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To pwg amotéleoe Yyl aldDVEG Eva LOOTNPLO Yo TOV AvOpmTo. Xt £pya TV avBpdnwv, Ommg
0TOVG WOBOLC, OTIG EMGTNLES, aKOUN Kol 6TIG Opnokeieg, To pwg émanle mdvtote Wwitepo poro.
O TpdTeg EIKOVES TOV VITEMECAY GTNV AVTIANYN TOL AVOPOTOL MTOV 01 EVOVYPOLLES OKTIVES TOV
QMTOG Kol 0 KVKAIKOG dickog Tov 'HAov kot tov mhavntav tov. "Htav euoikd Aowmdv 6tov M
Ieopetpia prnke ot (0N TOV avOpOTOV PE TNV EUTEIPIKN TNS HLOPPT], TO TPMTO YEMUETPIKA
CYNUOTO TOV KOTOGKELAGTNKAV Vo lvan 1 gubeia kot o khkAoc. 'Etol pBdcape oto onpeio n
gvbeia Ko 0 KOKAOG VoL oK ToOVY 101aiTEPN oNUAGia, 1img HETd TNV avaKAAVY TNG ATOSEIENS
omov Bempovivtay avemitpenTn 1 EXIAVGCT] OTOLOVLONTOTE TPOPANLATOG YWPIG TNV YPNOT TOL YEpOKo
kot Tov daPntn. H eioaymyn g Feopetpiog dAiace v motdtnTo TG 0vOpOTIVNG GKEYNS Kol
TNV 001 YNGoE Ao TNV TPAKTIKY 6TN BEDPNTIKY OVIUETOTIOT TOV TPOYUATOV KOl GTNV TOP0Y®YN
mg yvoons. H @von Aomdv onpatoddtnoe v TpmdTn HEYOAN EPELVNTIKY OlElGOVON TG V-
OpOTIVNG OKEYNG V1oL TNV EPUNVELN KoL TNV KOTAVONOT| TG LGIKNG Tparypatikotntag. Ot mpoypo-
teieg Tov Aprototédn kou 1 Bgpedioon g eopetpiog and tov Evkieidon dnpiovpyn- cav to
vtoPabpo 6to omoio PacicTnray HeTd oo ToAAoVG aumdves 0 I'adthaiog Kot 0 Nevtwvog, TpoKeEe-
VOL VO SIOLOPPDOGOLYV TN GLYYPOVT avTiAnyT g PLGIKN G divovTag pe avTd TOV TPOTO TO EVOVGHLOL
oV €EEMEN ™¢ pnabnpatiknig Emetiung, n omola e avtdév tov Tpomo eEEMGGETAL LECO, OO
[ GEPA OKEYEWMV Kol TPAEE®V TOL KAOE Lo otkodopeital Enavm oTig mponyovueves. TToAdol
apyoiot Aaoi 6TmG ot Zovpépiot, ot Aryvmtior, ot Kivé{ol kot dALOL ¥pnoLUoTOlovcay GTLTTESG
poOnuatikég mpdéels, OUMS, To LABNUATIKG MG o Evvola Tov dNAMVEL EMGTHUN gpeavilovTal
Y TPAOTN Popd otV apyaio eAldda. O drokekpiuévog I'dAhog 1otopikdg Apvo Pebpov Eypae:
«Xe oDYKpION UE TIC EUTEIPIKES KO OKOPTILES YVOOEIS TOV 01 A00L THS AVOTOANS GVLYKEVTPWOQY e
0 OOVAELG, TOVS 0T OLOPKELD, TOAAWDYV 0UOVWY, N EANVIKN emiotiun eivar évo, Badua. Edam yio
TPWOTH POPa. N avOpOTIVY TKEYN KOTOVONOE 0TI TPETEL V. KaBopioer Evay aplOuo yevikwy opywy
Ka1 vo. fydlel o’ owtes oplouEves oAnleies mov givar T avoyKalo omoTeAETUO. TOVGY. AvO givol
To. ototyEla Tov vovvoel o Pebudv ko Emonéov kabopiotikd poAo otnv mopeia ™ eEEMENG
TOV podnuoTik®v, 1 évvola amddelEng, kot n wéa g aStopotikng fepelMoong. H évvola g
amddelENg Eexivnoe amd tov @alr|, avartoydnke amd tov [Tvbayodpa Kot cuoTnuaToTomONKE Kot
teretomomOnke and tov [Adtwva, tov Apiototédn, Tov Evkieion kot tov Apyunon. H cuAinym
™G 10€ag ™S a&tmpatikng Oepeiioonc opeideton otovg apyoiovg EAAnves. Kiaoiko mopdderypa
etvan ) EvAeideia lewpetpia, n apyttektovikn e 0modeIKTIKNG SL0OIKAGING 00 TOV APLGTOTEAN
kot Tov [TuBaydpa Kot Tovg VTOGTNPIKTESG TOL TOL ovopdstnkay [TvBayopetot, k.o.A. Ta Epya TV
apyoiov EMvov pabnpatikov EBaiav ta Oepéda kot amotélecav v Pdon yuo v mo népa
e€EMEN TOV LOONUATIKOV ETCTNUOV, OTTOG Ocwpiog ApOudy, podnuatikng Aoykng, AAyeppoag
Kot ATEPOGTIKOL AOYIGHOV. XTO TAOUGLO LIS CPOIPIKNG TTPAYUATELONG TOV LB LOTIKOV KO [LE
KIvTpo TNV KOTAVVONGN TOVG, OIVOVLE LEPIKA GTOLXELN TNG KATNYOPLOTOINGNG TOV LOOMUOTIKOV
amo 1o 3000 . X péypt kar tov Exto awmva p. X, yopig avtd va onpaivet 6t dgv vdpyovv aArnAe-
TKOAOYELS HETOED SLOPOPETIKADV KOTNYOPLDV.






AvapopLkdg NoyLopdg Miag MetafAntig 9

Ewayoyn . . . . . . e e 9
TEWPEG -+ v o e e e e e e e e e e e e e e e e 10
l'sopetpicéc, Tnieokomikég kot EvaAldocovoeg Zelpég
Kpupuo Zoykhong ko [dtdomteg . . . . . . .. L L 14
Fevikd kprmpla GOYKAMONG .+ . . v v o v o e e e 21
Ewayonyn ota Kpuripia tov Adyov kaw g PiCec . . . . . . . . ..o L. 46
KaBopiopdc tov Kpurnpiov mov 6a Eappootel . . . . . . . . . ..o 48
To Kputpro Andéxhong tov n-ostovo Opov . . . . . . . . . . . . . .. 48
OTKN ZEPA . . . . . o o o e e e e e e e e 49
Mn OeTiKEGZEWPES + . .« v o e e e e e e e e e 50
ADVOPOGEIPES . . . . v v o o e e e e e e e e e e e e e e 51
SOYKMON QUVOHOGEIPDV « & . o v v v v e e e e e e e e e 52
[Mopaydyion kot oAokAMpwon avé 6po . . . . . . . . . . . ... 63
[MoAvovopa Taylor . . . . . . . . . .. .. 65
YewpégTaylor . . . . . Lo 67
AZIOONUEIOTOL OPLOL . . . o v v o o e e e e 73



2.1 Ewoayoym



2.2 Xepég

2.2 Xeapég

Xty evotnta avtn Bo eEeTdoouple pa S1opopeTIKn Evvola opiov mov oyetileTan pe v abpoion
amepov 6pov. Avti 1 ddkacio YVt ©¢ oOyKAion oeipas S10pOopPOTOLEITOL OO TNV EVvold
TOV 0plov GTIG 0KOAOVOIES, OOV TO AMOTELECHO EEOPTATOL OMOKAELGTIKA OTO TNV OVPA TNG 0KO-
AovBiog ayvomvtag TANP®S TOVG TPMTOVG OPOLS TNG. ZTIS akoAovBieg koS o deiktng n aw&d-
VETOL, 1 TANPOPOPIa Ao TOVG APYIKOVS OPOVG «YAvETA Kot To Op1lo kabopileTar poVo omd v
CLUTEPIPOPE TOV Op®V 6TV oVpd. Av aAAdEovpe HePKOVS Ad TOVG TPMOTOLS OPOVG, TO OPLO
dev emmpedletat. Avti 1 W10TNTO EIvaL YPNOLUN Y10 TOV OPICUO KOt T1 HEAETN T®V 0KOAOLOLDV
EMEON LOC EMTPETEL VO, AYVOOVLLE TNV OPYIKT) CUUTEPUPOPE KO VO ETIKEVIPOVOUOUCTE GTIV 0LGV-

UTTOTIKY] CUUTEPIPOPA TG akolovbiog. 'Etot yio mapddetypa og puo akorovdio 6mwg a, = —
n

dev &yl onpacia Tt cupPaivel yio ta TpAOTA, PIKPE N, 0ol 660 1 — oo 1) akoAovbia Teivel oto 0.
Q610060 68 AALEG Lo IOTIKEG SLadkacieg OTMS OTIC oelpEG (Amelpa 0BpoicpaTa) 1) CLUTEPLPOPA
oAV TV Opav NG akolovBiog elval kpioiun. Xe aVTEG TIC TEPIMTMOGELS, OEV UTOPOVLE VO 0LyVOT)-
COVUE KavEVaV Opo, Yiati kbbe Opog emnpedlel To AmMOTEAEGUA TG GLVOMKNG GBpotong. [
Tapaderypo, av aAldCovpe akdpa Kot Evav Opo o€ pa oepd, ot pmopel va aAldEetl evielmg
TO OMOTEAEGHO 1] OKOMOL Kol TN GOYKAoN NG 6Epds. Avti 1 dapopd £yKettal oty £vvola TNg
tomkotntag (locality) yua tig akolovBieg, o€ avtifeon pe v olkotnra (globality) mov amouteiton
OTIG GEPEG OOV 1 GLVEIGPOPA OA®V TOV OP®V EIVOL GNUOVTIKY. ZTIG EPOPUOYES, AVTO oNUaivEL
OTL Y10 KATO1EG LOOMNUATIKES TOGOTNTES, OTMGC Y10, TAPAOELYLOL 1] EKPPOCT] TOV € UEGH LG GEPAG
yperaletor va Aapévoupe vTdyn GAOVG TOLG OPOVG YO VOL TPOGEYYICOVIE TO TEMKO ATOTEAEG LA

Mopddoco Tov Zivova - ’Evvola
NG GVYKAIVOVG UG GTELPS GELPAG

O Zyvov o Eiedmg,  évag

ONUAVTIKOG TPOCOKPATIKOG —
@LOG0POG TOV 01010 0 APIGTOTEANG
AmTOKOA0VGE €QELPETN ™m¢
OwdexTikng  pebodov, pe T

1/2 174 e e

nepionua moapado&o e Aryotopiag,
TOV AytAAéo pe TN YXEADOVA, TOL
Békopg Kot Tov Ztodiov 0m01<60w\|{8 Tyiine 2.1 T rapddolo me Siyoréunons
TO YOOUO OVOLESH GTO GUVEXES z00 Zijvarva..

Kol T0 Olokpltd, KatL wov Oa yivel

Katovonto kot Oo peletnOet amo tov

Cantor mOALOVG OudVES 0apyoOTEPL

pe v allopatikn Bepeiioon g

Ocopiog Xvvorwv.

Avto odnyel og pia mo “oMotikr” Bedpnomn g akolovdiog, OTov KABe OpOC GLVEIGPEPEL GTO
OUVOMKO amoTéEAEGHO. XTNV ovcia 1 Bewpla TV amelpocelp®dv gival Evog Tpitog KAAG0S TO
Aoylopod TEPAV TOL SLOPOPIKOV KOl OAOKANPOTIKOV AOYIGHOV OV oG TapEXEL POAKOVG Kot
YPNOYLOVS TPOTOVG Y10 VO EKPPACOVLE GLVAPTIGELS OG ATEPA 0OPOIGUATO OTADY GUVAPTNCEWDV.
INa mapaderypa, Bo dovpe OTL PTOPOVLE VO EKPPAGOLLLE TNV EKDETIKN GLUVAPTNON OG

2 X3 x4

RS L
e YR YRRAY

[ToAAég TOGOTNTEC TOV TPOKVATOLV GTA LOOMNUOTIKA Kol GTIC EQUPUOYES TOVS OEV UTOPOVV Vo,
VTOAOYIGTOVV aKPIBDC. AEV LITOPOVLLE VO YPAYOLLLE Y10 TOPASELY LA Lol akP1PT) dEKAOIKN EKPPOOT
Y ToV oo T 1M Yol TIG TWEG TG GLVAPTNONG TOV MNHTOVOV. Q6TOGO, UEPIKEG POPES AVTEG Ol
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2. Mogopikog Aoyiouog Miog Metafintig

TOGOTNTEG LWITOPOVV VO, OVOTOPASTAO0VV MG Amelpa afpoicuato OTme Bo SOVUE YPNGULOTOIDVTOG
™ oepd Taylor. Ta anepa abpoicpato avTod TOL THTOV OVORALOVTAL ATEIPOTEIPES.

[Mapaoolo Tov Zvova - ’Evvola 11g 6vyYKAIVOVGOG GTELPIS GELPAG

O Mnéptpavt Pdoeh moAAOVG aldveg apyOTEPO TTEPIEYPOYE TO TEGGEP TAPAOOEH TOV
ZMvova ©g acvykprta dtakpttikd kot fadid. o tapdderypa, To mapddolo tns dyrotounons
00 ZHvava oaVOQEPETOL GE EVOL OPOUEN TTOV EEKIVAL e GKOTO VO OTAGEL GTO TEPLO TOV
otifov. Opmg yia va etdoet 610 Téppo Bo Tpémet va TpéEet Amelpo aptBpd amd S10dPOUES
7ov pooTtifevralm pio 6TV AAAN, kot kaBe pio givat To pied g mponyovpevne. Kot facet
OVTOV TOL TOPASELYHOTOG GLUUTEPAVE OTL TO AOpoIGHA EVOG ameipov apBod opiopévmv
YPOVIKOV SOOTNUATOV 0Qeilel va elvan dmelpo. Avti 1 TtpodTact PEPaia 1oyvEL 6 TOAAESG
TEPMTOGELS, OAAG Oyt mavta. Ag vmoBécovpe Y mopaderypa oto Zynua 2.1 6t N
OOGTOON TOV TPEMEL VA, S1OVOGEL 0 dPOopENG Eival 6V0 LOVASEG LKOVE Ko 1) TOXVTNTE TOV
gtvon 1 povada pikovg ava Aemtod. Tote 1o pico g omodctacns Ho Stavoubei oe ypovo £, = 1

HOVAO0, UNKOVG, TO HIGO TNG VTOAOUTNG 0mOCTOCNG GE YpOvo £, = 2 LOVAdES UNKOLG, K.T.A.

"Etot 0 ypovog T' mov amarteitor vo S1ovobel 11 cLYKEKPILEVT] ATOGTACT OO TOV OPOUEN
dtvetar amo mv ospd T’ =1, +1, +...f, + ... nhan T = 1 + 3 + % + ...+ o o
Etol maipvovpe po amdn yeopetpikn mpdodo m omoia abpoilovtag tovg Opovg divet
dBpoopa 2. Me avtv Vv évvola o dpopéag Ba davioel aKpP®G TNV ATOLTOVUEVN
anootaon. QoTd6C60, Kol TAA dev Katappiyaue TO ETyEipnUo TOV ZNvova O10TL av Kol
0 XPOVOG deV Elvar AmEPOC 1 1010 1| YEOUETPIKN TPO0SOG ivar dmelpn. Me 10 mapaderypo
aVTO 00N YOVUOCTE GTNV EVVOL0L TNG GLYKAIVOLGOG ATEPNG GEPAS. ZVOUPMOVO L TOALOVG
1GTOPIKOVG KOl LETAYEVEGTEPOVS PIAOGOPOVGS TOL ETXLYEPTLLATO TOL ZNVOVO ATOTEAOVV TNV
amopyn LG SLOVONTIKNG TOPELONG TTOV SOOVIGTNKE HEGO OO TV SVVOALT TOV TAATOVIKOD
AOYOL KO OTOKAAVYE TN GVYKPOLGT KO TO YAGLO OVALESO GTO GLVEXEG KOL TO OLOKPLTO
OV SLOPAUATICEL CNUAVTIKO POLO OTO LOOMUOTIKA, T GLAOGO(IN, AKOMO KOl T QUOTKY].

Ag dovpE TO avaALTIKA TL vONua £xel 1| Tpdcbeon anepov o0pwv. H 10éa elvar va egtdoovpie
TEMEPAGLEVO 00pOoioHATO OP®V GTNV apPYN TNG CEPAS Kot VoL SOVUE TAOG AVTE CLUTEPLPEPOVTAL.
[TpocBétovpe otadaKd teplocdtepovg Opovg Kot e€etdlovpe av ta abpoicpata Teivouy g po
oprokt] Tun N Oxt. [T cvykekpéva, ag vrobécovpe ot Exovpe TV akolovdia {an}ZLI , OOV
n € N. Mg Bdon avtiv v akorovdic propodpe vo KaTookevaGoULE o via oxorovdio { s, }
1e Tov akoAovbo Tpomo:

(o)
n=1>

s, =day,
s, =ay+a,
s, =ay +ax+as,

n
s, =ay+a+---+a,= Zak.
k=1

’Onog TapoatnpoOUE 0 6pog S, dnpovpyeitar omd TNV TPOSHEST TOV 1 TPAOTOV OPOV TG KOAOL-
Oiog a,. H akoAovbia {sn}:zl ovopadetal axoiovlio puepikav abpoioudTwy Kol T0 OVGLUCTIKO-
TEPO YOPAKTNPLOTIKO TNG €lval M wuviun g, oNAadn to yeyovdg OTL Katoypaeel Kot AcpPavet
VoYM ™S TG TIHEG OAV T®V Op®V A1, Ay, . .. ,d, ard Tovg omoiovg mepvaetl. [lpaypatikd, ov
alGEel 0 Opog ay, tote Bo alhaEovy OAOL 01 OpoL TG §;, pe 11 > k. M. Me dAla Adyia, ot Opot
™mg S, Bopovvion amd Tov TEPAGAV KOl LETAPEPOLY OVTAV TNV TANpoPopia and 6po ce 6po. H
évvola g oMkOTNTAG, AoV, EKPPALETOL LEGM TNG GLUVOAIKNG TANPOPOPING CYETIKA LUE TOVG
o6povg ai,ay, ..., dy, TOL AMOOMKEVETAL GTNV TIUN TTOL £)XEL TO PUEPIKO AOPOIGLA S),;.
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2.2 Xepég

Opropic 2.2.1 Eote o axolovbia a,, n € N. Tote ovoudlovpe gepd S 10 drotetaypévo
adBpolopa

S = Zan:a1+a2—|—a3—|—....
n=1

To

k
Sy = Zan:a1+a2+a3+...+ak, k€N,

n=1

Aéyetou uepikd alporoua k-t16Eng e S. H axolovdia Sy 6mov k € N Aéyeton axolovbio uepikarv
alpoioudrwv g S. Ot dpot g a, Ba ovopdlovtot kat opor g S.

Opopoc 2.2.2 M evarldooovoa oeipd, elvon P ATEpT) GEPA TG LOPONG

(o] (o)

Z(—l)”an 1 Z(—l)”“am
n=0 n=0
ue a, > 0 yo k6 n.

Opopog 2.2.3 Mo celpd
Y
n=1

Aéyeton 611 ovyrAiver otov apud s € R, av kot povo av n axorovdia (s,) tov pepicdv adpot-
OUATOV TNG GVYKAIVEL GTOV §, dSNAOT oV

lim s, = s.
n—yoeo

v mEPITT®OT AVt YPAPOLLE

ian:s
n=1

Kot 0 apBuos s ovopaleton abpoioua M| opro TG GEPAC.

Inpeioon 2.2.4 H sdtaén tov opov pog akoiovdiog {an}:’:p GUHPOVO [LE TOV TOPOKATOD
optopd, n omoia kaBopiler v €vvola TG oepdg dev eivor Tuxaio Kot omotedel OepeAdOeg
YOPOKTNPIOTIKO. XTNV TEPIMTMGN OTOL N {an};zl ekQpaletol pEcm evOg avadPOUIKOD TOITOVL
emPBaiietor avotnp dtdTaén otovg 6povs TG Kabdg Kabe dpog eEaptdtar dueca amd Tov
nponyodpevo. Me autdv Tov TpOTO £Yovpe To dratetaypévo GOpowopa Y a, = ay +az +
az + .... Avtifeta, 0tov TPOKELTAL YO 0L GEPA APOU®OV YOPIG oaPn avadpolK doun N
ouatadn pmopet va yboetl T onpacio g Kabdg moAAEG POPES 1) AALXYT) GEWPAG 1) 1) OLOOOTOINGN
TOV Op®V NG divouy AavOUGUEVE ATOTEAEGLLOTOL.

