FENIKA MA©GHMATIKA |
4n A1IdAetn

Akoloubieg

E. Itepavonouhog
Turiua Mnxavikav H/Y & Minpogopikrig, Maveniotiuio Marpdv

10 Maprtiou 2025

1/26



AkolouBieg

O nPAyUaTkeG apIBudS V2 eival 4opnToc, Kal Wi TUMIKA Mpocéyyion Tou efval
V2 =1.41421356237 ... ©ewpoUpe Touc PnToUc apIBUoUS

ar =14, ap =141, as = 1.414,
as = 1.4142, as = 1.41421, as = 1.414213,
a7 = 1.4142135, ag = 1.41421356, ap = 1.414213562,

H cuAoyr) auTr NapPICTAVE! MPOCEYYITEIS Tou v/2 &T01 WOTE 0 N oV T&EN 4POC, ap,
eival N Npooéyyion nou nepiéxel Ta N Npwta dekadikd Yneia Tou avantUyuaroc.
KaBW¢G 1o N HEYAADVEI 0 P0G O MAPEXE! HIa KAAUTEPN MPOCEYYIon Tou v/2

Va-a,

1
<,
10"

101 KaBWC O N Teivel 610 Anelpo, o ay, Teivel va vivel o V2. H cuhhoyr aut eival
NAPAdEVUA HIAG AKOAOUBIAE apiBuwy, Kal KABe HENOG TG CUNOYNG AéyeTal
épog ¢ akolouBiag, o a, Aéyetal n-0oTdG 4PoG NG akohoudiag. Xt ouyke-
Kpluévn nepimwon Aéue, eniong, o1 n akoAouBia Twv g, TEIVEL, 1| GUYKAIVEl oTov
V2, } 1c08Uvapa 61 o v/2 eival 1o épio g akolousiac.
] Akohoubieg Mdpriog 2025 2/26



AkolouBieg

Opioude 1

Edv S eival éva un kevd cUvolo TéT1e KABE GuvAPTNON OPICUEVN OTO CUVOAO TwV
QuUOIK®V apiBuwv a: N — S Aéyeral akolouBia (sequence) Tou S. Avri yia a(n)
yodpouue ap. To a; Aéyetal npwTog 0pog TNG akoAouBiag, To as deltepog 6poc,
..., TO @y N-00TOG GPOoC TNG akoAouBiag. Mia akolouBia ypdpeTal wg (on)g; N
ME MApABeon Twv 6pwV NG a1, 02, ..., n, - ... NE€ N. Tpdgoupe eniong kai (ap).
Edv o1 aj, eival npayuarikoi apiBuoi, dnhadn S< R, n (a,)92, Aéyetal akoroubia
MEAYUATIKWV APIBUWV.

- - v

Napédeiypa 1
H akohouBia Twv puoikwv apiBuwv 1,2,3,...,n,... neN. Edw a,=n, VneN.

Nap&deiypa 2

H akoAouBia pe dpoug

11 1
s Ty Tyeeey—yeeey NEN
23 n

eivain (an)™, ve a,=1/n,neN.

1




AkolouBieg

Napddeiypa 3

O1 époi NG akorousiag (an)e ;. érou a, = (—1)", neN eivai ol

-1,1,-1,..,(=1)"..., neN.

Napddeiypa 4
Edv ¢ eival évag npayuarnkog aplBudc 1ote ynopoUe va opicoule TNV
akohouBia

C,Cy)Cy..ryCy...

Edw eival a, = ¢, n€ N. H napandvw akohouBia Aéyetal oraBepr) akohousia.

Aiakpivoupe Toug dneipouc 6poug TG akoloubiag ay,ap, as, ..., p,... and 1o
olUvolo TNV NG akoAouBiag {aq,ar,as,...,dn,...} MOU WNOPEi va eival ne-
nepacpévo. Ma napddeiyua yia my akoloudia ((—1)")2, éxoupe om ol 6ol
NG akohouBiag eivai o1 —1,1,—1, 1,...,(—1)”,... EVW TO CUVOAO TIUWV €ival To

(-1)":neN} = {-1,1}.



