολίσθησης:
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Μητρώο Κυκλικής Ολίσθησης: Κυκλική Ολίσθηση Σημάτων 

Αν 𝒙!= [𝑥" 𝑥# … 𝑥!$% 𝑥!$#]& , τότε:

𝑈!𝑥! =

𝑥!$#
𝑥"
𝑥#.
.
.

𝑥!$%
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Αναπαράσταση Περιοδικού
Σήματος σε Κυκλικό Γράφημα
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.

Ολίσθηση του Περιοδικού
Σήματος σε Κυκλικό Γράφημα
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Μητρώο Κυκλικής Συνέλιξης 𝛨'
Αν 𝒉!= [ℎ" ℎ# … ℎ!$% ℎ!$#]& , τότε	το µητρώο
Κυκλικής Συνέλιξης µπορεί να γραφεί ως ακολούθως :

𝐻! = [𝑈!"𝒉! 𝑈!# 𝒉! … 𝑈!!$%𝒉! 𝑈!!$#𝒉!]
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Κυκλική Συνέλιξη
Αν 𝒙!= [𝑥" 𝑥# … 𝑥!$% 𝑥!$#]& ένα σήµα και

𝒚 = 𝒉!❂𝒙! = 𝐻!𝒙! = *
&'"

!$#

𝑈!&𝒉! 𝑥&

𝛨'το µητρώο Κυκλικής Συνέλιξης, τότε :
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Κυκλική Συνέλιξη

𝒚	 = *
&'"

!$#

(𝑈!&𝒉! 𝑥&) = *
&'"

!$#

𝑥&𝑈!& 𝒉!
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Κυκλική Συνέλιξη:
Όμως:

𝒚 = 𝒉!❂𝒙! = 𝐻! 	𝒙!= 𝒙!❂𝒉! = 𝑿!𝒉!= 𝒚

όπου:

𝐻! = [𝑈!"𝒉! 𝑈!# 𝒉! … 𝑈!!$%𝒉! 𝑈!!$#𝒉!]

𝑋! = [𝑈!" 𝒙! 𝑈!# 𝒙! 	… 𝑈!!$%𝒙! 𝑈!!$#𝒙!]
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Κυκλική Συνέλιξη:
ή ισοδύναμα:

𝒉!❂𝒙! = *
&'"

!$#

𝑈!&𝒉! 𝑥& = *
&'"

!$#

𝑈!&𝒙! ℎ& = 𝒙!❂𝒉!

𝑈!𝒉! 	 𝒙! = …𝑈! … =	𝒙!	 𝒉!
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Αποσύνθεση Μητρώου Κυκλικής Ολίσθησης: 

𝑈!" 𝒙!
 𝑈!# 𝒙! 
	 𝑈!% 𝒙! 
      .
      .
      .
	 𝑈!!$# 𝒙!

𝛪'𝒙!
 𝑊𝛬!# 𝑊(𝒙!
	 𝑊𝛬!% 𝑊(𝒙! 
          .
          .
          .
	 𝑊𝛬!!$#𝑊(𝒙!

𝑈!=W𝛬'𝑊(

Το Μητρώο είναι 
ΔΙΑΓΩΝΟΠΟΙΗΣΙΜΟ:
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Fig. 19 (a) A circular graph. (b) A periodic signal on a graph. Signal values are presented
as vertical lines starting from the corresponding vertex.
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Fig. 20 (a) A signal on an undirected circular graph. (b) Undirected arbitrary graph. Signal
values are presented as vertical lines starting from the corresponding vertex.

For a general graph we can define a vertex-invariant filtering function, using
shifts on a graph. Various forms of signal shifts on a graph will be introduced in
the next sections. They are used to introduce e�cient graph signal processing
methods [24–38].