[Ipopavag To anepo dBpoicpa mov eppaviletal 6Tov opiopd g oelpds Kabopilet tnv Evvoild
™G Kot 0gv mPodkalel T oVykAon TG AT Tov 0piopd NG oEPAS ivar akOpa eavepd OTL

12



2. Mogopikog Aoyiouog Miog Metafintig

N aAloyn evog memepacsuévov TAnBovg dpwv ¢ oepag Bo aAlAlel TV T TOV Opiov U0
ovykAivovoag celpdg aAld Ba aprvel avorioimtn v 0o v W10TTO TG CVLYKAIONG. AnAad,
dev elval dSuVTOV VO LETATPEYOVHE O U1 GVYKATVOLGO GEWPA G€ GLuYKATvovoa aAldlovtag Eva
TeEMEPASUEVO TAN00G Opav, OTmG emiong eival adbvatov pio TETolo aAloyn vo HeTaTpEyet pio
ovykMvovoa celpd o un ovykAivovcso. To pévo amotérecua mov Oa €xel n ovVTIKOTAGTOON
TMEMEPAGUEVOL TANOOVS Op®V 0td GAAOVG GTNV TEPIMTWGT TOL 1) GEPA GLYKAVEL, elvon va, petof-
An0ei n Tipn tov opiov ™¢ S Tov avTITpocwTEVEL TV TN TG oelpds. Emopévac to anotélespa
mov Ba £yl N AVTIKATACTOGT TETEPACUEVOL TANOOVG Op@V OO AAALOVS GTNV TEPITTMGT TOV 1
oelpd ovyKAivet givat vo petafAndei n i) tov opiov ™G S TOV AVTITPOCOTEVEL TNV TN TNG
oEPAC.
[No tapddetypa Exovpe ot

1+1+1+1+ ! 4+ =2
2 4 8 16 -
Av aAAGEOVE TO HEVTEPO KO TOV TETAPTO LOVO OPO TNG GEPAS, Oa Tapovpe
1 13 1
143+—-—+—+—+---=6.
+ +4+ 3 + 16+
®a propovoape LIS VO EYOVLE Kol
1 3 1 1
24 -——4-F+—=4--- =2
+2 4+8+16+

OV OMUOAVEL OTL 1] AVTIKATACTOON TEMEPATUEVOL TANOOVG Opwv amd dAAOVG dgv 001 YEL VOLO-
TEAELOKE KOl OE OAAOYT) TOL OPiOVL HIOG GVYKATVOVGOG GEWPAS, OMAQ EMTPETEL pia TOOVY aAA0yN
TOL 0piov NG CEPAG.

H ovykhion pog oepdg givar emiong moAd gvaicOntn 6€ dSAPopeg OUASOTOMCELS TOV OPMV
™G, ONAadN 610 TAOS aKPPdS Kavovue Tig Tpdéels. [a mapaderypa av otn cepd

n—oo n—oo

Y 1-1)=(1-1)+(1—1)+---=lims, = lim0=0
n=1
nov éxet yio 6pro 1o 0 yivouv ot akOAOVOES OTOUASOTOINCELS KOl ETOVOUASOTOGELS OPWV TTaLip-
VOULUE 1 GEPE
I+ (=14+1)+(-1+1)+---=1
OV GLYKAVEL G€ SLUPOPETIKO OPLo N TN GEPA
a-1+H+¢-1+1-H+H1-1+D)+..=1-1+1-1+...

1 omoia € GLYKALVEL, YT 1) aKoAoLOi0 TV PEPIKMV 0BPOICUAT®V TOAAVTEDETOL SLOOOYIKA LETAED
v aplBuov 1 ko — 1. BAérovpe Aouwdv 6t1 01 opadonooelg Opmv uropovv Oyt Lovo vo petaPd-
Aovv 10 Op1o oG oepdg (PAéme 2.2.1), aAAG aKOUO Kol VO KATOGTPEYOLV T1] GUYKALGT] TNG.

Opiopoc 2.2.5 Botw {a, b po okokovBio. Oa Aépe dti 1 oepd Z a, ovykiiver, 6tav
n=1

axoAovBia TV pepik®V 0BpoIGUATOV TNG GLYKATIVEL, EVO TNV avtifetn mepintwon Oa Aépe ot

N OEPA dev ovYKAIVEL.
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg

YrevOopion 2.2.6 H yeopetpikn mpdodog etvar pio akorovdio aptOpdv, oty onoio kdbe 6pog
TPOKVTTEL OO TOV TPOTYOVUEVO TOALOTAAGLALOVTOG Le Evay aTtafepd aplBud 7, Tov ovopdleton

AOYOG NG TPoddov. Mo Ye®UETPIKT TPOOOOG UTOPEL va. YpaTel o¢ a, ar,ar”,ar”, . ..
To aBpotopa TV TPOTOV 71 OpOV L0 YEMUETPIKNG TPOOSOL diveTal amrd ToV TOTO:
1-7"

bl ylar#]‘7
1—r

S,=a

OTOV a givoil 0 TPAOTOG OPOG KL 0 AOYOG.
Abpotopa aneipov dpwv 6tav 1| < 1 cuykhivel ko dtveton amd tov tomo:
a

S= T i |r| < 1.

2.3 Teoperpikéc, Tnrheokomkéc kol Evalldoocovoeg Xepég
Kprripra Xvykiong kon Iow0tnteg

I'eopeTpikéc oerpéc

Mio amd T1g amAovoTEPEG OAAG CLYYPOVOS TTOAD YPTOIUN CEPA EIVAL 1] YEOUETPIKT GEPA

Z P=14r+r+... n omoia cuykAiver otav |r| < 1, Snhadh 6tov &xet Adyo ue

n=0
ATOALTY TN AVGTNPE LUKPOTEPO TNG LOVAIOLG.
H axolovBia tov pepik®dv abpoloudtmy TG YEOUETPIKNG GEPAG elvar n

l_rn—i—l

Sp = s
1—r

n=0,1,2,...

1 omota cvyihiver oty Ty 1/(1 — r), enedi) yia |r| < 1 &govpe lim 71 = 0.
N—soo

[Mapaosrypa 2.3.1 Na vroloyiotel | oelpd:
= 243"

)y

n=>0

Adon. H cepd propei va ypaptel ©G 10 A0POIGHA dVO YEDUETPIKMV GELPDV:
(=] 2 (=) n
Y =+) =
n=0 S" n=0 S"
3

Kot ot 600 yeopetpucéc oepég cvykiivouy, a@od ot Adyol cOyKMoNg © = 5 Kol = 5 elvan

pKpOTEPOL amod TN povada. Ymoroyilovpe ta abpoicpota wg eENG:
[No v TpdT cepd:
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2. Mogopikog Aoyiouog Miog Metafintig
) = /1\" 1 1
Z_zz. Z <_> S D— B—
n=0 S n=0 5 — ! g

"o ™ devtepn oelpd:

= 3" - 3)" 1 1 5
n:OSn 11210(5 3 % 2

[TpocBétovtag Ta dvo abpoicpata:

25+2.5=5.

Apa, T0 amoTEAEG O TNG OEPAG Etvat:

= 2+ 3"
n=0

TnAeokomkéc oelpég

M oepd ovopdletan tieoromiky oV €ivol TG LOPONG:
n=1 n=1

Avn axorovdia (by,) sivar suykiivovoa, tote Kar M avtictoryn Aeckomiky cepd o stvar
GLYKAIVOLGO.

To n-00t6 pepkd Abpolcua S, OGS TNAECKOTIKNG GEPAG elvar

Si= Y an= Y (bi—bro).

n=1

N
I
—

Avanticoovtag tdpa ta uén S, = (b1 —ba) + (by — b3) + - + (by — by 1), 10 evdiépeca

HEAT OTAOTTOLOVVTOL AOY® TNG PVONG TNG TNAECKOTIKNG GEIPAS Kot ETOUEVOC Oa Eyovpe
Sp=>b1—byy1.
Av 1 axorovBia (b, ) cuykhivel, SnAadn ov Exovpe

lim b, =L,

n—oo
TOTE TO OP10 TOL Ay Ba eivar:

nli_fgoan = r}i_{{)lo(bl —buy1) = b1 —

Apa ko m oepd Z a, Ba cvykiivel. Emopéveg:
n=1

15



2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg

Ozopnpo 2.3.2 Eoto po tnAEcKOTIKY GEPA Z a, ™G omoiag 0 YeVIKOG TG OPOS YPAPETOL

n=1

o¢ a, = b, — b, 1 6mov by, givan koo akorovBia. H oepd Z a, ovykAivel av kot uévo ov
n=1
vrapyel L € R tétowo dote L = lim by 1. Tote to GOpoiopd g ioovton pe

S = lim Sk = b1 —limbk+1 = b] —L.

k—ro0

[Mapaosrypa 2.3.3 Na vroroyicete 10

i 1

5 .

— " +n

A, r ;\‘ ’ ’e i 1 i 1

von.1 10 vo VTTOAOYIGOVLE TO ADpOolo Lo = _
! ! g P g n=1 n2+n n:ln(n+1)

YPNOULOTOOVE HEPIKT KAOoUTIKY ovdAvo. TIpénet va Ppodue otabepéc A ko B dote:

1 A B

nn+1) n+n+1'

Brua 1: Ebpeon koivod mopovouooty: T'pl@ovpe Le KOO TOPOVOLOGTY|

1 A(n+1)+Bn _ An+A+Bn  (A+Bn+A

n(n+1) n(n+1) n(n+1)  nn+1)

O apBuntmg mpénet vo toovtar pe 1, emopévag, A + B = 0 kow A = 1 10 onoio cvvendyeton 611

Brjuo 2: Tedikn popen Apa éxovpe

1 1 1

nn+1) n n+1

Brjua 3: Yroloyiouog tov abpoiouotog

© N B
,;n(nﬂ):,;ﬁ_,;rzﬂ'
1

Opilovpe v akorovdia b, = —. Tote a, = b, — b, 11, Gpa 1 oepd S givar THAeoKkoTIKY, KO
n

10 k-t4Eng pepcd aBpoiopd g wovton pe by — by 1. Enedn

. 1 1 _
’ , limbg, | = lim 5 =0,
éyovpe 011

S=by —limbg, =1-0=1.
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2. Mogopikog Aoyiouog Miog Metafintig

Ynpetwon 2.3.4 O vrobéoeig Eyovy onuaaio. I'vopilovtag 6Tt pia 6e1pd GUYKAIVEL, HTopovLE
UEPIKEG POPES VAL VITOAOYIGOVUE TO AOPOICUE TNG HUECH OMADV OAYERPIK®V Yepopmy. [a
napdderypa, vrobiote 0T YVoPICovpe MG 1 YEMUETPIKY CEPO UE

Ag movpe 0TL T0 ABpolGa TG GEPAG Eivar S, Kol YPAPOVLE:

— KoL’ = 5 GUYKALVEL.
1 1
S=_4_+_4....
2+4+8+
[ToAhamhacialovtag Kot Tig dVo TAEVPEG TNG e&lomong pe 2, EYOVLE:
1
2S=14+-+-+=-+4+---=148§.
2 4 8

Av16 cvvendryetat:

285=1+S /4 S=1.
Enopévamc, to aBpotopa g oeipds sivan S = 1.

dovpe TV mepintwon:

[ToAamiacidlovtog pe 2:

Tt cvpPaivel dpmg 6TaV aKolovOncovpe TV Ot dladtkacio yio o amokAivovoa oelpd; Ag
S=14+24+44+8+16+---.

Avto olvet:

25=24+4+84+16+---=S5—-1.

28=8S—1 1 S=-—1.

To anotéheopa S = —1 givar Tapdroyo, 610TL 1) 6€1Ppd givar amokAivovoa.

Opropoc 2.3.5 M anelpn oepd Zan Aéyetan evatlaooovao av o SodoyKd TG TPOCT L
eVOALAGGOVTAL, ONANOT 0V UITOPEL Vo YPOQEL 6T LOPON

Y (-1)"a, v Y (—1)a,
n=1 n=1

omov a,, > 0 yia kébe n € N.

Iyého 2.3.6 Eav S = Y (—1)"'ay, v,
n=1 \\ s
OTE: S s
T0TE: VAR S s
AN AN
oo n =2k, ke{0,1,...}, &ovpe T W Y
\/
S—Su=
(boks1 —bogi2 + b3 —-+-)

AvTn elvon TAAL EVOALAGGOLEVT GELPA LE
Beticd mpdTO 6pO bogi1. Apa

S—8r>0 = Su<Ss.

Zympa 2.2 To uepikd abpoicuoro. [uag evarlaoooveas oeipag

TAAOVTOVOVTOL IOV KOl KGTW om0 To Oplo. Ta mepittd uepika
abpoiauora phivovy kai ta aptio. avédvovtal .
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg
e Eniong, yiun =2k+1, k € {0, 1,...} &ovpe

S — Sok+1 = (—b2k+2 + bout3 —bogra+-+-)
Avti givon At evodlaooopevn Gepd Le apynTikd TpdTo 6po —bok 2. Apa
S—Su1 <0 = Sy >8.
Emeon
So=b1—by>0 xu S<S=0by,

moipvovpe

0<S<b.

Enopévag, 0 < § < by kS, < § < §; yia kabe p dptio kou k6be g mepirto.

Kpimipro evairdoocovoog oelpag

YroOéote 6tin {b, } eivor pua Beticn axorovdio mov ebiver kar cuykiivel oto 0, dnhady,

by >by>by>by>--->0

kon lim b,, = 0.
n—oo

Tote N axdAovON evarrldcovca Gelpd

Z(—l)n_lbn =by—by+b3—by+---
n=1

cvykAivel. EmmAdov, av S = Z (=1)"" b, t61¢
n=1

0 <8 <bixasS, < S < S y10kdbe p dptio kar kGOe gmepiTto.

[Mapdaoerypa 2.3.7 Na dei&ete 0TL N oelpd:
> (-1 1 1 1

)Ny ay by, iy

ovykAivel. EmmAéov, va deifete 6t av S givor to dBpotopa g oepdg, tote 1oydert 0 < § < 1.

Adon. Or6pot b,, = — eivar Oetikol ko pOivovv eved lim b, = 0. Eropévmg n oeipd cuykiivel
n p \/ﬁ ¢ Pred HeVaG M GEP Y

oOUP®VO. [E TO KPUINplo eVOALGGooVGaS oelpds. EmumAéov av 1o dOpotopa g oepdg eivar S

> (_1 n—1
101 0 < § < 1 ene1dn by = 1. Emopévag n cepd Z i

n=1 \/ﬁ

ovykAivel (Zynua 2.3).
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2. Mogopikog Aoyiouog Miog Metafintig

y
y
s, 12 +
117
| S5 s 10
| ’\ ?5? ] 8
(L [{ T
S ‘l 1’ \| ll \‘ -'I \\ I\\ II\ Ix‘ IF\ 'ﬂ‘ :K\ 6T
0.5t |"I\¥I‘¥’\‘I¥\‘l\‘ Yy ¥ 4l
) S o'
S, S 27
o
n

t t t u t n
10 20 30 40 50
(2) Mepixd: abpoi S 2(1)”*11 (b) Mepuxd. abpoi S zk"l
a) Mepixa abpoiouota e S = — —. epixa abpoiouaro e S = —.
n=1 \/;l = \/ﬁ

Xympa 2.3

To emduevo Bedpnpa to omoio Pacileton oy avicotta S, < S < S, TOL KPUTHPLO EVOAAGL-
000VGOG GEPAG Lo OIVEL ONUOVTIKES TANPOPOPIES GYETIKA LE TO GPAALO TOV TPOKVTTEL OO
™ xpNon evog UePKov abpoiGlOTOC Yo TNV TPOGEYYIoN TOV afpOiGHATOG UING GUYKAIVOVCOG
EVOALAGGOVGOG GEPAG.

Ochpnpo 2.3.8 Eote S = Z (—=1)"" b, 6mov {b,} eivon i Beticy pBivovsa axorovbia
n=1
nov ovykAivel oto 0. Tote

IS — Sn| < byt1.

Me Ao Adyia dtav mpooeyyifovpe 10 S pe to Sy, 10 opalua givar pikpotepo oo o péyebog
TOV TPAOTOL TAPUAEUTOUEVOV OPOL Dy 1.

Avon. Av 1o N givon dptio tote 10 N + 1 givon meprrtd kot cOu@mvo pe 1o Kprrnplo eVEAALGoov-
o0G GEPAG EYOVLE OTL

Sy < 8§ < Syi1mradn Sy < S < Sy+bnii

Eniong av to N givou tepirtd tote 1o N + 1 givon Gptio ko sOpemva e To Kpiripo eVaAAAcoov-
G0G GELPAG EYOVLE OTL

Sn+1 < S < Sy mhadn Sy —by+1 < S < Sy
Enopévag, oe ka0e mepintmon Oa 1oyvel

Sy —bn+1 < S < Sy+byt1 rodn |S—Sn| < byt.

Mopaosrypa 2.3.9 Na dei&ete 611 1) ogpd

o0 _ln—l
Z( )

n
n=1
ovykAivel. Av 1o S mapiotdvel to dOpotopa, ToTE
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg
1
a) Na deitete o1t |[S — Sg| < =
b) Na Bpeite éva N tét010 Gote 10 Sy vo mpooeyyilel o S e opdipuo pikpdtepo amd 1073
, 1 :
Avon. Ov6pot b, = — givar Bgtikoi ko eOivovv, evd 1im b, = 0. Enopévag n oepd cuykivel
n

n—soo
COLPOVA LLE TO KPLTNPLO TNG EVOALAGGOLGOS GELPAG.

(a) Epappolovtag v avicotnta

S_S 1
| — Nl < bN 1= N7
Yo N=6 Taipvoupe

1
|S—S6| <b7:7.

(b) TN v Tpoceyyiler o S pe oedipa pikpdtepo amd 1073 erdéyovpe 1o N 1ot dote va toydeL

10t = N2 108 — N> 99,

N+1
Onwg o dodE 6TO TOPAKAT® TAPAOELYLO, TO KPITNPLO TNG EVOALACGOVGOS GEPAS OV 1GYVEL
av napafréyovpe v vdeon 6t  axorovdia (by) eivor phivovoa. Tpv TPoywPHCOLLE GTO
GLYKEKPHEVO avTimapdostypa, Bo vreviupicovpe £vo KAAGIKO Kol 10104TEPA CNUAVTIKO TOPAdEL-
YHO 0TOKAIVOLGOG GEPAC, TNV OPUOVIKY GEIPA.

Mapdaoerypa 2.3.10 H cepd Z — ovoudletan apuovikn geypd Kot OV GUYKAIVEL. AVTO onpaivel
n

n=1
011 10 dBpotopd TG eivan dmepo. Ipdypartt, Exovpe
i ! =1+ ! + ! + d +
“n 2 3 4

Xopilovpe ToVG OPOLS TNG GEPAS OC EENG:

bt (o s )+ (ot o)+
2 \3 4 5'6 7 8

[Tapatnpovpe 6TL KAOE opdda TePIE)EL P dpovug 6mov k eivar ) 0¢om g opddog. Emmdéov, oe
KkéOe opada, Kabe Opog eival peyaldTepog 1 160G e TN UIKPOTEPN TIUT| TOV OPOL GTNV OUAOOL.

[No Ttapddetypa:

I 1 I 1

1 1
374777 57677

Apa t0 cuvolkd dBpotspa eivar TovAdyloTOV

1 1
>4,
HEIR

PR R
273273 — T
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2. Mogopikog Aoyiouog Miog Metafintig

70 0moi0 amokAivel KaBmg mTpooeyyilel To dmelpo. *Apa 1 0pHOVIKT GEPE Z — 0gv oLYKALvEL
n
n=1
KaOdg
=1
Y - =
- n
n=1
[Mapaosrypa 2.3.11 Na dci&ete 6T1 M o8P
I 1 n 1 1 n 1 1 Lo 1 1 n
2 4 3 8 4 16 n 2"
amokAivet.
Avon. H oepd pmopel va ypapei GuvomTIKG ¢
i I 1
n=1 \ 2"
Xopilovpe ™ oepd 6€ dVO PEPN
Y.-Y;
P L — 2"
, v L o - y , ,
H npot cepd Z — glvaum appovikn oepd n onoia eivor yvooto 0Tt amokAivet kot devTepn
n
n=1

oelpa givorl po YEOUETPIKN GEPE pe AOYO ¥ = 5 n omoia cvykiivel. Enedn 6tav tpocbécovpe

N 0PAPEGOVUE EVOV TIETEPUCTUEVO aPlOUO OO Lol ATOKAIVOVGO GEIPA TO OMOTEAEGLO TOLPOUEVEL
ocvumepaivovue 6t M oePpd

OTTOKALVEL.

2.3.1 Tevikd kprripro 6OyYKAIoNG

H pelén g ovykMong tov celpav €xel anacyoinoet wwitepa ™ padnuotikn Ppioypapio
KaBmg GuVOEETAL LLE O1APOoPa KPLTNPLEL GUYKAIONG Kot ATOKAIGE®V Y10 GEPEG TOAADV TOTWV. XTO
Tapov TAaiclo Oa eploploToVe 0TI PAGIKES apyEG CVYKAONC MGTE VO TAPEYOVILE GTOV AVAYVAD-
oTN WO E160YOYIKN KoTavonon g Oepatikng. Mia oepd pmopet va Bewpnbel wg 1o dBpoiopa
aneipov aplBuov. T va €t vomuo avtd 1o arepo dBpotopa Oo Tpémel voo GUYKAIVEL G pia
TEMEPOUCUEVN TIUN. AVTO onuaivel 6Tt ot TPocsheTEéoL OpoL TNG GEPAS, Kabmg mpootifevtat, Ha
TPEMEL VAL PELDOVOVTOL GUVEXDS KO VO TEIVOUV 6TO UNdEV. AlopOopeTIKA 1 GEPA dev pmopel vo
OLYKAIVEL. AVTO TO GUUTEPAGHLO LOYVEL KLPIWS Y10 TOVG OPOLG TTOL Ppickovtal 6To “TEA0G” TG
oelpds, MAadn o€ aTOVG TOL BKOAOVOOLV HETA OO EVOV GUYKEKPLUEVO PO TPMOTOV Op®V.
Av 01 0pot 6TV 0VPE HoG GELPAG OEV TEIVOLV GTO UNOEV TOTE M GELPA O GLYKAIVEL KOO KOl OV
dlot o1 bpot g oelpdc Yivouv ocodnmote pikpoi. o mapddetypa, n oepd pe 6povg a, = € > 0,
OOV € 0G0ONTOTE UIKPOC OeTIKOC 0p1OUOG, O GuYKAiveL YiaTi

n
lim s, = lim ) &= lim (ne) = lim n = co.

n—oo n—reo = n—oo n—oo
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg
2V mepintwon OPmS Tov pia 6epd e Opovs d, cvykKAivel T0Te Ba £xovpe

lim a, = 0.
n—soo

Avto pumopet va derybel wg eENc: AoV 1 oEPA Pe OPOVS Ay GLYKALVEL, £mETaL OTL 1) okoAovBia pe
opovg s, gtvar Cauchy. Zvvenmg vapyel LGIKOS aplOUOS 1 £TGL MOTE

|Sp — Sm| < €

v KGO 1 ko m peyaAdTEPOLE 1 icovg Tov Mg. Av Aowdv emdéEovpe v TR n = m + 1, pe
m > ng, 10te

m+1 m
|Sn_sm| = Z ay — Zak = |am+1| <E€
k=1 k=1
o Vv omola oyEon EmeTon OTL

lim a, = 0.
n—soo

YVVENMDC GuUTEPAivVOVE OTL:

(o]

Av n oelpd Z a, ovykiivel, tote lim a,, = 0.
n—>o0
n=1

To amotéleopa avTd Elval YvoOTO WG KPITHPLO OTOKALGHS TOD N-00TOD OPOL | KPITHPILO THS ATOKAL-
O1¢ KO SIOTVTAVETOL GLYVE [LE TNV 1GOSVVAUN HOPPT TTOL 0KOAOLOEL ¢ EENG:

To kprT11pLo amdéKAong TOV 11-06TOV 6POV

Av lim a, # 0 161 1 oe1pd Z ay omoKAiveL
n—yoo
n=1

200 2.3.12 To kptiplo amdKAGNG TOL 71-0GTOV OPOV TPOKVTTEL ALETO 1OG owriesroavnotpO(pJ‘l
TOV TTIPONYOVLEVOL GUUTEPAGLATOG.