AkolouBieg

Opiocude 2
Eav (an)2, kai (bn)*, eival akohouBieg mpayuarnky apiBuy, 1éte:
@ ©a M\éue 41 ol akohouBieg eival ioeg edv a, = by, Yne N.

@ H akoroubia (cp)2 ;. drMou ¢, = an + by, n€ N Ba Aéyetal GBpoIoHaA TwV

akohouBIV (an)? ; kai (bn)> .

@ H akorousia ()02 . drou ¢, = ap — by, N€ N Ba Aéyetal Slagopd Twv
akohouBIV (an)o2, kar (bn)%,.

@ H akooubia (cp)02 ;. 6nou ¢, = apbp, n€ N Ba Aéyertal yivopevo Twv
akohouBIV (an)®2, kar (bp)%2

@ Edv b, #0, VneNn akohoubia (c,),, We ¢y = an /by, N€N Ba Aéyeral
nNAiKo Twv akoAouBIdV (as)2; karl (bn)22,

n=1 n=1"

o Eav (a,)2, eival pia akoloubia kai f eival pia cuvdpTtnon Téroia wore 1o f(ap)
va opieral yia K&Be n, 1é1e PropoUpe va opicoupe Ty akoroubia (c,)%°, drou
¢ =f(an). n€N. Na napddeiyua yia f(x) = v/x, x = 0 opioupe

(Van)o2,, He 6poug ar,vaz,v/as,...,v/an, ..., €4va, =0, VneN.
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Dpdyua akohoubiag

MNa v akoAouBia a, = 1/n, neN nopampolue ona; =1<1, ap = 1/2 <1, kai
vevikdtepa a, = 1/n< 1, Vn> 1. Eniong 1oxUel a, >0, Yn e N. TeAkd éxoupe
O<ap=1,VneN.

Opiopéde 3
Mia akohouBia Mpayuankoy apiBUV (an)o2 , Aéyerar:

@ ‘Ave @paypévn (bounded above) edv UNAPxel MEAYHATIKOS apiBuds M
1é1010¢ WOTE an < M, VneN. O apiBudg M Aéyetal dvw ppdypa (upper
bound) g (a,)%2,.

@ Kérw ppaypévn (bounded below) edv undpxel NPAyUATKOG apIBUdS m
1é1010¢ WOTE ap = m, YN € N. O apiBudg m Aéyeral Katw ppdayua (lower
bound) g (an)>

n=1"

@ Opaypévn (bounded) edv eival dvw kai KATW PEAYUEVN.

Maparnpouue o1 10 dvw @PAyua akoloubiag, edv autd undpxel, dev eival
povadikd, yiari edav M eival dvw epdyua g (a,,)ff;], 161€ YIa kdBe § > 0 10
M+ 6 eival eniong dvw @pdyua, apol a, <M <M+, Yne N. To avdroyo
1oXUEl KAl YIA TO KATW PEAyHA.



Dpdyua akohoubiag

©edpnua 1

Mia akoAoubia (an)2, eival ppayuévn edv kai udvov edv undpxel
npayuankos apiBudg L réroioc wore |apl < L, Vne N.

Nap&deiypa 5

©ewpoUpe My akohoubia (a,)e2; pe

sinn
an=——, neN.
n

Na etetacbei edv n akoAouBia eival ppayuevn.

Mapatnpouue ot

1
<-<1, VneN,
n

ondre anod 1o @ewpnua 1 énetal 611 N akohouBia eival ppayuévn.




Dpdyua akohoubiag

Napddeiypa 6

Na deixBei o1 n akoloudia (an)X2 | ue

—, neN

n:

eival ppayuévn. Yrnohoyi(ouue puepikoUg 6pouc NG akoAousiag

22

B 2% 4 ¢ 2
== Z =

2, a3 = -<2, as - <2.