3.1 Adjacency Matrix and Graph Signal Shift

Consider a graph signal x. Its sample at a vertex n is x(n). The signal shift on
a graph can be defined as the movement of the signal sample from the vertex
n along all walks, with the length equal to one. The movement is done for
all vertices. The signal shifted in this way is denoted by x1. Its values can be
defined using the graph adjacency matrix as

x1 = Ax (14)

As an illustration of a signal and its shifted version, consider classical signal
processing, where the adjacency matrix is defined by graph Fig. 19(a). The

(α) (β)
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Μητρώο Κυκλικής Ολίσθησης, ή….:
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(α): Περιοδικό Σήμα Διακριτού Χρόνου τοποθετημένο σε ένα μη κατευθυνόμενο
Κυκλικό Γράφημα
(β): Μη κατευθυνόμενο Γράφημα και η αναπαράσταση ενός Περιοδικού (;)
σήματος διακριτού χρόνου πάνω του
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Fig. 19 (a) A circular graph. (b) A periodic signal on a graph. Signal values are presented
as vertical lines starting from the corresponding vertex.
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Fig. 20 (a) A signal on an undirected circular graph. (b) Undirected arbitrary graph. Signal
values are presented as vertical lines starting from the corresponding vertex.

For a general graph we can define a vertex-invariant filtering function, using
shifts on a graph. Various forms of signal shifts on a graph will be introduced in
the next sections. They are used to introduce e�cient graph signal processing
methods [24–38].

3.1 Adjacency Matrix and Graph Signal Shift

Consider a graph signal x. Its sample at a vertex n is x(n). The signal shift on
a graph can be defined as the movement of the signal sample from the vertex
n along all walks, with the length equal to one. The movement is done for
all vertices. The signal shifted in this way is denoted by x1. Its values can be
defined using the graph adjacency matrix as

x1 = Ax (14)

As an illustration of a signal and its shifted version, consider classical signal
processing, where the adjacency matrix is defined by graph Fig. 19(a). The

(β)(α)
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1
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2

Το μητρώο γειτνίασης  A έχει διαστάσεις Μ × Μ (6x6 στο παράδειγμά μας) και η τιμή  του 
στοιχείου 𝛼"# του μητρώου υποδηλώνει την ύπαρξη ή όχι της ακμής (i, j) , δηλαδή:

𝛼)* = N1, αν υπάρχει η ακµή0, αν δεν υπάρχει

     Γράφημα Μητρώο Γειτνίασης
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Το μητρώο γειτνίασης ενός μη κατευθυνόμενου γραφήματος είναι συμμετρικό, και επομένως
έχει:

• ένα πλήρες σύνολο από πραγματικές ιδιοτιμές και
• μια ορθογώνια βάση ιδιοδιανυσμάτων

Το σύνολο των ιδιοτιμών του μητρώου αποτελεί το φάσμα του.

     Γράφημα Μητρώο Γειτνίασης
1 2 3 4 5 6

1

3

4
5
6

2
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1 2 3 4 5

1

3
4

5

2

Συμπληρώστε το μητρώο Γειτνίασης για το παραπάνω Γράφημα

2 1

3

5

4

0 0 0 1 0

1 0 1 1 1

0 1 0 0 0

0 0 0 0 0

0 1 1 1 0

     Γράφημα Μητρώο Γειτνίασης
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Το μητρώο γειτνίασης ενός μη κατευθυνόμενου γραφήματος είναι συμμετρικό, και επομένως έχει ένα πλήρες σύνολο
από πραγματικές ιδιοτιμές και μια ορθογώνια βάση ιδιοδιανυσμάτων. Tι μπορούμε να πούμε για τα ιδιοδιανύσματα ενός
κατευθυνόμενου γραφήματος;

        Γράφημα                    Μητρώο Γειτνίασης
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1. Ολίσθηση γραφοσήματος
2. Ενέργεια Ολισθημένου Σήματος σε Γράφημα (κανονικοποίηση)
3. Σήματα σε Γραφήματα & Συστήματα
4. Μετασχηματισμός Fourier Σήματος σε Γράφημα
5. Απόκριση Συχνότητας
6. Φασματική Κατάταξη ιδιοδιανυσμάτων
7. Φιλτράρισμα στο φασματικό χώρο & στο χώρο των ακμών
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Αναπαράσταση Περιοδικού Σήματος

σε Κυκλικό Γράφημα    
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.

Ολίσθηση του Περιοδικού Σήματος
σε Κυκλικό Γράφημα    
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Αναπαράσταση δεξιά ολισθημένης ακολου-
θίας Kronecker (δ(n-2)) σε Γράφημα

Ολίσθηση (πώς;) ενός βήματος της
ακολουθίας στο Γράφημα (αποδείξτε το)
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Αναπαράσταση Περιοδικού Σήματος
σε Γράφημα

Ολίσθηση Σήματος στο Γράφημα    
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Fig. 21 (a) A signal on the directed circular graph. (b) A shifted version of the graph signal
from (a).
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Μητρώο Ολίσθησης Γραφημάτων:

A𝒙+=                               

𝑥"
𝑥#
𝑥%
𝑥,
𝑥-
𝑥.