[Tpdypatt, n TpoTOoN

oo

“av 1 oepd Z a, ovykAivel, 1ote lim a, =07
n—soo
n=1

glval Aoywkd 1oodhvaun pe Ty TpoTaom

oo

“av lim a, # 0, tote 1 oe1Pd Z an amokAiver”.
n—oo n—1
2VVETAMC, TO KPITHPLO OTOKAGNG TOV 71-0GTOV OPOV OEV OMOTEAEL VEO QMOTELEG LA, OALG GpLeoN
GUVETELD, TNG TOPATAVE aVOyKoiog GuvOnKng cuYKAoNG.
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2. Mogopikog Aoyiouog Miog Metafintig

YrevOopon 2.3.13 Osopolie v TpoTaon

Z a, ovykiiver = lim a, = 0.

n—oo
n=1

®f&tovpe:
o A: «noepd Y. a, cuykiivew,

e B: «lim a,, = O».
n—soo

Tote wyvovv T €€Ng:
* 1 oVyKAoN NG oEPAS givar tkavy cuvOKN Yo vo oyvel a, — 0,

* 1 obykhon a, — 0 eivar avaykaio cuvOnkn ya va cuykhivel 1 ogpd,
* OUMG OeV Elval Ko, OTTMG JETYVEL TO TAPASELYLLOL TNG OPUOVIKNG GELPAG.

2 VUVOTTIKA:

A= B, onB=A.

Hopaderypa 2.3 14 Na s&sracars ¢ cﬂ)ylducm n mv ATOKALON TOV GEPDV:

1 2 3 4
b _ - _Z4- T
()24 +1 ()n;l n+1 2 3+4 5+
n ) 1 1
Avon. (a) 'Exoovue hm Ny = lim = lim —— = —. O n-0616¢ 6pOg a,, d&v cLYKAIvVEL
n—oo 4p + 1 n%oo4+1 4
n

070 UNdEV, OTATE 1] GEPA ATOKAIVEL GOUP®VO LE TO KPITNPLO ATOKALGNG TOV 11-0GTOV OPOvL.
n

(b) O yevikdg 6pog a, = (— 1)”_1 I dev tetvel o éva opro. Tlpayuoartt, To TElVEL OTO
n

n—+
1, omdte o1 mePLTTOl OPOL A2y-1 TEIVOLV GTO 1 KO o1 GpTiot bpot ay, teivovv oto — 1. Engidn 1o

lg‘n a, dev vapyeL, M GEPA ATOKAIVEL COLPOVO LE TO KPITNPLO OTOKAIGNG TOV 1-0GTOV OPOUL.
n—soo

To kp1tp1o amOKAIOTG TOL 1-0GTOV OPOL MO AEeL £va LOVO PEPOS NG toTtopiag. Av To dj, dgv

1eivel oo undév, 10te N Y a, anokiivel ontwodnmote. AAAG TL cvuPaivel av to a, teivel Tpdypott

0710 UNdEv; Ze avT TNV TEPITTOON, N GEPA Umopel va cuykAivel 1 umopel va omokAivel. Mg

Ao MOy, M li_r>n a, = 0 givar o avaykaio cuvOnkn cvykiong adlla dev givar enopknc. Onmg
n (o]

delyvoue 6TO EMOUEVO TOPASELY LA, EIVOL SOLVATOV Y10 L GEPA VO ATOKAIVEL KON KOt av Ol
Opot NG TEIVOLY GTO UNdEV.

Mopaosrypa 2.3.15 H akorovBia teivel 6to undév aArd n oepd amokAivel. Na amodei&ete v
amOKMoN TG

Gl
=V V1oV2 3

1
Adon. O yevikdg 0pog —= teivel 6to pundév. Qotdoo, eneldn kabs 6pog oto pepkd dOpotopa Sy

Vn
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg

elvan peyolvtepog 1 icog amd —N, £YOVLE:

1 1 1
SN=—t =
N2 VN
- Meprxd ofipoiopasa, Sy

1 1 1
——+——+4-+— (e N 6povg).
JN VN sy (el opove)

Av16 pag divet:

Sv>N|[— ) = \/N Opot g axohovbieg, a,
"o (m)

AMG N VN avEavetar ameptoptoto. Kabdg

N — oo, Enopévag, 1o Sy av&avetat eniong

aneploploTa. AVTO ATOOEIKVVEL OTL 1] GELPA
(oo}

1 1

r TP TO YEYOVOC OTL 01 OPOl ——= TEIVOVY OTO UNOEV
Z QTOKALVEL. pe-T0 7EY POt n i

n=1 \/ﬁ

[Tpwv e160yAyOLLLE TO ETUEPOVS KPITHPLOL GUYKALOTG, EIVOL YPOLUO VO SLOUTUTMGOVE £V, YEVIKO
Kot OepeMmoeg KPLTplo, To 0moio Oev amoTel TN Yvmdon Tov afpoicuaToc piag GEPAg, aAld
Baociletor amoKAEIGTIKA OTN GLUUTEPLPOPE TOV HEPIK®Y TNG abpoicpdtmv. To kprtiplo owto givat
To KprTplo cvykiong katd Cauchy kot omoteLel AUEST) CUVETELN TNE TANPOTNTAG TOV YDPOL TWV
TPOAYLOTIKOV aplOpdV.

Zympa 2.4 To uepixd alpoiouoto tng Z —— amokAivovy
n

n=1

oo

Opopoc 2.3.16 Mo drelpn oepd Z A, GLYKAIVEL ATOADTOG OV 1] GEPA TV ATOATOV TILOV

n=1
[ere]

¢ ouyKAivel, SnAady av Z |a,| eivar suyrAivovsa.
n=0

Kprmpro cvykiong kata Cauchy.

M cepd
Y
n=1

cvyKAiverl av kot povo av yio kddes € > 0 vrdpyet N € N tétowo dote yiodhatom >n > N
Ao RTepqital
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2. Mogopikog Aoyiouog Miog Metafintig

Ozopnpo 2.3.17 Av o 6€1pd GVYKAMVEL OTOAVTOC, TOTE GUYKAIVEL KO OTTAGL.

Adon. Amo ™V avicdTNTO TPLYDOVOL £YOVLE

n n
Zak < Z |an|
k=1 k=1

Yvvenag and to Kpirmmpilo ovykiiong katd Cauchy éyovpe 61t agod 1 Z |a,| cvykhiiver tote Oa
n=1

OLYKAMVEL Ko Z ap.
k=1

To kpitpro ocvykiong katd Cauchy mapéyet Evav yevikd Kot avotnpo Tpdmo eAEYXOL TG GUYKAL-
ong pog oepds. Idwaitepn onpacio Exel ot HEAETN TNG ATOAVTNG GVYKAIONG, S1OTL OV Lo, GEPAL
Y a,, cvyhiver omolitog, SnAadn av n oepd Y. |a,| cvykhive, tote and to kpirfpio Tov Cauchy
TPOKVTTEL AUESO OTL KO 1] OPYLKN GEPE GLYKATVEL. XNV TPA&N, T Kpltiptlo tov Cauchy ypnoipo-
moteitanl ovyva ERUESE: T aOALTN cLYKAMGON €£AGPOALEL OTL Ol “OVPES” TNG GEPAS UTOPOVV
va yivouv avBaipeta PIKpES, YEYOVOS TOL €YYLATOL TN GUYKAMON NG GEPAS avesdptnto amd Ta
TPOGN L. TOV OPOV TNG.

To GBpotopa TV avtiotpoewv duvapewmyv n~ P ovoudletar oeipa-p. Onwg deiyvel 1o endOUEVO
KPUTPLo 1M GUYKAION 1 1] ATOKALGT ALTOV TOV oepaV Kobopiletar omd v Tiun tov p.

Kpuripuo evykiong oepdc-p

H drepn cepd
i 1
n=1 np

ovykAivet av p > 1 kan amokAivel StapopeTiKd.

Emopévac, n oepd
i 1
n=1 n
ovykAiver yua p > 1 ko amoxhiver yua p < 1.
[Mopokdato ivor 600 mapadelypoato Gelpmdv-p:

[apaderypa 2.3.18 Onwg sinape og Tponyoduevo mapaderypa, yio p = 1 £xovpe v appovikn
iy |
oelpa Z — 1 omoia dgv cvykAivel. Avtd onuaivel 6Tt To ABpotoud TG givar dmelpo.
=1

= 1 1 1
—==3=+3=+

1
Y= wtmtnt

+ .- =00 (amokAivet).

1
a

T t1g oepéc
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc

Kpitypro Xoyklions kou 1o10tnteg
| |
Z — Kot Z m

n=1 h n=1

&yovpe MO dwoet amodeielg andxiong ota [opadeiypoara 2.3.10 ko 2.3.15 avrtictoyo. Kot
oTIG 00 TEPUTTMOOELG TPOKELTOL Yo P-0EpéC pe p < 1, yeyovdg mov 0dnyei oty amdkAon Toug.

Amopével va e€gtdoovpie Ty Tepintoon p = 2, dnAadn ) oepd
=1
N onoia anoteAel To facikd mapaderypo p-celpdg pe p > 1. Ty emdpevn anddeién Ha deiovpe

OTL 1M GEPA 0TI GLYKAIVEL, YOPIS VO XPNGUYLOTOCOVLLE TO KPLTHPLO TOL OAOKANpOHatos. Edv
p =2, 101¢

1
=-+>+>+-5+ (cvykhivey).

®a deifovpe OTL GLYKAMVEL, OPLOOOTOLDVTOS TOLG OPOVG TNG.

Bijuo 1: Ouadomoinon. Tpaeovpe ) cepd og GOpotoua opddov pe minbog opov 1,1,2.4, ...

LI AT T N T U
n:lnz_ 12 22 32 ' 42 52 ]2

Anrodn, HETA TOVG 600 TPMTOVG OPOVG, O OLADEG Etvar

{3,4}, {5,6,7,8},

Ko yevika 1 k-oot opdda (Yo k > 1) mepihapPdvet toug deikteg

n=2%4+1 2542, ... 2kF1,

H opdda avtn €xet axpipag
ok 2k 1) +1=2F
OpoLG.
Brua 2: Extiunon kabe oudoog.
e Twn=3,4:

26



2. Mogopikog Aoyiouog Miog Metafintig

1 1
« Twan=35,...,8: k4Ot 6pog wavomorei ) < 5 apa
1 Loy 1 o 14 <1
52 82~ 52 25 4

s Tevikd, yia k > 1, otnv oudda

1 1 1
(2k+1)2 ™ (2k+2)2 Tt (2k+1)2

k60 Seikne 1 wcavomotet n > 25K+ 1 > 2% gpa

1 1
(2% +1)2 Tt (2k+1)2 = ' (262 2K

Brua 3: Xoykpion ue yewuetpixn oeipa. Apa to AOPOIGHA TNG OPYIKNG GEPAG IKOVOTOLET
= 1 1 1 =1
+ =+ —— = e ey
Z’ 12 22 Z ( 2k 4 1) (2k+1)2> — 4 kgl 2k
H oepd Z etvon YeopeTPIKn e AOYo X Gpa cuykiivel kot pdota

w 1

PNV (0T

n2 Tt T '

n=1

O oepéc-p etvon Waitepo GNUAVTIKES YLOTL XPNOLLOTOLOVVTOL GLYVA Yo Vo kabopicovpe
oLYKAMON N TNV ATOKAGT LEPIKADV YEVIKEDUEVOV OAOKANPOUAT®V.
‘Eva dALo oyeddv mpopavég kpttnpto gival o akdAovo:
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc

Kpitypro Xoyklions kou 1o10tnteg

Kpirmypro dpeong ovykpiong

Oewpovye TIC GEPES
Y an, a,>0xat Y by, by >0
n=1 n=1

Yl Tig omoieg woyver dtr a, < b,, n € N.

(1) Avnoepa Z b, cvykivel, 10te Ko oEpd
n=1

(o]
Z a, GUYKALVEL

n=1

(i) Av n ogpd Z a, 0V CLYKAIVEL, TOTE Kou 1
n=1

oelpd Z b, 8gv cuyKkhivel.

n=1

Yyqna 2.5 H ovyriion g Y. by eCavaykaler
] oOYKALoN THG Y. Ay

Me ahlo Adya, av mpocsBétovtag dmelpovg BeTikong aptBpovs TacoviE GE £VOV TETEPACLEVO
apBud, 10te mpochitovtag Amelpovs UIKPOTEPOLG 1 icovg apBuovs Ba pTdcovpe TaM g Evav
TEMEPAGUEVO aplOpd. AvtiBeta, av to amotédeoua g Tpdcbeonc ivor dmepo, tote Tpocshétovtag
peyoaAvtepoug 1 icovg ap1fpovg Ba kataAnEovpe mi o€ dnelpo amotédespo. [apd v andlotntd
TOV, TO KPLTNPLO Gpeong cvykpiong eivat waitepa xprGUYLO KOl ATOTEAEGLOTIKO.

Kpimipro Ohoxkinpopatog

x > 1. Tote woyvovv ta eENG:

oo

n=1

"Eoto a, = f(n), 6mov f(x) eivon pa Oetich, pbivovsa Kot Guveynig GuVAPTNON TOL X Y10,

(i) Av To / f(x)dx cvykhiver, 161 M GEPG Z a, cuyKAveL.
1

n=1

(ii) /1 f(x)dx omoxhiver, 16TE M OEPG Z @, OmOKALVEL.

[Ipdypatt, Bewpovpe tn cuvaptnon

28

Hopaoerypo 2.3.19 Zro Mapdderypa 2.3.18 amodeilape 60TL 1 6E1pdL Z —5 TV &fvar YvooTH
n
n=1

g geipd, Tov Basel, cuykiivel o évav menepacpévo apfud. Onmg Ba dovdpe otn cuvéyELn, TO
ATOTEAEGLOL OVTO TTPOKVITEL AUECA LLE TN YPNOT] TOV KPITNPIioL TOV OAOKANPOUATOC.

1




2. Mogopikog Aoyiouog Miog Metafintig

1
= > 1
f)=, w21,

n onoia gfvan Oetucn}, cuveyng kot yvnoimg edivovsa 6to [1, 4-00). Yroroyilovpe to avtictoro
YEVIKEVUEVO OAOKAPOLLOL:

| R , 11" 1
/ —dx = lim —dx=lm |[—| =lm | —=+1]| =1.
1 x2 h—oo J1 X2 b—eo | X|| b b

To olokAnpmpa cvykiivel og memepacpévo apBpd. Emopévog, chppova pe o Kpitnplo tov
OAOKANPOUOTOC, 1) GEPA

GULYKALVEL

> 1 > 1
IHopaosvypa 2.3.20 Na armodeiEete 0t 1 og1pd. CVYKALIVEL EVOD M oE1PdL
paderyp S N pn;3n+zv N p’;\/ﬁ+1

OTTOKAVEL.

Avon. Emeidn

! < ! Wen > 1
— v kGle n
3y 3 ! =

KO 1] YEOUETPIKN o€1pd pe Adyo 1 / 3 cvykhivel, émeton OTL Ko 1 GEWPE

|
L 542

GLYKMVEL.
’Opoimg, emedn
1

1
<
n  n+l

v k4be n > 3

Kol M — 0&V CLYKMVEL ETETOL OTL KOl 1] GEPA

|
n;\/ﬁﬂ

dev GLYKALVEL.
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg

[Tportopackevostiki epotiocig 2.3.21 Tt poro mailovv ta pepikd abpoicpote 6Tov opiopd
T0V afpoicpaTog HoG ATEPOGELPEC;

N
Ardvyon: Ta pepikd abpoiopoto Sy = Z a, pog Ponbovv va KoTovor|GOVLE T GUUTEPLPOPA
n=1
LLOG OTELPOGELPAG. AV TO Al/im Sy = S, 101e | 6€1pd cvyKhivel Kot to GOpotopd g givar S. Av
—»00

TO OPLO OV LVILAPYEL, N GEPE OTOKAIVEL.

ITportapackevaotikic epotioeis 2.3.22 oo givat 1o ABpotopa TG TOPAKAT® OTEPOCEPAC;

R
47816 32

Amdvinon: Avt etvol YEOUETPIKN GEPA LE TPADTO OPO A = 2 Kot AGyo 1 = 5 To G0poopd g

dtveton and tov TOmo:

[Tportopackevastikic epotioeis 2.3.23 TiovpPaivel av epapudcovpe tov THmo Tov afpoicpa-
TOG HOG YEMUETPIKNG GEWPAG oTNV TTapakdate cepd; Efvatl éyxvupog o tomog;

1+3+32+334+3%+...
Arévenon: O TOmog Tov afpoiGHATOG HaG YEMUETPIKNG GEPaG epapudletar pévo otav |r| < 1.

Yy mepintmon avth 0 Adyog ¥ = 3 givor peyakvtepog omod 1o 1, emopévmg 1 ogipd amokAiver ko
0 TOTOG dEV elvar £YKvpog.

IMporapackevaotikig epmtioels 2.3.24 Eivar opfn 1 o1 n cvAloyiotikny oty axdiovdn
TPOTOON:

|
E — = 0 eme1dm 10 — T&iVEL 6TO PMBEv.
| n n
n=

Ardvtnon: To yeyovog 6t a, — 0 dev givon emapkng cuvOKn cOYKAMONG. XNV TEPITTOON TNG
=1
CELPAG Z —5, TPAYHOTLGVYKAIVEL (YVOOTO omoTéleopa and T Bewpio oep@dv), arrd to GOpotopa
n
n=1
dev givan 0. H mpdtoon eivar havOaouévn.
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2. Mogopikog Aoyiouog Miog Metafintig

[Tportopackevootikic epotiosic 2.3.25 Eivaw opBn 11 0yt 1 cvAAOYIGTIKY] 0TV akdAovOn
TpoOTOON:

o0

1
Z — GvyKMval enedn lim — = 0.

n—soo \/ﬁ

Ancvrnon: H cuAloyiotikn etvar AavBoopévn. T va S1omeTtdcove av pio 6elpd cuyKAiveL, To
1 |
YEYOVOG OTL 0 YEVIKOG OPOG TG OEPAC ——= Telvel 610 Undév, oev apkel. H oepd — givan

\/ﬁ ’ n=1

YVOOTY O GEPA P U p = 2 Tov gival anokAivovoa.

Enopévmg, mapdro mov

aVTO amd LOVO TOL JEV £YYLATAL OTL 1 GEPE GUYKAIVEL

[poropackevacTtikig epotioels 2.3.26 Na Bpeite éva N t€to10 dote Sy > 25 1ot oelpd

y 2

n=1

Ancvrnon: H celpd Z 2 givon amokhivovsa, aAAG To pepikd aOpoiopa Sy = 2N. Oélovpe:
n=1

2N >25 — N > 12.5.

Apa, 0 pikpotepo oxépato N eivan N = 13.

Avpéves aoknoeis 2.3.27 1. Na Bpeite évav tomo yuo tov yevikd 6po a;, (0L T0 PePIKO
GBpolopa) Yo TIC OmEPOCELPEG:

1

11
@ _+9+27+81+ :

1 5 25 125
0 ~+>+=+ =+

127478

1 22 N 33 44 N
© 1 377321 3321
9> 4+ 2 U
@ 1241 2241 3241 4241

2. Na ypayete og GOUPOMGUO 0OPOIGHATOC TIG TOPAKATO CEPES:
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg

pel o
@ 1+7+351 76

b —%1+1—+1+
® 5716725 36

LR
© 1=3+35-7

125 625 3125 15625
+ +

@ 9 * 16+ 25 36

3. XTIC TOPOKAT® GEPES VO, YPTCLOTOUCETE TO KPLTHPLO OTOKAGNG TOV 1-0GTOV OOV Yo
Vo amodEIEETE OTL 1| OELPA ATOKAIVEL.

n
(a)’Z;IOn—FIZ'
- n
by Y ——.
2 ng’l\/nz—i—l

v 1,2 9
© 1737373

@ Y (-
n=1

1 1 1
(e) cos§+cos§+cosz+...

(0 io(m_n)

4. No dciete 0TL v t0 @ > 1 givon évag puokog apBude , tote:

= 1 1 1
Z —@+—+~+—>.
= nnta) a 2 a

O Pierre de Fermat ypnowomoinoce ocepéc yuo
v voAoyicel To gUPadOV KAT® amd TN YPOPIKN
napéotoon me f(x) = xV ot [0,4]. Tw 0 <
r < 1, éoto F(r) 10 60poicpa tov eppaddv tmv
anepov opboyoviov de&idv dkpov pe dkpa Ar',
© 0mw¢ oto Zynua 2.6. Kabag to r teivel oto 1, 10
opfoydvia yivovtan otevotepa kar to F(r) teivel
070 eUPadOV KAT® amd TN YPaPIKY Topdotact. No

deiete OtTL
__ AN+1_1-—r i
F(r) =A 1, N+1" Yynna 2.6

Avon.
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2. Mogopikog Aoyiouog Miog Metafintig

(a) MMopatnpovpe 6TL TPOKELTAL Y10, 0L YEDOUETPIKY| GEPA LLE TPAOTO OPO A = 3 KoL AOYo

1

r= 3 O yevikdg OpOG L0 YEMUETPIKNG GEPAS diveTon amd Tov TOo dy = aj - ny

—1
1 " 1
AVTIKaO10T®- VTG TIG TYES TOV d] KOL TOV ¥ €QovuE dy = = - | =

3\ 3 3
(b) H oeipd & b, 25 155, —1+5+52+53+ Ernoué
oelpd gival 1t2t3 2 =1ttt 53 . Emouévmg

apOUN TG TOV 1-0GTOL OPOL Elvar 5" kot o TOPOVOUOGTHG TOV F-GTOV Opov Elvar
P Apa, 0 yevikdg 6pog NG oepds eivan

Sn—l 5 n—1
()

1 22 N 33 44

1 21 3.2-1 4-3-2-1
Enopévmc apuntig tov 1n-06toh dpov sivar n”, evd o mapovopactig stvar 1!, kot
01 0pot evaALAcGovy Tpdono. Apa, 0 Yevikog Opog TG GEpdg etvon

n
—(_ n—i—ln_
an,=(—1) o

(c) H oepa eivar

(d) H ocepd eivon
2 1 2 1
Pri 241 3241 #+1
O apOuntic evarraooetat peta&d 2 (o meprrtd n) ko 1 (yio dptia r), evéd o mapovopa-
oG glvon n*+1. Apa, 0 yeViKOG OpOC TS GEPAS tvar

2
21 av 1 givor epittog,
a, =
1 A
———, v n eival 4pTiog.
(a) H oepa elvar:
1+ ! + ! + ! +
4 9 16
[Mopatnpovpe 6tL kéBe Gpog Exel TN LOPON|
1
ap=—>, von>1
n
Apa, 1 oEPA YPAPETOL OG:
i 1
_2.
n=1"
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg
(b) H ocepd eiva:
I 1 1

1
ot 6T 36T

KéBe 6pog éxer ™ popoen:

a, = CEIEA yan > 1
Apa, 1 oEPA YPAPETOL OG:
= 1
n; (n+2)?
(c) H oepa elvar:
L1
3 5 7
Ot 6pot eVvOAALACCOVTOL KOt £X0VV T LOPON:
a, = (;nl%?, yan > 1.

Apa, 1 GEPA YPAPETOL OC:
n—|—l

Z 2n—1

(d) H oepd eiva:
125 n 625 n 3125 4 15625
9 16 25 36

UTOPOVLE VO TOPOTNPNCOVLE OTL KGBE OpOog ExEL TN LOPPT):

5n+2
anp = , mon>1.
T2y
Apa, 1 oePpd YpAPETOL OG:
00 5n+2
nZ’l (n+2)2
@ Y, o Oy pos
a — . O yevikdg 6pog eivat:
L q0n 4127 TS OPOS
n
n
10n+12
Yroloyilovpe o Op10:
y . n T | 1
ma,=Im —=1m ——x= = —.
o o o 12
n— n— 101’l+12 n— 10—|—— 10
n

Enedn to 6pro dev givar 0, ) oepd amokiiver.

n
(b) Z ——. O yevikdg 6pog eivat:
n=1 n2 + 1
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Ymroloyilovpe o Op1o:

lim a, = lim = lim

n 1
N—>00 n—)oo1/n2+1 N—s00 1+ _1 =1.
\/ 2
n

Enedn to 6pro dev givar 0, ) oepd amokiiver.

(c) H oepd mov diveron eivan:

0 1 n 2 3 n
1 2 3 4 7
O yevikdg 6pog aVTNG NG oEPAg elvat:
n—1
ap = (1) 1——.
=
YoAoyiopoG Tov 0piov ToL dy:
. . n—1
lim @, = lim (—1)""! :
n—yoo n—seo n
Apapdvtag tov mopayovra(—1)" Lo omoiog evaALlacceTal, VITOAOYILOVLLE TO ATOAVTO
oplo:
n—1 . n—1
= lim
n n—e

AlopdvTog aptOuntn Kot TopOVOLOGTY| L A:

fim "L~ fim <1—1):1.

n—eo  n n—oo

Apa:
lim a, # 0.

n—soo

Eg@doov 1o 6pro tov a, dev givar 0, 1) oe1pd amokhivet.

(d) Z (—1)"n%. O yevikdg 6pog sivau:
n=1

an — (_ l)nnz.
Yroloyilovpe o 6p1o:

li_r>n a, dev vmapyet (todavteveTat).
n—oo

Emedn 1o 0pro dev vmdhpyel, | oelpd omokAiver.

1 1 1
(e) cos§+cos§—|—cosz+...

O yevikdg 6pog eivat:

1
d, = COS—.
n

Yroloyilovpe o 6p10:
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg
1
lim a,, = lim cos — = cos(0 = 1.
n—yoo n—yoo n

Enedn to 6pro dev givar 0, ) 6e1pd amokiiver.

(H) Z (\/ 4n? +1— n) . O yevikdcg 0pog tvau:
n=0

ap, = Van’+1—n.
Ymroloyilovpe o 6p10:

lim a, = lim (\/4112—1— 1 —n) .

n—yoo n—oo

[MoAamAacidlovpe kot dapovpe pe T ocvluyn:
(\/4n2 +1— n) (\/4712 +1 +n)
a, =
! Van?+1+n

ATAoTOL®VTOG:
AP+ 1-n? 3n+1
Va2 +14+n VA2 +1+n

Ymoloyilovpe o 6p10:

3n?
lim a, = lim — = +oo.
n—eo n—eo 21

Enedn to 6pro dev eivar 0 1 oeipd omorhivet.

1

. ZeKwaue pe tn ogpd _
ME PE T GELP n;n(nﬂl)

S AU
n(n+a) a\n n+a)

AvTiKaO16TOOE GTOV YEVIKO OPO TNG GEPAS Kot Ba £xovpie

 SLILE B I
“nnta) a=\n n+a)

XPNOUOTOIOVUE LEPTKT] KAAGILOTIKY] AVAALGT Y10l TOV

YEVIKO OpO:

1 1 n 1 1 n 1 n 1 1 B
n n+l n+l1 n+2 n+2 7 n+a—-1 n+a)

n=1
l [ < (1 > 1 1 1
;<nz‘1(2n+l>+nz‘l(n—l—ln+2>+ +Z<n+a—1 n—l—a))
TNAEGKOMIKES GELPEG 1/1 1 1 1
= a<1+2+3+ +- )
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2. Mogopikog Aoyiouog Miog Metafintig

5. To F(r) opiletor g to dOpotopa tov euPaddv tmv oployaviov dekidv drpov Ar'. T
KGOg 6po, To pKog TG Paong Tov opboywviov, éotw O, eivor Ar'(1 — r) ko to Hyog
glval (r"A)N . Apa, to guPaddv tov n-06tov opboywviov givat:

E(Oy) :AN+1((1 _ r)r”(NH).

Tvvenag, to F(r) ypaoetar oog:

oo

F(r) :AN-H(l . r) Z rn(NJrl).
n=0

H ocepa Z PN v YEOUETPIKN pE TpdTO Opo 1 Ko Adyo L To aBpotopa TG
n=0
YEOUETPIKNG GEPAG elvat:

Zrn(N—i_l):m, ywc|r] < 1.

Avtikabiotodpe to d0potoua otn oyéon yia o F (r) KOl EYOVLE

1—r

_ AN+1

Inpeioon 2.3.28 To oopPforo A ot HOONUATIKY] OVOADOT) GNUOIVEL ACVLUTTOTIKY 1G0OVVO-
pio. ANA®VeL 0Tt OVO EKPPAGELS Eyovv TNV 1010 TAEN peyEBovg kabmg pia petafAntn teivel o
KGO0 Op10 (7). TO 1 TEIVEL GTO °° 1] € KATO0 KPiotpo onpeio). Me Aty Adylo 1) 0CUUTTOTIKN
160dvvapio Snhdver 6Tt yia peydho 1 ot dvo expphoels f(n) ko g(n) éxovv my da “toydryra
ovénong” Ko n avoroyio Toug TANGLALeL T povada. Aniadn yio ToAD PeYAAES TIEG TOL 11 T
f(n) xar g(n) eivor “mold xovtd”. Emopévag éxovpe

f(n)

f(n) = g(n) o6tavn — o onuaiver 6t lim ——= = 1.
n—eo g(n)

SOUTEPUGLOTIKA TO A2 0V ONUOIVEL AKPIPNG 16OTNTA OAAG Lo EVVOL ACVUTTOTIKNG 10OTNTOG,
N omoio XPNGUYOTOIEITOL EVPEMS YLOL TNV TEPLYPAPT) CUUTEPLPOPAS GUVAPTICEDV GE OPLUKES
KOTOOTAGELS.

Aovpuntotiki Ioodvvapio ko Kavovas tov Bernoulli-L’Hépital

Kavévag Bernoulli-L’Hopital: O Johann Bernoulli pélog g oidonung owoyévelog

podnuatikav giye avamtdcel Ty 10€a TS XPNONG TOV TOPAYDYOV Yol TV ENIAVCT opimv
oo

™G HOpPONG 0 kot —. H 10éa NTav d1k1 Tov Kol TV TAPOLGINcE GTOVS HOONTEG TOL
o0

ocvumeprapfPavopévonv tov Guillaume de I’Hopital. To 1696 o I’Hopital dnpocicvce 1o
TPAOTO £YYEPIO0 O10POPIKOV AOYIGHOV pe TiTAo “Analyse des infiniment petits”. Xe avtd
TEPLEYPOYE TOV KOVOVA TTOL PEPEL GNIEPA TO OVOopd Tov. O Kavovag eppaviletal ympic va
yiveton avagopd otov Bernoulli. O Bernoulli iye cuppmviost va d186&et tov L Hopital o
COLPOVO [LE EMOTOAEG TOV BpEONKV 0pYOTEPQ, VINPYE OIKOVOLIKT] cupvia: o Bernoulli
Oo mapelye podnuoticég 10éeg ko o L’Hopital 6o pmopodoe va Tig ypnoIHLOTOGEL OTMG
emBopovce akdun kol yopig va avaeépel v tnyn. Metd tov Odvato tov L’Hopital, o
Bernoulli aroxdivye 611 0 kavovog tav dikn Tov Wéa. H 1otopikn kovotnta Gupuedvnoe
aALG 0 Kovovag elxe 10M KabiepwBel pe to dvopa “Kavovag tov L’Hopital”. Eivon yeyovog
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6t1 o I’Hopital dev “€xieye” tnv 10€a 61011 TOV GOUE®VOG e Tov Bernoulli 6Tt propovoe
va SNUOGLELGEL TO VAIKO. Q0TOGO, 1 EMIGTNUOVIKY] KOWOTNTO GLYVE avayvopilel 01t o
Johann Bernoulli jtav o dnpovpydg tov kovova. Avti 1 wotopia pog vrevBopilel mdéco
ONUOVTIKY Vol 1) cuVEPYOGT Kol 1 SPAVELN OTIG EMIGTNIOVIKEG AVAKOADWELG.

Ozhpnue 2.3.29 Kovovog Bernoulli-L’Hopital Yrobéote 6tim f koun g sivan mapoyoyioyueg
o€ £Va oVOIKTO S1AGTNILO TOV TEPIEYEL TO A Kol OTL

f(a)=g(a) =0.

Eniong, vroBéote 611 g’ (x) # 0 (sxt6g iowg and 1o a). Tote:

f(x) f'®)

gl e g)

vtd TV TpoimdOec OTL TO Op1o 6TO 0EL0 PHEALOG VTLAPYEL 1| €fva ATELPO (o0 1} —o0). AvTd

2

TO GUUTEPAGLO WoYVEL ETionc av 1 f kaun g eivar Tapaywyiciueg yio X kovtd 6to (aALG Oyt ico
L) a Ko

lim f(x) = oo ko lim g(x) = -oo.
X—a

xX—a

O xavovog avTdg IoYVEL ETIONG KO Y10 TO TAEVPIKE Op1a.

Ozhpnpe 2.3.30 Kavovag Bernoulli-L’Hopital yio 6pra 670 dmeipo Yrmobéote 6tin f koun g
etvon mapayoyioweg o éva Stiompa (b, o) kon 611 g’ (x) # 0y x > b. Av o, lim f(x) ko
X—00

lim g(x) vrépyovv kau ivor gite kot ta dHo pndév eite kot ta §Ho dmepa, ToTE

)
) R g

vd TV TPOHTOOEGN 0TL TO Op1o 670 Ol PEAOG VLdpyet. [Tapdpoto arotérespa 1oYHEL YO OpLaL

KaBmg x — —oo,

O kovévog tov Bernoulli-L’Hopital spoppoletor og anpocdiopioteg popeéc 0/0 won oo /oo,
Mropel emiong va epappocTel oe Opta oe omoladimote amd Tic popeég 0 - 0o, 0o — oo, 00, 1°°,
Ko 000, LETATPETOVTOG TIG EKPPACELS 0VTEG o8 Kamota GAAN popery O / 0N £ / oo, O Kavovag
tov Bernoulli- L’Hopital epappoletar emiong o dpia kabmg x — o0 1) x — —oo,

Ozdpnpe 2.3.31 Katd m odykpion tov puduod avénong cvvapthcenv Aéue 6tin f(x) avkave-
o TayoTepa omd T g(x) kon yphoovpe g K f ov
X
lim f—( ) = oo
xe g(x)

To enduevo KPLTHplo GVYKAMONG TEPIAAUPAVEL TN GVUYKPLOT) LETOED dV0 CGEPDV Zan Ko an
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ap
HLEC® EVOC OPLOV TV XOY(DV b_ TOV OPpWV TV 81)0 OCEIPWV.
n

Kpuripro oproxng cvykprong

‘Eoto {an} xor {b,} Oetikég axorovbicg. Ymobiote 6Tt
VILAPYEL TO TOPOKAT® OP10:
. ay
L= lim —.
B=e2 bn HHPOXOXH To «pitipio

z . 0pIOKHG VYK, oe
Tote 16y 00LV: vIS OPIGIIS UYEpIoS OV

« AvL > 0pe L € R, 16te 01 800 ce1pég &ovv TV idia
CUUTEPIPOPA MG PO TNV GVYKAoN. AnAaodn gite Oa
ocvykAivouv kat ot 600 gite Oa amokAivovy kat ot 600
TAVTOYPOVA.

* Av L = oo xou n Y b, anoxhivel, tote ko n Y a,
amokAivet.

« Av L = 0 xav 1 Y b, ocvykhivel, 16t o n Y a,
GUYKALVEL.

10)0¢€1 OV 01 OEIPES JEV Elval
Oetiég. Aeite v Znueiwon
2.3.33.

ENAAAAKTIKH T vo, Qoucote tig S10popeTiKég TEPITTDTEIS TOV KPITHPIOD OPIOKHS GUYKPIONS UTOPEITE VO OKEPTEITE IE
QVTOV TOV TPOTO:
e Av L > 0, wte a, = Lby, yia peyéro n. Me allo Adyio, o1 ceipés Y, ay ko1 Y. by, eivar mepimov mollaridoies
HETOLD TOVG, OTTOTE 1] picL GLYKAIVEL AV Kaid [LOVO OV 1] GAAN oVYKATVEL.
e Av L = o, 161¢ 10 b)) 6ivou mold peyalvtepo omé 1o ay (yia usydlo n), ondte av amoxiivern Y, by, n Y. a, aworliver
alyovpa.
e Télog, av L =0, wte 5 by, eivaun mold ueyodimepn amd v a ko n abykrion g Y, by odnyei oty adyrlion e

Y an.

[Mapdaosrypa 2.3.32 Na Bpeite av ol 6epeE
- 1

o "2
@Lar Ok

n=3 n? +4

GLYKALVOVLV.

Avon. (a) Av dapEcovLE aplOUNT Kot TOPOVOUAGTY UE n?, UTOPOVLE VO cuuTEPGVOLUE OTL
Yo, peyddo n
n’ 1

~

n*—n—1 n*

n? 1
7 =~ —5 onuaivel ot yio peydleg
n—n—1 n
TIWEG TOVL 1 O aPlOUNTNG KoL O TAPOVOUACTNG TNG EKOPOCTG UTOPOVV VAL TPOGEYYIGTOLV Od
TOVG Kupiapyovg OPOVS TOVG.)

(To 100dvvapo mov ypnoiponoteital (X2) yio 1o

['o vo epappocovLE TO KPITNPLO 0PLOKTG GVYKPLONG, BETOVE:

n? 1
Kk b, = —.

a =
" —n—1 n?

n
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2.3 l'ewuetpixes, Thleoromixés kot Evailaooovoes Xeipéc
Kpitypro Xoyklions kou 1o10tnteg

., . 4n , , ,
[Mopatnpodue 6t to lim — vrdpyet ko givan Betiko. Tpdypart,
n—so0
n

"2
2 4
: . nt—n— : n : n
L= lim = = lim 2 —" 1:11m4—-nz:11rn 7 :
n—eo b, n—eo 1 n—oo pt —p — n—eopn*—n—1
n?

Alupdvtog aptBuntn Kot TopOVOLOGTY| LE n4, €YOVLE:

. 1
L=lm—=1.
A i _ i
nd  nt
, o 1 , . - n’ , , .
Epocov n Z — ovyKAiveL, 1 GE1pd pag Z P — GUYKMVEL EMiONC, COUPMVOL IUE TO
n=2 n n=2 h*—n—

KpUTplo opwud]_g GUYKPLOTG.

1 1
(b) Epapupodlovpie To kpttiplo oplakng cOYKPLoNG He a, = \/: ko b, = —. Tote:

n?+4 n
1
. a n24+4 ) n
L=1lm-—=1 = lim ——.
n
Alop®dvtag aplunTi Ko TopOVOLOoTN LE A:
. 1 1
L= lim = =3I
n—yeo 4 /140
1+ -
n
, - S ,
Epdécov n Z — anokAivet ko L > 0 m ogipd Z ————— amokAivel emiong.
n=3" n=3 n? +4

Inusioon 2.3.33 Orvmo0oeig Eqovv onpacio

To 1829 o Lejeune Dirichlet mapatipnoe 61t 0 cmovdaiog I'airog pabnpatikdc Augustin Louis
Cauchy ékave éva AdBog o€ Eva dnpoctevpévo aphpo vTtobETovtag ECEAAIEV OTL TO KPITHPLO
OPOKNG GUYKPLONG Wo)YLEL Yo un Oeticég oelpés. [Mapakdtm etvar o1 dvo celpég Tov Dirichlet:

o Cipt eyt (!
e e e ]

n=1
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[Topatnpovpe 6TL N TPOTN GEPE

= (=1
L

glval eVOALAGooVoa GEPA Kol CLYKMVEL, EMEWDN TO —= TEIVEL 6TO PUNOEV KaOMG 1 — o0 Kot

Vn

O yevikdg 6pog divetar amd v oyéon

elvat pBivovaoa.

H devtepn oepd givar n

Y - Y =
H cepd yiveron
oo oo (_l)n—l >~ 1
Fa-3 )+ 31
n=0 n=1 \/ﬁ n=1"
= (- 2

H npot cepd Z T OLYKALVEL VO M dgLTEPN GEPA Z — glvol  apOVIKY| GEPA KO
n n
n=0 n=0

OTTOKAVEL.

Emopévmg, n cuvolikn cepd

5 ()

n=0
OTTOKATVEL.

a
ATO TNV GAAN pepia b_n — 1, 6mov
n

[pbrypart,
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( —1 )n— 1
N

o [ = Ty DG

1—|—W 1—1——\/%

Enopévmg 1o dpro givar kakd opiopévo, aAld 1 oOYKAoN TG TPMOTNG GEPAG Y. dy dev eEucpa-
Aller ) ovykhon g devTEPNG GEPAG Z by, em€161 o1 6pot givar pun Betikoi. Avtd to avtuapd-

detypa delyvel OTL TO KPITHPLO OPLOKNG GVYKPIONG Oev 1oyVeL Yo un Betikég oepés. o va
EPOPLOCTEL GMOTA, 01 GEWPES TPEMEL VAL £YoVV BETIKOVS OPOLG.

Avpéves aoknoeig 2.3.34 1. Na ypnNOHOTOUMCETE TO KPITNPLO TNG GAUEGNS GVYKPIONS Yol
va Bpeite av cuykAivel kbBe pio oo TIG TaPUKAT® OTEPOGEPEG:

(@Z == 02:5+4+1<>Z m+%

@Z ()mem ® ),

9
n:4n_3

oo k2/9

< sin? - 2
@E (Q%M, m;§§7

2. No ¥pNOYLOTOWGETE TO KPITNPLO OPLIKNG GUYKPIONG Yo Vo amodei&ete ™ ohykion 1
™V andkMon kdbe anelpooeipoc.

2 i 1 n
b b —’ —7
1 ()rg’zn(n—l) (C)Z’z«/n3+1

> n3 > 3n+5

> e'+n
d -
( ),;\/n7+2n2+1’ (e),;n(n—l)(n—2)’ (ﬂ; en —p2’

2n+1 e 1
@ZJ41 UZ m%@—mﬁ,

Avon
oo 1
1. (a E
n=1
Eda <—1 >1.H 'E—l { i AO —1<1
A} () . H ogipd givan yeouetpikn pue Adyo r = — ,
o 2nY = Pnilzn YEOUETPIKT HE AOY )

apa cvuykAivel. Emopévac, n apyikn GSLT)(SL GUYKAIVEL.
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n3
b -
(®) r;n5—|-4n—|—1
3

n 1 _— e 1 e (oe1pd
————— ~ —. Enewdi n oepd Y| — ovykhivel (cewpd
n+4n+1  n? i osp = n? ! P

p-tomov pe p > 1), n apyikn oepd cvykivel emiong.

[No peydro n, éxoovue

- 1
C —
© ngl nl /3 +Qn
1 1 v L : :
—. Hoepd Z Zn VAL YEOUETPUC Kot ovyKkhivel,

—— <
nl/3 +2n on
EMOUEVMC KOL 1] OPYLKT CELPA GUYKAIVEL.

@ Z n3+2n—1

To peyéiho n, &xovpe Vnd 4 2n — 1 &~ vVn® = n®/2, ondte

Nan > 1, woydel
n=1

1 1
vnd+2n—1 T2

=1
H oepd Z meyZ) ovykAivel (ogpd p-tomov pe p > 1), dpa ko n apyikn cepd
n=1"

OULYKALVEL

()Z ,+4m

1 4 4_ 1
TNam > 1, égovpe m < am g1 H cepd Z

Kol GUYKAIVEL, ETOUEVMG KOL 1) OPYIKT] GEPE GUYKALVEL.

etvar yeopetpkn

Vn
—3 ue po

amAovotepn Ekepaoct. O 61dY0g Eival va TPOsdOpiGOvE v 1) oE1pd elvar cuyKAivovsa
N anokiivovoa. "Exovue 611 yion > 4 woydel 6t n — 3 < n. Emopévamg

RV

Jion Sn-3

(f) Tw voa peretnoovpe tn obykAion, cuykpivovpe tov 6po NG GePdg

, [ , 1 , .\
H cepa Z —= glvol QoL p-cepa pe p = 5 < 1. Emopévac n oeipd Z
=4 VI n=4

Sl

OTTOKAIVEL.
o 2
sin“k
® ) =3
k=1
sinzk

1 |
T k60e k, éyovpe sin’k < 1, apa ——— H cet — ovykAivel (oepd
Yoo < 1, dpa —5— < -5 H oeipd ;k2 yKMver (ogip

p-tomov pe p > 1), emopévag kat n apyikn oelpd GLYKAIVEL

oo k1/9
(h) I;Q k10/9 _ 1
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K1/ 1 > 1
Tia peyéio k éoope K109 — 1 ~ k199 gpo ———— ~ —. Eneidfnoepd Y —
uey Yoo Po o T~ % iR p,;zk
OTOKALVEL, 1 0PYIKN GEPA OTOKALVEL.
v 2
1 —
0 L5
T n > 1, éovpe 3"+ 37" > 3" ondte _2 < 3 H cepd i 2 gtvon
- ’ 43— 30 -3

YEOUETPIKY KOl GUYKAIVEL, EMOUEVOS KO 1] OPYLIKT) GELPA GLYKAVEL.
o 2
n
@ Y
n=2"t" 1

Awopovpe aplOunT Kot TopOVOUOOT LE nz, MOoTE

1
~ —. Emedn n oceipd
n*—1 n? N oEp

Z — GLYKAivel (og1pd p-TOmov pe p > 1), n apykn og1pd cuykAiver emionc.
n

1

1 [ee]
"Eyovpe 011 m ~ ok >Apa n ogpd ,;2 m OULYKALVEL

oo

(©) ZL

n=2 l/l3 +1
n 1
T peydho n, éxovpe Vnd +1 ~ vVnd = n/ 2, omote ~ 5 H ocepa

Vi +1  al/

Z =y amorAivel (oepd p-tomov pe p = 1/2 < 1), dpan apyiky 6e1pd omorkAivet.
— N

n

oo n3
d
@ ng’z\/n7—|-2n2+1
3

n
T peyého n, égovpe Vn! +2n2+1 ~ vVn'l = n'/ 2, onotE ~
Vil +2n% +1

1 =1
— 73+ Hoepd Z ——= omokMvet (oepd p-tomov pe p = 1/2 < 1), 4po n apyun
n1/2 = 1)

oElPa AmOKALVEL.

i 3n+5

(e)
r;n(n—l)(n—Z)
o 3n+5 3 st oupi 3 v
0 peyéAo n, £xovpe ~ —. Enet epd Y — ovyKhivet
uey O T n—2) e ERedi e ) o ovy

(oepd p-tomov pe p > 1), n apykn oelpd cuykAivel.
- c'+n
Ym0

n __
n:1€ n
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e"+n e" 1 - T )
[No peydho n, £ovpe ———— ~ —— = —. H cepd — glvon yeopeTpikn Kot
e2n _p2 en n — el

OLYKMVEL, ETOUEVAS KOL 1] OPYLKT GEPA GUYKAIVEL.

(® Z \/_—I—lnn

1 1 =1
INa peyédo n, &yovue /n+Inn ~ \/n, gpo. ———— ~ —. H ocepd —
uey YOVME /71 \/_p\/ﬁ—l—lnn\/ﬁ pﬂ;\/ﬁ
OTOKAIVEL, EMOUEVMG KOL 1] APYIKT GEPA ATOKAIVEL.
+ 1
(h) H oepd Z umopei va ypaget wg aBpotspa 600 GEPOV:
Z 2n+1 B i n i 1
n=1 n=1 4" n=1 4"
e 2n ) 2n < 1
H ocepd Z YT ovyKAtvel. Tlpdypatt, emedn TR T KOl 1] YEOUETPIKY GEPOL
=1 2n
Z — OLYKALvEL £ovpie OTL KoL 1) GEPA Z — ovyKAivet
= 2" n=1 4r
=1
H devtepn cepd Z — elval yeopeTpikn Ko emiong cvykAivel. Emopévag, n cuvolikn
n=1

oEPA GLYKMVEL.

i) ,,i'l (1 —cos%)

2 © ( 1\n,2n
. . . x (—1)"x
INa peydio n, xpnoonolodue TNy Tpocéyyion Cosx ~ 1 — — (cosx = Z —_—
2 = (2n)!
, 1 , v L , o ,
ondte | —cos — ~ 55~ Enedf n oepa Z —5 GLYKAIVEL 1 ap)IKT GELPE GUYKALVEL.
n 2n n

n=1

Acknoeig 2.3.35 No g€gtdoete tn o0YKAMON 1 TNV OTOKAIGT YPNCUYLOTOIDOVTIOS OTOL0ONTOTE
HéEB0d0 £xove TAPOVGIAGEL MG TMOPOL.

=l > cos’n =
1 2
M L s Y )L s
4) in—cosn (5) inz—l Z

= Al = 1nz#—smn

oo 4 —n oo 1
E(3) ®Yz O L




2.4 Ewoaywyn ota Kpitypio tov Adyov koa e Pilog

oo (11111)12 o 1k 0 qn
(10)’;2 578 (11)];14 (12);15”_2”

> 1 > 2n > 1
(13) rg’z(lnn)“ (14) ,;311—11 (15) ;nlnn—n

= 1 © 1 o 2 p3/2
(16) r;n(lnn)z—n (17) n;ﬁ (18) nZ’l n3

(19) iﬂ (20) iw (21) isinl

n=1 n=1 n3/2

2.4 Ewoayoynq ota Kprripra tov Adyov kot g Pilag

211 TpoN YOO EVEG EVOTNTEG OVOTTTUEALE EVa aplBo BewpnUdTeV Kot KpLTnpiwy Tov XpNGLOTOL-
oOvtal 611 O1epeHvNOT TG GVYKAMONG 1 TOKAGNG GEPAOV. € QTN TNV EVOTNTO TOPOVSIALOVILE
00 aKOUN KPLTNPLO, TO KPLTHPLO TOL AOYOL Kot TO KPIThplo NG pilog. EeKvape Le TO KPLTplo
TOV AOYOU.

Ozopnpa 2.4.1 ' Eoto 0t1 vtdpyetl to 6plo

Ap+1

p = lim
dp

n—yo0

(1) Av p < 1, tote n oE1pdl Zan GLYKALVEL aTOALTAL.
(il) Avp > 1, t6te n oepd Zan QOKAIVEL.

(iii) Av p = 1, 10 kpirfipro ivar aca@és.

n

Hopaosrypa 2.4.2  (a) No anodei&ete 0TI 1 Z g GLYKALVEL
n!
n=1

2

n
i.

(b) Na e&etdoete av cvykAiveln Z
n=1

© Nt ey 3 D
C 0 ECETACETE AV OV TVEL —
TR 4 10007
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(d) Nadei&ete 6T10Tav p = 1, 1060 M chyKhon 660 Kot omokAon eivat duvatég eEetdlovtag
(o) (o]

TIG GEPEG Z n? xa Z n2.
n=1 n=1

Avon:

n
(2) Yrohoyiloupe tov Adyo Kot 0 6pto 00 pe ap = —-. Tapampiiote oL (n+1)!'=(n+
n!

1)n!. Enopévag,

anpr| 2"t m2.20 pl 2
an (n+1)! 20 (n+1)-n 2" n+1
[Taipvoope
a 2
p = lim ”“‘:m =0.
n—e | a, n—eop 41
© An
Epocov p < 1,n oepd Z - GLYKAVEL GOUQ®VA LLE TO KPLTHPLO TOL ADYOV.
n!
n=1
n2
(b) Egappdlovpe 1o kprrnplo tov Adyov pe a,; = ﬁ:
anst|  (nt1)? 2" (nt 1)
a o+l n2 2.n2
ITaipvovpe
= lim =—-lm|(14+-4+—=)==.
p= a, 2 n—oo ( n n? 2
o 7D

n
Epocov p < 1, n oepd Z on GLYKAVEL GOUQ®VA LIE TO KPLTHPLO TOL ADYOV.
n=1

(c) Avt N oepd amokAivel GOUE®VA LLE TO KPLTHPLO TOL AGYOV:
. lant1 . (n+1)!1-1000" . n+1
p = lim = lim T = lim = oo
n—oo | ay n—ee 100071 n! n—eo 1000

(d) Tha t v a, = n? éoope
m XOLH

1)? 24 2n+1 2 1
pzlim‘a"H gim O gy 2L (1+—+—2>:1.
n—eo |y n—oo n n—oo n n—oo n n
EnutAéov, i v b, = n"2,
b 1 2 1
p = lim |2 = lim |- —— | = lim —— = 1.
n— " n—es |n? (n+1) n— 4=+
n n

Enopévag, p = 1 kat 611g 800 mepmntdoels, 0ALG 6TV TpayoTikOTnTe 1 Z n? amoxAiver

n=1

GOUO®VA LE TO KPITAPLO OOKALGTC TOV 11-06T0V Opov, démov lim n® = o, KO M Z n?
n—yoo n—1
oLYKALVEL €pOoOV givan i oelpd-p pe p = 2 > 1. Avtd deiyvel 611 1660 1 6hykhon 660

Ko ) amdkAon givon mbovég otav p = 1.
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2.5 KaBopiouog tov Kpitnpiov wov Oo. Epopuoctel

To emdpevo kprtiptd pog Paciletor 6to Opio TV n-06TdMV Pov {/|dy|.

Ozopnpa 2.4.3 ' Ecto 0t1 vtdpyel o 0plo

L= lim {/|ay].
n—soo

(1) Av L < 1, téte n oepd Zan OLYKALVEL OTOALTAL.
(i) Av L > 1, tote n oepd Zan OTTOKALVEL.

(iii) Av L = 1, to kpurfipro eivon aco@éc.

[Hapaosiypa 2.4.4 Na e£gTdoeTE 0V GLYKAIVEL 1| GEPA

oo n
n
;(2114-3) .

Avon: 'Eyovpe

. ) n
L= lim y/a, = lim ==—.
Ymoloyilovpe:
1 1
n—oo 2n -+ n— 242
n

Epoocov L < 1, n ogipd cvykhivel cOupova pe to kpreipto g piag.

2.5 KaBopopog tov Kprtnpiov mov 0a E@appootel

KAgtvoope autn tnv evotn T LLE Lo GUVTOUN EMGKOTNOT) OA®V TOV KPLTNPIMV TOL £YOVUE EIGAYA-

YEL OC TOPA Y10 TOV TPOGOOPIGUO TNG GVYKAONG Kot TAG omo@acilel Kaveic molo kpitiplo Ha
[ee]

epappootel. ‘Eotm 011 diveton | oepd Z ay,. No €ete Katd vou OTL 01 GEPEG Y10 TIG OTOLEG M

n=1

ocvykMon N N andkMon eivar YvooT TEPAAUPAVOLV TIG YEOUETPIKES GEPES Z ar”, ol omoiec
n=0
cuykAvouy yua |r| < 1, kou Tig cepéc-p

i 1
)
n=1 nb
ol ozoieg ouykAivouv yu p > 1.

2.5.1 To Kprriipro Andxiiong Tov 11-06to0 ‘Opov
No ehéyEete mpdra antd to kprripro. Av lim a, # 0, tote 1) oepd anoxdivel. Av dpwg lim a, =
n—yo0 n—soo

0, dev yvopilovpe av n opd cvykAivel | amokhivel Kot Tpoympape 610 emduevo Pua.
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2. Mogopikog Aoyiouog Miog Metafintig

2.5.2 Ogtkn Xepa

Av 6Lot 01 6pot TG GEPAG Z a, sivon Betikol SokIUAoTE Eva 0md T TOPUKAT® KPLTHPLOL:
n=1
() Kpirnpio Aueons Zoykpiong: EEeTAoTE 0v N TApAAELYN OP®V GTOV APIOUNTNA 1) TOV TALPOVOLLOL-
o1 divel pa oepd mov yvopilete av ouykiivel 1 omokAivel. o mapddetypa, n cepd

1 1 = 1

oLYKAVEL EMEIO ———~= < —5 KOl )  — oLYKAivel (oepd-p pe p =2 > 1).

Y ey n;nzv (cewpd-p pe p )

(B) Kpitipro Opiaxng Xoykpions: 'Eotm 6t1 égovpe T ogpd Z ay, 10TE GLYKPIVOLE TOV

n=1

YEVIKO OpO pe €vay amAoVoTEPO OPO YVOOTNG GEWPAS. Av 0 AdYog toug teivel o€ BeTikd
apOpd, TOTE 01300 GEPES EYOVV TNV 10100 GLUTEPIPOPE MG TPOG TN cVYKAoN. [ Tapddetypa,
Bewpolpe ™ oepd

i 2n+1
an, a, = )
= " " nd4n

Emniléyovpe og oepd cuykpiong m

ana bn: 29
n=1

n onoia givan cuykhivovoa p-ceipd pe p = 2.
Ymoloyilovpe to 6p1o:

S

2n+1

Bin 2n+4 1)n? 2n® +n?
lim & — [jm 2 tn — hmuzhm_n%”_”:z
n—eo b,  n—voo 1 n—e  nd34n n3+n

2

n

To 6pro elvar Beticdg kol memepacpuévog apldnog. Emopévmg, amd 10 Kpitnplo oplokng
GUYKPIONG, 1 GEPA

GUYKALVEL.

(y) Kpitipio Adyov: Eivar cuyva amote ecpatikd yio 0povg te mapayoviko (n!) 1 yia otabepég
vyopéves og dOvaun 1. o wapddetypa, n cepd

© Qn
n!
= n!
ovykAivel emedn
. +1
lim || =0<1.
n—eo | a,




2.5 KaBopiouog tov Kpitnpiov wov Oo. Epopuoctel

(8) Kpitijpro Pilog: Xpnowonotgital 6tav vrapysl kamolog 6pog g popeng f (n)l/ " T
TOPAdELY L, 1) GEIPEL
i >
2
n=1 n<

GLYKALVEL ETTELON

1

n—oo

2.5.3 Mn Oetnikég Xerpéc
() Kpitiipio Evailéooovoas Zeipac: Av M cepd ivar evaALdGGousa, Omme Z (—1)"by,

n=1

deikte 611 by, givan pOivovsa kar lim b, = 0.
n—oo

(B) Amoivty Xoykiion: Av n oepd Zan dev eival evairldocovoa, TOTE av 1 GEPA Z |ay|

n=1
oo (o o]

ovyKAivel Ba cuykAiveL ko Z ay,. To avtiotpoo dev 1oyl TavTa. Avn Z a, GUYKAIVEL

gV M Z |a,| Sev cuykhiver Tote pGpE Y10, ayetini) obyriion.
n=1

Aocknoeig 2.5.1
(a) No e@aplOcETE TO KPITNPLO TOL AOYOV Yo Vo, EEETACETE T1 GUYKALOT 1) TNV 0mOKALoN KAOE
GEPAG 1 VO SNAMGETE OTL TO KPITNPLO EVOL AGUPES.

oo o [ n—ln oo e n
my+ pyS2" ey @ Y. s
n=1 n=1 n=1 n=1

< 3042 = = 2" - 7
O Lo OLayg  OLy ®) L oa
OYe xS amys  mry
n=1 n=1 n=1 n=1
n © d 1 1
1) L (14 L35 (19 X 5 19 L G

oo nz
(17) ;m (18) )

(b) Na ypnoyomromoete To Kprnplo g pilag ywo va eetdoete ) cOyKAon 1 TV ardKAion
Kka0e oelpdc (1 va ONADGETE OTL TO KPITNPLO0 EIVOL ACAPEG).

e %

= nlnn




2. Mogopikog Aoyiouog Miog Metafintig

S <3 >k >k
n—o 1V 2 ;n_ e) ,;Ok+10 ) ];)3k—|—1
5)i(z+%> (6)é<1+%>

(c) No e&etdoete ™ cvykMon 1| TV andkAMon kdbe GePAG YPNCULOTOLDOVTOS OTOL0ONTOTE
puébodo €xel avamtuybel 0T0 TOPOV KEIEVO.

=) 2n_|_4n o I’l3 > n /n
(1) Y= (2) n;—' (3) ng,l 1 (4) ’12121
= sinn o ! . 1 3 !
(5) ’;7 (6) ’;1 2n)! (7) ’; ntn (8) rg’zn(lnn)3
3 > n2+4n

=
1) Y —— (12
);m ( );3n4+9

(d) Na dei&ete 0TL TO KprTpLo TOV AdYoL Oev e@apuoletal, aAAd va emPBePordoete T cOYK-
AMGT| YPNOLUOTOIDVTOG TO KPLTNPLO AUECTG GUYKPLIOTG YidL T GEPA
I 1 1 1 |

2 32+23+24+25+

,.\
N/
gk

L=

HMS

lnn

cn‘

(e) 'Eoto n oepd Z

() No ano&at&ara 6TL M 681pd cLYKAIveL amdluTo, av || < e kot amokiiver av |c| > e.
(B) Eivor yvooto ot

no)
lim en =/2T.

n—soo pht+1/2

Na 1o emBePordoere apOuNTIKA.
(y) Na xpnOIHOTOmGETE TO KPITHPLO TNG OPLOKNG GVYKPIONG Yot Vo amodei&ete OtTL 1

oEPA amOKALvEL Yo ¢ = e.

Avvapooerpég

‘Eoto 61t x, elvan otabepdg mpaypoatikdg aptOpdc, x eivorl Tpaypotikn HeTafAnTt Kot d, o
TPAYUATIKY oKoAovBia.

Mio dvvauooeipd e kévipo oo X, givar o, anelpocelpd

= Z an(x —x,)" = a,+ai(x—x,) +a2(x—xo)2+a3(x—x0)3 + ..
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2.6 Avvauooeipég

OTOL TO dj; AVTITPOCHOTEVEL TOV GUVIEAEGTI] TOL 1-0GTOV OPOVL. ‘

Ot duvapooelpég etvar YpNOYLES OTN LOONUATIKY avAAVGT|, OOV TpokVTTTOVY MG oelpég Taylor oe
aneipog Topaywyicipeg cuvaptioels. e TOAEG TEPUTTMGELS TO X, (SNAON TO KEVTPO TG GEPAC)
elvar oo pe unodév, yuo mapdostypa 6tav eetalovpe o oelpd Laurent. e t€1016G TEPUTTAOGEIG M
dVVaAPOGEPA TaipVEL TV OTAOVGTEPT LOPOT|

F(x)= Zanx” :ao—l—alx—i—azxz-i—...
n=0

Me ) Ponfela TV GEPOV UTOPOVUE VO, ODGOVUE VOO GTNV 10£0 VOGS TOAVMOVOOL OTEIPOV
Badpov
F(x) = Z anx" = a, +apxtax +azx 4
n=0

Inpetoon 2.6.2 Ot apvntiké Suvapelg ogv emtpénovtal o€ o Suvapooelpd. o mapddetypa,
N oepad

T+x T 4x2 4.
dev Bempeitar duvapocelpd (av Kot eivol oeipa Laurent). Opoimg, ot KAAGUOTIKEG SOUVALELS,

1 . , . . , ,
Omm¢ 10 X2, dev emrpénovtal. Emiong, ot cuvteheotég a, dev mpémel va eaptdvTol amd To X.
‘Etot, Yo mapddetypa, 1 oepd

sin(x)x 4 sin(2x)x? 4 sin(3x)x + - - -

dev elvar duvapooelpd.

2.6.1 XOyKMON OUVOHOGELPOV

Yrdpyet Evog amAog TPOTOG Y VoL TEPLYPAWYOVLLE TO GUVOAO TMV TIUMV X Y10, TIC OTOIEG GLYKAIVEL
wa duvapooeipd F(x). Toppaovo pe to endpevo edpnua n F(x) site cuykhivel omdivta yio;
OAEG TIC TIUEG TOL X €lte LILAPYEL (oL akTiva oVyKkAMong R. Adym tov kpitnpiov cOYKAMONG KoTd
Cauchy, 1 andivtn cOyKMon pog oelpds cvvemdyetot Kot tn cvykion e. Emopévog, yuo
HEAETT] T®V OLVOLOCELP®V OPKEL VL EEETAGOVE TNV OTOAVTN GVYKALOT], 1| omoia eEnc@ailet kot
NV oA cOYKAON.

Ozopnpo 2.6.3 'Eoto pio Suvopocepd:
F(x) =) an(x—x,)"
n=0

Tote 10yvel éva amd ta akdAovda:

1. Yrapyer Oeticdg apidudg R tétolog dote n F va ovykhiver yua |x — x0| < R xa1 va
amokAivet yia [x — x,| > R.

2. O apBuog R ovopdleton axtiva obdyriione g F xo 1o Sibompa (x, — R,x, + R)
ovopaleral draotnua cOYKALONG.

3. H perémn g ovyrkhong e F ota onpeio x = x, — R xon x = x,, + R yiveton Eexopiotd.
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2. Mogopikog Aoyiouog Miog Metafintig

4. F ovykhivel yu k6be x € R. Tote n axtiva cOykhong g F eivon ion pe oo ko to
S1aopa cvykhong tng &ivar to (—oo, +-00).

5. F ovykhiveryio x = x, kot omokAiver yio kdOe 6AAn tium tov x. Tote n axtiva chykiiong
g F eivan ion pe 0.

ZUYKAIVEL ATTOAVT™G

AgtoxAivel
|x —zo| < R

AgtoxkAivelr

-
70

Ly —R Lo 4B R

++—1

o

<
N

Ev3dexopevn cvykiion ota dkpa

Zympa 2.7 Aidotnue 6OyKALoNS oS SOVOUOGEPAS

210 akOAOVOO TOPIGHA TEPTYPAPOVLLE TN CUYKAION TOV SVVAUOGEIPDOV TNG LOPPNG
F(x) = Z anx".
n=0

AVTEG 01 SUVAHOCELPEG OMOTEAOVV EWO1KT TTEPIMTMOOT TNG YEVIKNG LOPPNG, TPOKVTTOVTAS LE TNV
emdoyf xo = 0. Mio té€tota Suvapooelpd umopei vo Osmpndei og éva molvdvopo drepov Paduov.

[Topropa 2.6.4 'Eocto n dvvapoocelpd:
F(x)= Z anx"
n=0

Tote wyvel éva amod o akdlovba:

1. Yrapygt Oetikog apidpog R tétotog dote n F va cuykiver yia [x| < R| kot va amoxhivet
Y0 [x| > R.

O apBpdg R ovopdletan axtiva odyriions g F ko to Sidotnua (—R, R) ovopdleton
0100THUO. COYKALONG.

2. H peArém mg odykhong g F ota onpeio x = —R ka1 x = R yivetou Egyoprotd.

3. F ovykhivel yuo kdBe x € R. Toéte n axtiva cvykhiong e F eivar ion pe oo ko to
S1iopa cvyKkhong tng ivat to (—oo, +-o0).

4. F ovykhiver yio x = 0 kou amokAiver yio ka0 GAAN Tipn tov X. Tote 1 aktive chykhiong
g F eivan ion pe 0.

2y0i0 2.6.5 Onwg etvor TpoQaveS, o SUVOUOGELPA

S =

n

an(x—xo)"
=0
YO 10 GUYKEKPIUEVT] T TOL X KOTOANYEL GE U0 GEPE TPAYUATIKAOV (1] LyodIK®V) oplOpumy.
Emopévmg, n LeAétn TG 6VYKAONG 1) TG OTOKALONG TG Uopel va TparypLatomotn el pe avarloyeg
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2.6 Avvauooeipég

puefodovg e avTéG OV avamTuYONKavV oty evotnta TV Xepdv. Emmiéov, kabng kabe dpog
U0 OUVOLLOGELPAG EXEL TN LOPPT YIVOUEVOV, 0 GLVIONG TPOTTOG dlepedviiong TS CUYKAGNG TNG
Bacileton ota kprpla v d’Alembert ko Cauchy, ta omoio TapovCIAGTNKOY GTNV EVOTNHTA
avt. Eriong:

* Av [o dvvopocelpd cuYKAVEL amoivta, TOTE GUYKAIVEL KO aTAd.

* Av po dvvopocelpd cLYKAIVEL TOTE deV givat amapaitnTo 0TL GLYKAIVEL Kol O LT,

* Av po dLVOHOCELPA GLYKALIVEL, TOTE 0 YeVIKOG (1] 1-00TOG) OPOG TNG TEIVEL GTO UNOEV,
oniadn

: R
ngr}rlwan(x x0)" = 0.

* Av 0 yevikdg O6pog Mg SUVOHOGEPAG deV TElvEL 6TO UNdEV KaBDG 1 —> o0, TOTE 1
duvapocelpd amokAiver.

[eptinun 2.6.6 TIoAAEC GLVOPTNGELS TOV TPOKVTTOLV GE EPAPUOYES UTOPOVV VO CLVOITTOPOL-
o0t0000V ®G duvapooelpéc. Avtég mepthapfavouv Oyt POVO TIG TPLYOVOUETPIKES, eKOETIKES,
AOYOPIOUIKEG GUVAPTNGELS KOt TIG GVVAPTHOELS PLLDOV, OALA KoL TIC KEWIKEG GUVAPTNGEIS) TNG
(QUOIKNG KoL TNG UNYXOVIKNG, 0w givar o1 cuvaptioelg Bessel kat ol EAAemtikég GuvapTHGELS.
To o cvyva KprTnpla Yo T LEAETN TNG GVYKAIONG SVVALOGEPAOV EIVAL TO KPITHPIO TOV LOYOD
Kol o Kprerpio ¢ pitog. EXTOG amd avtd, UTopovLE VO YPTCILOTOCOVLE KOl GALN KPITNPLd,
OVAAOYOL LLE TN HOPOPT TNG GEPAS. MePIKES EVAALOKTIKES EMAOYEG tva:

1. Kpitipio abdykpions Av pmopoOLE VoL GUYKPIVOVUE TV OITOALTY TN TOV OpOV LOG GEPAS

Ya

LE 0L YVOOTY GLYKAIVOLGQ 1] ATOKAIVOLGH GEPA
Y bu,
TOTE LWITOPOVLLE VO, XPNCULOTOCOVLLE TO KPITNplo ovyKptone. Ewdwkd, av

0 <l|ay| <b, vmaodroton,
Ko Z by, cvykAivel, ot KoM Z a;, GLYKAIVEL OTOADTMG,.

2. Kpitnpio oloxinpouarog (Cauchy) Av ol dpor piag celpdg Z a, opifovtot amd pio GuvapTN-
on
an — f (n)7

omov 1 f etvon Beticn}, suveyng ko eBivovsa 610 [1,+e0), TdTE N GVYKAIGN 1 ALOKAGN TG
OELPAG GLVOEETOL LE TN GVYKAIGN 1] ATOKAIGT] TOV YEVIKEDUEVOV OAOKANPDUOTOG

/1 +<><> f(x)dx.

3. Kpitnpio Dirichlet Av o oelpd €xet T Lopen|

Y anbn,
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2. Mogopikog Aoyiouog Miog Metafintig

omov:
* T0 pEPKA afpoiopato ™G Z a, gival paypéva, Kot

* 1 akorovBia (by,) etvar povotovn kar cuykAivel oto 0,
10T€ M GEPA Zanbn oLYKAIVEL

4. Kpitipio Abel Av o celpd £xetL T Lopoen

Y anby,

omov:
* 1N oepd Zan OLYKAMVEL, Kot

* 1 akorovBia (by) eivar povotovn kar epaypévn,
101E M 6E1PQ Zanbn oLuyKAiveL

5. Kpitnpio evailooaouevys aepaog (Leibniz) Av pia oelpd €xel EVOALAGGOLEVOUG OPOLG

Y (=1)"by

ue (by) Betiky, povotova eBivovso kot

lim b, = 0,

n—oo

TOTE 1 GEPA GLYKAIVEL

6. Kpumpio tov Adyov (yia dvvapoocelpés - d’ Alembert). Ia tn dvvapoocepd

Z an(x—xo)"
n=0

GYvovY o ENG:

* Av
+1
) A 1(x—x0)"
p= lim 1 ) <1,
n—+oo | ay(x—xp)"
10TE 1 SLVAUOGELPA GLYKAIVEL amdivTa.
* Av
+1
) A1 (x—x0)"
p= lim i1 ) > 1,
n—+oo | ay(x—xp)"
TOTE 1 OLVOUOGELPA ATOKAIVEL.
* Av
1
. an+1(x_x0)n+
p = lim 1,
n—+eo | a,(x—xp)"

TOTE OO TO KPITHPLO OEV TPOKVTTEL GUUTEPAC L.

55




2.6 Avvauooeipég

[Tpo@avag av yio T duvapocelpd

Z an(x—xo)"
n=0

lepital
an+1 (x - xO)n+1
an(x —xo)"

= lim
p n——oo

=0,

10TE 1 duvapooElPd cuyKAiver Yo kGbe x € R.

7. Kpumpio g pilag (Yo duvopocepéc). T m duvapocepd

Z an(x—xo)"
n=0

GYvovY ToL EENG:

* Otav

p =1lim, o {/ ‘an(x—xo)”‘ <1,

N duvapoGEPE GVYKAIVEL ATOAV TG,

p =1lim, 1o {/ an(x—xo)”‘ > 1,

N duvapoceEpd amokAiver.

p = Jim_/fants =] =1,

OEV TPOKVTTEL KATOLO CLUTEPAUGLOL ATTO TO KPLTNPL0.

¢ Otav

¢ Otav

[Mapaosrypa 2.6.7 Xpnon tov kprrnpiov tov Adyov Na e£gtdoete o0 cuykAivel N

Flx)=) —.
n=0 2"
1
Abon. ‘Eyovpe a, = T (x—x0)" = x" (xo = 0).
YnoloyiCoupe 10 P and 10 KPUTNPLo TOL AGYOL:
. a X—x n+1 ' xn—H on ' 1 1
p = lim i 0) = lim r— | = lim S |x| = S |x].
n—eo | a,(x—x)" n—eo |20+ X1 oo D 2

Bpiokovpue 6t
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1
p<l av §|x| <1, miadnov |x| <2.

1
Enopévog, n F(x) cvykhiverav |x| < 2. Opoiwg, p > 1 av §|x| > 17 |x| > 2n F(x) omorhiver.

Enopévac, n aktiva ovykiong sivar R = 2.

EvoAdaxtikd propodpe va epapuocovpe kat to Kprrnpro piCoag tov Cauchy. Ipdypartt,

x" 1 1
1 n — n = 1 1 —_— = 1 " _— = C
Jim {/Jan(x—xo)"| = lim \/ |27 x| lim V 2n -5

SOHUPOVO LE 0VTO TO KPLTNPLO 1| OEPA CLYKALVEL OTOV

1
|x|-§<1<:>|x|<2

Kot amoKAiveL OToV |x| > 2. To kpirfpto Tov Aoyov gival acaég yio x = F2, ondte npénet vo.
eAEYEOLLE AVTEG TIG TEPUTTAGELG AUETOL:
o n

F) =Y = =
n
n=0 2
ZuykAivel
- AmoxAivel OTOADTOG AmoxAivel
Yl=1+1+141+-- S
n=0 AmoxAiver Amoxhivel
- (=2)"
F(—2) - Z n - o X"
n=0 Yynpa 2.8 H dvvaupooceipd Z o &yel Sidotnue cOYKALoNG
n=0
° (_272)
Y (1) =1—141—1+--
n=0

Kot o1 300 oepég amokiivovv. Tvumepaivovps 61t F(x) cvykhiver povo yua |x| < 2 (Zyfpa
2.12).

[Tapaosrypa 2.6.8 Na eEgtaotel 1 cOYKAMON TG OUVOLOGELPAS
i 2n
n=0 or
Avon. Oétovpe
1

Torte
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2.6 Avvauooeipég

¢ Otav

2

%<1 — x| <3 <= -3 <x<3,

(cOhppova pe to kprrnpto g pilac) N SLVOUOGEPA GUYKAIVEL ATOADTOC.

¢ Otav

x2
>l a<-3qx>3,

(cOupava pe to kprenpro g pilac) N SLVAUOGEPA OTOKALVEL.

e Otav x = —3, 0 yevIKOG Opo¢ TG dLUVAHOGEPAC eival
(_3)2n o
on

o0 omoiog dev teivel 610 0 dtav 1 — +o0, 0mOTE 1 SUVOOGELPE OTOKALIVEL.

* Otav x = 3, 0 yevikOg 0po¢ TNG SLUVALOGELPAC Eivart

3211

on ’
o0 onoiog dev teivel oo 0 dtav n — 400, 0nHTE 1) SUVOUOGEPE, OTOKAIVEL.

Toven®g,  Suvapocelpd cuykiiver yio x| < 3 ot amoxiiver yua [x| > 3.

npeioon 2.6.9 H Z (—1)" oepb omotelel YopOKTNPIGTIKO TOPASEY IO EVOAMAGGOUEVNG
n=0
GELPAG OV OTOKALIVEL, S1OTL TOPOAO TOL 01 OPOL TNG dEV AVEAVOVTAL,

lim (—1)" dev vmdpyer  xor ewdwcotepa  lim |(—1)"] # 0.
n—oo n—so0

To mapdoetypo avtd delyvel OTL TO YEYOVOS MG Lo GEPE EYEL EVAALAGGOUEVOVS OPOVG OEV
apKel 1oL T GVYKAIoN TG VoL AmapoiTnTO 01 ATOAVTEG TILEG TMV OP®V VAL TEVOLV GTO UNOEY,
ommg amottel to kprrpo Leibniz.

= (-1)"

[Mopdo 2.6.10 N ) § KM F = —-5)".
apadsrypo a eetdoete movy cuykhivern F(x) ,;1 yr (x—15)
Adbon: Yrnoloyilovpe 10 P pe TO KPTNPLO TOL AOYOV:
| k=5t 4 , n 1
—1 - — [x— 5| lim —— — ~[x—5].
P = e T (1) (=5 x |n513°4(n+1) riel

Bpiokovpe ot p < 1 av
1
Z|x—5| <1, dmMradfav |x—5]<4.
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2. Mogopikog Aoyiouog Miog Metafintig

Enopévag, n F(x) cvykdiver amoddtog oto Sidomua (1,9) axtivag 4 pe kévipo oto x = 5.
pe GAAo Aoy, m axtiva cVykAong etvot
R = 4. ¥ ovvéyeia, eléyyovpe to akpa,

x=9: 3 (_l)n(9—5)”:

= 4np
=l Toykhiver .,
i (— 1)” AmokhiveL  amokbrag Zuychive
n=1 n IT . 5 x
4 r , L TuyKAi
H Gepa GD’YK)@Vgl (Kplﬂ] plo Amokhivel VYKAivEL
EVOAALAGGOVGOG GEPAC).
N 71 n
= 1)" > 1 Zympa 2.9 H dvvouooeipd Z Sl (x—5)".
x=1" Z(_ ) (1_5)n:Z_ = 4
n=1 n=1

H oepd amoxAivel (appovikn cepd).

H F(x) ovyxhAivel yio x oto nuuavorytd didomua (1,9], 6nwg eaiverar oto Tyfpo 2.9. pepikég
SVVAOGEIPEG TTEPLEYOLV HOVO APTLEG 1] LOVO TEPLTTEG duVApES ToL X. To kpitplo Tov Adyov
umopet vo eQapUOGTEL Kot G€ T TV Ttepintwon Yo va Bpebel  axtiva chykionc.

2n

= %
[Hopaosrypa 2.6.11 Aptia duvapooelpd. Na e£€TAGETE TOV GLYKAIVEL M Z 2
i (2n)!

Adon: Av kot avt 1 SUVOUOCELPA £XEL LOVO GPTIEG SVVAELS TOV X, UTOPOVUE VAL EQAPULOCOVLE
n

70 Kp1rfpto Tov Adyov pe k, = ——. 'Eyovpe:

(2n)!

x2(n+1) x2n+2

kp+1 = .
T 2nt2) T (2n+2)!
Emmiéov, (2n+2)! = (2n+2)(2n+ 1)(2n)!, ondre:

x2n+2 (211)'

(2n+2)! x*

1
2 5.
a P (2n+2)(2n+1)

kn+1

= lim
p n—soo "

Enopévog, p = 0 ya k60 x ko  F(x) cvykhiver yuo ke x. H axtiva cvykhiong eivor
— oo,

2y6h10 2.6.12 Idraitepn Tpoooyn amalteitol 6Ty Epunveio Tov opiov

kn—i—l
kn

To yeyovog 6t p = 0 dev onpaivel 6t n aktiva cvykhong ivol undév. Avtbétmg, amd to
Kpreipro Adyov mpokvmTel 61t 1 oepd cvyKAivel Yo kGOe Ty Tov X, apov P < 1 ave&dpmra
amod TO X. ) ) )

Enopévag, n duvapooeipd cuykhivel og 6o 1o R ko n axtiva ovykhiong eivon

R = +oo.
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2.6 Avvauooeipég

Me dAla Aoyia: av o Adyog teiver oto 0, 5 oeipa ovyrAiver mavtod.

Inpeioon 2.6.13 O yeoUETPIKEG GEPEG OMOTEAOVY CNUOVTIKG TOPAdELYHaTO SVUVAUOGEPGOV.
®uunbeite Tov ToTO:

Z = , mov oydetyw 1| < 1.

Av Barovpe to X otn BE0m TOL F, TAiPVOLLE £VOL AVATTUY L0 GE OUVOLOGELPA LE OKTIVA GOYKAONG

1 oo
=) X' el <1
n=0

1—x

Ta endpeva dVo mapadeiypoata deiyvouy OTL UTOPOVLE VO TPOTOTOU|GOVLE AVTOV TOV TUTTO Y10 VO
Bpovpe avamthypoto SLVOUOGELPAS AAA®Y GUVAPTIGEMV.

[Mapaosrypa 2.6.14 T'eopetpikn oepd. Na amodeitete 6T1

1 i 1
—— =) 2" yalx| < <.
1—2x Zb me <3

Abon: Avtikabiotodue pe 2x 10 X otny e€icmon
1 = )
= Z X",y x| < 1 ko moipvoope
1—x -
n=0
1 — i znxn
1-2x =

1
H g&icwon avt woydet yio [2x] < 11 |x| < 5

[Mopaocrypa 2.6.15 I'eopetpikn oepd. Na Bpeite Eva avantuypo 6€ SLVOLOGEPE LE KEVTPO

o0 X, =0y my f(x) = Ko vo. Ppeite To SidoTne cVHYKAONC.

2 +x2

Avon: Xpedletar vo Eavaypdyoope Ty f (x) €101 MOTE VO LTOPOVLLE VA PN CLOTOMNGOVLE TNV
eglomon
1 = 5
= Zx , oy fx] < 1.
n=0

"Exovpe
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2. Mogopikog Aoyiouog Miog Metafintig

1 1 1 1
242 2 1,] 2 1
1+= .2
+ 2x 1 2x
1 2
Opilovpe u = —Ex . Topa avrikabiotodpe 10 U KoL TOIPVOLLE:
1 1& 2\ & (=)™
w-gmeL(s) -~

2
Av16 10 ovamTUY P IoYDEL OV | — %| < 114 |x| < V2. To diomua ooykhong eivan (—v/2,v/2).

Ilepiinyn 2.6.16

ZoykAivel
AmOADTEG

_Anox}»wsl_}_ lx—2J <R

AmoxAivel
ek .

M dovapooeipa givol puo omelpocepd
(o)

1. mg popeng F(x) = Y an(x—x,)". H Bf o TR
n=0 Evdey6pevn ohykAion ata Gkpa
otabepd x, ovopaletar kévzpo g F(x).

Zympa 2.10 Aidotque adykiions wog Sovouoceipag

2. KéBe oepé F (x) éxer pa axtivo stykhiong R (Zyipa 5) tétola dote:

* H F(x) cvykhiver amoddtog yia [x — x,| < R kor anokhiivet yw [x — x| > R.

* H F(x) pmopet va. suykivel | va amokAivel oto dkpa X, —Rxarx, +R.
©étovpe R = 0 av 1 F(x) ovykhiver povo yio x = x, kow R = oo av n F(x) ovykhivet
Y KGO x.

3. To didotnua obykiione me F amotelettar and to avorytd diompa (X, — R, x, + R) kot
mOavov and Eva M kon to 6do dpa x, — R xor x, + R.

4. Te moMEG TEPUTTAOCELG UTOPEL VAL YPNOILOTOMOEL TO KPITHPLO TOL AOYOV Y10 TNV EVPECT
™mg axtivag cvykiong R. Eivot amapaitnto va eléyyovue tn cOykhon Eexmpiotd 6To
Gxcpa.

5. Topowdnwyua

oy0et yw | x| < 1. Mropei va ypnowonom0ei y1o, eEaymyn avantiypatog GAA®Y GuyK-
MVOUGAV GUVAPTIGEMY UE AVTIKOTAGTAOT), OLOKANP®OT N TAPOLY®YN.
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2.6 Avvauooeipég

Acknozic 2.6.17 1. No ypnOHOTOMGETE TO KPITNPLO TOL AGYOVL Yo va. Bpeite TV axtiva
oVOyKkhong R g

YvykAivel ota akpa x = R,
2. No ¥pNGILOTOMGETE TO KPLTHPLO TOL AOYOVL Y10, vaL dei&ete OTL M

©  n
Z \/5271

n=1

éyer axtiva oOykhong R = 2. Xt cuvéyela, va Ppeite av cuykAivel ota dkpa R = £2.

3. Na dci&ete 011 01 dSuvapocepES (a)-(c) Exovv TV 1010 aKTiVOL GUYKAMONG. 2T GLVEXELD,
va Ogigete OTU
* H (a) amoxAivel ota dvo dKpa,

* H (b) ovykAivel 610 éva dkpo aALd amokAivel 6To GAAO,
* H (c) ovykAiver kou 6ta 600 dkpa.

O oe1pég etvar:

WYsm OY
n=1

4. Noa oci&ete 6TL 1

amokAiver yia kd0e x 7 0.

5. T moleg Tég Tov X GuYKATveL N

i nix;
n=0

6. No ¥pNOUYLOTOCETE TO KPITNPLO TOV AOYOV Yia Vo deiEETE OTL M

oo x2n
n=0 ?
&yetl oxtiva obykhong R = V3.
7. No deiete 0TI M
oo x3n+1

L 6
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2. Mogopikog Aoyiouog Miog Metafintig

éyet axtiva ovykhong R = 4.

2tg aoknoeis 8-19 va fpeite 1o diaotnuo ovykiiong.

8. Y " 2. Y " 6. 4 3 L
n=0 n=8 n=0 n +1
9. —x" 13. 17.
nZ’l n ’;) (n!)? r;) (n!)?

oo x2n+1 > Qon o € o
10. —1)" 14. — 18.
> n = (2n)! = x"
11. )=t 15. 7 9.y ——
n;)( S n;() ()3 nggn—41nn
1 = 5
2rg Aoknoeigc mov axolovBodv vo. ypnoyoroinoete v eClowon I = Z X, ya
— n=0

|x| < 1 y1o va avarriéere ty ovvéptnon o wa Svvapooeipd pe kévipo ato X, = 0 xau va
Ppeite t0 diaotnua cOYKAIONG. .

1 1 1
1 1
> f0) =113 L f) =13

2.6.2 Topay®@yion Ko 0A0KAMPp®6T ava 0po

To enduevo Bedpnpa avagépel OTL EVTOG TOV OOGTNUATOS GCUYKAGNG UTOPOVUE VAL PeTOEPLLO-
HOOTE Hio SUVALOGEPE GaV VoL TAV £VOL TOAVMVLHO, ONAOT], LTOPOVUE VO TOPAYDYILOVE Kot
va OAOKANpOVOLE KABE Opo EeywpPloTd.

Ocopnpa 2.6.18 Yrnobéote 6TL 1
F(x) =} an(x—x,)"
n=0

&xer axtiva ovykhong R > 0. Tote n F givon mapayayiowun oto (x, — R,x, + R). Emm£ov,
UTOPOVLE VO TAPOYDYIGOVUE Kol VO OAOKANp®OGOVHE ova Opo. o x € (xo —R,x,+ R),
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2.6 Avvauooeipég

F'(x) = ilnan(x—xo)”_1

Kot

/F(x) dx=A+ ng{) nc_l: 7 (x—x,)"" (A toyaio otafepd)

Toc0 Y10 TN GEPE TOL TPOKVITEL OO TNV TAPOUYDYLST OGO KOl Y10l VTN TOL TPOKVTTEL OO TNV
oAOKANpmoN M akTiva oOyKAong gival eniong R.

[apadsrypo 2.6.19 TTapoaydyion duvapooeipds Na amodeifete otiyia —1 < x < 1

=14+ 2x+3x% +4x° + 5%+ -+ .

(1-x)

Adon. Apykd, Tapoatnpodue Ot

ﬁ:%(llﬁ

gyovpe TNV oKOAOLON YeEUETPIKY GEPA pe aktivo ovykAiong R = 1:

1

[o mv

1

=14+x+x2+x0+xt
I—x

A6 10 TPOYOVUEVO BEDPTLLOL LTTOPOVLLE VAL TOPAYWYIGOVLE OVA OPO Yo |x| < 1 dote va mépovpe

d 1 d 2, 3, 4
= —— (1
dx (1—x> dx( e )

KOl GUVETMOG
1
o =1+ 20 3 A 5
(1)

[Hopaosrypa 2.6.20 Avvapooepd yuo tnv avtiotpoen epamtopévn Nao amodei&ete 0Tt Yo

" 0 (_1)nx2n+1 3 5 7
—1 <x<1, wyder tan x:’;)Zn—H:x_?+g_7+...

Avon. Ovunbeite 6TLN tan~! x eivou L0, OV TITTOP ALY YOG TG (1 —|—x2) -1 [Taipvoupe To avdmtuypa

oe duvapocepd g ( 1 —|—x2) -1 avTIKaOIoTOVTOG LE —x*tox o1 YEOUETPIKY oepd ¢ E&icmong:

1

— 2 4 6
1+xz—l—x +xT—x 4
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2. Mogopikog Aoyiouog Miog Metafintig

AVT6 10 avémroypa woydet yia [x2| < 1 — dnhady yia x| < 1. And 1o Oedpnua 2 pmopodue va
OAOKANPMGOLLLE VTN TN 6EPA avd 6po. To avanTuypa Tov TPoKLTTEL IGYVEL EMIONS V1oL |x| <1

tan_lx:/ dx :/(1—x2+x4—x6—l—---)dx
1+x2

¥ X X

—A ST AT
+x 3+5 7—|—

®étovrac x = 0 maipvoope A = tan~!1 0 = 0. Eropévoc, to avémtuypa woydel e tan~ ' x yi a
—-lI<x<l

2.6.3 TloAv®vopo Taylor

XPNOUOTOIDOVTOG OVVOLOCELPES EIOOUE TMOG UTOPOVLE VO, EKPPACOVUE OPIGUEVES GUVAPTNOELG
®¢ ToAvdvuua drelpov Pabpov. Mmopovue va TAPOVUE SVVOLOCELPES Y10 CUYKEKPIUEVES G-
VOPTAGELS Kot 1E TPAEEIS OTWG AVTIKATAGTAGT], TOPOYMDYIOT), OAOKAN PG Kot aAyeRPIKES peta-
TPOTEG UTOPOVV VAL TPOKVYOLV SUVAHOGEIPES Yo AALES cuvaptioels. Kat avtd givatl onpovtikd
Y10t TOAEG GLVOPTHGELS Eival SU6KOAO Vo, vTToAOYIGTOOV aKpiBde. To mapdderypa, n f(x) =
sinx? ev pumopet va oLoKANpmOEel pe amhéc, OTOLEIDMOEIS GLVOPTNOELS, Kol TO 1510 1oyvEL Yo

m f(x) = e, Axopa kot o amAég GLUVOPTHOELS, OnwG sinx, cosx, e, 1§ Inx, pmopovv va
VIoAOYIoTOUV e akpifelo HOVO Yo GUYKEKPIUEVES TIEG ToL X. [ dAleg Tipéc, yperalovron
apOunTiKég Tpooeyyiceg. Amod ™V GAAn TAevpd, Ta molvdvopa, 6mwg o f(X) = 5x0 — 703 +
2x — 4, givar €HKOAO Va TOPAYYIGTOVY Kot VoL OLOKANP®OODV, Kot 01 VITOAOYIGUOT TOVG OTTOLTOVY
puévo mordamiaciacud kot tpdcbeon. Emopévemg, eivor Aoywd va avalntovpe tpoOmovg yo va
TPOGEYYICOVUE TOAVTAOKEG GUVOPTNGELS LLE TN (P10 TOAVOVOLM®V.

210 TPONYOVLEVO EIGALLE LLOL ATTAN TPOGEYYIOT YPTCULOTOIDVTOS YPOUUKES GUVAPTACELG. TNV
EVOTNTO TNG TOPOYDYIONG XPNCULOTOWGOALE TNV YPOUUIKOTOINGN

L(x) = £ (x,) + f'(x,) (x —x;)

Y10 va. Tpoceyyicovpe T f(x) Kovtd oto onpeio x = X, Kabmg ko TNV oxéon

fx) = f(x,)+ f'(a)(x —x,).

H tedevtaio ypoppuky oyéon ovoudletol npocséyyion mpdtng taéng enedn n cvvapmon f(x)
Kot M ypoppikh mpocéyyion L(x) éxovv v 8o Ty ko v 181 tapdyoyo oto onueio x = Xy
onAaodn,

L(x,) = f(x,) wor L'(x;) = f'(x,).

Qo1600, AT N TPOSEYYIoN givar axkpiPNg povo og Eva PKpo Sidotnua yopo omd o . T'a va
TETVYOLUE PUEYOADTEPT) OKPIPELD GE PLEYOAVTEPQ SLACTHLOTAL, OOl PN GULOTOU|COVLE TPOGEYYIOELS
vynAoTEPNG TAENG, oL Pacilovtal oe moAvmvoupe Taylor. Avtég o mpoceyyicelc mepthapfdvouvv
TEPLGGOTEPOVG OPOLG KO EMTPENTOVY AKPIPESTEPT AVATOPAGTOCT) TNG GLVAPTNOTNG.
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2.6 Avvauooeipég

y
y
IIpocéyyion
devtepng taéng -/ /Y = f%)
y=L(x)
. x
t > X €T
x, 0
(a) H ypoyyurii mpocéyyion L(x) efvour ua mpocéyyion mpdng (b) Mia mpooéyyion debdrepne talng eivar mio
waéng me f axpifiic oe ueyalvtepo SrdoTnua
Xyfqnoa 2.11

Y¢ 6,11 axolovbei viroBétovpe 6t f opiletar og Eva avorytd Sidotnuo I kot OTL VITAPYOLY OAEG
ot tapdywyot f ®) 610 1 K01 x, €1

Ozdpnpa 2.6.21 Opilovpe to rodvavouo Taylor fabuod ktng f ue kévipo 610 X = X, wg €&g:

00) = £(50)+ L0 ) 4 L oot 22

Mepd amod to tpota rolvdvopa Taylor givau:
To(x) = f(x,)
T1(x) = f (%) + /(o) (x — X))
To(x) = f(x,) + f () (= 2x) + 51" (o) (2 — )
T3(x) = fxg) + (%) (x =) + 5./ (x,) (x =) + 6" (x,) (x = x;,)
Hopatnpiote 611 10 Tj sivon pia otobepii Guvapon mov 16ovTal e ™V f 6To X, kaw 6t 1;

gtvar 1 ypappkonmoinon g f oto x,. Hoapatnpfiote emiong 6t n T, AauBaveton and my 7,
npocBétovtag Evav 6po Pabduov n

() (x w (k) X
+1 n(, 0)(x—x0)” =) f—k(' 0) (x —x0)~.
k=0 :
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2. Mogopikog Aoyiouog Miog Metafintig

Ozdpnpo 2.6.22 Yrdhouro Lagrange t6Eng 1 'Eoto pia cuvaptnon f(x) n onoio givor n+ 1
Popég mapayoyicun oe Eva Stdotnuo I kat X, £va ecnteptkd onpeio tov . Avn f”+1 glvat
ovveyng oto I yuo kébe x € I, tote

f(x) = Ta(x) + Ra(x),

OOV

(&)

(n+1)! )n—i—l

Ry(x) = (x—x,

Y10, kGmoto & mov Ppicketan petald TV X Kot X,- To Ry (x) Méyeton vwdloimo Lagrange taéng
nmg f(x) oto x,.

Mopaderypo 2.6.23 Tlolvdvopa Maclaurin yio v f(x) = €* Na oyediboete to tpito ko 10
tétapto morvdvopo Maclaurin ywo v f(x) = €. Na cvykpivete pe m ypappkn mpocsyyion.

Avbon. Oleg oL avdTEPES TAPAYMYOL GLUTITTOVY UE TNV S TNV [

FHO(x) =e.
Enopévag,
£(0) = £'(0) = f"(0) = f"(0) = fH(0) =" = 1.

To 1tpito moivdvopo Maclaurin  (n
nepintoon x, = 0) siva:

1 o
T3(x) = f(0) + f(0)x + Ef//(o)x2+ t a y1
5 ”
1 1 1
af’“(O)x3 =1 +x+ E)Cz + 6)63. y=T,()
Hoipvovpe 1o T4(x) Tpochétoviag tov 6po — I 1
BaOpov 4 oo T3(x):
T (X) = T; ()C + %f(4) (O)X4 _ Yynpo 2.12 Molvdvoue Maclaurin yiocmy f(x) = €*
I +x+ %xz + %xS + ﬁx“

2.7  Xeypég Taylor
e vt Vv evotnTo enekteivovpe To moAvmvoupo Taylor 6t cepd Taylor yio pia dSocpévn cuva-

pton f, n onoio Aappavetol copmeplapfavovtog Toug Opovg OA®MV TV TAEEDY GTO TOAMVLLO
Taylor.
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2.7 Zepéc Taylor

Opropdg 2.7.1 Zepd Taylor Av n f eivar aneipog napayoyicyn 6to X = X, 1616 N GEPd
Taylor g f(X) pe kévipo oto X, eivon 1 Suvapocepd

f"(xy) = (%)

T(x)= f(xo) +fl(x0)(x_xo) + T(x_xo)2+ = Z Y (x—xo)"
: n=0 :
fx) | x, IMoAvdvopo Maclaurin 1 Taylor
2 3 n
x° x X
e |0 Tn(x)=1+x+2—!+§+"'+a
- x3 x2n+1
Sinx 0 T2n+1(X) = T2n+2(x) = X— 5 +---+ (—1)nm
2 4 2n
x° X X
cosx | O Tzn(X):T2n+1(X):1—§+E—+(—1)n(2n)'
1 2 (_1)11—1 n
Inx | 1 | Th(x)=(x—1) —E(x— 1) —i—---—l—T(x— 1)
= |0 T,(x) =14x+x>+-- +x"

Iivokog 2.1 Toidvope Maclaurin kot Taylor yia focikég cuvapthicslg

Zyoio 2.7.2 T pio omeipog Topoy@yiciun GuvApPTN o WITOPOVLE VO KATAGKEVAGOVLE TOAV®D-
vopo Taylor 6Amv Tov Babudv. H cepd Taylor oto onpeio xg eppaviletal g 1o TVmKO 6plo
AVTOV TOV TOAOVOIL®V KaB®OG 0 Babproc tovg teivel 6o dmelpo, dniodn

F =

(n) (
/ '( )(x—xo)”.

(o]
n=0 i

Evd ovtdg 0 0ptopog pog eMTPETEL VO KATAGKEVAGOVIE L0 SUVOUOGELPA YPNCLLOTOUDVTOS TAT-
po@opieg amd ™ cuvaptnon f, dev yvmpilovpe akOun av auTh 1 61pd opileL pio GLVAPTNGON TOV
oovtor pe v f. To emdpevo 600 Bempruata TakTomotovy avtd o {RTnua.

OzHpnpe 2.7.3 Avantoypa og ogipd Taylor Avn f (x) avoamapicToToL amd o SUVOLOGELPA LUE
KEVTIPO GTO X, GE V0. SLACTNHOL |x — x0| < R pe R > 0, t6te vt n duvapooeipd givar ) oepd
Taylor

Yy €0k wepintoon xg = 0, n F ovopdletan eniong oeipa Maclaurin.
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= £(n)(o / a0 20 @) (0
f(x)znggf n,( )X”:f(0)+f(0)x+f2(! )x2+f3(! )i f 4!( ).

OeoOpnpa 2.7.4 Yrndrowro Lagrange kot cuykiion cepdg Taylor ot cvvdptnon) ‘Eoto 6t [
elvol évo Sidotnua, X, etvar éva ecmteptcd onpeio tov 1 kot f (x) elvon por Guvaptnon N omoio:
etvan ameipwg napayoyiown oto 1. Av F givan n oepd Taylor g f(x) pe kévrpo to X, Ko
R, (x) o vmorowwo Lagrange ta&ng k g f(x) oto X, tote N F cvykhiver oty f(x) yro Vx € 1
oV Kot Lovo o

limR (x) =0 Vxel.

k—>oo
2V TEPINTOOT QVTY), YPOPOVLE

F_Y f(”)(XO)(
= n!

n

x—x0)" = f(x).

Av o ovvapmon f(x) eivon omeipwg mapaywyicn o évo Sihotnua I ko F gtvarn oepd Taylor
™G YOp® amd Kamolo onpeio Tov I, 1ote givar onpovtiko vo e&gtdoovpe av 1 oelpd F ouykivet
o cuvépmon f(x) og 6ho 10 Siéotnua. Av avtd cvpBaivel, ypdoovue f(x) = F, yeyovdg mov
amotelel emBupun T 1316TNTA Y10 TN GLVAPTNON KOt TN GEPE TNG.

Mopadsrypo 2.7.5 Eoto n ovvapmon f(x) = Inx. Na avartoydei n oepd Taylor F omv
meployy tov onpeiov x, = 1 ko va Bpebei n aviictoym axtive chykiiong tg.

Avon. Oo Eexvicovpe pe v avamtvén g F vrohoyilovtag apyikd Tig Tapaydyovg f (n) (x) ko

o f(1),n > 0:
ron=0, fO%) =f(x)=Inx

1 1—-1)!
ran =1, )= = (0
lNaon=2 f(2)(x):_l:(_1)2+1(2—1)'
Tan= By — 2 _ 341 (3=D!
wn=3, f (X)—;—(—l) =
6 (4—1)!
— @) () — O ()4l
Noan=4, f%Y(x) = = (—1) .
24 5—1)!
fan=5, 100 =25 = (11 B

Me Bdon ta tapamdve, vrobétovue otL, yion = k > 1,
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79 = (e ES D

xk
Oa anodeiovpe 6T, yion = k+1,

k!
sl

f(k+1)(x) — (_1)k+2

[pdypor:

P = (70w) = e ()

= (<1 (= DRy = (DR

Xvvenmg, n oelpd Taylor Ba eivon n

F= 0+Z "H(” DY gy

n+1

X

1 1 1 1
= (x—1)—5(x— 1)2—|—§(x— 1) i 1)4+§(x— 1)° +
IMa v pelétn g ovykhone  F petaoynuatiCetol og €€Ng:
i n+1
-1~
Oa eetdoovpe TV cOyKAon g F.
log tpomog: Me Baon to Kpurnpro d’ Alembert:
(_ 1 )n+2 1
—(x 1)” 1 n+2 1 n+1
lim |21 _ jim |SD = 1) lim | —— (x — 1)
Gl NG B G D B
;. X
= lim ( ——[(r=1)| ) =[x = 1)| I = 1)]- 2 (ue 2 = lim —— =1
et n+1 * * n1—I>I<>1°n—|—1 * (e nl—I>I<>1°n—i—1_ )

20¢ tpomog: Me Baon 1o Kprrpro Cauchy:

lim { (=) 11| = tim ¢f|1 D =|(x—=1)|1 1—| -4
lim (= 1) = lim ﬁ(x—) =[x =D lim —= = [(x—1)[-4,
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2. Mogopikog Aoyiouog Miog Metafintig

H ovvéyeto etvan ave&dptntn omd 1o mo1o kprrnplo cvykiiong ypnoponomoape. H F 0o cuykhivet,

1 1
cOHEOVA LE To kprtnpto, otav |x — 1| - A < 1 dnhady [x — 1| < 1T 1.

1
Enopévaog, n F Oa cvykiiverav [x— 1| <1< —1<x—1<10<x<2. Tor= 7= 1
elvan n axtivo ocvykiong.

Ytov endpUEVO 0pIoUd TAPOLGLALETOL 1] EVVOLOL TNG AVOAVTIKNG GLVAPTNOTG.

Opropos 2.7.6 AVoAuTIKES TPayHOTIKES SLVOPTHGES Mo mpaypatiky cuvéptnon f(x) Aéyeton
avoivtikl o€ évo. avorytd dwaotua I av yua kabe xg € I, vapyet Eva avorytd LITOdACT O
J C I mov mepiéyet 1o X, éto10 Gote Vx € J, 1o avantvypa Taylor F g f oty meployn tov
onueiov x, va cvykAiver oty f, dnladn

Ympeioon 2.7.7 H avodvtikdtnta pog cuvaptmong f oe éva didotnua I eyyvdtol tnv odyk-
Mon g avtiotoyng oepdg Taylor otig Tipég TG f oto avtiotorya didotnua. Av Kot Hropovue
va. ypnowonomocovue t ogipd Taylor pe kévipo X, yio vo mpoceyyicovue t cvvapmon f
o€ GALo onpeia Tov daoTUATOG, TPEmeL va, Bopdpacte 6Tt 1 oepd Taylor eivon kKvpiwg Eva
gpyodeio tomkng mpoceyyiong. Oco mio pakpid Bpicketon éva onueio X and 1o KEVIPO X,
1060 TTEPIGGATEPOVG OPOVS TNG GEPAG Oa YPEGTOVE Yo Vo SloTNPHGOVIE VYNAN akpifela
otov Voloytopd g TG g f (x).

2’2

13
Hapadsrypa 2.7.8 Na e€etdoete av 1 cuvaptnon Inx sivon ovaivtikn oto didotnpo ( ) .

13
Avon. Oewpovpue ™ cvvaptnon f(x) = Inx korto onpeloxg =1 € (5, E) . H cvvéptnon Inx
elvar amepeg popég mapaywyioyn oto (0, +o0) kot ot mapdywyoi g divovtar amd Tov TOmO

(n—1)!

- n>1.
X

f) = (=1

H ogipd Taylor tng f yopw and to onueio xo = 1 givon

?

3
—) . To vrdrowmo La-

Oa deitovpe 0T To VEOAowo Taylor teivel 6to Undév yo Kabe x € (5, >

grange t6Eng k g f(x) = Inx 610 onueio xp = 1 sivan
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2.7 Zepéc Taylor

f(k—H)(é) (X— 1)k+1’

R0 =051

omov & eivan kamoto onpeio petaléd tov x kar 1. Emeidn

k!
S (x) = (_l)kﬁ’

TPOKVITEL OTL

1 (x_ l)k—H

R0 = (-1 g

3
Mével va dei&ovpe 6Tt T0 vorlomo Lagrange teivel 6to undév ya kbe otabepd x € <§, 5) .

A7 TOV TUTO TOV VTOAOITOL £XOVILE

1 |x_1|k—|—l

R (x)| = k+1 EkT 7

omov & eivan kGmoto onueio petaly x xau 1.

Awkpivoope dvo TEPMTOCELS:

3
1. Ioyoer 1 <x < > Tote, enedn |x — 1] < 1 ko & > 1 éyovpe 6Tt

x—l‘

Tote

Emeon

) 1
lim —— =0,
k—+oo k+1
ano6 to Kprtnpio [apeufoins (Squeeze Theorem) €xovpe

lim |Ri(x)] = 0.
Jm |Ri(x)]

2.
E¢pboov 10 f.j umopet va givot oplakd pHeYaANTEPO amd TO X, 1| CLVONKN VTN IKOVOTOLEITOL OTOV

x> 5 Emopévmg i éxovpe

lim [Re(x)] = 0.
Jm R (0]
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2. Mogopikog Aoyiouog Miog Metafintig

200 2.7.9 H avalotikdtnra eivor puo Tomikn 1010t To. Ao T GTIYIN| Tov amodeiydnke Ot

10 vdhouo Ri(x) — 0 yio x € (%, %) (xpnowonowwvtag ™ popen Lagrange 1 Cauchy),
ovpmepaivovpe 6tL M f eivar avodvtiky oto onpeio xo = 1. Enedn 1o & efoptétar omd to X
Ko 1o k (éx’ k), N Kivom Tov £viog TV S10GTHIATOG GUYKAONG yyvaTon OTL 1) TPOGEYYIoN £ivat
éyxopn tomikd. Me dedopévo 6tin f givor cuveyng Kot GTEPEG POPES TAPAYOYIGIUN GE OAO TO
R™, propovpe va emavaraBovpe ) Sadikacio yio 0motodHmoTe Xo € (0,+20), koAdmTOVTOag
é161 0AOKAMNPo 10 TEdio opiopod g cuvépmone. ‘Erot yo thy cuvéptnon f(x) = In(x)
BAémovpe 6Tt ivan avorvtiky oto (0, +00) S1otu:
« T kée a € (0,4o00), n f propei va avortvydet o oepd Taylor yopw amd 10 a:

(="

In(x) =1In(a) + i -—ak(x_ a)*
k=1

* H oepé avt cvykiivel yia |x — a| < a, hady oto didotnua (0,2a).

« Epdoov yu ké0e onpeio tov R vrdpyet meproyh 6mov 1 f tawrtiletar pe to avamTuyuo
Taylor, n f &ivoi avoivtuch oto (0, +-00).

2.8 Atwonueiota opro

i I
() m¢n=1, ) limYa=1, a>0, (3) lim 2 =0, (4) lim -2 =0.

n—oeo n—yeo n—e 1 n—e n

. a\”
(5) lim (1 -+ —) =¢e“, omovn €N, anpaynotiki otadepd kot e o aptdudc Tov Euler.
n—oo n

[Hopaosiypa 2.8.1 Mg Bdon o mponyoduevo Tapddetypa n avamtoén e oepdg Taylor yio v
ovvépmon f(x) = Inx oto x = X, ivar

F= i%(x— 1)",

omov kar cvykiiver Yo ke x € (0,2). Na deiete 6L 1 cuvdptnon f eivor avalvTiky 6To
dwaomua (0,2).

Abon.To vrorowro Lagrange ta&ng k tg f(x) oto x, = 1 ivar to

(_1)k+2£ Ll
+
k (k+1)! k+1 & ’
Yo kémoro &, petald tov X, 1. Ondte
ol |G (1) e
k+1 & k+1| &
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2.8 A&roonueiwro. opio,

[oyvel 6T
1
lim —— =0.
k—+oo k41
®a amodeiovpe 6T
x—1
| | < 1.

&

Avaioya pe v Tl Tov X, e€etdlovpe Tig 600 TEPUMTOCELS:

Iepintwon 1: 0 < x < 1.
E36 woydet otix < & < 1, omdre & stvon Betidg apibpog oto Sieotnpa (x, 1). Enedn tox — 1
elvar apvnTikd Kot to fk etvan BeTikd, Eyovpe:

0<

x—l‘_l—x
3

Egdocov 1 — x givau pukpdtepo amd ék, TPOKVTTEL OTL:

Hepimrwon 2: 1 < x < 2.
E36 woyvet ot 1 < & < x, ondte o x — 1 eivan Oetiko. Enedn §, > 1, mpokonrer otu:

x—1

<x—1.
&
Eneidnx —1 < 1 yiax < 2, éyovpe:
0<%t <L
k
Enopévog og kébe mepintwon oydet
x p—
0< 1.
&
2UVETMG
im (B2 2 5 i Lo
m = 0 6mov o€ cvvdloopd pe lim —— =
k—+oo < ey +1

gyovpe OTL ]}im Ri(x) = 0. Apa, n cvvaptnon Inx givar avarvtey oto Sidompa (0,2) kot yo
—>00

K@0e x Tov avnkel ekel Eyovpe

e L
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2. Mogopikog Aoyiouog Miog Metafintig

[Hopaosypa 2.8.2 1. 'Eoto a 1o tedevtaio ymeio tov AptBpov Mntpodov cag. No vroroyt-
GTOVV TO, TOPAKATO OPloL:

n+a " N
(i) lim (ii) lim <+—+2> (iii) lim Y (a+1)*(2a+3)™"

x—0 X n—»oo n N—soo b=
n=0

sin(x!'14)

2. 'Eoto b 10 mpotelevtaio yneio tov ApiOpod Mntpdov cac. No eEeT06TOOV MG TPOG T
oVYKMON 01 TOPAKAT® GEPES (Ypig va ypeldleTat vo vTOAOYIGTOOV T 0BPOoi- GLOTA):

Lo (=) >  n’+4b
(1) Z 2+ b+1 Z ] 3
oo n =] Vn®+bn’+5
3. 'Eoto a to televtaio yneio tov ApiBuod Mntpdov oag kat b to tpotelevtaio yneio tov

ApOpod Mntpdov cac. Na Bpebodv dreg ot tyég tov X € R yia 11g omoieg ouykhivel n
duvapocelpd

(x—=b-—1)".

> n

Adon.
(1) "Exovue (n.y. a="7,b =2)

. 1l-a .4 4
@ fim SO g S0 <Mx3) —1.0=0.
x—0 X x—0 X x—0 X4

sin(x*)

EvoAlaxtikd, o épro lim glval ompocdoploTn Hopen, dpa omd Tov kavova L'HO-

) x—0
pital, 1oobtat pe

4 3 4
lim 200 4 g,
x—0 1
2\" n 9\"
i) lim (M> ~ Jim (”*9) ~ lim (1+-) _ &,
n—yoo n n—yoo n N—so0 n
N
(iii) ]\%gl‘io’;)(a—l—l) (2a+3)” 1\1{131028 17~

= lim =) =Y (=]
N—oo = 17 ) 17
n= n=
. 8 . , , ST
Apod — € (—1,1), o thmog Tov 0OPOIGHATOG TNG YEWUETPIKNG GEWPHS Siver 6T

i 8\" 1 17
17) .8 9

n=0

(2) (a) Exovpe
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2.8 A&roonueiwro. opio,
i =" _ i (=1)"
b+1 3?
IP12+41+ rp12+n
N omoia etvat amoAdTOS GLYKAIvovsa, Apa Kot GuYKAIvovoa, KaOMdG

i i % Ko m i % GUYKALVEL.
n—1 n=1

n
EvaAloktikd, n oepd

(o]

=Yz

n:l n=1

2—i—n

i (="
—2+n
etvan evadraccovca oelpd. [pdypart,
I 1
e 2+nm
Ko
1 1
> Vn,
2413 T 24+ (n+1)¥ "
apa, amd To Kprrplo tov Leibniz, n) cepd
i (="
“~2+n
OULYKALvVEL.
(b) "Exovpue
i n® +4b i n®+38
=3 +5 V2345
Aoy
n’+8
. S+ 23¥5 .. 418
L= lim n°+2n +5:hm nt =1
n—ee 1 n=1v/n8+42n3+5
n
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2. Mogopikog Aoyiouog Miog Metafintig

Kpupro Oprakng Zuykpiong

"Eoto {ay, } ko {b,} Betikég axohovbisc. Yrobiote 6L vépyeL T0 TAPOKATO OPLO:
n
Tote 10y0v0oVV:

« AvL >0 pe L € R, 161¢ 01 800 oe1pég £xouv TV {810 cuumeptpopl g
TPOG TNV GHYKALON.

e Av L = oo koun ). b, anoxhivel, tote kou n Y, @, amokAivel.

* Av L = 0xan ) b, cvykhivel, 10te koun Y a, cvykAivel.

. 'Eotm 1 dvvopoocelpd

o _10—a o 3
n n
1 Z(x—3)"
Z’ x—b—1) Z 3 (x—13)
n=1 n=1
w3
Av a, = o tote Paon 1o Kpurpro d’Alembert:
(n+1)3 1 \
o Naea| il (x=3)" ] N1
p=lm an = n® (x=3)" e _2|x 3l
2"

1
>Apa 1o vo. suykAivel ) Suvapoceipd Tpénet > |x — 3] < 1, rady, |x — 3| < 2. Tuvendg, n
aKTivo GUYKMONG TNG SUVAUOGELPAG 1o0oVTaL e 2. Apa. 1) SUVAUOGELPA GUYKAIVEL GTO S1AGTHLLA
(1,5) ko omokAiver 6to (—oo, 1) U (5, 4-o00).
Amnopével va e€gtactet 1 chykMon g duvapocelpdg ota dkpo tov dtactipatog [1,5]. T
x = 1, n dvvapooepd givat

n

:1
kot amokAivet, kaBdg to 6pto lim (—1)" n’ dev vrapyet. Opoa, yio X = 5, n duvapoceipd
n—soo

gtvon Z n”, n onoia anokAivel, kabdg lim n® = oo,
n—oo
n=1

3
n
Tuvoyilovtag, n Suvopocepd Z ?(x —3)" cuykhiver av kon pévo av x € (1,5).

Mapaoeiypa 2.8.3 1. Na e€gtaotel av 1 oelpd

:Z’ \/n—i—l

ovyKAiver kat, av vor, va Bpebel o Tipm tov k € Ny dote 1o pepiico dpoiopo k tééng mg
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2.8 A&roonueiwro. opio,

S va mpooeyyiler nv Ty g pe axpipeia 0.02.

2. No €£eTaoToOV MG TPOG TN GVYKALCT] Ol TOPAKATO GELPES

Avon.

1. Hapatmpodue 6tin S eivor evarrdooovoa, dpa Ha ypNoILoTocov e T0 KprTiplo Tov Leibniz.
H axoiovdia

1
a, =
" vn+1
elvat:
(a) Oetikdv dpwv, apov a, > 0,Vn € Ny,
1 1

(b) ®Oivovsa, apod a, > ayt1 < sSvVn+2>vVn+len+2>

>
vn+1l  n+2
n+1<< 2> 1, 1o onoio givar ainbéc.

(c) Mndevikn, apov, pe paomn to kprripro mopepfoing, 0 < < —= ko1 ot akoAovbieg

1
Vn+l +/n

b, = 0 xa1 ¢, = —= eivan undevikéc.

Vn
Yuvenmc, 1S ovykAivel Kot

k
S— Z (—1)'a,| < apy1, moxabek > 1.
n=0
INa va égovpe o@dipo wkpdtepo tov 0.02, apkei

a1 <002 75 <0024 0.02VA+2 > 1 & VE+2> 50 & k+2> 2500
k > 2498.

SOVETMC, apKel VoL ThpovpE PePIKd ABpotopa TAENG TovAdytoTov 2499,

2. (a) H axorovBio otnv omoia Baciletatl avty n oepd eitvon n
6n+1n2
an3:1§zzgtpij, nQZ
E&etalovpe av avth etvat pndevikn ypnoHOTOIDOVTAG TO KPLTHPLO TOL AGYOV Y10, akoAovies:

6"2(n+1)* 5"(n+1) 6 . (n+1)>

ap+1
ap

= lim

s i ST (n+2) 6 pZ | Saten2(n+2)

n—oo
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2. Mogopikog Aoyiouog Miog Metafintig

1?3 1?3
1+ - 1+ -
_ % im ") _Oym " 6.1
__n oo— _n 00—2:_
5n— n3(1+z> 5n— 142 5
n n

Apa n a, oev givarl pndevIKn. ZUVETMS, N GEPA OGS OEV GUYKAIVEL.

(b) H oepd pog ypaoetor og €ENG:

Y=L

n=1 =1
oo 9 n
Oroepég Z <—>
n=1 5
1

1, Gpa avt anoxiiver. T tn ddtepn éyovpe OTL | —

(oo}

25”—2

n=1

oo

)}

n=1

9
5

1

5

()56
d

n
) elvar yeopetpikéc. o v mpadytn €xovpe Ot | =

5o
n=1

>

< 1, dpa avt cuykhivel. Zovenmc,

N aPYIKT GEPA, MG O10POPA LG OTOKAIVOLGOG KoLl OIS CLYKAIVOLGAG GEPAS, OTOKALIVEL.

iii) ®a epappocovpe 10 kpitnpto tov Cauchy:

o (n+1)" 1 lim (n+1)"
e 3ﬂnﬂ2+1 3 n— nn
(n+1)" 1 (n+ 1)
== hm = ——
3 n—eo n"’n 3 n"n
1 n+1 a1
— 1 —
" 3 —eo \ n
1
= 3 e-1=— < 1
YVVETADGC, 1| OEPA oG GUYKALVEL.
1
Ynpetioon 2.8.4 o vo to arodeiovpe 0Tt llm — = 1 ypaoovpue v napdotacn pe ekOeTIKn
n
HOPON:
- 1
vl =] = " =n n
n n
[Tapatnpovpe ot
1
lim —— =0
n—o N

Apa
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YVveEnAC,

2.8 A&roonueiwro. opio,

1
1 Jim (—=Inn)

limn_n:en_>°o n —=1
n—»oo
1
= lim i—limle)
o]  x—oeox

( L’Hopital: lim —
X—oo X x—

lim 4/ — =
n—o \l n

[Mopdo

2.
3.

N dvvapocelpd

1. Na BpeBobv OAeC 01 TPOYUATIKES TILEG TOL X Y10 TIG OTOIEG GLYKALVEL

eypa 2.8.5

) n
—1)"n
Y ( (x—1)"
n=1
No. vroroyiohei  ceypé Maclaurin g cuvaptnong f(x) = 2* xau vo. Bpedet ) axtivo
OVYKMONG TNG.
To avémtuypa Maclaurin g cuvéptong f (x) = In(1 +x) sivar 1o

n+l

Xpnoponoidvtog 1o S va voloyiobet to avtictoyo avémtuypa yio v g(x)

2x) ko v A(x) = xIn(1 4 x).

=1In(1+

Adon.
1. ®étoviagy = x — 1, n oepd pog yivera

n; n—I—l

Oa e&etdoovpe TOTE AVTN CLYKAIVEL GOPPMVA [E TO kKprthpto Tov d’Alembert. Eivo
n+1

(_1)n+1(n+ l)yn—H
()" 12y

T n+2 s
e T = BT = R ey
n+1
—1(n+1)? (n+1)? 1l

et m —-
[ lim n(n+2)

= li - 7

Tuvendg, avtn N oepd cvykiiver otav |y| < 1. Omdte n apykn duvapoceipd cuykiivel
yoxr—1| <l -1<x—1<1<0<x<2 TNox=0koux =2, n duvapocepd

yivetoun avtictotyo:
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2. Mogopikog Aoyiouog Miog Metafintig

= n+1 = n+l = n+l
Kol
i (_l)nn(z_l)n: - (_1)11”
= n+1 = n+1

INo v In and avtég T1g oepéc, Exovue O6TL 1| akoAovbia

T n=1,2,..., mov v

n+
napdyel cuykAivel oto 1, dpa dev eivar undevikn. Emopévog, avt n oepd amokAivetl. o
. , (=1)"n , ,
™ 2n oepd, Exovpe 6TL 1 akorovBio 1 n=1,2,..., mov Vv napdyel amoteleiton
n

amd 2 amelpeg VITOKoAoVOieS:

(=D)*2n  2n
2n+1  2n+1’

N omoia £yelL Op1o 10 1, Ko TV

1
(- '2n—1)  22m—1 27,
= -T2
2n+1+41 2n—+12 24 =
n
N . . (=)
n onoia £xel 6p1o to — 1. Ene1dn avtég ot vmakolovdieg £xovv dlopopetikd Opia n 1

dgv ovykMvel. Apov avtn 1 akoAovBia dev glval undevikn 1 2n oelpd emions oamokAvet.
Tovem®g, 1 apyikh 6elpd cuykAiver povo ya x € (0,2).

. T va vrodoyicovpe Tig mapaydyovg n-tééng e f(x), n > 0, Ha ypnoonomoovpe ™
puébodo g padnuatikng eraymyns. [apatnpovue 0tL, Yo

n=0, fOx)=7f(x)=2"=2"In"2,
n=1, fIx)=[2=2"In2=2"m'2,
n=2, fOx) =[2"In2] =2"In2In2 = 2*In?2,
n=3, fO®(x)=[2"Inp2] =2"In21n?2 = 2*In2.

Me Béion o mapomdve, vrodétovpe 6t yion = k, fK) (x) =2* In* 2 ko Oa omodeifovpe
ouyn =k+ 1, fEHD (x) = 25 In*+1 2. Mpaypar,

/
FED @) = O] = (271*2) =2 n21n*2 = 2112,

Apa, omodeitape 6t ) (x) =2%In"2,Vn > 0. Avtictorya, 0o £xovpe 0Tt 0L TIHEG AVTOV

TV Topay®ynv 6to onueio x = 0 givar ioeg pe

fm(0)=2"2 =1n"2, Vn>0.
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2.8 A&roonueiwro. opio,

Apa 1 oepd Maclaurin g f(x) Oa givoun

Oa g&etdoovpe v ovyKAon ™G S pe Paon to kprriplo tov d’Alembert:

lnn+12xn+1
i | (2 D)! ~ e/ lim n!In"*12 ~ e/ lim In2 i
p_n%oo ln”2xn =M n%oo(n—i—l)'l na n—oo g 4 = M
n!

H S 0o cuykhivel, cOpeova pe to kpuipro, otav |x| - r < 1 < |x| < % = % = oo, Anhadi,
N aktiva ohykiong g S 1601')rou us oo, H S 0a ovykdiver yua kabe x € R.

n—H
3. Kabag f(x) = Z ——x", avuikabiotdvtag oto S 6mov x 10 2X, TO
n=1
avmtuypa Maclaurin tng g(x) = (1 + 2x) Ba gtvar 0
= (1 n+1 < (_1 n+12n
n=1 n n=1 n

Eniong, To avamTuypo e h(x) = xln(l + x) B eivon To

n+1

N

Hopaoerypo 2.8.6 1. No vwoAoy1oTobV T TOPUKAT® OplaL:

7% (i) lim Slzn( ) i) fim )
n—oo p -+ 1 N—oo I= on

. 1i
(1) xl—I>I(l) 3)62

2. No eEeTaOTOVV G TPOG T1 GUYKALGT 01 TOPAKATO GEPES (YOPIG VoL Y peLALETOL VO, VTOAOYL-
oToVV T afpoicpota):

cos(n” +6)

o < cosr
Yo 2
n= n=1

3. No Bpebovv dreg ot Tipég Tov x € R yia t1¢ omoieg cuykhivel n Suvapocelpd

Z x +2)"
Avaon.
. , e —1l—x | , L0 . . . A
1. (i) Toopio lim 5 &ivau ampoodiopotn popety g, dpa, amd tov kavove L’Hopital
x—0 3x
, . e —1 o , 0 ,
1oo0TaL PE lln(l) 10 onoio etvat emiong amPocdIOPLOTN HOPOY 0 Epapuolovrag
X— X
) 1
tov Kovova L Hopital axopa pia gopd, To {nrodpevo 6pio 16ovtal e hn(l) — = 6
X—
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2. Mogopikog Aoyiouog Miog Metafintig

(ii) Enedn lim n++1 = 0 ko |sin(n)| < 1, ya k60 n, &ovpe Yvopevo epayuévng
n—yoo

axolovBiag pe undevikn axoiovbia, dpa

tim 500 _
n—eo = + 1

7
(iii) AoV 9 € (—1,1), &ovue
N n o n [e) n
) 7 7 7 1 9
mis-rs-r(s) -3

1—=
9

amtd ToV TOTO TOV 0BPOICUATOS TG YEMUETPIKNG GEPAG.

Ozopnpa 2.8.7 Kpumpio avaykaiog cuvOnkng cvykiong Av 1 cepd Zan GLYKAivel, TOTE O
YEVIKOG TNG OPOG IKOVOTIOLEL TN GYEON:

lim a, = 0.
n—yoo

To avtiotpopo dev 1oyveL, dNAdY|, v l}l_{rolo a, = 0, avto dev cuvendyeTal OTL T GEPA Zan

GLYKALVEL (.., | OPUOVIKT] GEPA OTOKAIVEL).

X

. € oo .
2. (1) To 6pwo XEIEOO o x glvatl ampocoldploTn Hopen = apa omd tov kavova L'Hopital,
1600TO [UE
: e* . 1 1
lim = lim = =1.
x—toeX 41  xotee]l4e* 140
Enopévag,
el’l
lim =1#0
n—eo e +np 7& ’

GLVETMG 1 GEPA

n=1 n
amoKA{veL.
(i) A@ov
cos(n’ +6) ' lcos(n®+6)] 1
= < —
n? n? — n?
Kot 1 GEPA
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2.8 A&roonueiwro. opio,
Y.
2
n:ln
oLYKAMVEL ETETAL, OO TO KPLTHPLO GVYKPLONG GEPDOV, OTL 1| GEIPA

i cos(n® +6)
n=1 n’

etvar amoAdTg cuyKAivovsa, dpa Kot GuYKATvovoa.

3. Ectw a, = 6”—\/ﬁ "Exovpe

1

I /nr]

p = lim |21 — jim % X+ 2|
n—eo | @, n—soo

6"\ /n

1 1
= lim :hm—:6|x—|—2].

im V?;I|x%—2| 1 ]

Nn—ro0 Nn—oo
Vi 64/1+ -
n

> Apan aktiva 60yKAMonS TG Suvapooelpdg toovtat pe 6. Emopévac, n duvapocelpd cuykhivet
oto dbompa (—8,4) kot amokiivet oto (—eo, —8) U (4, +-0).

Amnopéver va gEetaotel  cOyKMon thg Suvapocelpdg ota Gxpa Tov dtactipatog [—8,4). T
x = —8, 1 duvapocEPA 160VTAL pE

=1
n;(—l) T

n omnoia givon evalddocovoa oepd. [Ipopavag Exovpe

1 1 1

n—oo \/n n n+1

,  Yw KGO n,

apa, amd To Kprrplo tov Leibniz, ) cepd
1

i(—l)”—

n

GLYKALVEL.

INa x = 4, n duvapoocelpd 16odTot pe

1N omoio AmoKAVEL.

Yvvoyilovtag, N duvapoceEpd



2. Mogopikog Aoyiouog Miog Metafintig

< ]
x+2)"
n;@w(*)

cuykMvet av kot pévo av x € [—8,4).
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