=2 @ 3 3 a3

2
ay=-
'
Mapatnpoupe ot yia n= 3 ioxuel

G= =t ZQNH_SQPYQ, a

ondre 0 < a, =2, VneN, dpa n akohouBia eival ppayuévn. And v (1)
naipvoupe

n=3,4,5,.... @




Movorovia akoAouBiwv

Opiopde 4
H akohouBia Mpayuankav apIBUGV (a,)S2 | Aéyetar:
@ AuUEouoa (increasing) edv a, < an. 1 Kal Yvnoiwg avgouoa (strictly
increasing) €dv a, < ap+1. YneN.

@ ®Bivouoa (decreasing) edv a, = an41 KAl YVNOIWG @Bivouoa (strictly
decreasing) €dv a, > ap+1. VNeN.

@ Mia akolouBia nou eival algouoa, | PBivouca (yvnoiwg avfouca,
yvnoiwg ebivouca) Aéyetal povérovn (yvhoing povdrovn) (monotone
(strictly monotone)).

‘Aocknon 1
Na eEetaoBoUv WG NPOG TN JovoTovia ol akoAouBieg e yevikd Opo
2" n"
(1) ap=r", >0, (2) an=V2,  (3) ah=— (4) =




Movorovia akoAouBiwv

Napédeiypa 7

Na deixBei 611 n akohouBia

1\n
%:(LPJ, neN
n

eival yvnoiwg alfouoa kal ppaypévn.

Me xpron Tou diwvupIKoU Bewpnuarog urnoAoyilouue

o n (n n n!
e (102" )= S

k=0 k=0
—1)(n=2)-(n—k+1
00D (o)
= k!n
1nn-1n-2 n—(k=1)




Movorovia akoAouBiwv

Suoia
1 \nt1 ) p+1 1
= ]+—) = _—
G+t ( n+1 Z( k )(n+1)k
n+1 1 n+1 1
=1+ + — - =
,(Z’]( k )(n+1)k (n+1)(n+])”+‘

_]+Z”:1(] 1 )(1 2 ) (] k—1)+ 1
B IV n+1 n+1 n+1/) (n+ 1)1

And ta avanmmUyuara Twv ap, Kal dpe 1, naparneouue om

(=202 0-0) =050 75) - 0-55)

yiakdBe k = 1,2,...,n (0T npayuankdtnta n aviodtnta eival auotnpn yia 2 < k <
n)., EVW 0 TEAEUTAIOG OPOG OTO AVAMTUYHA TOU any 1 €ival BeTkdG, Apa ap < Opt 1.
‘ETol N akoAouBia eival yvnoiwg avtouca. Eneidr de a; = 2 énetal om a, = 2,
dnAadn n akoAouBia eival KATw peayuévn.




Movorovia akoAouBiwv

Avalntoviag éva davw epdyua NG akoAouBiag kal eneidn

e

and 1o avantuyua Tou g, énetai o

0o 1 1 1 1

"”51+k§]ﬁ:”1!+5+§+'”+ﬁ
T 1 11 17 11
Sl+-+-+-=+-=
1 2 23 23 2302
1 1
=2+—(1+ +32+ +3n_2)
1.1-1/3""1 3 1
=2+ o) =2+ S (1- ) <275,
2\ 1-1/3 4\ 30

‘ETO1 TEAKA €xoupe O 2 < a,<2.75, VneN.

(oné 10\% (2))
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Napddeiypa 8

©ewpoUpe My akohoubia (a,), we a, = 1/n, n€N. loxupizduacrte ém edv e

eival évag auBaipeta PIKpOG BeTikOG aplBudg 1é1e undpxel N € N 1étoiog wote
O<a,<e, yia kéBe n= N.

MNa v akoAouBia aut yvwpiloupe o

O0<--<app1<an<--<m<a. (€))

Aeixvoupe ot yia € > 0 doopévo, undpxel N € N wore 0 < ay < €, iIcoduvaua
undpxel N e N pe
1/N<ee1/e<N.

ErmAéyoviag N =[1/€] + 1 éxoupe N> 1/€, i ay < €. Enopévag péow g (3)
deitaue ot yia kdBe € > 0 undpxel N étol wote 0< a, < €, yia dAa1a n= N.
BAénoupue Aoindv &1 dAol TENIKA, dnAadn and éva N kal éneira, ol 4pol NG
akoAouBiag nAncidlouv auBaipeta kovtd oro 0.




‘Opio akohouBiag

Nap&deiypa 9

Ag Bewpricoupe v akohoubia a, =€ +(—1)"/n,n=1,2,3,..., 6rou £ € R,
loxupildpacte ot edv € eival évag auBaipeTa PIKPOG BETIKOG apIBuog TéTE
undapxel N € N 1érolog wore |a, — £| <€, yia kéBe n= N,

Mapatnpouue ot

an—¥¢ =

n
) e-ai=1,
n n
KaTd ouvénela cUPPWVA PE To Mponyoupevo napddelyua yia doopévo € >0
undpxel N € N, yia napddeiyua N = [1/€e] + 1, 1éroi0 wore 1/n< € yia 6\a 1a
n= N, enopévwg |a,— €| <€, yiakdBe n= N.
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‘Opio akohouBiag

Opiopde 5

©a Mépe 61 n akorousia ( an)z; OUYKAiVel oTov npayuankd apiBud L edv n
andéotaon |ap — L| yiveral teNkd auBaipeTta pikpr), dnAadr) yia kdee € >0
undapxel N € N 1étolo wote |a, — L| <€, yia OAa 1a n= N. Edv autd ioxuel 8a

Néue 6m o L eival to épio (limit) Tng akorouBiag (a,,),’ﬁ] kal Ba ypagoupe

lim a,=L.
n—oo

Ipdeouue eniong an, — L, KaBwg n — oo.

YUupwva Je tov opioud BAENouue ot

. 1
lim — =0,
n—oo n

pIag kai yia kdBe € > 0 undpxel N € N 1é1olo woTte
1 1
--0l=-<e¢
n n

yiadhatan=N.



‘Opio akohouBiag

Napamipnon 1
Ag Bewpricoule TNV otaBepr) akoAouBia a, =a, neN. Téte |a,—al =0<e€, yia
kdBe € > 0 kal yia kKABe n € N, enopévwg

lima,= lima=aqa.

n—oo n—oo

. v

Oewpnua 2 (Movadikdra Tou opiou)

Eorw 6 n akoAoubia (an )2 | ouykAivel, TéTe To SpId NG eival HOVASIKO.

©ewpnua 3

Eorw 1 n akoAoubia (ap )72 | ouykAiver kal €otw O

lim a,=a,
n—oo

T0TE N akoAoubia eival ppayuévn. EninAéov av |an| < M., yia kdBe ne N, ue
M >0, rére |a| < M.




Oepnua 4 (1518T1eC GUYKAIVOUGKDV AKOAOUBIDV)

[ee]

Eotw Sn yia nig akoAoubie (an)°2 , kai (bp)o2, yvwpiouue o

lim a,=a, lim b, =p.
n—oo n—oo

Tore 1oxUouV ol 1BI0TNTEG !

lan| — lal.

Aa, — Aa., yia kGBe A € R.

Aan+ by — Aa+ uf, yia kae A, p € R.

anbp — ap.

Edvb,#0,yian=N kai § #0, 1é1€ an/bp — a /.

Eava,<bp e a < f.

000000

o0

ey loxvel:

1816mTa ™G napepBoAng EAv yia my akoioubia (cp)
@ a,<c,=<b,. Vn=N, kal
@ a=p.6n\adrha,— a, ka b, — a,

T01E CH — Q.
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‘Opio akohouBiag

Napddeiyua 10
Na efetaoBei wg Npog T cUYKAIoN N akoAouBia

2n+3
a, =
T2+

, neN.

AIQIPOVTAC HE TO HEYICTORAEBIO PO N? apIBUNTH KA MAPOVORAOTH €XoUE

n+3 2t T
P+l 21 1
_+_

m o n?

an

O apIBunm G cuykAivel oto 0, evw O NAPOVOUACTAG CUYKAivel oto 1, dpa and
NV 1IB16TNTA TOU OPiou NNAIKOU akoAoUBIWY €netal ATl N aKoAouBia GUYKAIVE! Kal

li 2+3
. . 2n+3 '_,m(_ _2) 0
I|mcl,7:||mn2 ]:noon ? ==
n—oo n—oo .
* I|m(1+—)
n—o0 n




‘Opio akohouBiag

Napédeiypa 11
lim /n=1.
n—oo
Av ap = {/n, 1é1€ 0, = 1, Yn €N, érol unopoUue va ypdoupe
Vn=(1+6,)% 6,20, VneN.
YYwVovTag apxikd otn n-ooTn dUvapun éxouue

n=1+8,)"=vn=(1+68,)"=vn=1+nd,

énou otn TeAeuTaia cuvenaywyn €yive xpnon g avicdtntag Bernoulli. ‘Etol

1
\/52n5n=*5n5£7=—,
n

art ériou énetal 61 &, — 0, kKaBwg N — co. TEAKA

lim V/n=

. 2\ _
lim (1+26,+07) =1.

n—oo n—oo
] AkorouBieq Mdpriog 2025 19/26




‘Opio akohouBiag

Napddeiypa 12
K&Be npayuankog apiBudg eival 1o 6plo JIag akoAouBiag pnTwV ApIBUoV.

‘Ectw r € R. Edv o r eival pn1dg 161€ N akoAouBia (r,,) 2 MEMm=r.YneEN
OuYKAivel mpo@avwg otov r. ‘EoTtw T o r eival dppnTtog, TéTe yia KABe PUOIKS
apiBud n Ba eival nr—1 < [nr] < nr, énou pe [nr] cupBoAiZoupe To aképalo
MEPOG TOU nr, an’ érou énetai o
[nf]
-<—=r, VYneN.
“n
Ané 1o ©ewpnua G NapeuBoig énetai ém n akoroudia ([nr]/n)°2 , cuykhive
oToV T.




‘Opio akohouBiag

©ewpnua 5 (Movdrovn cUykAion)

‘Eorw (an)zi] uia uovorovn akoAoubia. H akoAoubia autry cuykAiver av kai
uSvovV av eival ppayuevn.

Napédeiypa 13
H akoAouBia

1\n
a,,:(1+—), nelN,
n

eival autouca kal Ppaypevn Ue 2 < a, < 2.75, yia kdBe n € N, dpa cuykhivel ce
karolo apiBué oro diIdoTnua [2,2.75). Tov apiBud autd cupBoAijoupe e e,
TiIMwvTAG €tol Tov Euler (1707-1783) o onoiog xpnoiuonoince Tov apiBud autd.
Mnopei va anodeixBei o1 o e eival dppnTog Kal ue akpipeia 15 dekadikwv
Yneiwv N TiuA Tou eival e = 2.718281828459045 ... ‘Exouue Aoindv ot

) 1\n
lim (1+—) =e.
n—oo n




‘Opio akohouBiag

Napddeiyua 14

Na deixBei ot

MNa n> 1 éxoupe

n n 1 n—1
(1+:5)
n—1
érol
lim (1 1
1\n Lm( “) 1
i (1- 1) = ==l ]
n—0o00 n i 1 n—1 e
lim (1 + )
n—o0 n—1
rnou eival 1o {NToUPevo.
]

AkohouBieg
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‘Opio akohouBiag

Napddeiypa 15
Na deixBei 611 n akohouBia

1\2n
a,,:(1+—) , neN,
n

OUYKAIVEL, Kal va urnoAoyicBei 1o 6p1d Tng.
Mapatnpouue on a, = bf, érou
1\n
b,,:(1+—), nenN,
n

Kal b, — e, KaBwg N — 0o, ondte and TG IDIGTNTEG TV GUYKAIVOUCWV
aKoAouBIwV Ba éxoupue

. 1\2n . 1\n12 9
I|m(1+—) = I|m(1+—)] =e“.
n—oo n n—oo n
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‘Opio akohouBiag

Naparipnon 2 (H évvoia ¢ unakoAouBiac)

Ag Bewpricoupe My akoloubia (a,)2 ;. O1 akoAouBieg ap, as, Qg - ., Aons - - -
Kal ay, 03,05, ...,00n_1,... AEyovial UNakoAouBieg TG (an)‘r’f;]. Fevikétepa edv
ki <kp <---<kp<-- eival yia yvnoiwg aufouca akoAouBia QUCIKWV ApIBUwY
16T€ N akohoubia (ay, )72, Aéyeral unakolouBia Mg (a,)22 . Inueidvoupe ot n
k unopei va eidwBei cav ulo yvNnoiwg avtouoca cuvAaptnon k ‘N — N pe nuég

k(n) = kn.

©ewpnua 6

‘Eorw o1 n akoAouBia (an) . OuyKAivel otov apiBud ¢. Tote yia K&GBe
unakoAoubia (ay, )32, 1oxUel

lim Ay, = l.
n—oo




‘Opio akohouBiag

Napddeiypa 16
Na deixBei 611 n akohouBia

1\n
a,,=(1+—), nenN,
2n

OUYKAIVEl, Kal va unoAoyicBei 1o 6p1d Tng.

Mapatnpouue o
1\n 1 \2n11/2
an=(145:) =|0+5.) ]
2n 2n

ondre cupewva pe v Mpdtaon 6, Ba éxoupue

2n
lim a2 = lim (1+—) =—e

n—oco " n—oo 2n

KATA CUVEMEIa

lim a,=Ve.
n—oo




‘Opio akohouBiag oTo dneipo

Opicpdeg 6

©a Aépe 6T N akoAouBia TwV MNPAYUATIKWV APIBUWYV (a,,)z‘;1 AnokAivel 610 +00,
kal Ba ypdgouue a, — +0o €dv yia kdBe npayuankd apieud M, undpxel N € N
wote a,=Myian=N.

©a Aépe 61 N akoAouBia Twv MPAYMATIKGY aPIBUGY (a,)> ; anokAivel 610 —co,
kal 6a ypdgoupe a, — —oo €AV yia KABe npayuanko apieud M, undpxel N € N
wore a, <Mvyian=N.

AG Bewpriooupue UIa JUn avw @payuévn akolouBia (on)z‘;] MEAYUATIKWY apI6-
V. Tore yia kdBe n e N undpxel k, € N pe k, = n, wote

ag, =n,

kard cuvéneia gy, — +oo. ‘Oyoia av pia akoAouBia dev eival kdtw Ppaypévn
1OTE UNAPXEl UNAKOAOUBIa TNG Mou arnokAivel oTo —oo. MnopoUpue enopévweg va
BewpoUpe Ta +00 KAl —00 OAV YEVIKEUUEVA OpIa UNAKOAOUBIWV HIAG Un ¢eay-
Hévng akohouBiag. Mnopei va anodeixBei 1 av uia akohouBia eival ppayuévn
10TE UNAPXEI UNAKOAOUBIa TNG N onoia CUyKAivel, 6e Npayuankd apiBuod.
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