𝑥"

𝑥#

𝑥$

𝑥%

𝑥&

𝑥'
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Μητρώο Ολίσθησης Γραφημάτων:

A𝒙+=                     

𝑥"
𝑥#
𝑥%
𝑥,
𝑥-
𝑥.

=

𝑥" + 𝑥# + 𝑥-
𝑥" + 𝑥% + 𝑥-
𝑥# + 𝑥,

𝑥% + 𝑥- + 𝑥.
𝑥" + 𝑥# + 𝑥,

𝑥,
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Αναπαράσταση δεξιά ολισθημένης ακολου-
θίας Kronecker (δ(n-2)) σε Γράφημα

Ολίσθηση (πώς;) ενός βήματος της
ακολουθίας στο Γράφημα (αποδείξτε το)
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Fig. 22 (a) Two simple signals on an undirected graph. (b) Shifted versions of the graph
signals from (a).

original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Αναπαράσταση Περιοδικού Σήματος
σε Γράφημα

Ολίσθηση του Περιοδικού Σήματος
στο Γράφημα
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original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Συνέλιξη Γειτνίασης:
ή ισοδύναμα:

𝒉!❂𝒙! = *
&'"

!$#

Α!&𝒉! 𝑥& = *
&'"

!$#

Α!&𝒙! ℎ& = 𝒙!❂𝒉!

Α!𝒉! 	 𝒙! = …Α! … =	𝒙!	 𝒉!



*
&'"

!$#

𝑈!&𝒉! 𝑥& = *
&'"

!$#

𝑈!&𝒙! ℎ& = 𝒙!	 𝒉!𝒉! 	 𝒙! =𝑈! 𝑈!

ΕΠΕΞΕΡΓΑΣΙΑ ΣΗΜΑΤΩΝ &ΓΡΑΦΗΜΑΤΩΝ

Κυκλική Συνέλιξη:

Συνέλιξη Γειτνίασης:

*
&'"

!$#

Α!&𝒉! 𝑥& = *
&'"

!$#

Α!&𝒙! ℎ& = 𝒙!	 𝒉!Α!𝒉! 	 𝒙! = Α!
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original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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original signal x is presented in Fig. 21(a). The shifted version of this signal
x1 is shown in Fig. 21(b). Two simple signals on an undirected graph are
presented on the left of Fig. 22(a). The corresponding shifted signals with
x1 = Ax are presented on the right of Fig. 22(b).

A signal shifted by two is obtained by a shift for one of the shifted signals.
The resulting, twice shifted, signal is

x2 = A(Ax) = A2 x.

In general, a graph signal shifted for m is obtained as a shift by one of the
graph signal already shifted for m� 1

xm = Axm�1 = Am x.
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Αποσύνθεση Μητρώου Κυκλικής Ολίσθησης: 

𝑈!" 𝒙!
 𝑈!# 𝒙! 
	 𝑈!% 𝒙! 
      .
      .
      .
	 𝑈!!$# 
𝒙!

𝛪'𝒙!
 𝑊𝛬!# 𝑊(𝒙!
	 𝑊𝛬!% 𝑊(𝒙! 
          .
          .
          .
	 𝑊𝛬!!$#𝑊(𝒙!

𝑈!=W𝛬'𝑊(

Το Μητρώο είναι 
ΔΙΑΓΩΝΟΠΟΙΗΣΙΜΟ:
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Μητρώο Ολίσθησης Γραφημάτων: 

𝐴!" 𝒙!
 𝐴!# 𝒙! 
. 	𝐴!% 𝒙! 
      .
      .
      .
	 𝐴!!$# 𝒙!

𝛪'𝒙!
 𝑉𝛬!# 𝑉/𝒙!
	 𝑉𝛬!% 𝑉/𝒙! 
          .
          .
          .
	 𝑉𝛬!!$#𝑉/𝒙!

𝐴!=V𝛬'𝑉/

Αν το Μητρώο Γειτνίασης 
είναι ΔΙΑΓΩΝΟΠΟΙΗΣΙΜΟ:


