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Ewcaywyn

Ba yEnCoTtolovue SLAPOoQEO GUGTARATO AQBUWV. XKoTOC wag dev efvar va delgovue Tov TEETO
KOTAGKEVNS AUTOV TOV cUGTRUATWV, AAAd éxovtog dextel Tnv UITOQER TOUS vo SlaTuTTOCoUUE
ko agtodeifouue didpopes WidtnTes ATV, OUTES N AAAKG e(LOGTE EL0IKELWUEVOL Ue Th YENAGN
AUTOV TV aEBuwy attd to Avkelo.
Yvuupolicovue ue
N=1{1,23,...}

TOUS PUGIKOVGS aELBuovs (natural numbers), SnAadn Toug 0ELBLOUS TTOU YXENGULOTTOLOVUE YO
va yetedue. Eriong ypdeouue
No=1{0,1,2,3,...}.

O axkéeauot apBuol (integer numbers) eivor GAoL ou QUGKOL, TO Undv, KABWS Kal oL aEvNn-
TIKOL TV QUGIKOV aELOUWV, GUVETTMOG

Z=A.,-3,-2,-10,1,2,3,...}.

Edv o n elvar @uokdg aplbudg, n egicwon n + m = 0 dev €xel Mdon GToug QUGLKOUG, KAOATL
n+m# 0yl kdBe tevydpl UGIKOV aELBL®VY, AAAd €xel Adon GToug akepalovs (m = —n).

Ou pntoi apfuol (rational numbers) etvar OAa Ta KAAGULATO Ue OQLOULNTA KOl TTOQOVOULAGTA
akepalovg alBpovg, 6TTou BEPalo. 0 TTAREOVOUAGTAS elval Std@oog Tou undevos. Ou pnrol
apiuol mepLéyouv Toug axepaioug wag ko kKdbe axképonog eivor KAGOWO Ue TTOQOVOUAGTA TO
éva m = m/1). EmgtAéov eqv m # 0 elvon axéparog n egicwon mr = 1 €xel Adon Gtoug Entoug
(r = 1/m), oAAG 6y oTOUg akeEaloug, ekTOS kot av m = r = 1. "Etou ot pntol apibuol eivor ot

m z z. Z z
@ = {—, OJTOV O M ELVOL AKEQOGS KOl O 11 (PUGLKOG }
n

Edv r = m/n ye m # 0 piropovue va dewpovue 6Tl 0 UEYIGTOS KOWOS SLARETNG TWV M KoL 1
efvan 1, SnAadii ov m kol 7 glval TEOTOL UETALY TOUGC. XTN TEOAYUATIKOTRTO 0 AQWBUdS ¥ = m/n
TLAELOTAVEL GAOVE TOUG ENTOVS TG Uoe@ng (km)/(kn), é1tov 1o k elvar 0TTOL0GENITOTE OKEQOLOG
apBudg didgpoog tou 0.

Ivwpitovpe axdun 6TL vItdeyovv apbuol Tov dev elvan pntol, dTMWS ywo TTaEdAdeyua o
aLiuds V2 qrov TLAELOTAVEL TO UNKOS Tng vToTeivoucag ogboywviov TEydvou e kdEBeteg
TAEVEES unkovug éva. TTpduatt edv cuvéfawve 0 aEBUOS oTOS va ntav ERTos ToTe Ja ypdgpovToy
GTN LOoEON

v2=",

n
Yo KATTOoL006 PETIKOUES KAl TTEOTOUS UETAEY TOUS aKEQOLOUS m KoL 1. YWP®VovToS GTO TETEA-
yovo kot moAAartAacidicovtag da eiyoue m? = 2n?. Avté 9o cripove 61l o m?, doa Kow 0 m

S



(ywat;) Ya fitav deTiog 0Budg, dndadn m = 2k, yio kATOL0 PUOIKSG aEBUd k. Tdéte duwg Ja
ntav 4k? = 2n%, 1 16od8vvaua n? = 2k?, wov Ya cuvemaydTav, 6TwS TEW, 6TL 0 1 Yo HTAV
dpTiog auds, dndadn n = 2I, yia kdmwowo @UGkS aud . Téte duwg o UéyleTog KOWGG
Suonpétng Twv m kou n Yo ntov TOVAd LaToV 2. AUTS Guwg eivor dtomo yiati o m kow n efvar
TEOTOL UeTagy toug. Me tov {810 TedTTo UTopel va asodetyfel 6Tl o V3, kaw 0 Vi, éTov o
n eglvor @uakdg 0ELBLds Tov dev elval TéAelo TeTEdywvo Sev eivor gntol aplBuol. Ov apBuol
ovtol Aéyovton deentou (irrational numbers). Appntor apuuol eivon emiong ov 7, e, €. Ot
entol aBuol uagl ue Toug dpEentoug 0ELBLovs ATToTEAOVV TOUS TTRAYUATIKOUS aQlBuovc (real
numbers). "ET1cl ov wpayuatikol agibuol eivor

R = {x, émov o x elvan elte pntdg, eite dpEnTog }.

H vewueteki eikdvo 710U £X0UUE YO TOUS TTEAYUATIKOVS aBuovs efvar Tl avtol uiroovv va
Yewenbolv wg dAa ta cnuela uiog evbeioc.

A6 tov ITpotactakd Aoyoud yencuottolovye emiong Tic ekpedoels “P = Q7 vk “P & Q”
yia va SnAwcovpe avtioToryd 6Tl «To yeyovog P GuveTtdyeTol To YeYovog O» KoL «TO YEYOVOTO
P xaw Q elvon 1godvvaya». Xnyewwvouye 6tL “P & Q7 gnuatver akowg “P = Q kv Q = P
Io8vvayeg SratuTtwcels elvon ou
«Q guvdyetar agtd To Pr, o
e P = Q:{«P glvon wkavi guvbnkn yia O», i

«Q elvar avaykaio cuvOnkn yua P».

«P gdv kol uévov edv O», n

«P tdéte kou wévov 1o1E dTav O», N
e Po Q!
«P elvar tkavii ko avaykaio cuvOnkn yia O», n

«P ovvemdyetor Q KoL OVTIGTEOP».

TéAog vTtevBuuitovue 6L av ue =R cuuPoAicovye tnv dovnan Tov yeyovotos R téte n “P = Q”
elvan woodvvaun ue tnv “=Q = —P”.



Ke@pdAaro 1

2UVOAQ KOl GUVOQTNGELS

1.1 Xvvola

H évvowa Tov 6uvéAovu (set) ota Mabnuatikd eivar agyikn ko dev emmidéyxetor ogiouov. Eivar
avdioyn tng £vvolag Tov onuetov kot tng evbeiog otnv EukAeldia yemyetpia. Qotéco Adyovtog
GUVOAO €vvooUUe W GUAAOYN SLOKEKQLUULEV®OV OVTIKEWEV®VY TTOU aTtoTedovv oAdtnta. ‘Etou
Yo TTaAdeyua uroovue vo WAGHE yid To GUVOAO TV AéSewv aTov TTeoTo otiyo tng IMddac,
TO GUVOAO TV chyuelwv evog evBuYEAUUOL TUARATOS, TO GUVOAO TV QLIOV WS OAYERQIKAGS
eglowong.

Ta cUvola to guuPolitovue, cuvibwg, ue kepalata yoduuata A, B,.... "Eva avtikeluevo
JTOU OVAKEL GTO GUVOAO A Aéyetan gTotyeio tov A. Ta cgtoyela Guvodwv ta GuyBoAicovue ue
wked yodupota. Edv to x elvar agtorgeio tov A ypdeouue x € A kaw Aéue OTL TO X GWVAKEL GTO
A 6Tl To x elvan gToyelo touv A. Edv to x dev elvan aToyelo Tou A ypdpouue x ¢ A.

Optoudgs 1.1. EGv A kot B etvar 0o cvivola

() Oa Aéue L To A efvan vITOGUVOAO (subset) Tov B kot ypdpovue A C Bh B2 A
edv kdbe cToxelo Tov A TrEELEXETOL GTO GUVOAO B. Mepkés @opés JéAovtag va
dnAdoouvue 6Tt To A glvor yviielo VITOGUVOAO Tou B, uTtdpeyel dnladn ctotyeio
Tou B mov dev avriker gto A ypdopovue A C B.

(2) Oa Adue 6TL T dVo givoda elvar toa kol ypdpouue A = B edv mepuéyovv ta (Gia
akEP®dg atoyela. Edv ta A kar B Sev elvar {ca ypdpouvue A # B.

"Eva givodo uropel va Snidwbel ue avaygaen twv cTtoyelwv tov, ylo opddeyua eqv F

elval To GUVOAO TOV POVNEVTOV TOU EAMANVIKOU OA@APATOU, TOTE
F={a, e n,1, 0, v, 0},
1 Ue TMEQLYQEAPN TwV GTolXelmv Tov GITov Yo To (8o F €xouue
F = {x: x elvan pawviev tou eAAnvikol aA@apritov}.

Aueceg GUVETELEG TOV 0QWOWOU efval Ta TTaQOKAT® attotedéopata. Katoapyiv edv A =
{x,y,z} xau B = {y,z,x}, t61e A = B. Emiong yio kG ogvvolo A woxver A C A, evdd av A = B
161 A C B kot B C A. XuykekQuuuéva gxouue
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IMpotaon 1.1. Edv A kat B eivar 600 guvolda, tote A = B av kat uovo av A C B kair B C A.

Agodeign. YmoBétouue 611 A = B vou Sefyvouue 6t A C B kol B C A. 'Eotw x € A 16te x € B,
ywoti A = B, Gpa A € B. 'Ouota v x € B 16t X € A, dpa B C A. YrwoBétouue two 6Tt A C B
kol B C A, td1e kGOe GToxeio Tou A efvor kou ototyeio Tov B kol kGBe atotyeio Touv B eivan
kol Tov A. Apa A = B. O

HMapeddetyua 1.1. Edv D eivar To gOvoAo TV AéLemv WAKOUVS TEIOL TTOU TTOQAEYOVTAL UE
aA@dpnto to {0,1}, td1e

D = {000,001, 010,100, 011,101, 110, 111}, 1A
D = {xyz: x€{0,1}, y € {0,1}, z€{0,1}}.

Opwouog 1.2. To gUivoAo TTou TTEQLEXEL KOVEVO GTOoLYElo AéyeTal KEVO GUVOAO (empty set

n null set) kow GuuPoAiceTan ue .

Ynuelwvovpe 6Tl edv A elvar éva orolodnitote gUivolo Téte & C A ywati kdBe ctolyelo Tov
& mepLéyetal Gto A, 1godvvaua dev vITdEXEL GTOLKElD TOU & TTOU VA Un TEQLEXETAL GTO A.

Opwoudc 1.3. Xe 0pKRETES TEQLITTMOGELS TA GUVOAQ TTOU yencluootoue efvar 1 Yewpov-
VTOL VITOGUVOAQ EVOS KOL TOU auToU GUVOAOL TO 0TTolo Yo ovoudcovue Baciké Guvolo,

n ovustav (universe). XuvABwes To cuufoiitovue pe Q.

Hapatngovue 4Tl yia kGBe vITOGUVOAD A Tou Q €xovue  C A C Q.

1.2 IIpdgeis GuvOorAmV
"Ecto A katr B vitociUvoAa tov Q.

(1) H éveon (union) tov A ko B €lval To GUVOAO OA®V TV GTOLXELOV TTOU AVAKOUV GE €va
TOVAdYLGTOV OTto To A kot B. ZuyupoAicetan ue A U B, €16l

AUB={x:x€AnxeB] .y

Hagatnpovue 611 AU B = BUA. Eynpotikd ugtogovue va Sovye thv évwon §Uo Guvodwv
oe éva didyeauua Venn, BAéte Tynuo 1.1, To oroio deiyvel dvo Tuyaio cUvola n évwon

TOV OTolwV €lval TO YQWUOTIGULEVO TUAUOL.

(2) H Toun (intersection) twv A kot B elval To GUVoAO GA®V TV GTOLXEI®V TTOU VAKOUV KL
gta 8o givola A ko B. XuuPoliteTar ue A N B, €161

ANB={x:x€A xu x € B} 1.2)

Iapatngovue 61t AN B=BNA. Edv AN B =@ 161 T gUvoda A kaw B Aéyovtan Eéva
UeTAEL Toug 1 dragevyuéva. Tnv Toun §Yo Guvodwv uropovue va dovue Gto Exnua 1.1.
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&)

@

©)

H Swa@oead (difference) tov A amd to B elvar To GUVOAO OAwV TV GTotelwv Tou A TOoU
Jev avikouvv ¢to B. XvuPolicetan ue A \ B, 1 A — B, €161

ANB={x:x€Arwm x ¢ B}. 1.3)

Hopatngovue 61t A \ B # B~ A. Tnv Suapoed Vo cuvélwv umogovue va Sovue GTo
xnuo 1.1.

AUB ANB ANB

ynpa 1.1: H évoon AU B, n touh A N B ko n Stapopd A . B 800 guvoédwv A kot B.

To cuumAngwua (complement) evég Guvolov A w¢ TEOS To gvurav £ elval To GUvolo
SAwVv Twv gTotyelwv Tou Q TTou dev aviikouvv Gto A. XuuPoAicetan ue AC, étal

A={x:xe€eQrou x ¢ A} 1.4)

Q

AC

Yynua 1.2: To cuumAnpoua A Tov Guvodov A.

Yvuykeivovtog pe tnv (1.3), PAETe kow Zynupa 1.2, stagatngovue 6L A€ = Q \ A. EmurAéov
LoxvoUV oL VAol
AUAC=Q, ANAC =2, (A9 = A. (1.5)

A1td tnv (1.3) emtiong €xouvue

ANB={x:x€eArvuwx¢B={x:x€Arm xeB}=AnNB. 1.6)
H cvuuetokit dtapoed (symmetric difference) tov A ko B eivar 1o GOVoAO SAwV TwV
GTOLYElWV TTOU AVAKOUV GE €va TOLAd)LGTOV amd Ta A N B kaw B~ A. ZvuPoAiteTor ye

A A B, €101
AANB={x:xeA~BnxeB~ A} 1.7

A1té tnv (1.1) BAETTouue OTL
AANAB=(A~BU(B\A), (1.8)
evw ugropel emiong va dewyBel, PAETTe Xxnua 1.3, 61

AANB=(AUB)~(BNA). 1.9)
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Ao ‘

Yynua 1.3: H ovpuetokn Stapoed A A B 800 guvélwv A ko B.

ISi6tnteg kOu GuviTteleg TV TEAEEwv. Edv A, B, C eivar givoda, vItoGgUvola evis Bacikot

OUVOAOUL, TOTE LGXVOUV Ol TLAQAKRATK WBLGTNTES/VOUOL:

AUZ = A, ANg=0, AN =A, (1.10)
AUA=A, ANA =A, ANA=0. (1.11)

Avtigetabetiki i6iotnta:
AUB=BUA, ANB=BNA. 1.12)

Ipocetaugiatiki iSioTnTa:
AUBUC)=(AUB)UC, ANBNC)=ANB)NC. (1.13)

Emyuepiatiki i6i6tnta:

AUBNC)=AUBNAUO), (1.14)
ANBUC)=(ANB)UANOQ). (1.15)

Nduot tov De Morgan:
(AUB) = A°N B, (1.16)
(AN B) =AU B. 1.17)

Evdeiktikd amodewviovue tnv w8iotnta (1.16) touv De Morgan. H amddelgn twv vméloimwy

VOUWV OLPHAVETOL GOV AGKNGN.

Amoberén. Xouowva ye tnv Ipotacn 1.1 apkel va delgovue 6L (AU B)C € A°N B vaw AN B° C
(AU B). "Eotw éva tuyaio x e (AUBXx¢(AUB) > x¢Arux¢ B=>xe€ Ak x € B =
x € A° N B¢, Agtodeitaue Aowgtév 61 kABe GTotxelo Tov (A U B)C elval katl gtoxeio touv A° N B,
n 1Godvvaua (AU B)° € A°N B°. "Ectw tpa x e ANB  => x€A°kau x € B => x¢ Ao x ¢
B=x¢AUB= xe(AUB), dpa 6Ttwe v guumepaivouye 6Tt A° N B C (A U B)°.

TeMkd Aowmdv €xovue 6L (A U B)° = A° N BC. |

Opwouocs 1.4. To kaQTecLavd yvouevo (cartesian product) Tov un Kevov GuvoAwv A
kow B elvar to gHivodo SA®V Twv GTotelwv Tng wopong (a,b) omov a € A ko b € B.
YvuuBoliicetor ue A X B, €tal

AXB={(a,b):acAxm be B}. 1.18)

To gtowyelo (a,b) Aéyetal SrateTayuévo Cevyog ue TTEMOTO GToXElo TO a Kal detepo TO
b.
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H wétnta 6To kapteaiavd yvéuevo ogitetal pue tn gxéon
(a,b) = (d’,b") €dv v uévov edv a=da’ vaw b =10'. 1.19)

Katd cuvémewa (a,b) # (b,a) exk16g edv a = b. Ev yévet AX B # BX A. E4v A = B ypdpouue
AXA =A%

Opwouds 1.5. EGv A efvar éva ovvodo pe P(A) cuyfolitovue o GUVOAO OAWV TwV

VITOGVVOAWY Tov A. ‘ETol
P(A)={B: BC A} (1.20)

To gvivolo P(A) Aéyetanr SuvapocUVoAo (power set) Tou A.

BAémouue auécows 01t & € P(A) kaw A € P(A). Tovigovue 6t Ta gTorela Tou duvapocuvé-

Aov elvar cvvoAa.

IMaeddeyua 1.2. Edav A = {0,1,2}, td1e
P(A) = {2,{0},{1},{2},{0,1}, {0, 2}, {1, 2}, {0, 1, 2}}.

Amodeikvietar 0Tl edv o A atoteAeltal amwd n groelo Téte To P(A) TEQLEKEL 2"

aTolyela.

Hagatngnon 1.1. Edv A elvan €va tuxaio cUvolo tTe 1GXVOUV TA TTAQUKATND
g #£{Q), GCA TCPA), TeP), {(T}CPA).
Na 8o0el Ttapdderyuo Guvodov A TéTolov Kote D € A.
Hogatnenon 1.2 (Fevikevoelg). Ac dewpncoouvue tnv otkoyévelo GUVOAwY {Ag, Ag, ..., Ay}, TOTE
opltouvue
n
UAk =A1UAU---UA, ={x:x €A yio éva tovAdyotov k € {1,2,...,n}} (1.21)

k=1

ﬂAk =AINAsN - NA, ={x:x€A o kdOe k € {1,2,...,n)) (1.22)
k=1
A,}, TéTE wIrogovye va yedpouue

A = U A, ﬁAk = ﬂ A, (1.23)

k=1 AeF k=1 AeF

Edv oploovue F = {A1, Ag, . ..

’
n

Edv topa F eivar pla tuxalo pun kevi olkoyévela cuvolmv cav yevikevon towv oxécewv (1.23)

€xouue
UA:{x:xeAwa kdmow A € F} 1.24)
AeF
ﬂA:{x:xeAyLOL(’)MLTOLAe?'}. 1.25)
AeF

Togduowa eGv F = {A1, Ag, ..., A,} yodpouue

ﬁAk:AleQX---XAn: ﬂA

k=1 AeF (1.26)

:{((’Zl’aZ"” 7al’l):aIEA15 a2€A27"'an€Al’l’}
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1.3 Xvvogtnoeig

H évvowa tng cuvdgtneng (function) eivor yio tao Mabnpatikd egicov Baciki 6TTog avth Tou

GUVOAOL.

Opwoudg 1.6. Edv A kou B eivar 8o cuvola uia cuvdptnon f asté 1o A gto B elvor pia
avtieToylo n véuog date kdbe agtoryelo Tov A avilaToiteTol GE €va Kal Wévo GToyelo
Touv B. Edv f elvar pla cuvdptnon amwd to A gto B ypdoouvue f: A — B. E4v x € A
ue f(x) ovufolicovue To gToxelo Tov B mwov avtigTolyel uécm tng f 6To x. Aéue 6Tl TO
f(x) etvon n ewkoéva Tov x u€Gmw g f.

Ipw amo tov 180 awwva wio guvdetnon SnAdvoviav pe KAITOO LoOnUATIKG TUTO TTou
ETMETEETE VITOAOYLGLOUVGS, OTTOS YLl TTOQRASELYLO Ol GUVAQTAGELS TTOV YV®EIZoUUE ATt TNV TTQO-
TaveTGTWOKNA, wog Tondelo f(x) = x%, f(x) = 2x+1, f(x) = Vx/(x*>+1). ‘Eyive duwg avTiAnITté
6Tl avtd Sev el mavta. Ta wapddetypa edv n elvar évag Petikds axképarog aplduds kor f(n) =
“10 A0S Twv JeTk®dV Stanpetdv Tov n”, Tdte Sev vIdyel TVTOC o To f(n). Zuvadvuua Tng
guvdtnong elval n agtetkovien (mapping), n uetacynuaticudg (transformation), kabdcov edv
f:A— Bn f amewovitel To A 610 B, i yetacynuotitel 1o A gto B.

Opwoudg 1.7. ‘Eoto f vo etvan eivon wia cuvdptnon astd 1o A oto B, SnAadn f: A — B.
To gvvoro A Aéyetan Tedio oQieuov (domain) tng f Koi, GUVAB®GS, GuufoAicceTor ue
D(f) v Dy. To gvodo twv y € B yia To oTwoio vitdpyovv x € A tétola dGTe y = f(X)
Aéyetan Tredio Tw@Vv (range) tng f ko cuuPoliceton ue R(f) 1 Ry. Ev yéver R(f) C B.
To vIToGVYVOAO TOU KOQETEGLOVOY yvouévou A X B

G(f) = {(x, f(x) : x € A}

Aéyetan yedepnua (graph) tng f. EvaAlaktikd cuuBoiiteton ue Gy.

Inueiwon 1.1. O wePLGGHTEQPES OTTO TIC GUVAQRTAGELS TTOV Ta UOS ATTAGYOAGoUV €xouv Tedio

0QLGUOV TO GUVOAO TWV ITEAYUOTIK®OV 0QLOU®V 1 KAITO0 VITOGUVOAO dvutoy. Xe ula Tétoln
TrepiTiTwon uiwoeel va §ivetar wdvo o TUTIOC TG cuvdETnong xweEig va divetor To medio ogLouo.

Opwoudg 1.8. Avo cuvoptnoels f kot g da Aéyovtar teeg edv D(f) = D(g) kan f(x) = g(x)
yia kabe x € D(f).

MMaedderyua 1.3. 'Ectw A kow B 800 un kevd givoda kol €é6tw by € B. H cuvdptnon
f 1A — Bue tomo f(x) = bg, yio kGBe x € A, Aéyeton gTaBgn guvdgtnon (constant

function).

IMaeddeyua 1.4. 'Ectw A # &. H cguvdgtnon f: A — A pe 10To f(x) = x, yio kdbe
x € A, Aéyetanl TtavToTikin guvdptnon (identity function) kar guufolitetan ue 74.
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Haeddetyua 1.5. Eoctw A # & ka é6tw f : A — B. Edv Ag € A n cuvdgtnon
fla, : Ao = B mov opltetar ard tn oxgon fla,(x) = f(x), yioa kdBe x € Ag, Aéyeton o
JTEQLOQLGUOC TG f GTo A (restriction of f on Ap).

e 'Eotw f: A > B. Edv Ag C A ue f(Ap) ouuPolitouue 10 GUVOAO OGA®WV T®V EKOVEOV TV
groyelwv Tov Ag. To gvoro avtd Aéyetan n etkdva (image) Tov Ag uégw tng f. 'ETal

f(Ag) ={y € B:y= f(x) yua k4golo x € Agp}.

apatnpodue 6T f(Ag) € B. Edv By C B ue f~Y(By) cuuBolricovue 10 GUvoAo SAwv Twv
gToyelwv Tov A TV oTolmV oL €IkdVeS UEGm Tng f avikouvv 6Tto By. To Ggiivodo auvtd Adyeton
n avticteoen ekdéva (preimage) tov By uéow tng f. 'Etol

F7'(Bo) = {x € A: f(x) € By).
Hapatnpovue 6Tt f~1(Bg) C A. Mtogel va Sexbel 61t

Ao C A= U (f(Ay)) 2 A 1.27)
By € B= f(f~4(By)) C By (1.28)

Opwouoc 1.9. ’Ecto f: A — B.

(1) H f Aéyetan éva-1tpoc-éva (injective i one-to—one) edv yia kabe teuydol SlokpLT®v
otoyeilwv tov D(f) ol ekdveg Toug elvar SlakELTES, SnAadn

X1 # xg = f(x) # f(xg).

H cuvOnkn avtin elvor tgodvvaun (yroti;) ye tnv
F(x1) = flxg) = x1 = x2.

(2) H f Aéyeton eTti (surjective i onto) tov B edv kdbe otoreio Tov B glvor ekéva
Kdgrolov gTotelov Touv A, SnAadn

y € B=y= f(x) yia kdgolo x € A.

Ieodvvaya R(f) = B.

(3) Edv n f etvan éva-rpoc-éva kar eti da Aéyetan £va-1tpoc-£va avtigToryio UETAED

Tov A kal B.

e Edv f : A - B raw g : B — C oplgouye tn cguvdptnon go f : A — C ue tn agyéon
(go Hx) = g(f(x)). H go f Aéyetau 6OvBeon (composite) twv f ko g. H g o f oplcetan dtav
To Tedlo Twov tng f epéxeTal aTo Jedlo oguopoy Tng g, oxnuatikd R(f) € D(g).

e E4v f : A — B elvaw plo éva Tteog €va aviiotolyio Tov A ye 1o B, té1e o kdbe atotyeio
y € B avtigTorgel éva kar uévo gtoyeio x € A t€toto wate y = f(x). 'Etol uiroeel va ogiaBel n
avticTeoen cuvdptnon f1: B — A wng f amé m oyéon fl(y) =x & f(x) = y.
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IMpotaon 1.2. Eotw f : A — B wd éva-mpog-éva kat eti cuvdptnon. Av g : B — A gival wia
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cuvdptnon yia thv omoia oxvel f(g(y)) =y yia kdfe y € A, 16Te g = L.

Agmodeign. Agkel va delovue 611 g(f(x)) = x yia kGBe x € A. 'Eotw x € A kaw €6t ¥y = f(X).
Agté tnv vméBeon €xouvue 0L f(g(¥)) = y, wwodvvaua f(g(y)) = f(x) rar emeldn n f elvan
éva-rpog-éva €metar 4t g(¥) = x, wsoduvapa g(f(x)) = x, Tov elvan To TnTovuevo.

1.4

1.

2.

10.

Aocxkneelg

Na detybel 611 edv A C B, 16te AU B = B.

No Sexfel 6t edv AUB=A kot AN B =A, 161¢ A = B.

Noa Serybel 1L yevikd (A \ B) U B # A. TI61e woyver (A~ B)UB = A;
‘Ectw A, B, C tuyaia givoda. Na SeryBel ot

(@) AUB)NA =B\ A.
@) BN(ANB)= av kow uoévov av B C A.
) ANBNC=ANC)~N(BNO).
‘Ectw A ={1,2,3,4} xau B = {1, 2}.
(@) Na ypapovv ta ctorxelo Tov GuvéAwv A X B, B x A kar B

B) Ioyvel 6L A X B = B X A; Aal0OAOYNGTE TNV ATTAVINGN GOG.

) Edv C C A xaw D C B va Seybel 611 C X D CAXB.
Noa agtoderyBovv ot widtnteg (1.17) ko (1.9).

Noa agtoderyBovv ta akdéAovba:
(@) AC B=P(A) CP(B).
®B) PA)UPB) CPAUB).
) P(ANB)=PA)NP(B).
Na deiybel 611t A A B= B av kow uévov av A = .
‘Eotw f: A — Bral éotw A; CA, i =1,2. Na Seyybel T
(@) Edv A1 C Ay 161e f(A1) C f(A2).
B) f(A1UA2) = f(A) U f(A2).
V) f(A1NA2) € f(A) N f(A2).
@) f(A1 N A2) D f(AD \ f(A2).
‘Eotw f: A — Bral éotw B; C B, i =1,2. Na Seiyxbel T
(@) Edv B; C By 161 f~1(By) C f~U(By).
®B) [ (B1UBy) = (B U f(By).
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) f7'(BiN By) = f7(B1) N f~'(By).
®) B~ Ba) = 7B\ 7' (Ba).
11. "Eotw f: A — B, Ag C A, kow By C B.
(@) Na amoderyBovv ov gxéoeis (1.27) kou (1.28).

®) No agtoderybel 11 woyvel wdtnta atnv (1.27) edv n f elvor €va-mtog-éva.

) Na amodeiybel 611 1oxvel iedtnta gty (1.28) edv n f elvan el.
12. ’Ectw f: A — B. Na Seiybel 611 oL Tagokdte Tteotdoels eival lgodvvaueg:

(@) H f eltvon éva grog éva.

®) f(A1NA9) = f(A) N f(A2) yia 6Aa ta VITOGUVOAQ A1 kKo Ay Tou A.

W) fU(f(Ap) = Ag, yia kGO Gtivolo Ag C A.

©) Edv A1 NAg = @ 161 f(A1) N f(A2) = D yia Ao T vITOGUVOAD A1 KoL Ay Tov A.
€) f(A1 N A2) = f(A) \ f(A2) yio 6Aa T VITOGUVOAQ A, Ag ToOU A ue A \ Ay = O.

13. 'Eotw f:A—> Bxa g: B— C. Edv Cy C C va deyybel 611 (g o f)_l(Co) = f‘l(g_l(CO)).
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Kepdalaro 2

Ov dvckol aluot

2.1 To 6VUvoAO T®V PUGIKOV AUV

To ovvodo Twv @uokev (natural) apBuodv N opitetal wovadikd amd ta agiduata tov Peano
(1858-1932). BAéme ywo mapdderyua [9], [8].

Atiopa 1 O 1 elvanr @uaoikdg aBudc.

Atiopa 2 T kGBe PUOIKG 0EWUS 1 VITAEYEL LWOVABIKAS ETTOUEVOS PUGIKGS aBuis nt.

Atiopa 3 Aev vItdeyer UGIKGS apBuds n ue nt = 1.

Atioua 4 T kdBe tevydpr LoDV aEWBudy m kow n ue m*t = n* elvon m = n.

Afiopa 5 Edv A elvar éva 6Ovolo @uoikdv agdudv ue T wWidtnteg: (i) 1 € A ko (ii)
yio kGbe n € A, o n* € A t61e A =N,

Oplzovue 17 =2, 2* = 3, 3" = 4, kat Ta Aowgtd, omwdTe
N={1,23,...,n,...}. 2.1

To tedevtalo aflowua YOEOAKTNEILETAL WS N AEYN TNG LWOBNUATIKAG £ITAY®YNG.

Oewonua 2.1 (Agyn tng Mabnuatiking Estaywoyng). ‘Ectw p(n) va givar yia spétacn
JT0V SLATUITOVETAL VIO TOV TUXALO QUGIKO aElOUG n, KAl €ival TETOLA OGTE:

(1) H pQ1) eivar ainbric
(2) Ta kdBe uaikoé apitBud k otav n p(k) eivar aAnbrig, tote kar n p(k*) eivar aAnbrig.

Toéte n mwpotacn p(n) givar ainbri¢ yia kabe n € N.

Amobeign. 'Ectw A va elval 10 GUVOAO TV QUGIKOV aELBU®dV yid TOug oTtoloug n p elval
aAndng, dndadn A = {n € N : p(n) etvar ainbig}l. Amé tnv vitéBeon €xovue 6TL 1 € A, koL €Gv
k € A 16te kt € A. Té1e duwg amd to Afioua 5 émetan 6Tt A = N, 1 16odUvauo n p(n) aAnbevel
yia kG0e n € N. O

16
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Y10 N opltovue (emwaywywd) tnv meden tng meoécheong “+”
n+1=n', n+2=m+1", e n+(m+1)=m+m?’,
étol wote av n € N kvow m € N, 1é1e n+ m € N, kaw Tov sToAAaITAAGLAGULOV .

n-1=n, n-2=m-1)+n, cee, n-(m+1)=((m-m)+n,

17

étoL dagte av n € N kaw m € N, té1e n-m € N. Myogel va agtoSeiyfel 6T yia tig §vo TedEels

LG VoLV Ol WLdTNTES

L.n+m=m+n. 4. (n-m)-l=n-(m-1).
2. m+m)y+l=n+m+1). 5. n-1=n.
3. n-m=m-n. 6.n-(m+D)=n-m+n-I.

2.2 Moabnuatikn Etaywoyn

ITpotdoelg 6TTwS avtés Tov TeERLYEdpel To Oedpnua 2.1 cuvavtdvTal TToAY cuyvd ota Mabn-

uatikd. Mia tétowa efvon n wpdtaon p(n) = “1+2+3 +---+n=nm +1)/2”. Twa tnv amwdédeign

TOU oYvEIGULoL OTL n p(n) eivar aAndng yia kdbe n € N akodovBolue ta Prpato:
(B1) Amtodewkviouue 61t n p(l) eivon aAndng.

(B2) YmobBétouue 6L n p(k) efvon ainbnig ko Selyvovue étL n p(k + 1) efvon ainbnig.

IMapedderyua 2.1. Na Seiybel 611 To dHOLoU TwV 1 TIEOTWV EUGIK®OY auwy 1,2,..., 71

govton ue n(n + 1)/2, Sniadn

+1
1+42+3+---+n= n(n2 ).
o n=1n (2.2) yivetan
1= 11+1)
2
JToU oyVel. Aga n (2.2) efvar aAndric yia n = 1. YroB€touvue ot
k(k +1
1+2+3+---+k= ( 5 ),
Yo KAITolo euaikd k, kou agtodeikviovue T
k+1)(k+2
1+2+4+3+---+(k+1 = %

"Eyouue

14243+ +k+D)=1+2+3+---+k+(k+1)
_k(k+1)
-2
_k(k+D+2(k+1)
- 2
_(k+D(k+2)

2

+(k+1) (agté TNy vITdbeon (2.3))
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Jtov elvan n (2.4). Xouewva ye Thv oxn Tne LoONUATIKAGS eTTaywyng n (2.2) eivon aAndnig
yia kG0e n € N.

Hoapatngnon 2.1. Xtn yAwooa tng Aoyikig n agyin tne Madnuatiking emaymyng KndikoTtolel-
Tl g €8ng: «Edv n p(l) eivon aAnBnig kow n p(k) — p(k + 1) eivon aAndng Yk € N, té1e n
p(n) elvar aAndnig Yn € N». Etn m1eden outd amodeikviouue a@ov dev yvwitouvue edv n p(k)
aAnBevel.

Ytn guvéxela divouue ula StapoeTikoy TUTTOV £QOQUOYA Tng pabnuatikig emaywyng. To
astotédeoua avtd avapéednke oto Iapddeyua 1.2. Ipdta €igdyovue tTn GYeTkn ogoAoyia.
Edv A elvor éva givodo Ttou TrepLéxel €va TeTteQaoUévo apliud ctoxelwv ue |A| cuupoiitovue
To TTAMBo¢ Twv GToelwv Tov. Edv |A] = n uiwopovue va ypdeouvue A = {aj,as,...,a,}. Ia-
patngovue 6Tl edv A kol B elvan memepacuéva guvola tote |A U Bl < |A| + |B|, cuykekpuuuéva
|AU B| =|A| + |B| - 1A N B

Hapeddetyua 2.2. Edv A eival éva gvvolo pe n gtotxela, 6mtou n elvor @uGIkGS aploudg,
T61E |P(A)| = 2". Buuicovue 6L P(A) elvar To dUVALOGUVOAO Tou A.

Amtodeikviouye Tov woxveleud vy 7 = 1. "Egtw A éva givolo ue éva gtouxelo, dSnAadn
éotw A = Ay = {a1). Téte P(A) = {D,{a1}), omdte |PA)| = 2 = 2!, katd cuvémela o
1GXVEGUAC elval GWGTOS Yo 7 = 1.

AexoUuaoTe GTN GUVEXELD OTL O LGYVELGUOS elval GwGTAC yia 2 = k, vIToBETOVULE SnNAASH OTL
KkdBe guvolo ue k aToyela €xel 2% vrocvvola, tgodvvapa edv |A| = k, 1ote |[P(A)| = 2k,
Me tnv mopamdve vitdbecn agtodeikviouue 4Tl 0 LoYXVELOUOS elval GOGTOS Yo n = k+1,

SnAadn edv A elvan éva govolo ue k + 1 agtoryela tote |P(A)| = 21 "Egtm Aowtdv 6
A = Ak+1 = {ala aZa s ey ak+1},
T0Te Ouwg wirogovue va ypdwovue A = Ap U {ags1), 6mmov Ax = {a,as,...,ar}. "Eva

VTTOGUVOAO TOU A elTe TTEQLEYEL TO k41 €LTE OYL. Av TeQLEXEL TO a4 Ta elvon Tng pLoEEng
B U {aj+1} 6mmov B C Ay, katd cuvémela da €xovue

P(A) = P(Ar) U{B U {ars1} : B € P(Ap)}

61ov A GYVOAQ TTOU aTtoTEAOVV Tnv €vwan elvar g€va uetagy toug (yiati;). Ilapatn-
eovue 0Tt [{B U {ak+1} : B € PAY| = [P(Ap)l (viati;), emtougvag

PA)] = IPA] + IPAR)| = 2 + 2 = 2(2") = 2

Jtov efvar awtd TToL YéAovue va delgouue. “ETol 0 1oyveiouds eivol 6waTdég yia kKAOe
neN.

Iapatnpovue e8¢ 6TL edv A = @, t61e |A| = 0, R P(A) = {@}, ométe |[PA)] = 1 = 20,
SnAadn n spdtacn: |A| =n — |P(A)| = 2" elvon ainbng yia n =0,1,2,....

ITpétacn 2.1 (H avieétnta tov Bernoulli). Edv a > —1 va asodeiyOei o1 yia kdbe @uGiko
apBuo n 1Gxvel
1+a)" =21+na. (2.5)
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Agrodeign. Amtodeikviouue 6Tl n avigotnto oyvel yio 7 = 1. Ipayuatikd
(1+a)l=1+a,

dpa n (2.5) yer cov edtnta. Etn cuvéyelo vTtobétovye 4Tl n (2.5) woxvel yia n = k, SnAadn
(1+ a)* > 1+ ka von aswodewviouue 6T 1GYVEL KOL yia n =k +1, SnAadn (1+ a1 > 1+ (k + 1a.

Oa €youue

1+ o) =1+ a)1 +a)f
>0 +a)1+ka) (amd tnv vrébeon Tng emAYwWYNG, agov 1+ a > 0)
=1+ ka + a + ka*
=1+ (k + Da + ka®

> 1+ (k+1a (ka® > 0)
Jtov efvon n avigdtnta Tov Fédovue. Apa n (2.5) woxvel yio kdbe n € N. m|

Kdmoleg @opéc €yxovue va amodeifovue 6Tl n medtacn p(n) elvar aAndnig oyl yioa SAa ta
n aAld ylo kdBe @UGIKG aEUd n > ng, 6TTOL Ny elvol KAITOLOC GUYKEKQLUUEVOS aELOUoS. XTn
TreRlTTTwon avth gav TEAOTo Prua delyvovue 6Tl n p(ng) elvor aAndng.

Iaedderyua 2.3. Na astoderyfel 611 yia kdbe @uakd aeBud n > 4 woyvel
3 n
(5) >n+ 1l (2.6)

TNo n = 4 éouvue
3\t 81 80
(—)— >—=5=4+1,

2) 16" 16
dpa n avigdtnta woxvel yio n = 4. Xtn guvéxelo vtobétovue 4Tl yia kdatoto k > 4
3\k
- >k+1
z)

Kol agtodetkviouye 0Tl

(;)k+1 >(k+1)+1

‘E1al

(& =36

3
> E(k +1) (ard tnv vITEBecn TG ETTAYWYNG)
k 3
=k+-+-
2 2
3
>k+2+ 2 (k>4)
>(k+1)+1

Jou efvan 6,1t IéAhovue va astodeigovue. Apa n (2.6) elvor aAndrig yio kdbe @ULGIKO
apué n > 4. H (2.6) mpopavag dev woyvel yia n = 3, kabécov (3/2)2 =3 +3/8 <3+ 1.
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Acknon 2.1 (MagaAlayn tng avicétntag tov Bernoulli). Edv a # 0 kat a > —1 vo, Serybel

4Tl

1+a)" >1+na, 2.7

yia KGOe @uaoIkd aebud n > 2.

Mio stoaldayn tng Apync tng Mabnuatiking Emayoyig elvor n sagokdte. H amdédergn

NG AMNVETAL GOV GOKNGN.

Oewenua 2.2. 'Ectw p(n) va givai yla TpoTacn Tov SLOTVITOVETAL VLA TOV TUXOLO QUGIKO
aElluo n, kol gival TETOLA WGTE:

1) pQ) eivar adnbric

(2) Eav yia kabe @uoiko apiBuo k otav n p(j) eivar aAnbri¢ yia kabe j < k, 10te ko n
p(k + 1) eivar aAn0rig.

Tote n wpotacn p(n) eivar ainbric yio kdbe n € N,

2.3 Emaywywkol oQieuol

Iaeddewyua 2.4. Edv ay,ag,as, ... €ivar apiduol opitovue
1 n+l n
Z ap = a Z ai = (Z ak) + du+1,
k=1 k=1 k=1

6mov n € N. "Etou

2 3
Zak=a1+az Zak=(a1+a2)+a3.

k=1 k=1

Emedn (a1 + ag) + as = a1 + (az + az) ([WEOGETOUQELGTIKA WBL1GTNTO) UTTOEOVUE VA Yd@ouue
3
Zak =ay+ag +as,
k=1
KO YEVIKOTEQO

n
Zak=a1+a2+~'+an.
k=1

IMaedderyua 2.5. Edv Ay, Ag, As, ... elvar gUvola opitouue

>~
|
—_
>~
Il
—_
>~
|
—_

6Ttov n € N. "Etou

2 3
UAk=A1UA2 UAk:(Alqu)UAg.
k=1 k=1
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Emeldn (AjUA2)UA3 = AjU (A2 UA3) (TTROGETALQLETIKA W8LOTRTA) WITooUUE VO YRd@ouue

)
UAk — A UAs U As,
k=1

KO YEVIKOTEQO

n
UAszlquu---uAn.
k=1

ATt 8¢ tnv Iapatnpnon 1.2 émetor 6T

O A = U A,.
k=1 neN

To. ovdAoyo GUUTTEQAGUATO LEXVOUV KOL YO, TNV TOUN.

2.4 To dvwvuuiké Ocwoenua

Edv a kou b eivan mtpayuatikol agibuol Jupigovye Tig TautdTnTeg

(a+b)? =a®+2ab + b?

(a+ b)3 = a® + 3a%b + 3ab® + b°

(a+b)* = a* + 4a°b + 64°b* + 4ab® + b?,
oL ofroieg erraAnBevovtor eUkoAa kKdvovtag Tedtels. Elvar Aotgtdv Aoyikd va oke@ToUue e4v
VTTAQEXEL YEVIKOS TUTTOG Yol TO avdsrTuyua tov (a + b)", 6tov n € N,

Oqwoudg 2.1. Edv n € N ue n! cuupoiicovue tov aptbud
n'=1-2-3---n.

O n! dwopdceton n wapayovtiko (factorial). ‘Etor 11 =1, 2!=1-2=2,3!=1-2-3 =6,
kok. Opicovue emiong 0! = 1. o kdBe n =0,1,2,3,... kaw k= 0,1,2,...,n opltovue TOV
dvwvuuké cuvtedestin (binomial coefficient) n avd k ue th oyéon

n\ n!
k] kln-k)!"

TToAAéc @opés yodpovue Ng = NU {0} ={0,1,2,...}.

Hapatngnon 2.2 (Idtétnteg TV Svdvuuk®OV cuvtedestav). Edvn e Nokar k =0,1,2,...,n,
TéTE L1GYVOUVV Ol TOVTOTNTEG

n n n n
1 = 5 k=nel = =1
@® (k) (n B k)’ edkdTEQO YOl n gltvon (n) (O)

@ ()5 =()

H amddeign tng (1) émetan dueca amd tov oplaud

n)_ n! B n! _(n) (n)_n_!_n_!_l
(k T klm-k)! mn-kn-m-k) \n—-k/ n]  nl0! w7
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T 8¢ tnv (2) vtoAoyitovue

n+ no\_ n! N n!
kKl \k=1 Kn-k! *k-Dn-k+1)!
_nlln—k+1)+nlk

k!(n —k +1)!
_ nln+1]
" kl(n—k+1)!
_ (m+D! (n+1
_k!(n+1—k)!_( k )

Oeaonua 2.3 (To Avovouké Oswonua). Edv a kat b eivar stpayuatikol aplbuol tote

(a+b)' = (n)a” + (n)a”‘lb + (n)a"‘zb2 oot ( " )ab”‘1 N (n)b” (2.8)
0 1 2 n—1 n

yia kdfe puGiko aplfud n.

Agrodeién. Tapatnpovue 61l €dv évag TovAdyloTov agtd Toug a ko b eivar undév tdéte n (2.8)
woxvel teteuupnéva. Ag vitobBégouue 6t a # 0 kaw b # 0, tdéte

n a n
+b)t = b”(— + 1) ,
(a+Db) 5
omdte n (2.8) yodpetan
b”(g+1)n—b"[n a—n+ " an_1+ i, an_2+ T O n]
b ~ Nofer \1)pnt \2) b2 n—1b \nJI
Opfltovtag t = a/b BAérrovue 6L n (2.8) elvon 1Godvvaun e tnv

n_ (M (a1 (M2 n n
(t+1) _(O)t +(1)z” +(2)t + +(n_1)t+(n). 2.9)

Agrodewviouvue tny (2.9) ue LaBnUaTikn ITOYOYN.

1 I\ B 1
(O)t+(l)_t+1_(t+1),

oToTe n weotnta (2.9) wyvel ya n = 1. Xtn guvéyela vmofétovue 6L

T AV AW (W k k
(t+1)—(0)t+(1)t +(2)t + +(k—1)t+(k)'

(t+ DM = ¢t + D+ DF

R 1

T n =1 érovue

Tote
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agtd tnv vIreheon NG £ITAYWYNG, £TGL VITOAOYICOVUE

k k k k k
+ D = (TN T 2+ )
0 1 2 k-1 k
k\ v (kY i k \o k k
+@y+®t+ *Q_J+k_ﬁ+k
= kt"+1+[k + k]tk+[k + k] ‘1+«~+[k oK ]t+ k
0 1 0 2 1 k k-1 k
_ k+1 gl k+1 ko k+1 P k+1 - k+1’
0 1 2 k k+1
0mov gtnv TeAevtalo LGHTNTO YENGLUOTTONGAUE TG WOLOTNTES TOV SUMVUWK®Y GUVTEAEGTOV

BAéme Iaatnpnon 2.2). H teAevtaia ouwg tgdtnta elvar n (2.9) yia n = k + 1, ondte n (2.9)
elvar aAndng yio kdbe n € N, dpa kou n (2.8). O

[opwoua 2.1. Edv n givar puaetkos aplBuog, tote

®+®+m+©:ﬂ (2.10)

Agmodeign. Ao tn oxéon (2.9) yia a = b =1 émetan 10 AITOTEAEGUO. O

Iogeatngnon 2.3. Amé tnv (2.9) meton 411

n(n — 1)a2 N nn—-1)n - 2)a3 .. el .

A+a)*=1+na+ 5 5 -+ nd" +a

@.11)

KOl aItd Tn GYEon QUTA TEOKUTTEL n avigdtnta tov Bernoulli, kabodg kol dAleg ypnoweg

avieOTNTES OTTWG OTL Y a > 0, woxvel n

A+a)y >1+na+"

%cﬂ 2.12)

yio KGO @UGIKG aLbud n.

2.5 Aocknoeig
1. Na dexfel 6L yio kabe UGG aEud n

(@) n< 2"

®) 1+2n< 3"

) A+m)" =1+ nm, 6wov m elvan GTABeEHS PLGIKAS aELBUSC.
2. Na Serybel 611 yia kdBe uokd aplOud n

@) 1+3+5+---+2n—-1) =n’

D2 1
@) B4+ 34t MDD

6
1 1 1 1 n
V) —+-—+—+--+ = .
1-2 2-3 3-4 n-(n+1) n+1
n? (n + 1)
(6’)E<1+2+3+---+n< s
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Na derybel 611 To TABOC Twv Staywviov KUETOU TLOAUYOVOU UE 7 KOQUEES LGOUTAL (e
n(n —3)/2.

4. Na deyyBel 6T yia kdbe UGG aEBuUd n

@) O 2 Swupel Tov n® + n.
®) O 4 duapet Tov 5" — 1.
(V) O 64 Suanpet tov 72" + 16n — 1.

5. Na Seybel 6T yia kdbe @uokd apldud n
1
i 1 _ an+

l+a+ad*+ - +d" = ,
l-a

a#l.

Edv a etvor évag srpayuatikdg apduds, va dewxbel 4L yio kdbe @uUGkd aLdud n

@) d-—a)' 21— na, a<l

1
N A-a)t < , O<a<l
¢) A-a Tt na
Edv a # b elvan Ttpayuatikol apuBuol ue ypnon tng padnuatikig emaywynig vo deiydel ot

0 a— b eivar Tapdyoviag Tov a" — b yio kGPe GuGIKS aEBud n. Yarodevgn: aftl — pFl =
d“(a - b) + (a* - bh)b.

8. Na Seybel 61 yia kdbe @uaokd apBud n

2)1+1

1 1, , N
(o) Z %>§ Yaodergn: AvaScksbwakzl,Z...,n,TorenaS;cnSnb.




Kepdalaro 3

Ou ;tepayuatikol aQluot

3.1

To 6OU0 TOV TTEAYUATIKOV 0Ql0u®V

To 6UvoLo TwV TTEAYUATIK®V aLBUwV pwitopel va katackevachel agrd Toug pntoig abuovc ué-

0w YeueMODV aroAovOL®OV (UEBoSog Tou Cantor). T'a pio TETOLO KOTOGKEVT TIAQAITELITOVUE

oto [16]. Aeyxduacte Aomwdv dtL vTtdeyel £va guvolo R, wou Aéyetal To GUVOAO TWV TTEAYUOLTL-

KOV aQBuw®v (real numbers) epodiacuévo ue §vo Tpdtels: “+” mov Adyeton TTEOGOEGN, KO -7

JT0V AéyeTal TOAAATTAAGLAGUSS, TETOES WOTE edv X KoL ¥ elvar Ttpoypatikol aplduol téTe Ko

oL x+y Kai x-y elvor JTeayuatikol agliuol, £ToL dGTE va 1oYOUV Ol TTAQOKAT® VOLOL/OLELOUATOL:

1.

2.

9.

X+y=y+ux
x+y+z=x+Q+2).

Yadpyer wovadikds TRoyUatikos apliuos Tou Aéyetal undév (zero) kol GupPoAiteTor ye
0, étoL ddate x + 0 = x, yio KAOe TTEAYUATIKG AQLOUS X.

INa kdOe TEAyLaTikG aELOUd x VITAEXEL LOVASIKOS TTEAYULATIKOS aELOUsS X', £T6L OGTE X +
x = 0. O meoyuatikds aeiusds x” Aéyetar o avtiBetog (opposite) Tou x kot GuUBOALZETaAL
ue —x.

x-y:y-x.
(x-y-z=x-(-2).

Ymdpyelr Lovasikos meayuatikos ouds mou Aéyetor €va (one) kal cguufoAitetor ue 1,
1# 0 €toL dote x -1 = x, yia KGAOe TTEOYUATIKG aQLOUS X.

TNo kdGbe Teayuatikd apud x # 0 vItdeyer UOVAdIKOS TIEAYUATIKOS aplduds x”/, étol
oote x-x”7 = 1. O weayuatikos apliuss x” Adyetol 0 avtiGTEOEOS (inverse) TOU X KoL
ouuBoliceton ue x1, f 1/x.

x-+=x-y+x-z

Haeatnenon 3.1. Edv x kot y, efvor tpoayuatikol apiduol o Teayuatikds aliuds x+y Aéyeton

dfgotoua (sum) Twv x KoL y, evd 0 X -y Aéyetal ywvéuevo (product) Tov x Kal y. Zuvibwg To

ywduevo ypdgpetor xy. Opitovue tn TEAEN Tng apaigeong (subtraction) ue th gxéon

y—x=y+(=x).

25
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THopduola edv x ko y, elvon Tayuatikol ool ko x # 0 opltovue To TnAiko (quotient) Tov

y 8wa x ye tn oxéon

Y10 gUvoAo R Twv TeayLaTikOV aQbudv opitetan uia xéon n drdtagn “<” tétola dGTE
10. E4v x <y kow y < z 161¢ X < Z.
1. x <y ray < x edv ko uévov edv x = y.
12. Edv x kou y elvar srpayuatikol agbuol téte n x <y ny < x.
13. EGv x <y 161€ x + 7 < ¥ + Z yua kGOe TTEOYUATIKG aoud z.

14. EGv 0 < x ko 0 <y t61e 0 < x - y.

Opwoudc 3.1. ‘Eva givolo Treayuatikdv aiudv S Adyetor dve @eayuévo (bounded
above) edv VITAEXEL TTEAYULATIKOS aELBUOS X TETOLOS MATE yia KABe y € § va woyvel y < x.
To x Aéyetan éva dve @eayua (upper bound) tov S. Edv s elvar éva dve @edyua tou
S térolo date s < x yio kKABe Avw @Edyua x Tov S, TéTE 0 s Aéyetar EAGNLOTO GV®
@edyua (least upper bound) n supremum Tov S kol GuufoAiceTon pe sup S.

15. EGv S eivonr éva dve @eayuévo GUVOAO TTROYUATIK®OY 0QLOUL®dV, TOTE LVITAEXEL TO €AAXIGTO
dvw @edyua tovu S.

Hapatngnon 3.2. Edv x <y ypdeouue y > x. Extiong edv x <y kow y — x # 0 ypdpouue x <y,
ny > x. ‘Evog apbuds x Adyeton detikog (positive) edv x > 0 kol aQvntikog (negative) v
x<0.

e EGv o n elvor @uakdg 0lfuds kar o x lvarl TTayuatikos aubuds yedgouue

nx=01+1+---+Dx=x+x+---+x

n n

ko kot avadoyia opigovue
X=x-x-x

——
n

IMpotaon 3.1 (Agioua tov AQuundn). Edv x kat y givar detikol spayuatikol agifuol, 1ote
VITAPXEL PUGIKOS apLOUOS n TETOLOG WGTE Yy < NX.

Agrodeién. Me tnv €1g dtomo amaywyn. Yrmobétouye 6Tt vdoxouvv x > 0 kAt y > dGTe nx <y,
yia 6Aa ta n € N. ‘Ectow By, = {n € N: nx <y}. To By, elvau dvw @eayuévo, doa agd to vouo
15 €areton 6TL LVITAEXEL EAAYLGTO Avw @EAyUD, €6Tw b. Tdéte nx < b, yio kGBe n € N, emouévwg
(n+ Dx < b, yua ke n € N, omtéte nx < b—x, Yn € N. Eweldn 1o b eivar 1o eAdyoto dvw
@odyua Tov By, da weémer va elvar b < b — x, i 1godvvapa 6Tt x < 0, Twov elvan dtotro. Katd
GUVETIELOL V10 KAOE Teuydpr DeTIKOV TTRAYULOTIKOV aQOUdV X Kal ¥ LTTAQXEL QUOIKOS 1, OGTE
nx > y. O
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Hoedderyna 3.1. Gewpovue T0 GUVOAO

A={1—l:neN}.
n
IMopatngovue 6Tl av To a gival Tux6v atorxeio Tov A, 161 @ = 1 — 1/m yo kdirolo
PUGLKO 0BUd m, katd cuvémelo a < 1. Egteldn to a eivar tuydv émeton 61t A glvol dvw
peayuévo. Ioxvoigduacte 6Tl supA = 1. AgtoSeikviouye Tov 1GYLVELGUS e Ty €16 AToTo
astayoyn. Ymwobétouue Aoy 41l vitdpxer TEAyUATikOS 0Buds 0 < s < 1 date a < s
yia kGBe a € A. Edupwvo ue tnv Ipdtacn 3.1 yia touvg aebuovs 1/(1— s) > 0 ka1
vTtdyet np € N wate 1/(1 - 5) < ng. Téte dumg

—<l-ses<l-—.

no no
To televtalo amotéAecua duwg avtifaiver gtnv vItodecn Tl To s elval éva dve @EAyLa
yia 1o A. Katd cuvémeio dev vmtdpyel dvo @edyua Tou A ukedtepo Tovu 1, emouévmg
supA = 1.

2Tn guvéxela aIrodekviovue Ty VITAREN TOU AKEQAIOV HEQOVC TTEAYUATIKOU 0QLOLo.
IMpotaon 3.2. Edv x € R virdgyet povadikos akéalos m, OGTe my < x < my + 1.

Amodeign. To gUvolo Ay = {m € Z : m < x} elvor éva dve @EAYUEVO GUVOAO TTRAYUATIK®OV
au®V, Kotd cuvéTtela €yel eAdyloTo v @edyuoa (vouog 15), éotw my. Tote my < x. Av
vTobéoouye 6L my + 1 < x té1e Yo TEETIEL My + 1 < my, AoV To my elvor To EAGYIGTO Gvw
@Edyua Tou Ay, Tou glval dtotro. Emouévwg x < my + 1. Katd cuvémela my, < x < my + 1. Xn
ouvéyelo delyvouue 6Tl my € Ay, SnAadii o m, elval aképonog. Emeldn o my — 1 Sev elvan dvw
@EAYUO VITAEYEL g € Z &dote my — 1 < g < my. Av my ¢ A, 10Te g < my, 0TOTE TO ¢ dev elvan
4v @edyua Tou Ay, KATd GUVETTELQ VTTAEXEL p € Ay Ue g < p < my. 'Btot my — 1 < g < p < my,
oTt6Te 0 < p— g < my — g < 1. AuTd Suwe elvor dtomo a@ov ot p, g elvar aképarol. Estouévmg
my € Ay. Amodekviouue Toea tn povadikdtnta. ‘Ectw ¢t vmdoyer m’, € Z ue m), < x <m’, + 1.
AT6 TOov 0QIOUS TV My KO M1, TEOKVTTTEL OTL my, < m’, + 1 vow m), < m, + 1, katd Guvémela

’ ’ 4 — ’ 7 z 7
my < m, RoL m), < my ETOUEVOS my = m).. H amoderén elvan TAnong. O

Opioudg 3.2. Edv x € R, o povadikdg aképalog, tnv UTAQEN TOU 0Itolov €E0GQAAILEL
n Ilpétacn 3.2, Aéyeton axképaio UEEOS TOu x Kol GuuBoliceton ue [x], €tol [x] € Z ko
[x] <x<[x]+1

TNo woaeddeypa [0.75] = 0, [3] = 3, [-1.3] = —2. To kABe TTEAYUOTIKG 0QLOUS X LoYVEL

x—1<[x]<x

3.2 H gvbeia Tov TEOyUATIKOV 0.QL0Uu®V

ATtodeikvieTal aItd To OEIOUATO TOV TIRAYLATIKOV aBudv Tt To givolo R €xel thv eTtuatAéov
woTnTa
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ITpétacn 3.3. Edv x <y T0Te VITAQYEL TEAYUATIKOS aplOUOS 7 TETOLOC WGTE X < Z KAl Z < .
Agrobeign. Aelyvovue 6ty z = %(x +y) € R woyver to cuprtépacua. ITpdyuatt

1 1 1
x=§2x=§(x+x)<§(x+y)

agtd tnv vtébeon x < y. ‘Ouoia

1 1 1
—x+Y<=(y+y) ==2y=y,
g+ <gh+y)=32y=y
YEYOVOC TTOU QITTOSELKVUEL TOV LGYVELGUO UAG. m|

Edv x < z kaw z < y ypdeouue x < z < y. To amotélecua tng Ilpdtaong 3.3 ek@pdiet
TNV TTUKVOTNTO TV TTEAYUATIKAOV alBudv kol odnyel 6To va Jewpolue TOUS TTEAYULATIKOUVGS
aBuovg gav ta onueio ulog TpocavatoMouévng evbeiag.

Edv a kou b elvon mrpayuatikol agibuol ue a < b, 1éte ue T SracTiuata

(a,b), la,D),  (a,D], la, D]
ovuPoAitovue avticTolyd To GUVOAQ T®WV TTEOAYULATIKMOV 0QLBU®V X TTOU LKAVOITOLOUV TIG GYEGELS
a<x<b, a<x<b, a<x<b, a<x<h.

Edv dempnrcouye ta oUufolo —co kaw +0o, aviicTolya, uetov dmerpo (minus infinity) ko cov
amerpo (plus infinity), tétolo doTe —00 < x < +00, ylo KAOe TTEAYUATIKG 0QBUd X, ustoQovue
va yedopouue R = (—oo,+00). "Etcl €dv a elvar €vag TTROyUaTIKOS aplBuos ue Ta nudItelpo
Swootiyata

(=0, a), (=00, al, (a, +00), [a, +0)

ouufoiitovue avicToryo To GUVOAL TV TTEAYLOTIKAOV OQLOULOV X TTOU IKAVOTTOLOUV TS GYEGELS

x<a, x < a, x> a, X 2> a.

To agtotéAecua TTOU 0kOAOUDEL ERPEATEL TO YeEYOVAS GTL 0L entol alByol eival TTUKVOL GTOUg

TTEAYULOTIKOUS aplBpovc.

IIpotaocn 3.4. Edv x kat y gival dgpntot apifuol ue x <y, TOTE VITAE)EL PNTOS aplBuUdGs 1 TETOL0G
WoTE X < r < Y.

Agrodeién. Inuewdvouue 6Tl av ol X, y elvol @nTol To aITOTEAEGUO TTROPAVAOS LGYVEL KOL TTQO-
kUTITEL Otd v Ilpdtacn 3.3. Azd tnv vtdbeon €xouvue 6T ¥y — x > 0, €wopévwg amd tnv
TTpdtaon 3.1 émeton ot vItdeyel n € N date n(y — x) > 1, woodvvaua ny > nx + 1, €161 da elivon

+1
nx<[nx]+1§nx+1<ny:>x<m<

O r = ([nx] + D/n elvar pntdég KATA GUVETIELQL £XOUUE TO CNTOVUEVO. ]

Aoxknon 3.1. Edv x kou y elvar steoypatikol agbuol ye x < y, téte vItdeyel deentog aliudg
§ TETOLOC DGTE X < § < Y.



H EYOEIA TQN IIPAIMATIKQN APIOMON 29

Hapeddetyua 3.2. Edv S = (1,2), té1e T0 2 KOODS KOl KAOE TEOYUATIKGS 0QLOUoS x > 2
efvar éva dveo @edyuo touv S. Ouowa edv S = (1,2], téte kG x > 2 eivar éva dvw
@edyua tov S. IMapatnpovue 6t €dv S = (1,2), téte supS = 2 kar supS ¢ S, eved
av S = (1,2], tote supS = 2 kau supS € S, Sndadn to eAdyloTo Avw @EAyLa GuVOAOL

urropel va aviikel 1 va unv avrikel 6to GUvolo. Ilapatnpovue 6t To sup(l, +oo0) dev
vTdyet (yratis).

Opwoudg 3.3. "Eva givoro S € R Aéyetan kdtm @eayuévo (bounded below) edv vrtdpyel
TLEOYUATIKOG aELOUGS X TETOLOC OOTE Yol KGBe y € § va woyvel y > x. To x Aéyeton éva
KAt @edyua (lower bound) Touv §. Edv s elvon évag TTeaywatikdg aplduds TéTolog OaeTe
§ > X Yo kGBe KAT® @EAYUO X Tou S, TOTE 0 § AEyeTol UEYLGTO KAT® @ayua (greatest
lower bound) n infimum tov S ko cuyfoAicetarl pe inf S.

SUOUEVa e ToV 0QLGUG TOU UeyioTou KAT®w @edyuatos BAémovue 6Tt inf(l, 2) = 1, inf[1, 2) =
1, evd To inf(—00,2) Sev vmdoyel. Mimogel va amodetyfel n axdiovbn medtacn. Ia Tnv
agtdderen PAEte Aoknon 3.2.

IIpotaon 3.5. Kdfe kAT®w @EAYUEVO GUVOAO TTQOYUATIKOV AQLOU®dY EXEl UEYIGTO KATW PEAYUA.

Acknon 3.2. Edv § C R, td1e oplcovye —S = {—x : x € S}, dSnhadn —[1,2) = (-2,-1]. Na

agtoderyfoiv ol woxvELGUOL:
(@) "Eva gdvoro § C R eivar dvo @peayuévo edv kol uévov edv 1o —S elvol KATw @EAYULEVO.

®) "Eva ovvolo S C R elvar kdtom @eayuévo edv kor uévov edv 1o —S elvar dvw @eayuévo.
Ynodergn: —(—S) =S.

W) SUPS = —inf(=S) kaw inf § = — sup(—S).

Opwouoc 3.4. ’Ectm S €va GUVOAO TTQOYUATIKOV OQLOUL®YV.

(1) To onuelo s* € § Aéyetan uéyroto (maximum) Tov S edv s < s* yia kGbe s € S.
YTnv meRlTtTowon auth ypdeouye s = max S.

(2) To onueio s, € S Aéyetanr €ddytoto (minimum) tov § €dv s > s, ylo kAbe s €
S Xnv grepimttoon avth ypdeouye s, = min S.

IIpétacn 3.6. Ectw S éva gUvoldo mpayuatikdv aplfudv. Asikte 6Tt
(1) s =maxS av kat yévo av s =supS kar s € S.
(2) s=minS av kat yévo av s =inf § kar s € S.

Amébeién. H amoderen agrivetolr cov AGKNon. O
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H agtéAvtn tTiun ko SuvAauels TQayuatikov aQlucdv

Opwoudg 3.5. Edv x efvan évag mpayuatikds apliudg opitovue tnv astéAvtn Tun
(absolute value) Touv x ye Th oyxéon

X gv x>0
x| = ,
- X eav x < 0.

Hapatnovue 6Tt [x| > 0 yia kGBe TTEAYULATIKG aEOUS x. Aueon GuVETIELQ TOVL 0QLGUOU elval
n avigénta
—|x < x < |x]

yia KGOe TTEayULaTIKG aliud x.

IMpotaon 3.7 (ISwétnteg tng astéAving Twng). Edv x kat y gival sTayuatikol aplBuol, 1ote

LGYVOVV Ol TTARPAKAT® IGLOTNTES TG AITTOAVTNG TIUNG:
(D) |x| = 0 kat |x| = 0, edv kar uévov edv x = 0.
(2) lxyl = Ixllyl
(3) Ix/yl = Ixl/lyl, y#0
(4) |xl=1-xl
B) |x+yl < x|+ H avieétnta auti gival n TEIY@VIKR AVIGOTNTA
(6) llxd = Iyl < lx =yl
Amodeign. 'Ecto x,y € R
(D) Etvar duecn guvémelo Tou 0QLouol Tng aItOAVTNG TWAG.

(2) ATt6 Tov 0Qoud NG aTéAUTRG TWIAS elvol Xy = |xy|.
@) Av xy = [xyl, 6t xy = [xllyl, 1 xy = (=|x[)(=|y]) owdTe |xy| = xy = [x][yl.

@) Av xy = —|xyl, Tote xy = —|xl[yl, omwdTe |xy| = —xy = |x]|yl.

3) Avy # 0 amd v (1) etvon [y| > 0, otdTe OTTS Tnv (2) €xouvue

X X X [x]
bl =5y = =l = |5 = =
y y yio Iyl
(4) TIdM wa epaguoyn tng (2) divel
| = x| = (=Dl = | = 1lx| = 1|x| = [x].
(5) OTwg Taatnencaue eivor
—|x] < x < |x|

I <y=<lyl
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Kol TTEoGOETOVTOG TTOlpVOoUUE
—(xl+ D) <x+y <xl+yl

KOTA GUVETTELOL
tx+y) <X+ =lx+y < |x+ 1yl

(6) Amo tnv (5) Talpvouye

X[ =lx—y+yl <|x=yl+y =[xl =yl < |x =yl

Pl=ly—x+x[<|y—xl+Ix] =yl = Ixl < |x -yl

ETOUEVMG
(x| =y < |x =yl = [Ix| = yll < [x = yl.

H amddeign eltvon tangng.
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Aoxknon 3.3. Edv x xkau y elvon srpayuotikol agbuol oote yia kGbe € > 0 elvan |x —y| < €, T1€

x=y.

INpotaon 3.8. Ectw a évag mpayuatikos apfuds. I'a n € N opitovue (eraywyikd)

Eav a kat b eivar srpaypatikol apibuol va Serybel 6Tt

aman — am+n’ (aﬂ’l)ﬂ — amn (ab)n - al’lbn’
yia kdfe puGIKO aplfud n, 0sTov m eival €vag Tuyaioc alla ctabepds PUGIKOS aplfuog.
Améberén. Apnvetalr cov AGKNGN.

Tuupovodue 6Tl yia x # 0 va ypdpovue x° = 1.

y? = x, Sn\adn
Vi=y e )y =nx

Ewdwd

Va2 = |xl.

O@wouog 3.6. Edv x > 0 elvar évac meaynatikds apfuds opltovie tTnv TETEAY®OVIKI
0(Ta Tov x, Vx va eivar o [Wovadkdg) TTEAYLATIKOS alduds y = 0 yio Tov oTrolo 1oyvel

Tevikdtepa av n elvar AETIOC PUGIKAS aELBUOS kot x > 0 elvar €vag TTEAYUATIKOS aplOUog
opltovue Tnv n-06TH EITa Tov X, Vx va elvar o (WoVadIKES) TTEAYUATIKGS aeWuds y > 0
yia Tov ogroio 1Gxvel ¥ = x, SnAadn

Ix=y o y' =x 3.1

Av n glvar JTEELTTOC PUGIKAC aELBUAS Ko x elvor €vag TTEAYULATIKOS aelBudg opitouue
v n-06TR EiTa Tou X, X va eivar 0 TEAYUATIKOS aEudg y TTov kavortolel tnv (3.1).
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T tn 7-06TA EITO TOU TTEAYUATIKOU abuol X, yedoouue emiong

Hopatngnon 3.3 (Avvdueirg). Mitopel, xwelg Waitepn ducskoAia, va arodexfel otL av x, y
elvan Treayuatikol apbuol ko m, n @uGkol agBuol ToTe WGYVoUV oL LBLOTNTES

Al X'x™ = X,
A2, ()™ = X"
A3. X"y = (xy)".

x" x\"
. —n=(_),y¢0_
y y

ATé v A3. yioy = x7L, dtav x # 0, émwetan 6L X(x7 )" = (xx7D) = 1, katd GuvéTtela oplgovtag
x—l’l — (xn)—l — (x—l)n

yio n € N, utropel va deryfel 61L or Al.— Ad. 1Gxvouv Kal Yo AKEQOLOUS M KAl 1, ELGIKATEQQ

X"
A5, — =Xx"" x#0.
xﬂ'l

Avr=m/neQuen>0ru x>0 opitovtog

m
n

) 1 1 , ;o . .
®date xn = (xn)™ = (¥™)n pgroeel va derybel 4T Lyvouv oL véuol

A6. {[fx = "/x, ue m,n € N kaw x > 0.

AT7. {[xxfy = {/xy, ue n> 0, x > 0 kaw y > 0.

\é_}=</g,usx20}<my>0.
Y Y

‘Etol teMkd av r ko s elvon pntol agbpol kaw x > 0, y > 0, (i awotned detikol dmwou

A8.

xeetdcetan) efvar Teaynatikol aplBuol tote

’ ry.S _ L I+S x" _
() x'x° =x (6/)_S=xrs
X

@) ()T =x" .

V) () =2y ©) (g) - ;C—

Haeatiignon 3.4. Edv A eivar éva tuyaio civodo epodlacuévo ue 800 eGwTEQKES TTRALELS D
KOl © TETOLESC WGTE Vo IKAvoTToloUvToL ot Wdtnteg 1-9 ye @ otn 9éon touv + ko © gtn Jon
TOU -, TéTE N TEWASA (A, B, ©) Aéyetan cdua (field). Apa ol TEAyLaTKO! aEBUOl Ue TIC YWOOTES
TTedels astotedovv aoua. ‘Eva couo mou koavottolel to afiouata 10-14 Adyeton Sratetoy-
uévo coua (ordered field), eved edv emmgtAéov kavomolel ko To afiwua 15 Aéyetor TANQ®S
Sratetayuévo coua (totally ordered field), dpa ov TTEayuatikol abuol ue tn yvwoti Sidtagn
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AITOTEAOVV €va. TTANQMC SlOTETAYUEVO GOUO. ATToSekVUETOL OTL TO GOUOL T®V TIQOYUOTIK®V
au®v efvar katd kAITolo TEGTIO wovadikd, ue tnv £vvola 0Tl KABE COUO TTOU LKOVOTTOLEL
To agwwpata 1-15 eivan tovtéonpo ye to R, icopoeeo (isomorphic) pe to R 6tn yAdweoa tng
diyepoag!. Tia v améderen TapaTtéuitouye 6Ta cuyyeduata [14] kou [16]. Xtn cuvéxela va
KOTAGKEVAOEL TTEOTO TOUG PUGLKOVS (IQLGU,O‘OQZ KO LETA TOUG OKEQAIOUS Kot TOug entovs. Ta
TN JTEOGEYYLON OUTA TTOQATIEUTTOVUE GTO cuyyeduuata [2] kau [11].

3.3 To 8ekadikd avdsmTuyud TEAYUATIKOU alfuov

T'vwpitovue 6Tt oL VTTOSLALEEGELS OAGKANQWV ARLOL®V (PUGIK®OV I aKkeQAlwV) TTARIGTAVTAL, UETA
agtd tn oxeTikn Swalpeon, we dexkadikous apbuove. “Etal, yia stapddeyua, €xovue T

3—06 1—025 27—675
= =06, 7 =025 7 = 6.
ITapatnpovue 6Tt
3 6 1 25 20 ) 2 5
- =—=0.6, —=—=—+—=—+—=0.2+0.05=0.25,
5 10 4 100 100 100 10 102
Kol
27 4-6+3 3 75 70 5 7 5
—=—=6+-=6+—=6+—+—=6+—+-—=6+0.7+0.05 =6.75,
4 4 4 100 100 100 10 102

SnAadn ov pntol avtol aBuol, 6TTws Kar dAAOL, LITOEOVV VA, YROPOUV GTN LORPN

a az an

T 3.2
10 102 10" 62

r=ap+

6Tt0V 0 ag € Z, vow a; € {0,1,2,...,9} via k = 1,2,...,n. BéBoawa Sev eivor aAibeio 6tL kdGbe

entdg ugroeel va ypapel otn wopen (3.2). Ta wopddetyuo av vitobécouue 4Tl

1 N a N as . ay
— = q, J— J— cee _
3710 " 102 107

yia kdgrolo Jetikd axépato n, Ya elyaue, apov ag = 0 (yori;),

1 10"'a +10"%ag +---+a, _m

3 10" T

IEdv (4, ®, 0, X) elvar éva 6oy TTou wavototel Ta afiouata 1-15, etvar SnAadn éva TAE®S SLOTETAYUEVO GHUA,
T6Te vItdEyxel wia cuvdptnon f: A — R éva meoc éva kan et Tétola daTe edv x ko y elvar gToyela Tov A, tdte

fxey) =f)+f), fxoy)=fOf. x<y= f(x) < fO).

“Eva givodo A C R Adyetar eTtaywyké ov 1 € A kou yio k4e x € A 0 x + 1 € A. T mwaeddeyuo to N kar To
R eivar emtaywyikd givola, 6Twe eivar, yio TTaQddetyua, Kol To

Z={nm+ V2:n,me N}.

Mmropel va arodetyfel 6TL To N elvan T0 “UikEdTEQOD” eTayWYIKG GUVOAO, Uue Tnv €vvola
N=(4
Ae&

61tov & elval n KAGON TV ETTAYOYIKOV GUVOA®DV.



34 OI MIPATMATIKOI API®OMOI

yro. kdarolo JeTikd axképono m, wwodvvauo ot 10" = 3m. Avutd duwg eivar dtoTto agol kaud
Svvaun tov 10 dev umopel va elvar woAAastAdoio tov 3 (yuati;). TIpdyuatt emedn

1

- =0.3333...

3
ue dmelpo TAMBog Sekadikdv yneinv, o 1/3 da urogovce va Ttapactabdel cav évo “dielpo”
dBpoioua, cwotdTepa Gav dbgoloua dstelpov TANBOUS GRwWV

1 ai as a,

To {60 cuufaivel kaw pe GAOUS TOUG AEENTOUS AELOLOVGS, dTT®WGS Yol TTOQASEYUA UE TOV 7T, Yol
Tov omoio wa agbuounyovi diver m = 3.141592653589793 . . ., omdte

4 1 6 S 3

=3+ —=+—=+——=+ " F+—=+—+ " F—+
d 10 102 " 10 107~ 108 1055

AmodetkvieTar 6TL av o r efvan Entog ToTE elTe TO SeRABIKG AvATTTUYUA TOU elval TTETTEQAGUEVO,
elte TeQLEXEL €va ETTOVAAQUBOVOUEVO TULOL, YOl TTOQASELYLO

1
=0.33333..., 7= 0.142857142857 . . .,

W =

KOl GTN TIEQ{TITOON aUTA yEd@ouue

N pu—
- =03, ==0.142857,
3 7

eved av o r elvol dEntog TéTe To dekadikd avdgttuyud Tov TeQlEyel darelpo TTARB0S Wneiwv
xweic va eavadauBdveTor KATTO0 TURLO TOU AVAITTUYLATOG.

3.4 Aocknoeig

1. [11] No agtodetyfovv oL TaQUKAT® WBLOTNTES TN AAYERQAS TV TTRAYUATIKOV OQLOUL®OV:

(@) Edv x+y = x, 161e y = 0.

®) 0x=0. Yatédergn: 0 =0+ 0.

v) -0=0.

©) —(=x) = x. Ywédergn: O —(—x) elvar o avtiBetoc Touv —x.
€) x(=y) = =(xy) = (=0)y.

©) (Dx=-x

@) x(y —z) = xy — xz.

M) —(x+y)=-x-y, —-(x—y)=—x+y.
@) Edv x £ 0 raw xy = x, 16t y = L.

1) Eb&v x # 0, téte x/x = 1.
) x/1=x.
) Edv x #0 xkan y # 0, 161 xy # 0.

W) A/x)1A/y) =1/(xy), edv x # 0 kan y # 0.
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W) W/x)y/z) = wy)/(x2), €bv x # 0 rouw z # 0.

&) W/x)+ (y/z) = Wz + yx)/(xz), €dv x # 0 kow z # 0.
1) Edv x # 0, téte 1/x # 0.

¢) Edv x # 0, t61e (x )7 = x.

w) 1/(x/y) = y/x, €dv x # 0 xar y # 0.

W0) (w/x)/(y/z) = (wz)/(xy), €bv x £ 0, y # 0 v z # 0.
®) (xy)/z = x(y/z2), edv z # 0.
o) (=x)/y = x/(=y) = =(x/y), edv y # 0.

2. [11] Na agtodeyfoivv oL TTOEAKRATK WIGTNTES TWV OVIGOTATOV TTRAYLOTIK®OV AQLOU®OV:

(@) Ebvw<xrkuwy<z, 0te w+y<x+z
B) Edv x <y rw z > 0, t61€ zx < 7).
) x <0 edv ko uévov gdv —x > 0.
®) x <y edv ko pévov edv —x > —y.
€) Edv x <y ka z <0, té1€ 72X > 2.
() Edv x # 0, t6te x% > 0, 4700V X2 = XX.
@ -1<0<1
m) Edv xy > 0, 16te o1 x kow y elvar kat ov dvo detikol A kow or SVo agvnTikol.
®) Edv x > 0, 161 1/x > 0.
) Edv 0 < x <y, t6te 1/y < 1/x.
3. Na Beeboiv 6Aotl ov meayuratikol aplBuol yio toug otolovg LoyxveL
@) (x-Dx-2)>0.
) *+x+1>2.
)
®) =

=

1
+E>O'

> 0.

LR
—_

—_

4. Na BeeBovv 6AoL ot Trpayuatikol apBuol yia Toug omoloug 1oxvet
(@) |x=2|> 8.
®) Ix=2]<8.
W) Ix=1+x-2/>1L
&) |x—-1+|x+1 <2
€) |x=1x+2=0.
©) |x=1x+2|=3.

5. Na BeeBovv, edv avtd vrtdeyovv ta inf S katl sup S, dmwov

(o) S:{%:neN}.
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® S = {(—1)" + % ‘ne N}.

6. 'Eotw 611 A elvarl éva tuxaio oUvolo e@odlacuévo ue 600 e0MTEQIKES TIRALELS @ KoL O

TETOLEG WGTE VO LKAVOTTOLOUVTOL Ol L8LOTNTEC/AELWOUATA

1.

AU S

X®y=y®x yia k4be x,y € A.

(x®Y)Pz=x®(Hd2), Yo K4Oe x,y,7 € A.

Yxdpyel otorgeio 0 € A, 1oL ®wote x @ 0 = x, yio kdbe x € A.
TNa kdbe x € A vitdeyel otoryeio x’ € A, €10l wote x® x" = 0.
(x0y)0z=x0((02z), Yl kKAbe x,y,z € A.

XO(®7)=x0ydx0Oz KM
(x®y)0z=x0z80y0z Vo Kdbe x,y,7 € A.

H toudda (A,®,0) Aéyetar SdaktvAog (ring). Na Sewbel dtL To 6UVOAO TV akeQolv
€QOBLOOUEVO e TIC TTEALELS Tng TTRECGOecNS Ko Tov TTOAAATIAGGIACWOV, (Z, +, +), ATtoTEAE]

SakTOMO.
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Yvvaptnoeels Ilpayuatik@v
MeTafAntov

4.1 Ewaywyn
Me R GuuBodicovue tnv eubeio TV TEAYULOTIKGOVY apdudy kot ue R? To kaptectiavd yvéuevo
RZ=RxR={(xy):xyecR}.
Av f: R — R eivon wa cuvdpinon, t6te 10 yeAEnLo
G(f) ={(x, f(x) : x e R}

glvau vogvvodo tov R%. To R? e@odiacuévo ue éva 0000ydvio cOGTNUL AE6VeV, SnAadnh
e@odlacuévo ue Yo kdAbeteg peTagy Toug evbeieg kabeUld ATTO TIC OTTOLES OVOTTAQLOTAVEL TNV
Jreayuatiki evbeta, ue onueio Toung to (0, 0) Ja to Aéue KAQTEGLAVE £TT{TMESO, N TEAYUATIKO
egtictedo n SididoTato Teayuatikd xoeo. Tov ogigdviio dgova Tov Adue GUVRBWGS x-dEova Kot
TOV RATOKOEUPO y-dgova. Kdbe anuelo P Tou emmigtédou avtigToel ae wovadikd ceuydot (xo, yo)
TEAYUATIKOV 0QLOU®V, Kal avtiatopa kdbe teuydol (xo, o) TTEAYLOTIKOV AQLOLOV TTOQLGTAVEL
éva povadikd onueio tov emmédov. ‘Etol ypdgouue P(xg,yp) yio va SnAdcouue ouTi tnv éva

TTROG €val avTiGToylaL.

P(x0,¥0)
Yog----——mmm oo o

- — — — — — — — —

[e]
=
=

yxnua 4.1: To kapteclovd emimedo.

To onueio xg otov x-dgova To Adue x cuvteTOyUévn TOU chuelov P, koL To yy GTOV y-
dgova to Adue y cvvietayuévn tov P. Tevikd av P eivow elivon éva onuelo Tov eTmItédou

37
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KoL x kow y elvan aviicToryo ol guvtetoyuéveg Tov P 1o Ceuydol (x,y) Yo Adue ROQTEGLAVES

cvvietayuéveg tov cnueiov P. Tic kapteclavég guvietayuéves tou onueiov P Tig Adue ko

TtEoPoAEc Tou onueiov oTtoug dgoves. ‘Etol tn x cuvtetayuévn tov P tn Adue kou TTQOPOANR

Tou P oTov x-dfova kow Ty y cuvietayuévn tov P tn Adue TtpoPfoAn tou P GTov y-dgoval.
‘Ouola To KOQTEGLAVE yvouevo

RE=RxRxR={(x,y,2): x,y,z€ R}

€@odLacuévo Ue €vo TELGoEBoy®vio ciGTnua Agovmv, SnAadn @odlacuévo pe Teelg evbeleg
avd 8Vo rdbetec uetogy Toug, Kabewd agtd TS 0TOlES AVAITOQLGTAVEL TV TIROYUATIKA gvbela,
ue onuelo Toung to (0,0,0) Ya 1o Adue TELOLAGTATO TrEOYUATIKG YwEo. Kdbe onuelo tou
X®WEoL aviigtotyel ge wovadiki TEudda (X,y,z) TEAYLATIKOV 0QOUOV, Kl ovTIGTEOEO KAOE
TeLdda (X,y,Z) TIEOYUATIKOV 0QLOU)V TToQLoTdvel €va wovadikd onuelo tou xweov. Tevikdtepa
yia n € N éyovue tov n-81dGTOTO TOYUATIKG Y®QEO

R" = {(x1,x2,...,x) 1 x; €R, j=1,2,...,n}.

O1 Gguvapticels TTov Jo pag aITaGoAnGouv elval aUTES GTIC OTTOlES Ol TTOGHTNTES TTOV
ew@avizovtor elval TEAYLATIKES, KoL GUVABWGS Slvovtal i UTTOEOVV VA EKMEAGTOUV Ue KATTOLO
tomo. ‘Eva tétolo mapddeyua etvon n f(x) = x%, SnAadih n GuVAETNGN TTOV OTTEKOVICEL KAOE
TEAYUATIKG aBud GTo TeTEdynvo tou. Avutn elvar wo guvdptinon astd to R oto R, ko
yvodeouue f: R — R. Amd tn l'ewuetpia yvwpltovue 411 To eufaddv mou Tegirkleier KUKAOG

2

aktivag r elval (6o ue mr®, katd cuvémela To gufadov A, €vag un aEvNTIKOS TTQOYUATIKOS

aQudg, elvar guvdptnon tng UetafAntig r, Sndadn A : R — R ue
A(r) = mr?.

I'vwoeitovue emiong 611 0 dykog KLAIVEpov ue aktiva Bdong r ko Vyog h eivar (Gog ue mrlh,
¢161 0 Gykog V glvan cuvdptnon dVo uetafintdv r kar i, V : R? - R ko

V(r,h) = nrh.

Av éva coua Kt 61o x0eo R® €161 doTe 68 KA YQOVIKIA GTIyuR ¢ n 9éon Tov elval YVwaeTh,
é¢otw Q1) € R3, 161 n kivnon Teprypdpeton améd wao cuvdetnon w: R — R3, dote

w(1) = (x(2), (1), 2(1)),

6TT0V OL X, Y, Z elvar guvaptnaels attd To R oto R. Etn cuvéxela ag vitofégovue 6Tl pag evdila-
@épelL o kAbe onuelo P gtnv atudceapa Tng yng va yvoeitovue tnv atwoc@opki stiean p(P),
Tnv Jepuorpacio g(P) kar tnv vypacia A(P). YmoBétovtag 6Tt To kEVTEO Tng yng PelokeTon Gtnv
o €vog TELGoEBoYMVIOU GUGTARATOS OEdVeVY ToTe KABe cnueio P Trepiypd@etal Lovadikd o~
6 wa Tewdda (x,y,2) € R3, owdte p(P) = p(x,y,2), g(P) = q(x,y,2), koaw h(P) = h(x,y,z2), katd
GUVETTELD, N TTANQEOQOQIC, TTOU OGS evELaQPEpel KndIKoTIolElTal e o guvdptnon M : R — R3,
éTToV
M(x,y,z) = (p(x,y,2),q(x, y,2), h(x, y, 2)).

"ETol, yevikd, ustopovue va €xovue ocuvoptnoelg F : R” — R”*, ue m,n € N,

4.2 TIeayuotikég XUVOQTNGELS
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Opwoudg 4.1. Edv A # @, kGBe cuvdptnon ogiouévn 6to A ye TWéS 6To gUvoro R twv
TEOYUATIKOV 0Qlu®v, dndadn f : A — R, Adyeton steayuatikin cuvdoinon. Xuvibwg
To Tedio 0PIOUOY TWV GUVARTAGE®V TTov Ja Log aTtacyoAicovv eivar To R n kditolo
VITOGUVOAO QUTOV.

O TTEAYUOTIKES GUVAQRTAGCELS GUVROWGS Sivovtor ue kATolo TUITO, Yo Twoapddeyuo f(x) =
V3x + 1, kow oTnv TeRimToon ouTh amarteitolr n evpecn Tov TeGiov oELoUoY TG GUVAQTNONG.
Y10 OUYKERQWEVO TToddetywo TreéTiel va eivon 3x + 1 > 0, katd cvvémewa D(f) = [-1/3, +o0).
Hopatnpovue 6T f(—1/3) = 0, ko WGxVELWLOUAGTE STl Y kABe y > 0 vTtdyel x > —1/3 daote
V3x + 1 = y. Hpdyuatt “emAvovtag” thv tedevtaia eEicwon, 1Godvvaua, Tatpvouue 3x+1 = y?,
agt’ éTmov émetan 6t x = y2/3 — 1/3, katd cuvémela R(f) = [0, +o0).

Me To TTaQadelypuata TTov okoAovBoUv eEeTdiovue KATIOWO YOQAKTNELOTIKA TToU oploaue

YO VEVIKES GUVOQTNGELG.

Moapddeyua 4.1. Ag dewpricovue tn cuvdptnon f ue tmo f(x) = vx/(x —1). Na
Beebovv to TTedio oLouov KoL To Tedio TV Tng f.

H tetpaywvikn glca opitetan yia x > 0, i yua x € [0, 00). O srapovouasTig eivar Sidpoog
TOU Undevic edv x # 1, SnAadn x € (—oo, 1) U (1, 00). Apa to kAdoua €xel €vvola eKel TTOU
kow ot dVo Guvbnkeg guuBaivouv, oTtoTE

D(f) = [0,00) N ((—o0,1) U (1, 00)) = [0,1) U (1, 00).

To mwpdonuo tov f(x) kabopitetar amd Tov JTORovopasti, £tol f(x) < 0, edv 0 < x < 1,
kot f(x) > 0, edv x > 1, evd f(0) = 0. Ioyvogduacte 6t R(f) = R, SnAadn av r eivor
évag Tuyxolog TTEAYUOTIKOS auds tote r € R(f), wodivaua vitdyer x € D(f) tétolo
wote r = f(x), dnhadn n eglcwon

VE

x—1

éxer Mon 6to [0,1) U (1,00). Edv r = 0 té1e yia x = 0 n eglowon wavorote{tar. Aga
aprel va vwofécouvue 6L r £ 0. Yydvovtag GTo TETEAY®WVO Kol KAVOVTAS TIRALELS
KOTOAyouue GTny €glGwan

xz—(2+12)x+1=0.
r

H Stakpivouca tou Totwviuov A = (1+4r%)/rt givon detkn, dpa vItdeyouv pigeg X1 # Xg
ue x1+xg =2+1/ r? ko xjxg = 1. OTéte o 0(Tec x1 ko x2 elvan JeTikég kAl Sudpoeg

Tov 1 (ywati;). Xuykekpuiéva

+\/4r2+1+1 " Varz +1-1

X1 = Xo =1—
2r2 ’ 2r?

Iogoatneovue 6TL x1 > 1 kan 0 < xg < 1, ét61 n Mon tng e&lcwong Vx/(x — 1) = r etvor n
x; €&v r> 0, i xg edv r < 0. EmurAéov guumepaivouye 1L n guvdptnon eival éva Tog

éva (yroet;).
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Mopdderypua 4.2. Ag Jewpncouvue T cuvaptnoels f : R - R kar g : R — R, ue
f(x) = x* + 1, kau g(x) = 3x. Na BpeBotv oL g o f Ko f 0 g edv aVTEG VITAEYOUV.

"Exovue D(f) = R, R(f) = [1,), D(g) = R, R(g) = R. "Etct R(f) C D(g) omdte n go f
oplgeTon
(g0 Hx) = g(f() = g(* + 1) = 3(x* + D).

‘Ouora, emeldn R(g) € D(f) n f o g emiong oplteton koL

(f o g)(x) = f(g(x)) = f(Bx) = 3x) + L.

IMapddsyua 4.3. @swpovue tn cuvdptnon ye Tmo f(x) = x? + 1, émov x € R. Téte
D(f) = R kow emedn f(x) > 1, yia kdbe x € R, émetan 6t R(f) = [1, +00).

H f 8ev eivan éva moog éva, adlld yia kdBe S C R(f) n avtictpopn eikéva f1(S)
oplgetal. Io Tapddetyua éxouue

FIao, ) = L2 = {x 1< f(x) < 2)
={x:1<%+1<2)
={x:0< x? < 1}

= [-11],
VR
FF0,2D)) = f{x: 0 < f(0) <2 = f({x: 0 < x* +1<2))

=f({x:-1<x<1))

= f([-1,1])
= [1,2].

Oploudg 4.2. Mo meayuatiki cuvdetnon f Aéyetal

(1) Ave @eayuévn (bounded above) av vITdEYeEL TEAYLATIKOS aOUOS M date f(x) <
M yio kdBe x € D(f).

(2) Kate @eayuévn (bounded below) av vrtdeyel moaynatikos apbuds m oate f(x) >
m yio. ke x € D(f).

(3) ®oayuévn (bounded) av elvar dve kol KATO @EAyUEVN, VITAEXOLVV SNAASA TTEOY-
uatikol agBuol M kol m ®ate m < f(x) < M ywa kdBe x € D(f).

Acknon 4.1. Aglgre 6T wo TEAYUATIKN cuvdptnon f elvol @eayuévn av kol Lévo av vITdQxeL
Yetikoc apBuds M oate [f(x)| < M ya kdbe x € D(f).
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Oplouds 4.3 (MovoTtovia). Mo Ttpoyuatikii guvdptnen f n ool Sitatneel i ovTleTEE-
®el Tn SldTaEn TV TTEAYUATIKOVY aiudv Aéyetar wovotovn. Eidikdtepa n f Aéyetal

() Avgovoa (increasing) av f(s) < f(¢), oTmoTednToTE § < £, KO AVGTNEA N YVNGiwg
avgovoa (strictly increasing) av f(s) < f(¢).

(2) POivovca (decreasing) av f(s) < f(¢), owoTedrarote s > ¢ Ko AVGTNEA 1 YVNGIwg
@Bivovca (strictly dencreasing)av f(s) > f(¢).

OQioudg 4.4. Mo TTEAYULOTIKA GUVAQETNGN 0QLGUEVI G” €va KATAAANAO VITOGUVOAO TOU
R, n ge oAOkAnEo to R Aéyeton

(1) Agtia (even) av f(—x) = f(x).

(2) HOeprrtn (odd) av f(—x) = —f(x).

IMopddstyna 4.4. Asiste 611 n cuvdptnon f(x) = x° elvar éva-Trpog-éva, Ko PEATE TV
avtiGTEopn Tne.

To gtedio ogiouov tng f elvar oAdkAnpo 1o R. ‘Ectw x1 < X9, TdTE

f(x2) — f(x) = x‘; — xf = (x9 — xl)(xg + X1X9 + xf) >0 av  xixg >0
= (x2 - xl)[(xl + XQ)Z —xix2] >0 av  x1x9 <0

= (X9 — xl)(xg + x%) >0 av  xixg9 = 0,

3

€10l oe OAec TIC TeQUITOoES elvan f(x1) < f(x2), katd cuvémewa n f(x) = x° elvon

avotned avgouca, dea €va-Tog-éva, £Touévmg vItdoyxel n aviictoopn. Ta x € R
€xovue
X¥*=yeR=x=+0

doa fl(x) = ¥/x, ue medio opiowov 1o R. IMagatneovue 6T
[0 = (0% = (00 = =2% = ~f(x)
doa n f elvan sreQrtin cuvdptnon. Emiong
y=Vx=y=a=s P =xs @ =xsy=P=y=-

1odvvua f1(—x) = —f71(x), Snhadn ko n 71 elvar TEQUTTA.

Mapddetyua 4.5. H cuvdptnon f : [0,00) — [—1,00) ue f(x) = Vx—1 elvar éva-1t006-¢éval
kar eml. Apa LITAEYEL N avticTeoen cuvdetnon f!: [~1,00) — [0,00). Edv y eivon n
EIKOVO, TOV X Uéow g f 10te y = Yx —1, omwéte Vx = y+1 1 x = (y + 1)2. “Etol 10
o+ 1)? efvan n ewéva Tov Yy U€Gw TG f‘l, GUVETTOG f‘l(x) = (x+1)2%. Av koL n TOGHTNTOL
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(x+1)? opicetar yio kabe x € R 1o 7edi0 0piouov tng 1 eivan To [—1, o). IMapatnpovue
egriong

x€[0,00) (floH)=r1fx)=f(Vx-1)=(Vx-1+1)*=x
xe[-Loo) (fof N = 1) =f(x+DH=Vax+12-1=@x+1)-1=x.

Ynuewdvovue 6Tl gTn devtepn oxéon x +1> 0, doa V(x+ D2 =[x +1] = x+ 1L

Oploudg 4.5 (IMpagels cuvaQTneewv). Edv f kou g elvol TTRayUoTikéS GUVOQTAGELS, Yia
kdbe x € D(f) N D(g), opitouue To dbBgowoua f + g, Tn dvapoed f — g, 10 ywduevo f - g,
KoL TO TNATKO f/g, Tov f ko g, avtioTo d, UE TIS GYEGELS

W) (f + @) = fQ) + g(x) 3 (f @ = f() - g(x)
TAVRC)
@) (f -~ () = f(x) - g(x) @ (;) W =G Y s #0.

4.3 Aoknceig

1. 'Eotw f: R > Rk g: R — R va elvar ov guvapticeg f(x) = 22 -1k gx)y=x+1

(@) Na Beebel n ewdvo Tov R uéom tng f kol uécw tng g.
() Na Beebel to f(g(R)).
(V) Na Beebel to g(f(RR)).
(") Na Boedet to f71([-1,0]).
(&) Na Beedet to f~(f([0.1])).
(") Na Beedei to f(f (-1, 0])).
() Na Beebet to f(g~'([-1,1])).
2. Na agtoderyfel 6TL dev vITAEYOVV TTEAYULOTIKES GUVAQTAGELS f KAl g TTOU VO IKOVOITOLOUV
wio agtd TS GYECELS:
@) f(x)+80y) = xy
(i) f(g() =x+y

yio kKGOe x kow y. Yrédergn: YIToAOyiGTE TIC GUVOQTAGELS GE GUYKEKQUUIEVES TIUEG.

3. Edv f(x) = x + 1, va egetacbel edv vmdoyouv GUVOQTAGELS g TéToleg WaTe fo g =go f.
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AxoAovOicg

5.1 Ewaywyn

O TEAYLOTIKGS aEBUGS V2 elvar GpEnTog, KaTd GUVETTELD, TO BEKABIKG TOU AVATTITUYUOL TEEQLEXEL
ATelpoug 6QOUGS KoL WAMGTO XwEIC TEPLOSIKA eTTOVAANYPN KATTOLOU TUALOTOS TOU AVAITTUYULO-
Toc. Mia apiBuounyavin divel o TUTIKA TTROGEYYLGN V2 = 1.41421356237 . ... BOewEOVTAS TOUG
Sradoytkovc pntovg (yiati;) aBuoig

ar =14, ag =141, as = 1.414, as = 1.4142,
as = 1.41421, ag = 1.414213, a7 = 1.4142135, ag = 1.41421356,
ag = 1414213562,  ayo = 1.4142135623,  ay = 1.41421356237,

TLAQATNEOVUE OTL N GUAOYN QUTA, UE TOV TEOTTO TTOV £lvol YRAUUEVN, TIOQLOTAVEL TTROGEYYIOELS
ToU V2 €161 dGTE 0 n otV TAEN 6ROGC, dy, TNG GUALNOYAG £(vaL N TTEOGEYYLON TTOV TIEQLEXEL TO K
TTEOTO Seradikd wneia Tou dekadikov avosttuyuatog. Ilapatngovue emTTAOV GTL KAODS TO
N UEYOADVEL O GQOC a, TIOQPEYEL ULOL KAAITEQN TTQOGEYYLON TOU V2

V2 -a,

1
<>
107
1oL kabwS o n telvel gTo dmelEo, o0 a, Telvel va yiver o V2. H TOEATIAV® GUAAOYI 0ELOL®V
elvar TTapddeyua wos akodovdiog aeunv, kol kdbe wéAog . aEBuos tng GUAAOYRG AéyeTal
6p0¢ Tng akoAovBiag, GuykekEéva 0 a, AEyetan n-0GTOS 6Q0C Tng akoAovbiog. Xtn Guyke-
Kowévn Teplrtoon Adue, emiong, 6Tl n akolovdio Twv a, Telvel, h GuykAivel GTov V2, h
tGodvvaua 6t o V2 eivan To 600 tng axoAovBiag aj, as,....a,.. A Ynuewdvovpe 6Tl kABe 6OC
Tng akolovBiag uroel va W8whel we n Twn wog cuvdptnong ue medio oplouoy T0 GUVOAD T®V

PUGIKAOV aELOLOV Kol TWES GTOVS TTEAYUATIKOUS aplBuovg, ag movue a : N — R, dmwou
a, =an) =1dds---d,

oTov di, ds, ..., d, elvar Ta n TEOTA dtadoyikd dekadikd pneia Tou V.

I¥tnv weayuatikéTnTa KEBe TEOYLATIKGS 0EOUSS elvar To dpro wag arolovbiag entdv aguwv. Avté da To
Sovue aro Iapadddeyua 5.16.

43
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Hoedderyna 5.1. Ot puowot agbuol 1,2, 3,...,7,... wropovv va dewenbolv wg ot dpot
g axkolovbiag ue TUTO @, = n, yio 6Aa ta n € N.

5.2 Ogwouot

Opwouds 5.1. Edv S elvan éva un kevé gvvodo Téte kdbe cuvdptnon oQlouévn GTo
GUVOAO T®V QUGIKOV aQbuwyv a : N — § Aéyetaw akoAovBia (sequence) touv S. Avti
vy a(n) yedoouvue a,. To a; Aéyetal TTeoTOS 600G Tng akoAouvbiag, To ay delTepog
6Q0G, ..., TO a, N-0GTOS 6QO¢C Tng akoAovbios. Mia akoAovBia ypdeetow ®wG (an)yqs M
ue ;apdbeon TwV 6QWV TNG Ay, dz, .. .,dy, ..., 1 € N. Tpdopouvue emiong kau (a,). Edv ot
ay elvon Teayuatikol aguot, Sniadn S C R, n (a,);”; Aéyetar akolovbic, TEAYLATIRGOV
ouwy.

IMoeddeyua 5.2. H akoAovBio pe 6poug Toug avtiGTRo@ous @UGIKOUS alBuolg

1
1, s—..., neN
n

N | =
W=

elvaw n (a);”, ue a, =1/n, n € N.

Mapeddetyua 5.3. Edv ¢ eivon évag Ttpoayuatikds apbudg téte umropovue va opicouue
Tnv akoAovBio

CyCyCyuiyCyunn.

Ed® elvan a, = ¢, n € N. H mtapastdve okolovbio Aédyetor otabeen arkoioubdia.

Tnueiwon 5.1. Awakpivouue Toug daelpoug 6Qovg Tng axkoAovdiog ai,as,ds,...,d,,... A6

TO

VO.
_1,

GUVOAO TW®V TnG 0koAovOiog {ai,as,as,...,d,,...} TTOU UIOEEl va elvol TETTEQUGUE-

(o)

[o maeddetyuo yia v axodovBia (1)), €ovue 611 oL 6ot tng axkolovdiag elvar ol

1,-1,1,...,(=1)",...evéd To gUvoAro TV etvon to {(-1)" : n € N} = {-1,1}.

Oqrouog 5.2. Edv (ay),, wou (b)), elvar akodlovbies mooyuatik@v aQuwy, téte:
(1) Oa Aéue 6L oL axoAovbieg elvan ioeg edv a, = by, Yn € N.

(2) H axolovbia (cy);7;, 6T0V ¢, = ay + by, n € N Ja Aéyeton dBgotoua twv axolov-

(59

Yoy (an)y”; ko (b)), ;.

(3) H akoAovbia (c,);”;, 670V ¢,y = ay—by, n € N Ja Aéyetou Srapoed twv arkoAovdiov

(an)y”y wou (by))”
(4) H arodovbia (cp),;, 0TT0V ¢, = anby, n € N fa Aéyetor yrvouevo tov akoAovbidv
(an), ke (b)2.

(5) Edv b, # 0, ¥n € N n akohovbia (cn),” . Ue ¢, = an/by, n € N o Aéyetou sTnAAiKO
TV aROAOVOWOV (ay)y”; ko (by)” ;.
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IMagatngnen S5.1. Edv (a,),”, elvon wa akodovdio kar f elvau ulo guvdgtnon tétolo dGTe n
f(an) va opigetau yia kdbe @UGIKG aEuBud n, TéTE urrogovue vo ogicovue Thv arkodovdia (c,),:
ue tn oyéon ¢, = f(an), n € N. T wopdderywo

1. Eqv a, > 0, Vn € N van f(x) = /x, tnv akodovBia ue 6ovs +ai, vaz, Vas, ..., \ay, ...

2. Edv f(x) = sinx rau (ay),., elvon wo arodovbia, tnv (sin(a,)),: ;.

5.3 Podyua axkolovbiog

Ac Yewpnoovue tnv akoAovbia a, = 1/n, n € N. Hagatngovue 6L @ = 1< 1, ap = 1/2 < 1, ko
yevikdtepa a, = 1/n < 1, Yn > 1. Emiong wyvel a, > 0, Yn € N. Tehxd éxovue 0 < a, < 1,
Vn e N.

Oqwoudg 5.3. Mia axolovbio Teayuatkdv auwy (a,),”; Aéyetal:

(D) Ave @eayuévn (bounded above) edv vmdpyel Teayuatikos aplduds M tétolog
wote a, < M, Yn € N. O 0apiBudc M Aéyetan dvew @@dyua (upper bound) tng

(an);ozl'

(2) Kato @eayuévn (bounded below) €dv vrdpyel mpayuatikos aliudg m TéTolog
wote a, > m, Yn € N. O 0piBuds m Aéyetar kat® @eayua (lower bound) tng

(an)y -

(3) ®oayuivn (bounded) edv eivar Ave Kol KAT® PEAYULEVN.

Hapatngovue 6Tt To dve @EAyua akoAovdiog, edv ovTd vITdoxeL, dev elval wovadikd, yotl
edv M elvar dvw @edyua e (a,);”,, T6te yia kdBe 6 > 0 to M + 6 elvan ertiong dvw @edyua,
aov a, <M <M + 6, Yn € N. To avddoyo 1oxvel kol Yo TO KAT® @EAYUAL.

(o)

[Mpétaon 5.1. Mia akodovbia (a,),,
apibuoc L térolog wote la,| < L, ¥n € N,

elvar peayuévn edv Kat Lovov eav vITdEyeL JTEAYUATIKOS

o0

Agtébeién. Ag vitobécovue Ol n akodovbia (a,),”, elvaw @oayugévn. YItdgxouv, ToTe, TTQOYUOL-
Tikol auol m kar M tétolol wate m < a, < M. Edv L = max{|m|, |M|}, 1dte érouue

ap <M< |M|LL, KL a, >m>—|m|>-L,

V¥n e N. 'Etol —L < a, < L, niweodvvaua |a,| < L, Yn € N. AeiEaue Aowatdv 6t edv uio akolovdio
(an);,., elvon @eayuévn, TéTe VITAEYEL TTEAYUATIKS aWUds L €16l wote |ay| < L, Yn € N.
Ag vrtobEcovue 4L yia thv akolovbia (a,), VTTAQYEL TTEAYULATIKOS aQBUdS L 1€To10¢ (doTE

eeayuévn, dea @Eayuévn. |

la,| < L, ¥Yn € N. Téte Sa eivan —L < a, < L, Yn € N, dnAadn n axkolovBia eivor dvw kot Kt

Mopdderyua 5.4. Na egetacbel edv n akolovdia (a),, ue

sinn
a,=——, neN
n

elvan @ayugvn.
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ITaatnpovue 6TL

1
<-<1 VneN,
n

ordte amd tnv Ipdtacn 5.1 émetor dTL n akolovdia eivar @eayudvn. Ala@oEeTikd, LECW
TOU 0QLGUOY),
sinn 1 sinn _ —1
a,=——<=-<1 KAWL ap=——>— >-1,
n n n n

V¥n € N, omdte kataiiyovue Gto (610 GUUITEQAGUAL.

Hoapddeyna 5.5. Na Beebel éva @edyua ywo Ty akodovdia (a,),”; ue

2 22 25 4 24 72
_IIZ, a2=§=2, 03=—=—<2, a4:—:—<2.

ITapatnpovue 6Tt yia 7 > 3 wGyvel

2" 222 2 2 & (2)"‘2

a, = L 2222 2 _92...2 29 (5.1)

omdte €metanl 0Tl a, < 2, Vn € N. Emeidn emgmtAéov n akoAovBia €yel detikoivs 6Qoug
guuTepaivouye Ot n akoAovBio elvon @payuévn.

Hogatnenon 3.2. AT th gyéon (5.1) TEOKVITTEL N YENGIUN OVIGOTNTA

1
< =
! 232’

n=123,... 6.2)

5.4 Movotovioa akoAovOLwV

Oqwoudg 5.4. H axolovbio meayuatikdv aiuwy (a,),”, Aéyetol:

() Av¢ovca (increasing) €dv a, < a,4+1 Kl yvnoiog av€ovca (strictly increasing)
eqv a, < ays1, Yn € N.

(2) ®Oivovca (decreasing) edv a, > au+1 koL Yyvnoiwg @Oivovcsa (strictly decreasing)
edv a, > ane1, Yn € N.

(3) Mia akoAovBia sov elvar avgovca, n @divovca (yvnclog avgovca, N yvncing
@Bivovca) Aéyetar govétovn (Yyvneing uovotovn) (monotone (strictly monotone)).

Hoeddetyna 5.6. Na egetacBolv wg 1006 Tn povotovia ov akoAovBies ue yevikd 6Qo

@) ar=r', r>0 @) a, =2 2 ©) an="2

W) an = ; P
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(@)

®)

W)

@®)

Oeweovye tn SLaPoRd
Ay —apey =1 = =1 =7r)

KATd GuvETTELOL:

Edv r < 1 1612 @, — a1 > 0 = a, > ay+1, owéte n akolovdbio eivor yvnolwg
@Bivovca.

Edv r =1 161€ a, — a1 = 0 = a, = dpy1, 07TOTE N aroAovbia eivor otabepn.

Edv r > 1 16t ay — ayy1 < 0 = a, < ap+1, 07OTE N akolovbia elvar yvnaolwg
AUEOVGAL.

Aevtepog tdTroC. ETteidn a, > 0 Jewpovue to sTnAiko

a, r" 1

An+1 rtl r
ETTOUEVMGS

Edv r < 1 t6te ap/an1 > 1 = a, > auy1, 076TE N akolovdia elval yvnoiwg
@Bivouaa.

Edv r =1 t6te a,/an+1 =1 = a, = ay+1, 0wéTE N axoAovdia efvor Gtabepn.

Edv r > 1 t6t€ ap /a1 < 1= a, < dyy1, 076TE N akoAovdio elvar yvnoiwg avgovaoa.
Ko €80 etvon a, > 0 omrdte Yewpmvtog to TnAiko

a ol/n
n__ — 9l/n=1/(n+1) _ 9l/[n(n+1)] 5 1
Apsl 21/(n+1)

BAETtovue OTL ay, > ap+1, SnAadn n akorovBia eivar yvnoing @bivouca.

IIéA Yewpovye to TTNAKO a,/a,+1, kKabBdGov a, > 0.

an 2" /n! 2" (n+1)!_n+1>1
ansi 2%+ 1! 2l w2 T

ETOUEVMGS Ay > Ap+1, ONAASH N akoAovBia elvar @Bivovaca.

Eivaw a, > 0 omwdte

a n!/n" _(n+ ™l gl _(n+ 1t B (n+ 1)” .

i DY+ D! i+ D)\ n

ETOUEVMGS @, < Aptq, ONAASH N akoAovBia elvon yvnolwg @bBivouca.

HHoedderyua 5.7. Na deiybel 611 n akoAovdia

ln
an:(1+—), neN
n

elvan yvnolog avgovaa kol @eayuévn.

47
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Me yprion tov Siwvuuikol Jemenuatog vItoAoyigtouye yia kdBe @uGIkS aud n > 1

1y < (n\1 < n! 1
(“Z) _kzé(k)ﬁ_;k!(n—k)!ﬁ
S 1lnn-Dn-2)---(n—k+1

=1+

| k
k=1k' n
n
1 -1n-2 — (k-1
By L L . S
kzlk!n n n n

GUVETTOGC

k-1 1
). -(1- )+ .
n+1 n+1/  (n+ Dl

ATO T OVOTTTOYUOATO TV dy KOl duy1, TAQATRQEOVUE OTL 4, < duy1.- 'ETGL n akoAouvBioa
elvar yvnalog avgovca. Emedn de a; = 2 €metan 6L @, > 2, SnAadin n akoAovBia elivor
KAT® @EAYUEVIL. AVATNTOVTAS £va dve @EAyUd Tng akoloudiag kou eTteldi

1 —
(- - NIR (= 7) =2
n+1 n+1 n+1

OIT6 TO OVAITTUYUO TOV @, £ITETOL OTL

< s L_,, 1, 11 1
a, < +;H— +1—!+2—!+§+"'+a
<1+1+1+11+11 +1 1 (:n’r (52))
- -G —= V- = v (.
=N €2\25 " 232 32 o T
1 1 1 1
:2+—(1+—+—+ + )
2 3 32 S
2+1(1_1/3n_1) ('A 35)
= —— gknon 3.
o\ 1-1/3 rnon
3 1
=2+ 5(1- —)
4 L
< 2.75.

"Etol teMkd €xovue 6T 2 < a, < 2.75, Yn € N.

Iogatninenon 5.3. H povotovia tng onuovtiking akoAovdiog tov ITagadetyuatog 5.7 mpokvmTel
evrola e yoron tng avigétntag tov Bernoulli (1+ a)' > 1+ na ywo a > -1, yio 6Aa ta n € N.
YuykerQuéva
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KATA GUVETTELOL

1 1\ 1\ 1 1-n 1\
(-3 <f- Yty o - < e 1Y
n n n n n
1oL ywa n > 1 éxovue

n_ll—n 1\ n n—1 1\ 1 n—1 1\
( ) s(1+—) :>( ) s(1+—) $(1+ ) s(1+—).
n n n—1 n n—1 n

YUVETIOC ay < dpy1 VWO 11 = 2,3, ..., ETUITAEOV

1)2 1
a22(1+§) :1+1+Z>(1+1):a1,

ETMOUEVAC @y < apy1 VUL OAQL T 1 € N,
Ioeadaderyna 5.8. Na deyybel étL n akolovbia

1n+1
bn=(1+—) s neN
n

elvan yvnoiog @bBivovca kal @ooyugvn.

O<¢Aovue va detEovue GTL

yia 1 > 2, 1godvvouo

1\/n+1\* n \* 1 n 2
5 ) <) 2 < (e )
n/\ n n—1 n n? -1

H tedevtalo avigdtnta émetal amwd tny avicétnto Bernoulli, agpot

1 \ n 1 1
(1+ ) >1+ =1+ >1+ —.
n2—1 n? -1 n—1/n n

To 611 n akoAovBia elvan @eayuévn TEOKRVITTEL ATTd Tn GUYKQELGN Ue Tnv arkoiovbia Tou
Tapadelyuatog 5.7, GuykekEuéva

1\" 1\" 1
a,,:(1+—) <(1+—) (1+—):b,,,
n n n

GUVETT®OGS 2 < b, < 4, apoV n b, elvar @Bivouaa.

Mapdderyua 5.9. Na derybel 6T n akolovbia (a,);7, OV 0plteTon we Th Gyéon

an+1:y+a3, a =v, dmov 0 <y <

NI

elvar yvnelog avgovca Kol @eayugvn.

Kd0e axkolovBia Tt0U 0QlCeTOL Ue avdAoyo TEAOTO, SnAAd 0 YevikOS QOGS ek@EATETAL
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UEGM TTEONYOVUEVMOV 6QWV, AEyETOL AVOOQOUIKN (recursive).

ITpwta Selyvovue 6Tt n akoAovBia efvan yvnoiwg avgovca. Xenaoyotolovue wabnuatikin
emayoyn, £€tol yio n = 1 épouvue

a2=y+a%:a1+yz>a1,

emedn a; = y kaw y > 0. Emouévmg o woxveioudg wexvel yia n = 1. Xtn Gguvéyela

Selyvouue OTL €GV apig > ay, VIO 1 > 1, TOTE api2 > adptq. ATIO TRV VTTGBEGN TNG ETTAYWOYAG

2 2

VYPOVOVTAS GTO TETRAYWVO €X0VUE a, | > a;, OTOTE

2 2
'y+an+1 >'y+an ian+2 >an+1

Jtov elvarl 6,71 Yéhaue va astodeigovue. Xvuttepaivouue AOLTTOV OTL a, < du41, Y € N
Augecn agtéeEola aVTOU TOU AITOTEAEGUOTOS KAl TOU 0QLGLoy Tng akolovbiag efvor To

an+1—an:y+a,21—an>0, Vn € N. ®.3)

2

To ToudvuLo x° — x + ¥ €xel Stokpivovea D =1— 4y > 0, astd tnhv emAoyn Tou v, dea n

gslooon x> — x +y =0 éxel TTEAYUOATIKES (ko JeTkES) plceg

1- V1-4y 1+ vV1-4y

XIZT, X2 = 2

A6 n oxéon (5.3) PAETTovue OTL oL 6oL Tng akoAovBiag efvol eKTOS TV ELLWOV, SnAadn
a, < x1 b a, > x9. Maopel va Seybel 0Tl @, < x1, Yn € N (apivetal wg doknon). Avt’
aUTOV aITodelkVUOLUE, UE WOBNUATIKA eTTAymyn, To acBevéatepo attotélecua a, < 1/2,
Vn e N. Ta n = 1 To astotéAecua etvor ainbég wdg ko

aq=y=<—-<

=
N —

Ytn ouvéxela Selyvouue 6L €dv a, < 1/2, yia n > 1, té1e ayq < 1/2. Tedyuatt

9 12 1 1

apy1=y+a, <y+ 5 S1_1+Z’
agtdé tnv vwéfeon kol TV eTAOYR TOv Y, dea a, < 1/2. Xvumepaivouue Aowtév 6Tl
ap < 1/2, ¥n € N. Amé tov opuoud tng akolovbiog €rmetan duueca n VITAQEEN KATW
@edyuatog yatt y < a,, ¥n € N, omtdte guvdudcovtag ta §vo amoteAéouata tedkd da

éovue y < a, <1/2, V¥n e N.

3.5 'O@ro akolovBiog

Hopddeyna 5.10. Ag Jewericovue tnv akodovbio (a,)y”, ue a, = 1/n, n € N. Ioyv-
pLgouaote Ol edv € elvan évag avbaipeta wkeds Petikds apbuds téte vitdpyer N € N
Tétoog wote 0 < @, < € yio kdBe n > N.

T tnv akoAovBia avth yveopitovue 0TL 0 < -+ < apyy < @, < -+- < az < a;. Aelyvouue
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6t yio € > 0 doguévo, vrtdeyer N € N tétolog dote 0 < ay < €, 16GodUvauo VITAEXEL
N € N ue 1/N < € n wwodvvoua 1/e€ < N. Tpdyuatt av [1/€] eivar to aképoro pépog Tou
1/€ emuihéyovtag N = [1/€] + 1 éxovue N > 1/€, h ay < €. Aelgoue Aowmwév d1L yio kdbe
€ > 0 vmdgyel N tétol0 wate 0 < ay < €. Xtn TEoaypatikoTnta delgoue OTL yioo kKdbe
€ > 0 vtdpyer N €16l wote 0 < a, < €,y 6Aa ta n > N (yati;). BAémouue Aomdv
6Tt 6AoL TeMkd, SnAadn amd éva N kor €rerta, o 6Qol Tng axkoAouvbiag swAnacidcouv

avBaipeta kovtd ato 0.

Moaedderyua 5.11. Ag dewprigovue tnv akoAovdia a, = €+ (-1)"/n, n =1,2,3,..., émov
¢ € R. Ioyvpwgduacte 611 €dv € elvanr évag avbBaipeta wikedg JeTikds aplBuds toTe
vrtdexer N € N tétolog date |a, — €] < €, yia kGBe n > N.

ITapatnpovue 6Tt

= 1

a,—{= = la, — € = -,
n n

KOTA GUVETTELD GUUE@®VO € TO TIEONYoUUeEVO Jraddetyua yia docuévo € > 0 vItdeyxel
N € N, yio topddetyuo N > [1/€] + 1, 1étowo ddate 1/n < € yia 6Aa ta n > N, €TTOUEVOS
la, — €] < €, yia kGO n > N.

Ac avaldcouvue To attotédecua tov Iapadeiyuatog 5.11. AslEoue 6tL yioo kdbe € > 0,
ogodnTtote wikEd, vrtdeyxer N € N tétolo wate |a, — €] < €, yio 6Aa ta n > N, i 1goSvvauo

{—e<a,<f+e€, VYn=>N.

AnAadn 6ol ol 6ot Tng akolovbiag asrd Tov ay kot uetd Pelokovial ge éva avolktd StdcThuo
KEVTEOU € Kol awBalEETO WIKEAS OKTIVAG €, KATA GUVETIELDL GAOL TEMKG Ol GOl TG okoAoubiog

Belokovton avbaipeta kovtd oo L.

(o)

OqQwouog 5.5. Ba Adue 611 n arkodovbio (an),”,
edv n amwéotacn |a, — L| yiveton teMkd avbaipeta wiken, SnAadn yia kdbe € > 0 vitdpyet

GUYKALvEL GTOV Treayuatikd aplfud L

N € N tétowo wate la, — L| < €, yia 6Aa ta n > N. Edv avtd woyver da Adue 6t o L elvan

T0 6Quo (limit) tng axolovdiag (a,);”, rkar da yedpovue

lim a, = L.

n—oo

Todouye emiong a, — L, kaBodg n — oo.

Youpwva ue Tov 0Qeud PAETTOVUE OTL

wag ko ogté to IMaedderyua 5.10 éxovue 6Tl yia kGOe € > 0 vmdpxer N € N 1éto10 doTe
la, — 0] = a, < €, yio 6Aa to. n > N. A6 8¢ 1o Hapddetypa 5.11 £xouvue

lim (€ + (_Dn) -t

n—oo n
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Hapatngnon 5.4. Ag dewpricouvue v gtabepn akolovbia a, = a, n € N. Téte |a, —al = 0 < €,
yia kKGOe € > 0 kot ya kdBe n € N, emwouévog

lim a, = lim a = a.

n—-o0o n—o0o
[Mpotaon 5.2 (Movadikdtnta tov ogiov). ‘Ectw 0Tt n akodovbia (ay),”; OUYKAVEL, TOTE TO
0p16 tng eivar uovadixo.

Agrobeign. Ag vrmtobBécouye OTL

lim a, = q, KOl lim a, =d’.
n—0oo n—o0o

Aetyvouue 61t a = @’. 'Eatw € > 0 avbaipeto wikd. ATtd tny gUykMon tng akoAovbiog émmeton

61t vTtdEyouv @uatkol aBuol N kot N’, date

€ €
la, —a| < 2 ywo 7 > N row la, —d| < 2 ywan> N,

Téte yia Ng = max{N, N’}, astd tnv Toiy@viki ovieoTnta, €Ietol 4Tl
la—d| <la—ay +la, —d| <e, i 1 > No.
Emedn 1o € eivar avbaipeto émmeton 1L a = a’. |
[edtaon 5.3. 'Ectw 61t n arkodovbia (a,), | cuyrAivel Kol £6Tw OTL
lim a, = «a,
n—00

T0TE N akoldovBia eivar peayuévn. Emagtdéov av |a,| < M, yia kdfe n € N, ue M > 0, 10t¢
la] < M.

Agrodeién. Two doouévo € > 0, vmdpxer N € N, oote la, —al < €, ¥n > N. Emeldn |a,| <
la, — a| + |al, yio kdBe n, €weton 6T |a,| < € + ||, yia SAa to n > N,. Edv opicovue M =
max{|ai|, lazl, ..., lan-1l, € + |a|}, t6Te |a,] < M, ywa kdbe n € N, Sndadn n axkoAovBio eivor

@eayugvn.

Acg vroBécovue 6L @ > M, tdTe vITdEyel € > 0, Owote @ — € > M. T autd T0 € Yo vTTREXE
NeN, dote M<a-e<a, <a+e yon>N. Autd duwg elvar dtotto apov |a,| < M, ya
kdbe n € N. KoatoAigaue oe dtomo ywatl vmtobécaue 6t @ > M. Tlapdéuola KATOAYOUUE GE
Gtomo av vrobécovue 6L @ < —M, katd cuvérelo |a| < M. O

[Mpotaon 5.4 (I6wotnTtes GLYKAVOVGOV akoAoVOL®Y). Eotw 0Tt yia Tis akodovbies (ay),
kat (by),, yvopifovue 0Tt
lim a, = a, lim b, = S.
n—-o0o0 n—0oo
Na SeiyO¢i 011 1GYXVOVV 0L IBIOTNTEGS:
D lan| — lel.
(2) Aa, — Aa, yia kdbe 1 € R.
(3) Aa, + ub, — Aa + up, yia kdbe A, u € R.

4) aub, — apf.
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(5) Eav b, #0,yian > N kai 8 # 0, 167¢ a,/b, — a/f.
(6) Eav a, < by, 10T a0 < .

Agtobeién. 'Eotm 6Tt pag divetan tuxaio € > 0. ATt tnv vitébeon éxovue 6tL vrtdeyouvv N, € N
kar Ny € N 1tétola dote

la, —a| <€, Yn>N, (©.4)
|b, —Bl <€, VYn=N,. (5.5)

(D Emedn |lay| — ol < la, — al, asté v (5.4) émetan Ot |la,| — lall < €, ywa n > N, dpa

lan| — .

(2) Eivou |[Aa, —Aa| = |A)|la, —al. Edv A = 0, té1e T0 cuuttépacua toxvel tetouuéva. ‘Eotw A #
0. Téte vdpyer N, Té€too bate |a, —al < €/|A], ywa n > N;, onéte |da, — Aa| < |Ae/|A] =€,
yo 6Aa ta n > NJ.

(3) Edv A =01 u =0, to amwotédecua émetal oo to (2). Ag vitobécovue Aowtdév 6L A # 0
raw pu # 0. Téte vrtdoyovv N, kou Ny t€tola dGTe

€ 4
Ian—al<m, Vn >N,

€
by — Bl < —, VYn=N,.
" 2|ul ’
EmuAéyovtag N = max{N,, N;} €xovue

|day, + ub, — da — up| < |da, — Aal| + |ub, — up|
= |Alla, — a| + ullb, — B

€ €
<o +luls—
2/A] 2|l

= 6’
yia Ao ta n > N, omtote Aay, + ub, — da + up.

(4) Amé tnv Ipdtacn 5.3 émeton 6L vItdexer M > 0 wate |a,| < M, ¥Yn € N. "Etal

lanb, — G’,Bl = la,b, — anP + a,f — aﬂl
< lanllb, = Bl + Bllan —
< M|b, - Bl + |Bllan — a.

H agrédeien émetal ogtd auth Th oYgon Kol GprVveTol wg doknon.

(3) Apxel va deteovue 6L 1/b, — 1/b ywatl téte To amdtedecua da elvon guvémela tng (4).
AT v (1) émeton 6T |by| — |B], oTtoTe edv & > 0 elvan Tétowo wate Bl — 5 > 0, 1éte
vrtdexer N1 € N date va woyvel |8l — 8 < |by| < |8l + 6, ywa kGBe n > Ni. Téte yo n > Ny Ja

€xouue
U 1 _bu=Bl _ _Iba—pl

by Bl Blb. ~ 1BIABI-6)

(©.6)
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(6)

AKOAOYOIEX

TNa € > 0 emAéyovtag No € N, date |b, — B < |BI(IB| - )€, yia n > N, agtd tnv (5.6) émeton
4Tl

1_1‘ _ BB -0 _

b, Bl 1BI(BI-0)

omotedntote n > max{Ny, N}, yeyovog sov amodekviel 6t 1/b, — 1/b.

Me Tnv e€1g¢ dtowo asaywyn. Ag vwobécouvue 6Tl @ > B, TéTe VIdEXEL 6 > 0 (Yo TTaQd-
detyua 6 = (@ — B)/4) dote B < B+ < @ — 0 < @, kAT GUVETIELD VITAEXEL N DGTE Yyl
n> N elvan

b, <B+oé<a-—-0<a,.

AvTo Suwe glval dtoTto apov a, < by, Yn, emouévag a < S.

O

[Mpotaon 5.5 (Keuriguo tng sapeuPolng). Edv yia tig akodovbies (ay);, , (bn)y s (€n)yys

LOYVEL:

ey)
2

a, <b,<c,,¥n>N, kat

ay, — Y, Kal ¢, — 7,

T0TE by — 7.

Amébeién. H amddergn agrivetor wg Gornon. |

IMoeddetyna 5.12. Na egetachel ®g TEOC TN GUyKAMGn n akoAouvdia

_2n+3

a, = ——— neN,
I

ALOEAOVTAS Ue TO UEVIGTORAOWIO 600 n? 0EIOUNTA KOL TLOQOVOUAGTA O YEVIKOS 60g TG

akolovBiag ypdpetal

2n 3 2 3

Mm+3 @2 2 i@
a, = = = .
"2 +1 n? 1 1
—_ 4+ — 1+ —

nz  n? n?

O apbuntng cuykAiver gto 0, evd 0 TTAQOVOUAGTAS GUYKALveL GTo 1, dpa aitd Tnv

wWdtnto Tov 0plov MnAlkov akolovbwyv €reton OTL n akoAouvBia a,, n € N guykAivel

Ko

T 2 3
, Com+3 amntz) o
lim a, = lim = =—-=0.
n—oo n—o0 n2+1 . 1 1

lim 1+—2

n—oo n

Ioeddeyua 5.13. Na ggetachel wg TEOC T GUyRAGN n akoAovBia
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ITaatnpovue 6TL

1-2---n
0<a, = n>1
n-n---n
12 n-1
" nn n
1
< -
n

Mapdadeyua 5.14. Osweovue Ty akodlovdia a, = ¥fa, n € N, émmov a > 0. Na Sevydel
on

lim /a = 1.

n—oo

Bewovue Ti§ TeQLITOceES a =1, a > 1, kv a < 1.

(i) a=1 Téte {fa=V1=1, doa

lim a, = 1.
n—oo

(i) a > 1 Téte {fa>V1=1, ¥n € N, onéte UITOQOVUE VO yEAAPOUUE
ay=\a=1+r, r,>0.

Yydvovtag agykd otn n-ootn §Yvaun kol KAvovTog xenon tng avieoTntas Tou
Bernoulli (ITapddewyua 2.1) vtoloyicovue

a
a=A+r)'214+nr,>nr,2>0<r, < -
n

oI’ OTrov £IteTal OTL 1y, — 0, KBS n — oo, "ETol

lim a, = lim ¥fa = lim(1+r,) = 1.

n—00 n—00 n—o00

(iii) @ < 1. Téte {fa < V1 =1, VYn € N, omdte uropovue va ypdapouue

1
1+ s,

an:%:

, Sp>0.

‘Ontwg oTn TTEonyovuevn mepiTttmon vitoAoyicovue

1 1 1 11
a= < <—=0<s,<——
A+s,)" " 1+ns, ns, an

att’ éTov guumepaivouue Ot s, — 0, KABMOS 1 — 0o, ETOUEVHOS

=1

1
lim a, = lim Ya = lim

n—oo n—oo n—oo 1+ s,
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Mapdderyua 5.15. Oewpovue Ty akolovdia a, = {n, n € N. Na deiydel 611

lim {/n = 1.

n—oo

IMopatngovue 6Tl a, = 1, ¥Yn € N, étol umropovue va ypdypouue
n=1+p,=1+6)%  pp6, 20,  VYneN.
Yyovovtog agyikd otn n—oath duvoaun éxovue dlodoyikd
n=>1+6)"= Vn=>10+6,)"= Vn>1+ns,

6mov otn televtalo cuveTtaywyn €yve xenon tng avicotntag Bernoulli (ITopdSeryuo
2.1). "E1cL vroAoyitouue

n 1
NTO S S L
n Vn

aTt’ éTov éretar 4Tl 8, — 0, kg n — co. TeAkd
lim {7 = lim (1 + 26, + &%) = L.
n—oo

n—oo
Ynuewvovpe 6Tl To gnrovuevo pgtoet va agtoderyyxBel ue xenon tng (2.12). Xuykekpuéva
av {n =1+ p, ue p, > 0, 161€

-1
n:(l-l—pn)n>1+%przp

KATA GUVETTELOL
nn-1) 4

2 2
n—1> 7 pn$0<pn<z

agt’ 6Ttov €metal 6Tl p, — 0.

To axkdélovBo cnuavtikd amotéleoua tng Avdlvong elvar uia epaguoyn tng Ipdtacng 5.5.

Hoaeddetyua 5.16. No deyybel 611 kGOe TEAYULATIKGS aELOUSS eivar To GpLo UG aKO-

AovBiag pntwv apBuw®y.

"Ectw r € R. Edv o r elvar gntdég t6te n akolovdio (rn),—y Ue rp = r, ¥n € N cuykdivel
TEOPAVHS GTov 7. 'Eatm 61l o r elvon dpentog, tote yia kKdBe @uakd agusd n da elvan
nr—1 < [nr] < nr, é6mov ue [nr] cuufolicovue T0 AkéQOLO UEQOS TOV nr, ATt GTTOV £TTETOL
on L[]
nr
r—-—<—=«<=r, Vn € N.
n n
(e8]

Méow tng Ipdtacng 5.5 fAmtovue 6T n axodovbia ([nr]/n);’, cuykAiver GTov r.

[Ieétaon 5.6 (Movétovn cuykMen). Ectw (ay),., wa govotovn axkodovbia. H axolovbia

aUTH GUYKAIVEL Qv KOl UOVOV av gival QEAyUEvIL.

Amobeign. 'Ectow 6T1 n akolovbio GuykAivel, téte amd tnv Ilpdtacn 5.3 €metan OTL elvan
@eayugvn.
YmoBétovue twea 4L n axodovdia eivan @eayuévn. ‘Ecto Aowrév 6t n (a,),7; elvon avgov-
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oo KoL €0Tw a, < M, Yn € N. To gvvoho {a, : n =1,2,3,...} elvon éva dve @eayuévo Givoio
TLEOYUATIKOV 0QBR®V, KATE GUVETTELD, VTTAQEYEL TO EAAYLOTO Avm @EAyUD ToL GUVOAOU, £GTW €,
dnAadn € = supla, : n=1,2,3,...}. Aslyvoupe 6Tt a, — €. 'Ectw € > 0, té1e vITaEXEL 6QOC TN
axkoAovBiag ay Tov kavoTolel Tn GyEon

{—e<ay <,

StapopeTikd To £ —€ da intav éva dve @edyua tng akolovdiag, Tedyua dtoto apov To £ elvan
To eAd1GTO Gved @EAyuo Tng akolovbiog. Emedn n akoAouvbia elvar avgovco da €xovue o1t
t—€e<a, <{, ¥Yn>N, otdte amd tov opiaud tov optov émetan 6T a, — £. H amodeien ya

@Bivouca kol kAT @Eayuévn akoAovdio eivar avdioyn. m|

HMoedderyua 5.17 (O aQBuds e). Na detybel 611 n akoAovBia

1}1
an=(1+—), neN,
n

GUYKALVEL.

Y10 Hopddeyua 5.7 deiyxbnke 6t n doouévn arolovbia eivor avEovoa KoL @EAYLEVI UE
2 < a, < 2.75, yua kdBe QUGS LU n, €10l cUUE®vo, ue Ty Ilpdtacn 5.6 GuykAivel Ge
KATTOL0 aEOUS GTo Sidatnua [2,2.75). Tov apBud autd cuufolitovue ue e, TOVTAS €10l
Tov Euler (1707-1783) o omtoiog yonowwomoince tov apud avtd. Mitopel va agtoderydel
6Tt 0 e elvaw dpentog kol ue axpifeio 15 Sekadikdv Yneiwv n Twi Tou elvan e =
2.718 281828 459 045 . ... "Exovue Aoimtdv 6L
1 n
lim (1 + -) =e.

n—o0o

Ioaeddeyua 5.18. Na derybel ot
1 n
lim(l = —) =l
n—o00
TN n > 1 égovue

n

n—1 n-1
B 1 1
- 1 \-1 1
(1+ ) (1+ )
n-1 n-—1
1 n—1

10l

JToU glvall TO nNTOUUEVO.
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Hoedderyna 5.19. Oesweovue tnv avadeowkn akoilovdia

2a, +0
3 9

ap+1 = a = 0’ ne N7

6mov 0 > 0. Na deryfel 6TL n aroAovBia eivon cuykAivovsa kot va vitodoyigBel to 616
ng.
1. H axoAovbio eivar Gvw @eoyuévn. Ymoloyitovue uepikois GQoug Tng

0 S50 196

a; =0, a2=§, d3=§, Cl4=¥,

IHopatngovue dt a, < J, yia n = 1,2, 3, 4. Ioxvoigduacte 6Tt n avigétnta woxvel Vn € N.
INa n =1 o wyvewouds eivar Gwatdg. Aglyvouue 6Tl €dv ai < 8, TéTE apyq < 6. Ipdyuatt

2a; +0 20+90
Ai+1 3 3
Apa a, < 6, Vn e N.

2. H akolovBia elvar avgovaa.

2a, +0 0—ay
ap+1 —Aap = —ap = 3

>0,

emeldn a, < 8, ylo k4be n.
3. Zav avgovoa ko @eayuévn n akoAovdio guykAivel. Edv a eivar 1o 6o tng axoiov-

dloc téte

. . 2a,+0 2a+0
lim a,41 = lim =>a= ,
n—oo n—oo 3 3

oTrdTe eTMAVOVTOC T e€lcwan Pelokovue a = d, KATA GUVETTELD

lim a, = 6.

n—oo

Ynueiowon: Mitopel va detybel (BAETte AGKNGELS) OTL
2 2 2 2 n-2 ) 2 n-1
- 1+—+(—) +---+(—) )—:[1—(—) ]6, =2,3,4,....
W ( 3) 3 3 !

3 \3
Magdderyna 5.20. Alveton n akodovdia (a,); |, ue

2
a, +1
2a,

Apy1 = Kow a; =a > 1.

Na Seyyfel 6TL n akolovBia GuykAiver kow va Beebel To 66 TnG.

Aelyvouue 61l a, > 1 yio kGBe n € N. H avigétnta woyvel yia n = 1, ard tnv vmddeon.

‘EGtw a, > 1, 16te
a+1 1_a,21+1—20,,_(an—1)2>
2a;, B 2a;, T 2,

0

apy1— 1=

aItd TNV VITEBEGN TNG ETTAYWYNIG, YEYOVAS TTOU QITOSEKVUEL TOV LGXLELGUO pag. AelEaue
6TL n akoAovBia elvar kKATw EEOyuévn. XTn cuvéxela €£eTdovue Thy akoAovBia we TTEOG
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Tn povotovia. YmoAoyicouue

ap+1 —Aap =
agt’ émov €metan OTL a,41 — a, < 0, emedn a, > 1. Apa n akoAovbia eivar eBivovca kou

¢ KAt @eayuévn cuykAivel. Edv € elvar Tto 6glo tng arkoiovbiag da éxouue,

2 +1
t= 2

o207 =0+1

omdte emewdn £ > 1 kataiiyovue 6To guuttéacua Tt To ogto eivon £ = 1.

HMopedderyua 5.21. Na detybel 6L n akoAovBia

12n
an:(1+—) , neN,
n

GUYKALvelL, kot va vItoAoyicgBel to 6L Tng.

, ; 192
Hopatnpovue 6Tl a, = b; 6TTOL

1n
bn:(1+—), neN,
n

Ko b, — e, KOOGS n — 00, 0TTOTE AITO TS WOIOTNTEG TOV GUYKAMVOUG®V OKOAOUOLDV,
IIp6tacn 5.4, da €xouvue

12n 1n2
lim(1+—) :[lim(1+—)] = &
n n

n—oo n—oo

Magatiignoen 5.5 (H évvola tng vitakoAovbiog). Ag Jewericovue tnv akolovbia (a,),;. O
axoAovbies ag, aq, ag, . . ., azy, - .. KOL A1, A3, ds, . . . , Aop-1, - - . AEYOVTAL VITAKROAOVBIES TG (ay),” .
Tevikdtepa edv ky < kg < -+ <k, < --- elvan wlo yvnoimwg avgovaa akoAovbio QUGIK®OY aRLBL®V
TéTe n arkoAovBia (ak,);”, Aéyetan vitakolovBia tng (a,)) ;. Xnuewwvovue 6Tl n k uropel va
edwlel wg uio yvnolng avgovca cuvdptnon k : N — N ue tués k(n) = k.

[Mpotaon 5.7. Eotw 61t n akodovbia (a,),., ovyrdiver atov agiiud L. Tote yia kdbe vtaro-
Aovbia (ay,),”, toxvel
lim a;, = <.

n—oco

Agtobeién. 'Eatm € > 0. A6 Tov oploud tov opiov vidpxel N 1étolo date |a, — €] < € yio kdbe
n > N. Emeldn yia kdbe n € N elvan k, > n, émetor 61 yia n > N da elvan k, > ky = N, omtdte

lak, — £| < €, W6odVvapa ay, — L. m|

HHoedderyna 5.22. Na Seryfel 4t n akorovBia

1 n
an:(1+%), nEN,

GUYKALveL, ko va vItoAoyicgBel to 6L Tnc.
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ITaatnpovue 6TL

1\» 1 2nq1/2
ez o2 1"
2n 2n

oToTe GVu@wva pe thy Ipdtaon 3.7, Ya €xovue

2n
lim o? = lim(1+ —) —e

n—oo n—00 2n

KATA GuVETTELOL
lim a, = +e.

n—o00

IMaedderyua 5.23. Edv b > 1, r > 0 eivar ;tpayuatikol agibuol, kal k € N va Seiybel 1

log,, n o .. logyn logk n
=0 @) lim —"= =0 () lim —2

n—oo n’

(@) lim

n—oo

= 0.

ITapatnpovue 4t n (o) €areton agtd v () ywa r = 1. Aelyvouue Aowtdv 6t

lo
lim 22" _ 0. 6.7
n—oo pn’

H cvuvdptnon log, elvar yvnolwg avgovcoa omroTe yia kabe @uOtkd agiud n > 2 virdeyet

uovadikdg k, € N 1étol0g ddate
ky <logyn <k, +1 & b <n < bltl,
Téte vtoAoyitovue

< log, n o k, +1 _ k,+1 ‘
n" brkn (br)k,,+1

(©.8)

Emewdn b" > 1 ypdoovtag b" = 1+ 4, ue 6 > 0, kol kAvVOVTAG XENON TOU SlVUULKOV

Yewpnuatog
kn + Dk,
1+ 60 =14 (k, + D6 + Knt DR s g ot
éxovue
Byt = 1+ gyt > K ;l)k” 52 = Ko ;Dk" b - 12

‘ETGl amd tnv oxéon (5.8) TreorUTTTEL

0 < log, n - b 2k, +1) _ bt 2

Toon b =12 (ks + Dk, (b7 =12k,

[Mogatneavtag 6T 1/k, — 0, kabwg n — oo, wg vtakoAovdia tng arkodovdiag (1/n);”,
(yrati;), n (5.7) émetan ard tnv TeAevtalo gyéon.

Todovtag tnv () atn poen

loggn  (log, n\k
n’ _( n'’k )

JraQATREOVUE OTL TO aTtoTéAecua €rreTon agtd tny (o) ko tnv [Hpdtacn S5.4.
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5.6 'Oro akoAovBiog Gto AItelEo

(o)

Owouds 5.6. "Ectw (ay),; wo akoAovdic TEAYLATIROY AQlOwdv.

(1) Oa Adue 6T n axolovbia (a,),”, agtokAivel 6To +oo, Kar Ja ypdpovue a, — +00

edv yia kdfe meayuatikd aebud M, vitdpxer N € N oate a, > M yia n > N.

(o)

(2) Ba Adue 6TL n akoAovBia (ay),”, ATTOKAIVEL GTO —oo, KaL Ja Yedpovue a, — —oo

edv ya kdBe meayuatikd apbud M, vitdpxer N € N oate a, < M yia n > N.

Ag Yewericovue wo un dve @eayudvn akolovbia (a,),”; TEOyUATIKGOY aQudv. Téte yia

kdéBe n € N vmdpyer k, € N ue k, > n, dote ai, > n, Ratd cuvéTela ai, — +o0o. ‘Ouola av wa

akolovBia dev elvar kKdTw @Eayuévn tote VITAEXEL VTTakoAoVB{O TNG TTOU ATTOKA{VEL GTO —00.

Mitogovue eTTouévamg va JemEovUe T +00 KOl —00 MG YEVIKEVUEVO, GQLOL VITAKOAOUOL®OV Wog wn

peayuévng akoAovdbios. Agydtepa da astodetovue dtL av wa akolovBio eival @eayuévn tote

VTIdEYEL VTTaKoAOVOlO TG N oTtolo. GuYKALvEL, e TIEOYUATIKG apEBud [dedtacn 13.1).

Aocxkneelg

1. Na ggetacBolv wg TEoc Tn gUyrMon oL akoAovbieg kol GTnv TTeRlTtTwon GUYRMGNG vo

Boebel To dpro

, NG V2 21
(@) 4= \'®) an:% (s)a”_2"+1
. n+1 ne 2" +1
a, = ’ N 4 , _
®yan= ®) an == ©) an = 5

2. Buuitovue 6Tl Yoo kABe UGG 0EOUS n

n(n+1)2n+1)

P+22 432440 =
6
INa kdbe n € N opltovue

?+224+32+... 402

2: 9
Sp = — ke =
ns3 ns3

o0

Na derybel 6T n akodovbia (sp),”,; cvykAiver kar vo Beebel To 66 Tng.

3. T tnv akolovbBia Tov Iagadelyuatog 5.9 vo Sexbel ot

1-+v1-4y
an < ——5

vy kKGOe @uotkd abud n. No Beebel eTtiong To oo Tng aroiovbiag.

4. Ouuitovue 4Tl yia KABe PUGLKG AQLOUS K

l+a+ad®+-+d" = , a# 1.
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10.

11.

12.

13.

14.

15.

AKOAOYOIEX

INa kdbe n € N oplcovue

n
sn:Zak:1+a+a2+~-+a", aeR
k=0
Na e€etacbel w¢ 7R0g Tn GUykAon n akodovbia (s,)),. Yrédergn: Oeweicte EexwEIoTd
TG MeQULTAOGELS |a] < 1, |a] =1, |a| > 1.

Oczwpeovue Ty akodovdia a, = Va* + b, n € N, 6mov 0 < a < b. Aei€te 6L lim, 00 a, = b.

No tpoc8ioplaTel n T Tov TEAYLATIKOU aBuol r €161 dGTe n akolovdbia
1+ +n
G

(i) No ouykAiver gto undév. (ii) Na cuykAivel oe 0iBud Sidpopo touv undevog. (iit) Na

neN

an

OTTOKALVEL.
‘EGtw 6T n akodovbia a,, n =1,2,3,... elvar peayuévn. Na Seiybel 6T

(@) H akolovbia a,/n cuykAivel gTo undév.
®) Edv n axodovbio by, n =1,2,3,... cuvykAivel gto undév, téte n a,b, cGuykAivel aTo

undév.

Me yorion tng avigoTnTog

n? (n + 1)
— <1+2+3+---+n< ,
2 2

6mov n € N, va Seiybel 611

. 1+243+---+n 1
lim = —.
n—oo n2 2

Na Seyyfel 6t n akolovbia a, = a", n € N, ue 0 < a <1 guyrAiver kaw va Bpebel To Ggto.
Ymodergn: a = 1/(1 + ), é7mov 6 > 0.

No g€etacTel wg TEOS Tn GUYKMGN n akoAovdio ue 6povg a, = Vn+1— +/n, n € N.

Av p ko r elvan Tpayuatikol agbuol ue r > 1, delEte 6T

No Setyfel 6L kGOe uio agrd TiIc axkoAovdieg TTovV 0QlTovVTL UE TIC GXEGELS
@) aps1= Vltay,, ar=1

®) ans1 = V2a,, a1=1
efvar avgovoa kot eeayuévn. No vitodoyiaBel to 6o kdbe ulag arxolovbiag.

Na deyyfel 611 n akoAovbia a,i1 = Vda, +3, a; = 5 elvor GuykAMvouca ko vo Pebet
T0 QL0 Ng.

AelEte 6TL
logn<n-1
yio kdBe Jetikd aképato n. Kdvovtag yprion auvtol Tov amoteléouatog £LeTdoTe MG

TEOC Tn gUyKkMon Thv akolovBio ue 6poug a, = +/logn.

No Bebel, epdcov vTTtdEyeL, To GpLo KABe Wag aTtd TS aKroAOVBIES



OPIO AKOAOYOIAYX XTO ANIEIPO

) a, = (1 + %)‘/ﬁ W) a, = (1 + %)nZ
®) a, = (1 + %)Uﬁ ©®) an = (1 + ;)l/nz

16. Edqv p elvar mtpayuatikds abudg va vtoAoyiabel to 6pLto

1\
1im(1+ —)

n—co n

v IS SLdpoQeS TWES Tou p.
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Kepdlaro 6

Ye10€¢

6.1 Ewaywyn

Y10 TEonyovuevo ke@dlao eidaue 6Tl 0 V2 eivan To 6pl0 wag, Aelpne, arkoAoudiag EnTOV
oLV Kdbe QoG TNG 0TTOlOC TTEOKVTITEL AV GTOV TTEONYOVUEVO OO TTROGHEGOUUE éva Sekal-
B1ké Ynplo améd to Sekadiké avdmTuyuo V2 = 1.41421356237. ... ‘Etol eidaue 6Tl o ueoikol

TTEMTOL 6oL Tng axkoAovBiag efvan

s1= 1.4, so = 1.41, s3 = 1.414, e, sg = 1.414213562, e,
n
1+ 4 1+ 4 + ! =1+ 4 + ! + A
S1 = in’ §2 = o PPCR) TN TN TA2
! 10 2 10 102 10 102 ' 103
9
4 1 4 2 1 3 ) dy
=l+ —+——S+——=+——F+—=+——=+—=+ —
59 10 102 103 104 105 108 107 8 109 kZ: 10*
ue

do=1, di=4, dy=1, dy=4, dy=2 ds=1 dsg=3, d7=5 dg=86, dy=2.

"E16l 0 n-0G6T0¢ 6Q0¢ Tng arkoiovdiag elivon

—Z o deel0.12..9),

KO ETEWDN 5, — V2, RABDOS n — oo, lval Aoyikd va ypdwpouue

n

) dy
nh—>nolo 1ok IZA 10k

7 ’ [oe] dk 7 7 7 00
AnAadn to gduBodo ;7 0t TLOQLOTAVEL TO OQLO TNgG akoAovbiog (sn)n:1

Oqrouds 6.1. Edv (ay),”, elvar wo akodovbio sreayuatikov agiumv opitovue wa véa

64
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axolovbia (S,)> ;, 6TTOVL

n
Sl=a1, Sg=a1+a2, ey Sn=a1+a2+~~~+an=Zak,
k=1

Tnv ékppacn
(o9
2,4
n=1
Aéue GELQA KL TNV GREPTOUAGTE WS TO dBpoloua SAwv Twv, dItelpmv To TANB0G, dpwv
™mne (an),
[Se]
Zan =ai+ag+--+a,+---
n=1
To a, Aéue n-06t6 6Qo Tng ceds. Tnv (S,);7, Tv Adue akolovbia TV ueEkOV
afpoleud TV TNG GERAS Ue S, va elvar To n-06Té ueEkd dbpowgua tng cewpds. Oa
Aéue 6Tl n 6elpd GLYKAiIvEL av Kol Uévo Ov n akoAovdia TV UeQK®OV aBQOGUAT®Y
GuYKAvel Ge TTEayuaTikd alBud. Xtnv meplmtwon avtn av S, — s Ja Aéue To s 6QLo

(9
Z ap = S.
k=1

Edv n cepd 8ev cuykiivel da Adue 6L agtokAiver.

n¢g 6£1Pdg kau da ypdeouue

ITpémel {omg va Tovicouue Tn Srtth onpacio Tov GuuBéAov 32, ax. Me autd evvoolue Ko

(o)

dnidvouue, apevdg, To “dBgoloua” SAwv Twv dewv Tng akolovbiog (a,);:

KOl QLPETEQOV TO
6guo tng akoAovbiag (S,))” | TOV UEQIKWOV ABEOLGUATOV EQPOGOV 0TSO VITAEXEL MG TTEAYUNTIKOS

aiudes. Emiong €xovue tnv icoduvauia

0 N
E a, =a < lim a, =a 6.1
N—ooco
n=1 n=1

6.2 X0oQOKTNQELGTIKES GELRES

IMagdderypa 6.1. T v akolovbio Tov @UOK®OV aEWBUOY (1), éxovue

< n(n+1)
k=1

H akoAovbia (S ,)y=100 €lvor yvnolmg aEovca Kol un @Eoyuevn, eTouévmg 8ev GUYKRALvEL
G€ TEAYUATIKG aplBus, KOT 0 GUVETTELD N Gepd Y, n agtokAivel. ‘Ouota n Gelpd

i1:1+1+1+~--

n=1

agorAivel. Edw S, = n.
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IMapddeyua 6.2 (H yewuetgkn celpd). Kdbe cewpd tng woeeric 327 a*, émov a ei-
val €vog TIOYUATIKOS 0QlOuds, AEyeTol YEMUETEIKN Gepd. Ouuitovue OTL yio KGO
TTEAYUATIKG abud a # 1 kot yio kdbe euaoikd aud n eivor

l+a+d®+---+d" =

"E1GL oplcovtag

n
So=a’=1, KOLLSn=Zak=1+a+a2+---+a", neN,

k=0
€youue
1— an+1
g = 1—a n=0,1,2,...
Edv |a| < 1, téte |a|* — 0, kabdS n — o0, omdTe a” — 0, kKAODOS n — oo (—|a|" < a” < |a|"),
€101 !
lim S, = . 6.2)
n—oo 1—a

Edv lal > 1, téte n (a");, Sev elvonr peayuévn katd cuvémela dev guykAlvel, oTtéTe TO
6pto lim, . S, dev vrdeyel. Edv a = 1, 161e
n
S :Zak:1+a+a2+---+a":n+1,
k=0

v av a = -1, tote

L 1 edv o n elvon dpTiog
Sw= Y (-DF = 14 (D 4 (D2 +- -+ (-1 = { ¢

=0 0 edv o n glvol TTEQLTTOG.

Emouévwg yia |a| = 1 to oo lim, . S, dev vrtdpyel. Katd cuvémelo n ye@yueteikn oelpd
ireo a* Guykivel av kar wévo av a| < 1, kou 6T TEQITTOON AVTA, UéGw Tng (6.2), eival

i 1
Zak =lim§S, = . ld <1 6.3)

n—oo 1—-a
k=0

To a atn cepd (6.3) Aéyetar Adyoc tng Gelpds.

Hapddetyna 6.3 (Tndeokoitkn celpd). Egetdtovue wg meog tnv guykMon tn Gelpd

1 1 1 1
= — 4+ — 4 e — .. 64
;n(n+1) 1-2 2-3 n-(mn+1) ©4)
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£T0L YL To peEkd dbpotoua éxouue

1 1 1
Spy=—+—
1-2 2-3 n-(n+1)
1 1 1 1 1
(gl
2 2 3 n n+l
1
=1-
n+1

BAémovue apéows 6Tl n akolovbio Twv LEEIK®OV aBQOLGUAT®V GUYKALVEL, KATA GUVETTELD

n oelpd GUYKALvel Kol

(o)

1 1
> :limSn:lim(l— ):1.
nn+1) no n—oo n+1

n=1

H cewpd (6.4) elvar TuTkS TTOQASELYULO TRAEGKOTTIKNG GELQAS.

67

OQioudg 6.2. Mia celpd

Ms

dan

n=

~ e

6IT0V 0 n-0GTAC GEOG TNG UIToEEL va Yeagel GTn woeen a, = b, — b, Aéyetal TRAEGKO-

JUKN GELQA.

Av n 37 a, elvar TRAEGKOTUKI KAl @, = by, — byy1, TOTE

n

Sn :Zak = (b1 —bg) + (bg — b3) + -+ + (by_1 — by) + (b — bp11)
=1

=b1— bun

0TTGTE YO TO GELO TNG GERAS LoYVEL

(o)

E a, = im S, = lim (by — by41) = by — lim by41.
n—oo n—oo n—oo
n=1

Ioedderyna 6.4. Ac JewprGouue TNV AQUOVIKIL GELQA

)

n=1

1 1 1
=fdb = db = dbooodh = dbooo
2 3 n

S|
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XEIPEX

ITaatnpovue 6TL

S1=1
S S+1—1+1
2 =091 2— 9
1 1
S4=S8S9+ -+~
4 2 3 4
1 1 1
289+ —+—=8S9+-=1+-
PTaTa T
Sg=39S +1+1+1+1
87°1T576 7" 8
1 1 1 1 1 3
Elar=r=dt=2r==8ar==1l4=
R R 2
Son =8 + L + ! + +1
S T I R T 2
1 1 1 1 n
252"71+5+2_n+"‘+2_n:Szn—1+§=1+§

vy kG0e n € N. "Etol n akodovbio Twv uepikodv abolcudtwv eival ywnolng avfouca
KoL Wi @eayuévn a@ov yia ogtowodrimtote M > 0 vstdpyer N oote Sov = 1+ N/2 > M.
Zouarepaivouue AoWTév OTL N AQUOVIKI Ged ), % QITOKALVEL.

Hoeadderyna 6.5 (H exkBetikn celpd). Asiyvouue 6Tl
o 1 1 1 1
Z—=1+—+—+—+---+—+---:e 6.5)

6ou dexduacte va ypdeouue 0! = 1. Ouuitovue 4Tl e elvor To Lo TNG AEOVGAS KA
peayuévng aroiovdiog

1n
an=(1+—), n € N.
n

Y10 IMopddeyua 5.7 Selsaue Tt

anzuz”;%(l_%)(l_g)...(l_fT-l) 66)

1 1 1 1 1
ST+ ) S=ld bt — 6.7)
J! ! ! !
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T k tuyaio addd otabepd ko n € N éyouue

agt’ OIToV, £TELWON e = sup a,, £meTon 4T

ks 1
>1 | —— 4
€= +( n+k) Zj!’

yio kdbe n € N. ITaigvovtag to 6glo Tov n — oo gtnv akolovBio 6to Segl uéhog tng

TAQATIAV® ovGOTnTOC €rovue amd tnv (6.7)

1 1

>1kl—111 >
e = +':£] }F =1+ iT + S=SN— + ag.

oo + —_ >
2! 3! k!
"Etol av Sy elvar to pepkd dbpoiouo tne oelpds atnv (6.5) éxovue ar < Si < e, 0TOTE
agtd tnv Ilpdtacn 5.5 €mweton 6Tl S, — e, KABOG n — 00, YEYOVOS TTOV AITTOSEIKVUEL TO
Jregueyduevo tng (6.5). Tn cepd atny (6.5) Tn Adue ekBeTIKN GELQA.

6.3 Ilagatnenoeig

IMeAGEeLC UETAEDY GELRDV.

IIp6taon 6.1. Eav

(o) (o)
Zan:a, Ko an:b
n=1 n=1

givar 6Vo GUYKAIVOUGES GELPES Kal A, [ €ival TTRAYUATIKES GTAOEQES, TOTE

(o)

Z(/lan+,ubn):/lian+,uibn = Aa + ub.

n=1 n=1 n=1

Amédeign. Av ue S, cuupolicovue To n-TAENg weEkd dbpotsua tng 37 (Aa, + uby) éxouvue

Sp= Zn:(/lak + uby) = i(/lak) + i(llbk) = lzn: ar + i by,
=1 k=1 =1 k=1 k=1

aItd TIS YVWGOTES WidTntes TTEAyULaTIK®OY aQliudv. To dplo tov de€lov uéhovg Tov n telvovtog
GTO AITELQR0 VITAQYXEL, ATTO TRV VITGOECN KL TS WLOTNTES TwV 0QlwV AKOAOVOL®OVY, KATA GUVETTELL
KL ovTé Tov aELaTeQoy uéhovg. Ilaipvovtag Aowrdv To 6o GTa SV0 UéAn TIEOKVITEL TO

ntovyevo. |
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lNo katdAnieg emmdoyég tav A kot u atnv Ipdtacn 6.1 witopovue va oplcouue TG PAGIKES

TEAELELS YIOL GELQEG.

Oqwoudg 6.3. Edv Y7, a, kv X, b, elvar Vo Gepég, opitovue To dBoloua Kot Tn
SL0PoEd TV GEWRWV, KOL TOV TTOAMATTAAGLACUS TG GEAS ue atabepd ue TS GxEcelg

i(an +b,) = i a, £ i b, i(/lan) = /li An,
n=1

n=1 n=1 n=1 n=1

0IT0TESNITOTE Ol eRPEACELS GTO BeEL0 UEAOG KABE Gxéong €xouv €vvola.

M avaykaio cuvOnikn yia tn 6UykKAGn ulog GelQag

IIpotaon 6.2. Av wa Gelpd GUYKAIVEL 0 N-0GTOG 0QOG TRG TEIVEL GTO Undév kabwc 1o n Teivel

GTO AITELQO.
Amoébeién. 'Ectw 30, ax = s wa GuykAivovca celpd. Téte

n—-1

n
a, =Zak—2ak=5n—5n_1.
k=1 k=1

Emeldn n axolovbio Twv uepik®dv afpoloudtov cuykAivel 6To s, TO 6QLo Tou S0V uéAoug
VTTAQXEL, ETTOUEVHOS
lima,=1lm(S,-S,.1)=5s—s5=0
n—00

n—oo

JTov elval To ¢nTovuevo. m|

Hogatninenon 6.1. Icodvvaun diatiTtwen tng Ilgdtacne 6.2 efvar n akdAovbn: Edv o o n-oGtog
6pog uiag celpdg Gev Teivel 6To undév kabws To n TelveL GTO ATELPO, TOTE N GEPA AITOKALVEL.
"Etol guustepaivouye 6Tt kdbe wia amsd s Gelpég

o

7 % o 1
Zl, Zn+1’ Zcosn, ;%,

n=1 n=1 n=1

agtokAlvel AoV To 6QLO0 TOU n-0GTOV POV KABWDS To n Telvel Gto dselpo elte elvan Sidpoo
Tou undevog efte Sev vITdpyel. Znueldvouue emiong 6Tl To aviicoTpoo tng Ipdtacng 6.2 dev
WoYVeL, 6mwe elbaye ue tnv auovikn celpd, dnAadn to yeyovdég Tt 0 n-06ToS 6pog Telvel GTo
undév kabwg To n Teivel GTo ATELRO Sev €Lac@OAiteEl GTL n GeRd GUYKRALVEL.

Ieétaon 6.3. Eotw ., a, = a wa cuykAivovca cepd. Tote yia kdbe € > 0 virdpyer N dote

(o)
>

n=N

< E.

Agtodetén. T kGBe N €xouue

(o)
e

n=N

=la - Sn-l

(o]
= ’Zan_SN—l
n=1

To gntovuevo €meton amd To yeyovds 6Tl n akolovdio Twv ueeikdv abeolcudtov (S,),” G-

YKALvel GTo a. |
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6.4 AgstoAvtn GUyKAGn
Ag gervAGouue Ue ULoL QITARL KoL XENGLUNn TtoQaTiEnGN.

IIp6taocn 6.4. Ectw a, > 0 yia 6Ada ta n, 10T n celpd ., a, GUYKAIVEL, av Kai uévo av n
arxoldovBia Twv UepikdV aBolGUAT®V THG GELPAC EIVOL PEAYUEV.

Agrobetén. Toupova pe tnv vitébeon n akolovdia Twv peEkdv abgoloudtwv S, Tng celRds

/ A ra 7 fo's) 3 7 7 ’ 7 ra
elvan avgovoa. Katd cuvémela av n (§,),”, etvor geayuévn, tdte GUYKALVEL, 1lGodvvaua n Gewpd
GUYKMVEL AV ToQEa n Ge1pd GUYKALVEL, €6Tw Y a, = 5, 10Te 1 < Sp < --- <S5, < - <,
SnAadn n akolovdio Twv uepk®dv abpolcudtov elval @eoyuévn. |

3 7 7 z (o) ’ 7 z 7 (o)
OqQouds 6.4. Oa Adue OTL n GelEd .7 a, GUYKAIVEL QITOAVT®GS €4V n Gelpd 3.7 |ay|
GUYKALVEL.

IIpotaon 6.5 (Koo astéAving cUykAiencg). Edv uia Gelpd GUyKAveEL agtoAUTwG, TOTE
GUYKAIVEL.

7z 7’ z ’ (o] 7 7 7 (o] — z
Agrddeién. 'Ectw 6TL n cepd 2 @, GUYKAMvel aTtoAMITwg ko £6Tw Y, 7 |a,| = s yio kdgtolo
s € R. Am6 tn oxéon —|a,| < a, < |ay|, émeton 6T

N N N
0 < ay+lad < 2a) = 0< Y (ay+lah) < ) 2la =2 ) layl <25, VYNeN.

n=1 n=1 n=1

‘Etal n akoAovBia Tov Hepik@v abpolcudtwy tng 7 (a, +|a,l) etvar @eayuévn, emouévmg airod
v Ipétacn 6.4 émetan 6T n Gewpd ;7 (a, +la,|) cuykAivel. Téte duwg kou n 377 | a, GuykAivel
¢ dLapopd 80 GUYKAMVOUGHOV GELRKV,

i an = i(an + laa)) - i |an|.
n=1

n=1 n=1

O

[Mpdétacn 6.6. Av n cepd ., a, cuykdiver aroAvtws kar (b,),. | eival wa avadidtaén tng
(an)y2, 6ndadn by, = gy, 6mov o : N — N wa éva spog éva kai emti guvdptnon, téte n 3.7 by,

ian :ibn.

n=1 n=1

GUYKAIVEL AITOAVTWOGS Kal

Amédein. Emeldni n gepd 7 la,| ouykAiver €mtetan 6t yia kdgtoro C > 0, da elvon
lar] +lag| + -+ +lan| < C
yia 6Aa ta n. Egteldn yio kd0e m vtdyel n oote
b1l + |bo| + -+ - + [bp| < laal + lag| + - +lax| < C

émetan OTL N avEoVGO, akoAovBia TV ueEk®v abpolcudtov Tng Y, b, elvar goayuévn, doa
GuykAMvel, 16odvvaua n 3.7 |b,| cuykAivel. Zvupoligovue ue S, ko T, to ueed abooicuata
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TOV Y7 dy KO Y by, aviietorya. Amé tnv gvykMon tng ) la,| ko tnv Ipdtacn 6.3
gqretal 0Tt Yo Soouévo € > 0 vrtdxer N dGTe Vo, 1eYYoUV TOUTOYQEOVA Ol GXEGELS

(o)

S € €
Zan—SN < = KO Z la,| < =.
o 2 2

n=N+1

EmAéyovioc M (> N) 1660 usyd?\ol oote {a1,as,...,an} C {by, by, ..., By} BAEmovue 411 yio
m > M n dwpopd T, — Sy elvar to dBpotoua memepacusévou TANBoUS ar ue k > N, a@pov
ay ¢ {a,as, . ..,an}, 1oL Ya eivon

[T, — SNl < lansl + lansol +--- .

‘E16l yia m > M €xouvue

[

[Se]
‘Zan_Tm < Zan_SN +ISn =Tl
n=1 n=1
€ €
<—+=
2 2
=€
Katd cuvémtela, Ty, — 37, @y, 1 lGoS0vana 3 a, = 37 by. O

6.5 Xe1P€G ue un aQEVNTIKOUS GPOUG

To amotéleoua tng Ipdtacng 6.5 evBogeuverl To va dewpovye Kol va €£eTATOVUE WG TTEOS TN
GUYRALON GEWRES ue un avntikols 6povs. To astotélecuo mwov akolovbel amodeiyOnke katd
Tnv dadikacio tng agtodeigng tng Ipdtacng 6.5.

ITpétacn 6.7 (Baciké keurnero cOykeieng). Osweovue TS GERES Y7 a, Kal )" b, ue
0 < a, < by, yia kdbe n € N. Edv n Y, °, b, cvyklivel, T0Te Kou n 3", G, GUYKAIVEL.
Amédeikn. Av 37, b, = b, té1E a6 TNV VIT6OEGN £TTETAL OTL OL AkOAOLVB{ES (S ey KO (Ty)07
TV UEQIKAOV aBQOGUATOV TV Y7 a, Kou 3,7 b, avticToya, eivon alE0VGES Kal IKOVOTTOL0UV
T oyéon

0<S,<T,<b, V¥n e N.

"Etol n akoAovBia twv S, elvar avEovca Kol @EAyLEVN, KATA GUVETTELD GUYKALVEL, dnAadn n
oed 7 a, GUYKMVEL O

IMoapeddetyua 6.6. Kdbe mpayuatikds agiiuds x yedeetor oe dekadkin woeen g x =
ap.a1asas ... 6Tov ag € Z wou a, € {0,1,2,...,9} yia kdbe n € N kar €{6ape 611 TuTIKA
ustopovue va yedwouue

a | a an

— b db 2. MLgoods e dbooo 6.8
TEAT 01 T 102 10" €5

IMmopotue va mtdpovue M > max{o(1), 5 (2),...,c(N)}.
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Ac dewpricouvue AOLTTOV pio Gelpd

Z—, émov a, € {0,1,2,...,9).

Oszla_nnSzézgzﬁzg(pi/lo_l):l’

agtd to dbpoloua yewueTeikng celpds. Katd cuvérrela n oelpd (6.8) dvtwg cuykAivel kot
TLORLOTAVEL TOV TIEAYUATIKG 0pBud x. Znueiodvovue 6Tl oL TOQOTIAve aviedtnteg eival
QVOTNEES €KTOS av a, = 0 yia kdbe n € N, omdte x = ap, N a, =9 yia kdBe n € N, omdte

x = agp + 1. ’E16l gTn yevikn meplmtoon elvon

IMpotaon 6.8 (Koutnpwo cuuitvkveong). Ectw a3 > ag > az > --- > 0. H cepd 2,0;1 a

GUYKALIVEL v KAl UGVO av n Gelpd
o0
Z2nagn :2a2+4a4+8a8+--~+2”a2n + -
n=1

GUYKAIVEL.

Amobelén. Yvupolicovue ue S, T uepwd abpolouata tng celds Y- a, ko ue T, Tol ueEkd
aBpofouata tng celpds Y7, 2"ag:. Iagatnpovue 61t yia ueydio n

S,,=a1+(a2+a3)+(a4+a5+a6+a7)+(a8+ag+---+a15)+---
N —
2 92 923

Emedn 1+ 2+ 22 + ... + 2" =21 — 1 (yiat(;) éxovue

S2n+l_1 =a + (a2 + a3) + (a4 +as + ag + Cl7) + -+ (Clzn +aogni1+ -0+ a2n+2n_1)
S — N— ————

2 22 n

<ap+2ag + 2%ap + -+ 2"y

ETIOUEVOC
0<Soui_g <ap+Ty. (6.9)
‘Ouola
T, =2ay+4a4+8ag + -+ 2"asm
= 2ag + 2a4 + dag + - - + 2" Lagn)

=2[ag + (as +a4) + (ag +ag +ag +ag) + -+ (agm + agn + - -+ + asg)]

on-1

<2[lag+ (as+aq)+(as+ag+arj+ag)+ -+ (Agn-1,4 + Agn-1,9 + - - - + agn)],
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oTTOTE
0<T, <259 —2ay. (6.10)

Ouv akolovBiegc Twv uepk®dv abgowgudtov (S nyeq kaw (T)7, elvon avgovoes. "Etol av wa
vrraxkolovdia tng (S,);., GuykAivel, ToTe kaw n akoAovBia GuykAivel. Av n D1 Gn GUYKALVEL,
godvvapa S, — s, yia kdmwowo s € R, agmd tnv (6.10) émeton 6t T, < 25 — 2a1, yoo 6Aa to
n, katd cuvémela n 37, 2"ag guykMvel. Av 37, 2"ax = t, yi kdatolo ¢ € R, agd v (6.9)

émeTan 6L S, < ag + 1, Yo kdBe n (yroti;), katd cuvémela n Y7, a, GUYKALVEL O

Hapeddeyua 6.7 (p-cepd). H p-cepd ue p > 0,

— 1 1 1 1
:E:-—— =fld— b = dbooodb = dbooo
npb 2p 3p np

ouykAiver av p > 1 kow agtokMver av p < 1. H meplmtoon p = 1 elvor n aguovikii gelpd.

Oeweovue Tn GeRd

(o) (9]

S n 1 1 1 \?
ZZ (2n)P = Z m = Z(%)

n=1 n=1 n=1

n omoia elvar yeouetowkn ue Adyo 1/2°71. Katd cuvémeia GuykAiver av p —1 > 0,
godvvaua av p > 1 kot agtokAiver av p —1 < 0, wgodvvoya av p < 1. "Etor amd To
KQLTAQLO GUUWITURVMOONG £teTal OTL . p-Gelpd GuykAivel av p > 1 kow agtokAiver av p < 1.
Ynuewdvovpe 6Tt yio p < 0 n Ttaattdve celpd ogtokAiver agov yo p = 0 0 n-06T6S 6Q0g
Tng 6€1Rdg etvar (6og e 1, eved yua p < 0 0 n-06TGS 6QOG Tng GelRds n™? = n?! teiver 6o
dTtelpo kobMG n — oo,

6.6 To kQLtNnELo TOV AOYOU KOl TO KQLTNELO TNG QLTAS

ITp6Ttacn 6.9 (Keutrigro tov Adyov). Oswpovue tn Geld 3,7 a, Ue a, * 0, Kal £0Tw

an+1
Ay

lim

n—oo

=L.

Tote
(1) Av L <1 n celpd guykdivel asroAUTwg.
(2) Av L > 1 n cepd asoklivel.
(3) Av L =1 70 KkIT1P10 SV TTAREXEL KATTOLO TTANQOPORIQ Vi TH GUYKAIGN THG GELRAG.

Agrobeign. (1) Av L < 1 emdéyovtag r date L < r < 1, amd Tov opuoud tov oplov €metar 4Tl

vTdeyer N daote

An+1
i n=> N.

Ay

"E1GL tafgvouue 6Tt

2
lan+1] < rlanl, lanso| < rlan4l < rlanl, cees lansil < Flayl, VkeN
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Emewdn 0 < r < 1 n yeouetowi celpd Y, n 7" GuyKALvel KOTA GUVETEL QITé TO KELTAQELO
avykElong Kouw n 3, . a,| GuykAiver dea ko n 3 lapl.
(2) EGv L > 1, t6te vdoyer N date

Aap+1
an

, Vn >N,

emouévas layl < layyl < --+ < lanuil < -++ kotd cvvémea a, - 0, omdte n Gewd 3.7 ay
QITOKALVEL.
(3) Ag dovue éva mopddeyua. OewEdVTas Thy p-celpd Taipvouue

p
= lim (-2 ) =1,
i\ + 1

kotd ouvémela L = 1 kot yvweitouvye 6Tl n oe1pd cuyrAiver av p > 1 ko agtokMver av p < 1. O

An+1
an

lim

n—oo

(o)

[Mégwoua 6.1. Av yia tnv arkodovbia (ay),’, 1oxvel

. Ian+1|
lim ——

n—0o0 |an|

<1,
Tote a, — 0.
Agrodeién. 'Omwes gtnv amddetgn Tou kELtneiov Tou Adyou vitdpxet r < 1 kow N date
0 <lay < " Mayl, Vn>N.
To tntovuevo émetar aIrd to yeyovog ot ' — 0. |
IMpétaocn 6.10 (Keutigro tng @igag). Oswpovue tn Gelpd ), dy Kol £0T®
lim +/|a,| = L.
n—oco
Tote
(1) Av L <1 n celpd guykdivel astoAVTwg.
(2) Av L > 1 n ceipd agroxlivel.
(3) Av L =1 7o kpitrigio Sev Tapéxel kdTolo TAnQo@oia yia Tn GUYKMGn Tng Gelpdg.

Amobeién. (1) Av L < 1 emidéyovtag r dote L < r < 1, amd tov opioud tou oplov €metal ot
vTtdyxer N date Vla,| < r yua kdbe n > N, 1goduvaua

|al’l|<rnv nZN

Emewdn 0 < r < 1 n yeouetewi celpd >\ 7" GUyKAIveEL KOTA GUVETIELL QITé TO KEITAQLO
avykElong Kou n 337 o la,| cuykAivel doa kar n 3 layl.
(2) Emeldn

lan V" — L>1,

émetan 6L n axolovBia (a,), ; 8ev GuykAivel GTo Undév yeyovog TTov GuVeTtdyeTol OTL n 352 ay
8ev GuYKALveL.
(3) Ag dovue éva Ttapdderypa. T'a tnv p-celpd
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€yovue OTL
. 1 ) 1y
lim 4/ — = hm(—) =1,
n—oo np n—oo %
Kol yvwpitovue 6Tt av p < 1 n gelpd amokAivel eve, av p > 1 6Tt GuykALvel. O

(o)

[égwoua 6.2. Av yia tnv arkodovbia (ay),”, 1oxvel

lim +f|a,| <1,
n—o00
Tote a, — 0.
Agrobeign. ‘Omwg gty asddelgn Tou kertnpiov tng eigac vrtdoxel r < 1 kow N date

0<a,l <7, Yn > N.

To tntovyevo émetar aard to yeyovog ot ' — 0. |

6.7 Evallacooueveg Ge1Q€C Kol GOYKALGN VITO GuVONKn

Y1n cuvéxela dempovue GelRES oL 6ol Twv oTtolmv elvar evaAAGE deTikol kal agvntikol alBuotl.
TNo woeddetyno

1 N 1

1__ - _ = 1l’l+1 ) 4 _ Vl—l_

5+ +o (=1 + E(l) .
n=1

1 1 1 L1 N, o 1

—1+§—Z+——---+(—1)2—n+ —5(—1) T

S
Il
—_

Oploudg 6.5. Mo Gelpd TTOU YEAMETOL GTN LOEMN
D0 Ta, o Y (D'ay, pea, 20
n=1 n=1

Aéyeton evallaooduevi GelRdL.

[Mapatnpovue 0T
DDy = Y D(1a, = - ) (-1)'ay,
n=1 n=1 n=1

KOTA GUVETTELD, av N Z;’;I(—l)"‘lan GUYKALVEL €GT®W GTOV TTEAYUOTIKG aQBud s, 1Goduvvaua n
axoAovBia Tov uepikwv abpolcudtmv GuykAivel GTov s, Téte n ), (=1)"a, cuykAivel GTo —s.

‘Ogov apoed Tn GUYKALGN TV GER®OV GTNV ELGOY®YR TG TTAQAYRAEOU Ttagatngovue Tl n
uev TEATN Gelpd Sev GUYKALVEL ATTOAVT®OG, POV N GERA TwV ATTOAVTWV TW®V €lvol N AQUOVIKNA
oe1pd, 0ALG Sev yvweitovue av cuykAivel, n e Sevtepn Ge1pd GUYKAMVEL WS YEWMUETEIKA GELRA
ue TEOTO 60 To —1 kot Adyo r = —1/2, kal WALGTO GUYKAIVEL KOl OITOAVTWOS. ZYeTIKA Ue Tnv
oUyKMON Wog eVAAAAGOOUEVIS GEWRAS €XOUUE TO

IIpotaon 6.11 (Keitigro evaldaceousvng 6e1pds tov Leibniz). Ecotw 611 yia tnv evallac-

cduevn cepd Yoo (-1)"a, woxvel ot
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M) agzaz=zaz3=>---20
(2) lima, =0
n—o0
TOTE N GePA GUYKALVEL.

Agébeién. Av (S,),7, elvor n arkolovbia Twv uepkwv abpolcudtv Tagatneovue 6T

Sp=ar—as+as—as+---+(=1)"q, 6.11)
ETTOUEVOS
Son = (a1 —az) + (a3 — as) + -+ + (agn-1 — azy) (6.12)
Son =a1—(ag —az) — (a4 — as) — -+ — (agp—2 — Agu—1) — a2y (6.13)
Sont1 = a1 — (ag —az) — (as — as) — -+ - — (azy — A2,41) (6.14)
Sont1 = Son + Agpst (6.15)

AT6 v vTtobeon Exetol OTL n kABe TaEévieon atig (6.12), (6.13) ko (6.14) eivor un aQvnTiki
JT0GoTNTA, KO OIT6 T (6.15) 6TL S2,41 = S92, KATA GuVETTELD £r0UUE

S9<84 < <89, <+ <8911 < <8381 =ay.

H vrtaxodovdia (S2,);7, wg avgovoa kar eayuévn cuykAivel. "Ectw So, — 5, T0Te aité tnv
(6.15) BAgTtovue OTL APOV g+ — 0, €TreTOL OTL KAL N (S 2041),~; OUVYRALVEL KO wdMota S, —
s. 'Etol yua € > 0 vmtdeyer N oote |S, —s| <eelteylan=2k>Nnywon=2[+1> N, kotd
GUVETTELDL L KOAOUBIOL TV UEQIKMOY 0fOLGUAT®Y GUYKALVEL, 1GoSHVaa N Gelpd, GuykAivel? O

Moedderypa 6.8. H evoAlacoduevn apuovikin Gelpd
= 1 1 1 1 1
Z(—I)”‘l— sll= o= b R (IS aeo
‘" n 2 3 4 n

GUYKA{VEL
Y1tn gelpd auTn €xovue a, = 1/n, emouévmg
1 1
[>->—=>-->=>---50.
2 3 n
"ET0L 0316 TO KQLTAQELO evOAAAGGOUEVNG GELRAS €TteTOL OTL N GELRA GUYKALVEL.

Av wa ced Y7 a, GuykAlvel kar s efvar To 6plo 1 dBpoGUa Tng GelEAS, TO UEQEIKO
dbpotoua S, tng celpdc elvan wa TTEOGEYYIGN Tov §, agov S, — s. H Stapoed s — S, exk@pdgel

TO GPAAUA TNG TTROGEYYLONGS TOU s UE TO S,. To a@dAua s—S, AEyeTon KoL GOAAUN OLITOKOTTAG.

Mapatnovue 6Tl yio Ta ueeikd abpoiouota Sg Kot S, Vo Tuxaia k kon I, eTtdéyovtag n > maxik, [} éxovue
Sor < Son < Sons1 < Saort, KOTA cuvETTELR S 9 < S9141. "ETGL 1 WAENG glkGVA yio T uepikd abpoicuata elvor n

SzSS4§"'§S2n<"'SSS"'SSZHHS"'§S3S51.
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Oewonua 6.1 (EkTiuncn tov 6@OAALATOC AITOKOTING EVAAAAGGOUEVNG GELQAS). Eotw
01t yia tnv evallaceeousvn Gelpd Z;’;’:l(—l)"‘lan LGYVEL OTL

ag>as>az>--->0 KOl lima, =0

n—oo

KOl £0TW § = Z;"zl(—l)”‘lan. Av S, elvar To uepiko dbpoicua Tng celpdg, TOTE

ls =Syl < aps1.

Amodeign. Topatnpovue 6T

(9]

s=Su= ) (D e = (<1)apar + (<" apg + (<) Pays + -
k=n+1

= (_l)n[an+1 —dp+2 + Apy3 — Apy3 + 00 ]
Emedn ags1 — ags2 = 0, yia kdbe k, émeton 611

s =S, = ane1 — nez + A3 — Apya + -+

An1 — (Ape2 — Ape3) — (Apada — Apys) — -+

IA

Adp+1

a@ov kdbe Trapévleon eivor un oQEvVRTIKA TTOGHTNTA. m|

Haeddetyua 6.9. H ced
i (_1)n+1
— 2n—1
GuykAfvel (yiati;).

(@) No ektipundel 1o U€yloto oEAALO GTav To 40RO TG GELRAS TIROCEYYITETOL ATl
70 dBpotoua Twv 8 pwv Tng Geldg.

®) Iécor 6por amartovvtal va afEolgTovv OGTE To GEAALO va unv viepPaivel To
0.001;

(@) Av s elvan To 6QL0 TG GeRAS ToTE

1 1
ls=Ssl< 5——= =5
2-9-1 17

KOTd GuvETtELo To GdAuo dev vitepPaivel to 1/17.
®) Av opicouue t0 6pdApa E, := s — S ,, 9élovue

1
|El < ——— <0.001 & 499.5 < n
2m+1) -1

KOTd guvéTtelo agtateltal va abpoleTovv TovAdyietov 500 Gpot.

H evaAlacoduevn aguoviki celed eivar TuTtikd mwoaddetyua Geleds n oTtoio GUYKALVEL e

aAAG Bev GuykAlvel aITOAMIT®G.
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Oqwoudg 6.6. Edv n celpd ), a, GuykAivel adlld Sev GuykAivel amroAiTteog, SnAadi n
2oy lay] aokdiver, Ha Adue 611 n Gelpd GuyKAiveL VIT6 GUVORKN.

6.8 Mo £1dikn katnyoeio Gelp®v

Y10 IMopddeyua 6.2 eldaue 6T av —1 < x < 1 161¢

1
1-x

(o]
Zxk=1+x+x2+---+x"+---=
n=0

KOTA GUVETIELD N YEWUETEIKA GelRd 0Qitel, ekel Tou GuykAlvel, wa cuvvdptnon tnv f(x) =
1/(1 = x). Ztn cuvéyelo og demwpricovue Tn GelRd

KOl O¢ €EeTdoovue, OTTWGS GTNV TEQITTTWGN TNG YEWMUETQEIKAG GELRAG, VLo TIOLES TWES TOU X N
oelpd guykAivel. ITagatnpovue 1t av x = 0 n gelpd cuykAivel gto 1. Tia x # 0 xENGLOTTOLDOVTAS

TO KQLUTNELO Tou Adyou Ttaipvouye

|xn+1|

| |
(n+1)! _ |x|m! : |x] M )
[x"| n+1)! n+1
n!

KOOOG n — oo, yia kdBe x € R. Egedni 1o 6pto tou oxetikov Adyou eivar wxkedtepo tou 1
n og1pd cuykAivel avegdptnta astd To JTold eivon To X, SnAadn n celpd GuykAivel yio. GAa TO
x € R. "Etot, oot yio x € R to §plo 1 dbpotoua tng Gelpds mTeo@avag e5atdtal armd To X,
éxouue 6Tl n 6eRd 0Qltel wa guvdptnon. Opltouye AOWTTOV T GUVAETNGCN eXp X UE Tn oyéon

exp x := x—=1+—+—+-~-+x—+---, —00 < X < 400, (6.16)
n . .

Iopatngovue 61t exp0 = 1, kot agtd to Hopddeyua 6.5, PATe 6.5, 6TL expl = e. Oa amodel-
touue oe €TOUEVO KEPAAOLO OTL exp x = e”.

H vewuetikin ceipd 6mwws ko n oepd (6.16) eival tutiikd sropadelyuota Gelpodv Twv o-
Jtolv ot 6ol TeELExouv duvduels tou x. Ou oelpés autés Adyovtor duvauocelpés kot Ja Tig

UEAETAGOUUE GTO GYXETIKO KEPAALO.
Aoxknoelg
1. H aroAovBia Fibonacci (f,); opitetou avadeoukd asd Tig cxEcelg

fl = 17 f2 = L fn = fn—l + fn—Z, n>3.

Aelete 6L

w L1 1
fn—lfn+1 B fn—lfn fnfn+1
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(9]

1
) =1
(B) ; fn—lfn+1

(Y) Z fn lfn+1 -

2. Afvetal n oelpd

—(n+ Dl

(@) YstoAoyiote Ta uepkd abpoicpata Si, So, S3, ko S4 TEOKEWEVOL va Selte TTwe
ugtopel va exk@acTtel To kGOe dBgoGua.

®) Awé to (@) uavtéywte Tov TUTO Yo TO 1-0GTO UeEIkG dbpotoua S, Tng celpds Kol
agrodelEte ue eTayOYNn TOV LGYUELGUO GOG.

() Aelgte d1L n oelpd cuykAiver ato 1.

3. Xe kdbe wa oIt TIC 0eRES Vo PeeBOUV oL TWES TOu X Yia TS 0Troieg n 0elRd GUYKALvVEL
KoL GTn guvéxela va Peebel To dbpotopa tng oelRdc

(@) i(x—m" ®) i 5):11 2 izn sin' x
n=0 n=0 n=0

4. AeiEte 6T av a, > 0 vou n 3,07 a, GUYKALvel, TOTE Ko n Y7

ne1 2 Guykiiver.

’ 7 z 7 7 [ee) 7 7 o0
5. 'Ectw 6T a, > 0 ya kAOe n, del€te oTL av n 3,7 a, GuykAivel, Téte kou n )~ log(l+ay,)
GUYKAVEL.

6. Edv a, > 0 kau b, > 0 ya 6Aa Ta 1 Kow oL 3,7 a, Kav 3> b, GuykAivouv etvan aAnBeio
ot n Y7, apb, cuykAivey,

7. Aelgte 6T

RS 1 1
(a);(a+n)(a+n+l)_5’ a>0.

N 1 1
®) ) D D " 7

8. Etetdote kotd w660 n gepd

(o9

>

n=1
GuyKAMvel. YTrodergn: Xonowomomiote To yeyovos 6T {fn — 1 kow cuykpiveTe ue yvooth
oeld.

9. Aeléte 6T
(o) H i !
~ nlogn

@) H i ; e p > 1 cuykAivel
Zin(logmp” P VIAVEL

OTTORALVEL.
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10. Aeigte 6T n cepd

(o)

5 (i )

n=0

GUYKALvel av p > 2 kar astokAivel yio p = 2.

11. Egetdote katd méco kAbe pia aItd TG GERES GUYKALVEL, 1L aItorALvEL

o1 o v o1
()Z::n2+10 ()nzz;nz-fS @);211 1
= 1 RS w1
(B);m (ﬂgm (n)nz:;m
w1 R w1
(Y);nﬂ/z (g)é—n3+n4 (ﬁ);en—n"

12. Etetdote katd mwéco kdbe wio aIrd Tig GelRES GUYKALVEL ATTOAMIT®S, GUYKALVEL VTTO GUV-
Onkn, 1 amokiivel

@) Z(;DT ©) 22—' () ml or
®) 2(3:2)1 © i g,gz. () 2%
W) i(f;) ) ;(nzfl)n w0 ), g7
© 2(—’;‘))" Y 2222:2,;2‘ v 23”1‘1
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IHpoyuotikég XuvaQTNGELS

7.1 Ewsaywyikd

Ou alyeBoikéc TEALES UETAEY GUVOQRTAGEWV 0TS KAl N givleon emITEETOVV Tn Snywovyla
VE®V GUVAQRTAGEMV 0TI TIC GYETKA ATTAES VTTdEYOVGES guvapThcels. EmmAov ol aviiateopeg
GUVAQTAGELS, YVWOT®V GUVAQTAGEMY, EQMOGOV AUTES VITARXOVV, EULTTAOVTICOUV T GUAAOYI TV
TEOAYUATIKOV GUVOQTAGEDV TTOU LOC EVOLOPEQOUV KAl ELPOVITOVTIL GTIS SLAPOQES EPAQULOYES.

Av f elvar wo meayuatiki guvdeTnon wg yodenua tng f oploaue 1o gUvolo

G(f) =l y) 1y = fO}

70 0TT0{0 £{Vall VITOGUVOAO TOU KaETEGLOVOU yivouévou R x R = RZ. H amotdTtmon Tou yoo@ri-
LOTOG UOS GUVAQTNONG GTO KAQTEGLAVG eTiTiedo, SnAadn n yea@ikn woedetacn g guvdo-
TNONG TAREXEL GUVABWGS €va GNUOVTIKO TTOGOGTO TG TTAnQo@oiag mou Ja JéAaue va €govue
yio tn guvdgtnon. Egouévog n 66o to duvatdv axkQiBEctepn amroTiITwon TOU YROPAWATOS
Tng cuvdeTnong eivoar évag astd Toug 6TéXouS Tou ATelRocTikoU Aoyiouov. ITgokewwévou vo
TETUYOUUE QUTO TO GTOXO TTRETIEL vaL avaTtTUEOUUE TN KOTAAMNAN “teyvoloyia”. H texvolo-
yvio avti avastiecetal otadiakd. EmmAéov o avotneos opiouds KAITOLmV YOQOKTNQLGTIKOV
GUVAQTAGEMV OTIOG £(VaL Ol TELYWVOUETEIKES, N eKOETIKA, Kol 0 AoydoBuog ustopel va dobel
a@oTou €xovue avamTugel Tnv avdloyn dewpla. ‘Ouwg, yia va €xovue gtn didbecn yog, aro
v oQxn, evilaeépovta Taadelyuato eKUETAAEVOUOGTE T YVOGN TTOU ATTOKOUlGAULE aTtd TO
Avkelo kar Pewpovye WS YVOOTA TN GTOLXELOON GUUTTEQLPORA TOV GUVAQTAGE®Y IOV TIRO-
vagépaue. Apydtepa, xden minpotntag da opicovue pe avotnd TeoTTo Kaw Jo asrodeifouue
TOAAEG ATTO TLS OLOTNTES KO GUUITEQLPOQES TTov deyOrikae OTL LIGYYOUV.

H yepa@ikn sopdotacn tng guvdptnong y = f(x) elvaw to gOvodo 6Awv Twv cnuelwv (x,y)
Tov eTuItédov ue y = f(x). "'Etol asotumdvovtag woAd (wéoa;) onueia (x, f(x)) oto KOQTE-
Glové egtiatedo wiropovue va KATAAABouuue-eIkKAGOUUE T WOREN TNG YEOMIKAS TTapdcTooNn.

7.2 Baowkd ctouyeia

To opBoydvio GGt AgovVeV XwElCelL TO KOQTEGLOVG eT{Tted0 Ge TEGGEQO E€va UETAEY TOUG
gVvoda to otrofol Aéue TTE®TO, devTeRo, TEITO KAl TETAQETO TeTORTNUGQO (quadrants). Avutd

82
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elvan avtictoya Ta

01 ={(x,y) : x>0 xar y > 0}, 09 ={(x,y) : x <0 rar y > 0},
O3 ={(x,y): x <0 ror y < 0}, O4={(x,y): x>0 xo y < 0}.

7.2.1 Amdéctaon 6to £istedo

Av P = (x1,¥1) ko Q = (x2,y9) elvar Vo onuela Tov emmédon [R?) 161 n ambéoTaGN UETOEY
Tov onuelwv P kat Q, tnv ottola cuuPolitovue ue d(P, Q), elvar To unkog touv gvbuypduyuou
TuRpatog ue dreo to P kar Q. Emwouéveg attd 1o oxetikd 0pfoy®vio Toiywvo ue KoQuEES Ta
onueta (x1,y1), (x2,y2) Raw (x2,y1) TTEOKVITTEL OTL

d(P.Q) = \J(xi — 32 + (1 — yoP. .

O(x2,y2)
Yey----------A&&--F >

|
Npmmm o m o T(Xz,yﬂ

. e
X1 X2 x

yxnua 7.1: Améctocn Gto emimedo

Mo dueon GuVETTELDL TOU OQITOTEAEGUATOS avToV elval otL av to (x,y) elvon onueio Tov

KUKAOL KéVTEOU (a, b) kar aktivag r > 0, tdte
(x—a)® + - b)? = r2. (7.2)

‘Etol n (7.2) elvar n €€lcmwon tov KOKAOL ue kéEviEo o (a, b) kan axktiva r. Ta wopddetyua n

eglomaon

x2+y2—2x+2y—2:0

yoedpeTat

-2 +1+y*+29+1-4=0(x-1D)*+(+1)*=4
KOTd GuVETIELD N €Elomon TtaELeTAvel KUKAO kéEvTEou (1, —1) ko aktivag 2.

Acknon 7.1. H éMewpn givar 0 yewUeTEKOS TOTTOG TV cnuelwv Tov emItédov Twv oTtolmv
To dBpolouo Twv agtocTdoewy amd Vo otabepd onueio eivar otabepd. Toa dvo avtd onueio
Aéyovtan eotieg tng EAAeryng. Na Peebel n eglcwon tng éAAewpng ue ectiec gta onueta (—c, 0)
kot (¢, 0) kow dBpoloua asTtocTdcewy (6o we 2a, 6IToV a > ¢ > 0 elvar TEayuatiko! aliuol.
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Yxnuo 7.2: Torywvoueteikol aptBuol yoviag

7.2.2 TewywvoueTikoi aQluoi e Tolywvo

Oewpovue T0 0QBOYOVIO TEIYWVO TOU GYAUATOC Ue WAKN TTAELEXOV @, B, Kol ¥, dTIou @ < ¥y Kol
B <v. Oeweovue wlo agtd Tic dVo ywvieg TTou dev elval n 0pbri, €6Tw Thv w, KoL 0plfovue TOUG
TELYWVOUETEIKOVGS aQBUoUS TNG ywvias w e TIC GYEGELS

) B , aTTEvavTL TAELEA
sinw = — nuitovo w = y
0% vmotelvouca
@ , TROCKelLEVN TTAEVQEA
cosw = — guvnuitovo w = ;
0% vmotelvovca
B sinw ) aTTévavTL TAELEA
tanw = — = EQAITTOUEVI W = - y
a  Ccosw TEOCKElUEVN TTAEVEA
a  Ccosw ) TIROCKelHEVN TTAEVEA
cotw = — = — GUVEQATITOUEVN W = - -
B sinw agtévavTtt TAsvEd
0% 1 ) vItoteivovca
secw = = = TEUVOUCO W = - -
o cosw Tookelpevn TAEVEA
0% 1 ) vIroteivoucGa
CSCw == = — GUVTEUVOUGO W = - -
B sinw aTEvavTL TAEUEA

Ayeceg GUVETTELEG TOU OQLGUOV TV TELYMVOUETOIKMOV aQliu®dv ywviag eival ol TautdTnteg

2 2

sin“ w + cos 2 2

w=1 tanw = sec’w —tan’w = 1 esc?w—cot?w = 1.

cotw
Acknon 7.2 (O vouog tov nutovev). ‘Ecto ABC éva Tplywvo pe unkn tov avticTtorywv
TAEVEWV @, B, KL Y, OTtWG GTo Gynua. AgiEte 011 1GYVeL 0 VOUOG
sinA _sinB _ sinC
« By
Avaon. 'Ectow ABC to 1plywvo ye TTAsVQES @, B, v 6Ttwe ato Xxnua 7.3. '‘Eotw CH t0 Uywog Tov

TEWYWVOU TV TWAELEA Y unkoug A. ATé Tov 0pleud Tou nutévou ywviag Peiokouue

C

y H

Ixnua 7.3: O véuog twv nuttévmv

h h
sinA:B:>h=BsinA, Kol sinB=— = h=asinB,
a
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ETTOUEVOC
sinA  sinB

@ B

O ;tApne vouog émetal we avdAoyo TeOTTo.

7.2.3 EvBeieg 6to emmimedo

Yxnua 7.4: EvbBelec gTo emtitedo

85

"Ectw £ va elvon o evbeio ato emimedo, n omoia Sev elvar TapdAAnAn Gtov y-dgova, Kol

JreQLéxeL To onpelo (a,b). Av n € oxynuaticel yovia w ue tov x-dgova kot (x,y) etvor €va onuelo

ng evbelag, TéTe ATmd TO GXETIKO 0QBoywvio TElywvo Traipvouue

y—>b

tanw =
X—a

omdte av opioovue tn kKAion tng evbeiag € va elvor m = tan w téTE N GYEon

y—b=m(x—a)

(7.3)

elvar n eglowon g gubelog Tou €yel kKAMon m ko TeELEyel to onueio (a,b). Av m = 0 161Te

n gglomon yivetar y = b wou eival n gubela wopdAAnAn Gtov x-dfovo TTov TEPLEYEL TO cnuelo

(0,b). Ouowa n x = a TaELoTAVEL TV vbeio oL elval kdBeTn GTov x-dfova ato onueio (a,0).

Ynyewdvovpe 0Tl 6T TepiTttwon avtn elvar w = /2. H gglcwon tng evbelag srov Trepiéyerl ta

onueta (a, b) vou (a’,b’") eivon
b-b

a—a

’
y-b= -(x—a)
(ywatt;). Tedgovtag tnv egicwon (7.3) gav
y=mx+ (b—am)=mx+c,
6TT0V ¢ = b — am, PAéTtovue 6Tl yia x = 0 elvan y = ¢, katd Guvémelo n

y=mx+c,

elvaw n gglomon tng gvbelag ue kAion m n otmola téuvel tov y-dgova oto (0, c).

Tevikd kdbe e€lcmwon

ax+by+c=0,

ue a, b kol ¢ TEAYLOTIKOUS alBuovs, TTaloTdvel wo evbeia 6To eTtisiedo.

7.4)
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7.2.4 TIlgpel kOKAOVL

‘EGto P, éva woAiywvo ue n > 3 TTAevEg eyyeypauuévo oe kKUkAo. To P, Aéyetol KAVOVIKG
v oL TAEVEES Tov elval (Geg UeTagy Toug. Xtn TeRIMTOoNn aUTh Ta 7 To TTARNB0S TElywva ue
KOQUPES TO KEVTEO TOU KUKAOL Kol U0 Stadoyikég KOQUEES TOu TTOAUY®VOL glval {Ga ueTagy
Toug. Emiong ta n T6E0 TTOU AITOKOTTTOUV Ol TTALVEES TOV TToALVYWVOUL elvan (o ueTagy Toug.

Ytn cuvéyela da pwag amacyoAMcouv dUo TRORANLATO TTOU a@OEOUV GE KUKAO.

IIed6BAnua 1: Ti uwopovue va opicovue WG UAKOG TNG TTEQLPERELOS TOU KUKAOU kol TGO elvon
avTo;

IeoPAnua 2: Me Tl 1govton To eufadov Tng ITeQLOXNS Tou emMITESoV TTOU TrEQLKAEleEL €vag
KUKAOG;

Av O elvan éva cnuelo 6to emimedo kow r > 0 elivon €vag Teaynatikds apBuds ue C(O,r)
Ja cuupolricovue tov KUKAO Kévtpou O kow aktivag r. Me D(O,r) cuufolitovue tnv TeQloxn
Jtov TeEkAelel 0 kUkAog C(O, r) tnv ottolo Yo Adue dioko kévipov O kaw axtivoag r. Edv yia
KATTOol0 Adyo Bev evliapépel va SnAdwbel To kévipo yedouue aTtAd C, yia Tov KUKAO kou D,
yia o 8ioko. Av P, eivan éva moAvywvo ue p, da cuufoiitouye thv stepineto tov P,, dnAadn
TO 4BEOGUO TV UNK®OV TOV TTAEVE®OV TOU Pj.

Ieétacn 7.1. Ectw P, éva gyyeyauuévo ce KUKAO kavoviko JToAvywvo. O AGYog Tng JreQiué-
TEOV p, TTPOS TN SLAUETEO TOV KUKAOU gival [610¢ yia OAES TIC OKTIVEG.

Bk+1

By

yxaua 7.5 OuoldTnta TELydvVmVY

Agrodeién. ‘Eato C(O, r) ko C(O,ry) 800 oudkevTol KUKAOL ko ag vitoBégovue OTL 1y < ro.
T 1 6TaBepd, alld Tuxaio, av P, ko Q, elval eyyeyoauuéva Kavovikd TToAdymva, aviicToryo
otous C(O0,r1) rar C(O, ry) ue koeUPES Ay kaw By, k = 1,2,...,n rou TTEQULETQOVS P, KOL ¢y,
T6Te amd Ta ouowa TElyova AxOAri kv BrOByi1, k= 1,2,...,n ue Ay = Ay kol Bpy1 = By,

greTal 0Tl
ArAr+1 _ BiBiw

r r

agt” 6ITov aboitoviac we TEOS k JTalgvouus

Pn _ qn " Pn _ dn
rnoory 2rn  2r9

JT0U glval To gntouvyevo. O
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IMagatriignon 7.1. Osweovue wo akodovbio (Pon)”, EYYEYQOUUUEVOV KOVOVIKOV TTOAYOVOV GE
kOkAo C(O,r). T tnv akoAovBia Twv avtiGTOR WY TTEQUIETEMV (pan),”, toxveL (yiati;)

Pa<pg << pom<---<8r (7.5)

To Ttdvew @edyua 8r elvor n TTEQRIUETEOS TOV TTEQLYEYQROUUEVOU GTOV KUKAO TETRAYWDVOU. TUVETIOG
n akoAovbia (pan);°, cuyklivel. "Ectw L(r) To 6o tng akoAlovbiag,

lim pon = L(F)
n—oo

Av hon glvor n agtéotocn Tng TTALVEAS TOU TTOAVYDOVOU Pon ATTO TO KEVTEO TOU KUKAOUL, SnAadn
T0 VYog Tov TEYWVOU ArOAgy1 otnv amodelen tng Ipdtaong 7.1, tédte 1o gufadov A(Pg) tov
TLOAVYWVOU Pan elvan

1
A(Pyr) = sznhzn-

Emedn pon — L(r) kow hgn — 1, KOBOS n — o0, €eTOL OTL
. 1

lim A(Pzn) = —L(r)r.
n—oo 2

Emedn yio ueydAa n n TTOAYOVIKA YRAUUR TTOU OITOTEAEITAL AITé TIG TAEVQEES Tou Pon TTQO-
oeyyltel Tov KUKAO Kol TO TTOoAUYywvo Pgr TQOGeYyicel Tov 8iGko opitouvue Gav UNKOG TNG
seQueéperacs L(C,) tou C(O,r) to épto L(r), dnAadri

L(Cy) = lim pyn = L(r), (7.6)

ko gav gupadév A(D,) Ttov dickov D(O,r) to
i 1
A(D,) = lim A(Po) = EL(r)r. 7.7
n—oo

H yeouetoikii u€Bodog mou arkoAovBncoye yia va VITOAOYIGOUUE TO UWAKOG TNG TTEQLPERELOS KL
70 euPadov Tou dlokov elvar n “wéBodog tng e€dvtAnong” tTny ogroia €ITVONGE Kol XENGULOTTOIN-
oe 0 EUdo¢og (408-355 7t.X.) kal apydtepa o Agyuundng (287-212 1.X.) yio Tov VITOAOYLGUS TOU
UAKOUG YEVIK®V KAUTTUAGY GYNUATOV KoL TOU eudab00 KOUTUAGYQAUU®OV TIEQLOY®WY. MTTtoel vo
agtodeyfel 6TL To SpLa oTig (7.6) kan (7.7) elivar aveLdeTnta aTtd TNV EMAOYA TV TTOAVYOV®V
mov Yewmpricaue!. H GUYKEKQWEVN ETTIAOYA, KOVOVIKGTITO, £YVE TIQOKEWEVOU VO, TTQOKUTTTEL
eUkoAa n govotovia Tng akoAovdiog Twv TeQUETEMV KAl Tov eufad®v TV eyyeypauuévmy
JoAvydvev. H uébodog avti, tng efdvrtinong, yevikevetal kol odnyel GTo OAOKARQ®UO, TTOU
Ya cuvavtneouue TTAQOKAT®.

Ytn cuvéyela vITtoAoyitovpue To UWAKOG Tng TreQLépelag L(r).

1@a wmogovcaue vo TEQEOUUE TV AKOAOUBICL TMV EYVEYQOUUEVOVY KAVOVIKOY TLOAVYHOVOV (P5.gn-1)57; Yo TV oTtolo
n avtigToyn akoAovdio Twv TEQUETEMV kavoTolel Ty avdioyn cyéon

P3 < Ppg <+ < Pgon-1 <--- < 8r.

Ytnv Evkideideia Temuetplo amodeikvietol 0Tl yio Tnv akoAouBio TV KOVOVIKOV TTOAUYOVOV EYYEYQOUUEV®V GE
KUKAO (P,))” 5 n avticToyn akoAovbio Twv TeQquiétewy elvar eTtiong yvnoing avgovca (Kol @eayuévn).
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Oeaonua 7.1 (EVd0€0c). O Adyog Tov UHKOUS TRG TTEQLPEQPELAS TTEOS TN SLAUETEO KU-
KAOU gival (610G yia OAES TIC AKTIVEG.

Amoébeién. ‘'Ectw C(01, 1) row C(Oz,r2) Vo kUkAol. Ontws gtnv agtodeign tng Ilpdtacng 7.1

€xouue OTL
on on . on . on
Pr _4 =>11mp—:hmq
21’1 27‘2 n—o0 27‘1 n—oo 21’2
oTdTE
L(r1) _ L(re)
2)”1 2]”2
Jrovu elvarl 6,11 JéAovue va delEouvye. |

Opiouds 7.1. ‘Eotw C(O,r) évog KUKAOG Kol €0T®w L(r) TO UAKOG TG ITTEQLOERELAS TOV.
Oplcovue Tov TTEAYULATIKG 0LBUd 71 Ue Tn Gyéon

L(r)
= =
2r

H emdoyni tov cguufdéiov m yia tov Adyo avtd opeidetonw gtov Euler. Agd tn (7.5) €ive-
Tar 6t 2V2 < 1 < 4, émov yua o KAT® @EAYUa TTAEAUE TV TEQIUETEO TOU EYYEYQAUUEVOU
TETEAYHOVOU.

ATt6 116 (7.6) kou (7.7) €meTal OTL TO UNKOG TNG TEQLPEQRELOS KUKAOL aktivag r elval
L(C)) = 2nr (7.8)
kol T0 euPfadov dickou aktivag r elvan
A(D,) = nr’. 7.9)

Eidikd to pnkog tng uovadiaiog mepLpépelag katl To eufadov Tou povadiaiov diokov aviigtorya
elvar
L(Cy) = 2n, A(Dy) = . (7.10)

Mnkog 100V Kot eufadov KUKAIKOU Touéa

Ouuitovue OTL U0 Yovio UE KOQUEN GTO KEVTEO €vdc KUKAOL Aéyetanl £mikevTEn yovia. Ou-
ulcovue egtiong 6Tl TO TURUO €vOC 3IGKOU TO OTOl0 TTEQLEXETOL UETAEY TWV ITTAEVE®V UGS
eMIKEVTONG YOVIOC KO TNG TEQLOERELOS AEYETOL KUKRMKOS Toufac. Av gtov kUkAo C(O,r)
Yewpnrigovpe Tov KUKRAKS Touéa AOB, kol s glvar To WAKkog tou Tééov AB, atd Tis (7.8) ko
(7.10) Bolorouvye (TTMOG;) i i

1

— = — == 5= 87
2r 2

20 apBusg 7 iTav yvweTég 6Toug apyatovs ‘EAAnveg améd tov 5o m.X. awdva. O Immokpedtng o X{og galvetar 6t
yVoELZe To amotélecuo Tov Oswenuatog 7.1 amd to 430 w.X. O Agxunidng (287-212 1.X.) amédeige 6L 3 +10/71 <
m<3+1/7, onéte m = 3.14.... To 1761 o Lambert amédeige 61t o apbuds m eivar doentoc. To 1882 o Lindemann
amédetge oL 0 1 elvon vIteEPATIKGG, Sev TEOKRVTTTEL SnAadn Gav Avon kdTtoas adyePoikis eElcwong ue Entovg
GUVTEAEGTEG. XUVETIELO AVTOV TOV aTtoTeAéauatog eivan 6Tl dev urtopel va Beebel n d€on tov 1 (va katackevacTel)
ue xdpara kot StaPrtn Tave oty TTEAyULATIKI gvBela, KATA GUVETIELQ TO TIEOBANUA TOV TETEAYWVIGUOY TOU KUKAOU
ue xdoeoka ko drofrtn eivor advvato.
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dmov §1 elvan To UAKOS TOL TOLOU GTn povadialo TreQupépela Tov AITokdTTEL n yovio AOB,
BALme Xynua 7.6, SnAadn uta vitodiaipeon tov 2x. Emiong ce avadoyia tng (7.7) to eufaddv
TOL KUKAkOU Topuéa AOB da eivan

@.11)

oTrou s1 elvan 6TTWG TTELY.

Yxhupa 7.6: MAkog Tégou kot eufadov kKukAikoU Touéa

Acknen 7.3. Xe kUrho C(O,r) demeovue Tov KUKAMKO Touéa AOB, dmtwg gto cyrpa 7.6. Opl-
tovue P va givar To tplywvo AOB kot p; = AB = 10 UAKOG TOU TUARATOC we dkea To A kot B.
Av K eivan onyeio tng megupépetag oate n OK va etvar n doxotouog tng yoviag AOB opitovue
Py va givon To tetpdstAevgo OAK B kaw po = AK+KB. Emavalaupdvouue th Stadikacia diyoto-
uovtag Tig ywviec AOK kv KOB kou guveyicovye. "ETol mtporvItTel Wa akoAouvbio TToAuydvev

(Pan);—y M oTt0l0L IKOVOTTOLEL TIG GYEGELS

PicPyCcPyC---C Py C Pyt C--- P1L<pP2<pg<:<Ppom < Ponst < -+

OTTOV pgn €lVOL TO WAKOG TNG TTOAVYWVIKAC YQOUWLAGS TTOU TTRoGeYYicel To TOE0 AB, Kol 1GovTol
ue tnv Jrepiuetpo tov Pon uelov 2r. Aelgte 611 n akoAovBia (p2n) GUYKAIVEL GE TTEAYUOTIKO
opbuo, €6Tw s, Tov oTtoio opltovue va elvar To WAKOS Tou TOEoL AB. Agifte 6TL n akolovbia
Towv eufadodv (A(Pg)) GuykMMvel gTov TEOyuatikG aeud sr/2 tov oroio opltovue va efvar to
eupadGV Tov KUKAIKOD Touéa AOB.3

7.2.5 Movddec yétenong yoviog

Acg Jempncovue o yovio n kopuen tng omolog Peioketal 6To KEVTEO £vdg KUkAov. Mia
Tétowa yovia Aéyeton emikevion. H yovia avti asoroTitel €va t6€o tng Tepipépetac. Eilvon
Aoykd va dedMicouue va LeTERGOUUE TN Ywviol UETEOVTOS TO avTigTolo Tdgo. Ed® mpétel va
oKe@TOVUE OTL TO “UAKOG TOU TOLOV” €50QTATAL ATTS TNV aKTiva TOU KUKAOV, Yo Ttapddetyua av
Yewpricovpe évav dALo KUKkAO ue To (810 KEVTEO OAAG ueyaAitepng aktivag, ToTe To TOL0 TTOU
QITOKATITEL N Ywvia GTov VEo KUKAO €xel “ueyailtepo unkog”. H SuokoAlo avutn Eetrepviéton ue
8v0 TEdITOVG.

3Mmropel vo atrodeydel 6Tl TG0 TO GQL0 s 6GO KL TO §7/2 elval OVEEGETNTO TOV TEOTIOV TLOU ETUAEYETAL
n akoAovBio Twv TTOAUYOVWV, KATE GUVETIELD, TO UNKOG TOLoU Kol TO eufaddv Tov KUKMKOU Touéa elvan KaAd
0QLGUEVQL.
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ITedToc TEdTTOC: Alap®dvTag Tnv TtepLpépela e 360 1gounkn Toga opitovue g wa wovdda
uétenong yoviwv tnv poiga (degree) va eivon eketvn n emikevion yovia n omoia aviigtolel ce
éva, ard autd ta téfa. Avti yia 1 uoipa yedeouue 1°, €1l 1° eivon n emikevipn yovia n omroio
avtiotoyel oto 1/360 tng Tepupépelag. H povddo avth elvar avegdptntn tng axtiivoag Ttou
KUKAOUL. Mia 0O ywvio avtictowel ato 1/4 tng mepupépelas kow 360/4 = 90, katd cuvéTela
n yovia 90° etvar opon.

AgVTeQOC TEOTOG: Bewpovue €va KUKAO aktivac 1, éva uovadiaio SnAadn kvkAo, kot
opitovue Tn uovdda aktivio (radian) vo eivar ekelvo TO UAKOS TOEOL £TGL DGTE TO WAKOG TNG
TEQLPEQELAS ToV povadiaiov kUKAoL va elvar 27 aktivia, ko ypdeouvue 2 rad.

Amé tov 0ploud Twv 5V0 povddmv TTEOKVITTEL N avTigToLyla
2n rad ~ 360° © & rad ~ 180°,

KATA GUVETTELOL

180\°
l1rad ~ (—) = 57.2957795130823209. . .° .
m
"ETol €)ouue Yo, TToQASEyUo TIS OVTLoTOLY(ES
360\ & bid T 2n
C=|l—] ~ = 45° ~ — °C~ — °~ — 120° ~ —
30 ( D ) 5’ S 1 60 3 90 , 0 ,

Iynua 7.7: H stpdown yovia, n Sidokela evég Aemrtov, eivar 360°/60 = 6°, ko n kokkwvn efvar
360°/4 = 90°.

Katd cuvémtela av gto Xynpa 7.7 n aktiva Tov goAoyiov eivor éva n Jtpdoivn yovia efvor
27/60 = /30 axtivia ko n kKOkKvn 27/4 = /2 axtivia.

Amdpeola Tou 0QlGHoY Tou akTviou efvow OTL av s elval TO UNKOG €vOg TOEOU KUKAOU
okTivag r kot 8 elvor to U€tEo Ge akTivia Tng emikevteng ywviag mov avtietolyel 6to td¥o,
SnAadn To PAKOG TOU TOHEOV Tng Lovadlalag TeQLEERELOS TTOU AVTIGTOLXEL GTnv emikevTEn yovia,
T0TE

s =0r.

To yeyovdg avtd cuuewvel ye To aItotéAecua OTL TO UAKOS TG ITEQLPEQRELNS akTivag r elivol
{co ue 2nr.
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7.2.6 O TEY®VOUETEIKOS KUKAOG

OewEovue €vo GUGTNUA AEGVEV KABETOV UETAEY TOUGS, €vav 0QLIOVTIO KOl €Vav KOTAKOQUPO,
Ko €vav KUKAO aktivag 1 ye kévtpo Gtnv axn Tov agévwv. XTn GuVvEXELa 0QITOUULE TTROGOVOL-
TOMGUO GTOV KUKAO. Bewpovue Gav agyn uétenong to cnueio (1, 0) tng mwepupépelag, to onueio
A o1o Exnua 7.8. Ogpltovue cov detikn @od Sroypapng ekeivn katd tnv omoia n kivnon
yivetow avtiBeta aIrd avTiv Twv SEKTOV Tou QOAOYLOU, KOl AQVITIKNA @oQed Tnv avtiBetn, on-
Aadh ekelvn kotd Thv oTtolo n kivnon axkoAovbel avtiv Twv deiktov. Tov mpocavatoAcouévo
uovadiaio kKUkAo, SnAadn avtév ue axktiva ion e 1, ovoudcovue TELYOVOUETEIKG KUKAO .

"EoTtw x €vag TTeayuatikés apiuds oote —n < x < 7. ‘Eotw P to onuelo mdve Gtov
TELYWVOUETEIKO KUKAO £€TGL wate 10 TOE0 AP va eivan (6o pue x rad. Evvoelton 6t av x < 0,
70T TO 1650 AP €xeL unkog |x| kat n petdfaon agtd to A oto P yivetow katd Tnv apvnTiki
®oQd. Av (a,b) elvarl or cuvteTayuéveg Touv cnuelov P opltouue

cosx=a KO sinx = b.

Ynuewdvovue 6L av x =1 1 x = -7, 1é1e P = (-1,0). Mia duecn Guvértela Tov oQLopol efvor

Sinxg==========-

Zxnua 7.8: O TOyovoueTEIKOS KUKAOG 1

cos(—x) = cos x, sin(—x) = —sin x. (7.12)
Emektelvovtag tov ogioud, yio —r < x < 7 ko k € Z, opitouye
cos(x + 2km) = cos x KOl sin(x + 2km) = sin x.

"Etol opigouue TTQOKTIKA TIC TELY®VOUETEIKEG GUVOQTNGELS COSX KAl Sinx ylo GAOUS TOUG
Jreayuatikovs apiuovs. Iapatnpovue 4Tt

—1<cosx<1 KOl —1<sinx<1 (7.13)

yia kGBe x € R. Mio dueon Guvémela Tou 0QLOUOU TV GUVOQRTAGE®Y COS KAl sin g{ivol n faciki
TELY®VOUETQKIL TAVTOTNTA
cos? x +sinx = 1 (7.14)
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yio kGbe x € R. TIpdyuatt av x € R, téte vtdgyovv yovadikol k € N kaw xg € (-7, 1] dote
X = Xxo + 2km, kol ov | cos xp| kou |sin xg| elvar wAgLEES opBoywviov TEydVOL Ue vITOTEIVOLGO
TNV aKTiva Tou TEYWVOUETQELKOU KUKAOV, BAETe Zynua 7.8.

ATt6 Tov 0pLoud vIodoyitouue yio TTaRddeywo

Torywvouetpikol aplOLol KATTOLWV YOQEAKTNELGTIK®OV YWOVLOV

X O| n/4 | n/2 | 3n/4 T orn/4 | 3m/2 /4 2

cosx || 1] v2/2] 0 | =v2/2|-1|-v2/2| o0 V272 |1

sinx || 0] v2/2 | 1 V2/2 | 0 | =v2/2 | -1 | =v2/2 | 0

Acknoen 7.4. Na BeeBovv ot toywvouetoikol apliuol tTwv yovidv /6 ka /3. Ymodergn:
Ymdeyel wa xoQaKTRELGTIKA GXE0N UETALY TOV TTAEVR®OV TELYDOVOU e Yovies /6, 1/3 ko /2.

Ytn Guvéyela oQltouue TIC VITOAOLTIES TELYWVOUETEUKES GUVOAQTAGELS UE TIS GXEGELS

sin x COS X 1 1
tan x = S cotx = — s Secx = S csCx = —.
CcOS X sin x COS X sin x

Ov KAAGUOTIKES QUTES GUVAQRTAGELS 0QICOVTAL Ylo OAOUGS TOUS TTRAYUATIKOUGS aQLOLoUs eKTOS
oIt TIC SLOKQLTES TWES TOU X YO TS OToleg UNSeVICETOL O TTOQOVOUAGTAS. XUYKEKQLUEVAL,
eTELdN

sinx=0© x =kn, Ko cosx=0®x=k7r+72—r, keZ,

émeton 6T To eSO 0ELGUOY AVTWV TV GUVORTAGEMV elvol

D(tan) = D(sec) ={x e R: x £ kn +n/2, k € 7}
D(cot) = D(csc) ={x e R: x # kn, k€ Z}.

‘Ecto x € R kot P to gnyelo GTov TEY®WVOUETEIKO KUKAO (IGTE TO TTQOGNUAGUEVO UWETQO TOV
Tég0v AP va eivor x. H mtpofoAnt Tov onuelov P GTov 0pLledvtio dEova elval cos x Kot n TeoBoin
Tou P GTov KOTAKOQUEO dgova eivar sinx. “ETal Tov uev oglgdviio dgova ovoudiovue d€ova
TOV GUVRULTOV®OV KOl TOV KATOKOQEUMO OVOUdCouue AEOVO T®V NULTOV®OV. XTOV TOLYOVOUE-
TEWKO KUKAO Jewpovue Tig epatitoueveg gubeleg gta onueia A(1,0) kow B(0,1), PATte Exnua
7.9. 'Eotw C = (cosx,0) kaw S = (0, sin x) kot €6Tw Q kAt R ta cnueio tourig tng gvbeiag mov
TreEvd aatd Ta O Kol P KoL TG KATOKOQUENGS KoL 0QLIOVTIOS £QAITTOUEVNG avTioTol d. A6 TO
duota telywva AOQ kaw COP €xovue

OA A CP i
_:_QzAQ:_: s X = tan x,
oc CP OC cosx
ev agtd ta BOR kot S OP émetal OTL
B  BR P
0_=_:BR=S_=C?Sx:cotx
oS SP oS sin x

"Etol n nuevbeio amd 1o O S tov P Téuvel Tov Uev KOTAKOQUEPO £@AITTOUEVO GEova GTO
tan x Tov de 0QLZOVTIO £QAITTOUEVO GEOVO, GTO COt X, KOTA GUVETTELD TOV EQATITOUEVO GEOVOL UE
apxft o (1,0) ovoudovue GEOVA TOWV EQPATTTOUEVAOV KOL TOV £QATTTOUEVO dEovo ue apxh To
(0,1) ovoudgouue agova Twv cuve@aittouévev. IMopatnpovue 6t ov 0 < x < 71/2, 1éTe ATO
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sin tan
B cot gc/
R cot
9
. S tan x
Sin x9==—=—==—==—===-
1
1
1
1
1
IclA
O COS X cos

Yxna 7.9: O TolyovoueTekog kKUkAog 11

T0 TElywvo POC Kol TOV 0QIGUO TOV TELYWVOUETEIKMOV aBudv ywvios ogbBoywviou terydvou

éxouue
ocC
COS X = ﬁ =0C=a
cpP
sinx=——=CP=0»
sin x OP

KOTA GUVETTELD O 0QLOUAC TWV Sin X KOL COS X EITEKTEIVEL QUVTOV TV GUVRILTOVOU KoL NUTOVOU
yoviag ogbBoywviov toydvou. To avdAoyo woyVel Kol yio To tan X Kol cotx agtd Tov oQLoud

TOVG.

Magatnenoen 7.2. Av Q(x,y) # (0,0) etvon éva onueio Tov eTtimédou kar décovue r = /x% +y2,
TNV aITOGTOGNR TOV amd Thv agyl Tov agdvwv, téte r > 0 kot To onueio P(x/r,y/r) Poloketon

EMAVM GTN povadiaio TTEQLPEQELLL AoV

2 2 2, .2
(’_‘) +(X) XY
r r r2

agtd Tov opeud tov r. Av 8 elvar to 60 agtd to A(0,1) gto P, PAéme Zynua 7.10, téte
cosf = z KOl sinf = X, (7.15)
r r

KATA GUVETTELOL
x=rcosf KOl y = rsiné. (7.16)

Toug apBuois r kot 6 Aéue TTOMKES GuvTeTAYUEVES TOV gnueiov Q.

Acknoen 7.5 (O véuog tov cuvnurtovov). ‘Ectw €va tolymvo ue puikn TAsvewv @, B, Kal V.

Edv 6 elvar n yovia astévavtt agtd thv mAeved unkoug y delgte ot

v? = a? + 8% — 20 cos 6.
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o(x,y)

6 = unkog AP

r = ufikog OQ = /x% + y?

x =rcosf

sin 6

y=rsinf

Yxripa 7.10: Koapteolaveég Kol TTOMKEG GUVTETAYUEVES

A
|
|

B(a cos 6, asin 6) |
|
|
|
|

B AB,0)

Yyxriwar 7.11: O véuog tou guvnuttévou

Avon. 'Eotw ABC to 1olynvo pe TAEVQES @, B, ¥ TOTODETNUEVO GTO KAQTEGLAVS eTt{Tiedo Ue
TOV TEOTTO TIOU AIOTUITOVETOL 0To Xynua 7.11. H kopuen B Peloketor TTave O TTeQLEQEL
aktivag @, katd cvvémela or cuvietayuéves tou B eivon (@ cosd, asind) (yuati;). To unkog y
elvon n amoctacn uetagy tov onpeinov A ko B, etopuévmg

y2 (acosf — ,8)2 + (asin 0)2
a? cos? 6 — 2aB cos 0 + % + a? sin® 0
a?(cos? 0 + sin ) + B2 — 2aBcos 0

a® + % — 2aBcos (a6 v (7.14))

Jtov elvan 6,11 YéAovye va delEouue. |
Mopatnencte 6tL gtnv JepiTttwon TTov n yovia 6 elval oghn o végos tov Guvnurtévou

katainyel gto [Mubaydplo Oewonua.

TEly®VvoUeTEIKES TAVTOTNTES

T TS TELYWVOUETEIKES GUVAQTAGELS LGXVOUV OQKETES TOUTOTIKES GXEGELS UEQLKES ATTO TIS O-
Jrofeg elvor JTOAU yprioweg oe SudpoEoug VTTOAOYIGUOUS. A@hivouue Thy aTtddelsén Toug Gav
doxnon.
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1.

11.

cos(m + x) = —cos x.

T .
COS(E + x) = FSs1n x.

cos(x = y) = cosx cosy F sinx siny.

2 2

€08 2x = cos“ x — sin” x.

9 X l+4cosx
Ccos* — = ——
2 2

+y . x—y

. . X
SInx —Siny = 2 cos S 9

10.

12.

95

sin(m + x) = +sin x.
(T
sin{ — + x| = cos x.

2
sin(x = y) = sin x cosy + cOS x Siny.
sin 2x = 2sin x cos x.
. 9gX l—cosx

sSin 5— 2

Ty

.X . X=Yy
COS X — COsy = —2sin sin .

Amtodeikvioouye tnv 5. Ipdta Selyvouvue 6Tl cos(x —y) = cosx cosy + sinx siny. Av x =y n

oxéon yivetow cos 0 = 1 = cos? + sin

2

x n omola woyvel. YmoBétouue 6Tl x # y. ‘Ectw P ko Q

onyela GTov TELYWVOUETEKRG KUKAO ue P = P(cos x,sin x) kaw Q = Q(cosy,siny). Av d = d(P, Q)

elvar n amwdéeTacn petagd P kar Q, 1ote

/-

P P = P(cos x, sin x)
IN .
A\ Q 0 = Q(cosy,siny)
1
AN y
| \

1 \
1 \
| \ A
cos x ) (0]
cos(x —y)

Yynua 7.12: To cuvnuitovo tng diapopds dYo TédEwv

d’ = (cos x — cos y)2 + (sinx — siny)2

2

= cos? x — 2¢os xcos y + cos? y + sin? x — 2sin xsin y + sin® y

=2 —2(cos xcosy + sin xsiny)

Av Jewpnoouvue 0pBoydvio guGTRUA 0E6VEV te KEVTEO TTAAL To O (oduvauel Ue GTEOEN TOU

aEXKOU GUGTARATOS) MGTE 0 0QLLOVTIOS dfovag va elvar katd unkog tov OQ, PALTe oynua,

T6Te 610 VEO guaThUa oL GuvieTayuéves Tov P konw Q elvar P(cos(x — y),sin(x —y)) kar Q(1,0)

KOL YO TV aTtOGTOoN LETAEY TOUG €X0UUE

d* = (cos(x — y) — 1)? + sin’(x — y)

= cosz(x —y)—2cos(x—y)+1+ sinZ(x -y)

=2—-2cos(x—y).
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Emeldn n amwdotaon eivon avegdpinin tov opfoynviov GuatAuotog ot S0 ek@doels eival (oeg
KOL OTT0 TNV 16OTNTO JTROKVITTEL h gntovuevn gxéon. OEToviag gtn Guvéxela —y Gtn déon tou
Yy gtn gyéon Jrov agrodeifaue Talpvouye

cos(x + y) = cos xcos(—y) + sin x sin(—x)

= COS XCOS Yy — sin x sin x

a@oV n sin eivar meQrrtn. H astddeign tng 5. elvarl tingng. Enyeiodvovpe 6Tl n 6. JTEOKVTTTEL
agtd Tnv 5. ue yenon tng 3.

Acoknon 7.6. Ta x € R Seigte 6T

(@) cos3x =—-3cosx+ 4cos® x. B) sin3x=3sinx—4 sin® x.

Acoknon 7.7. Tw x,y € R Sefgte 6T
tanx —tany

tan(x —y) = ————.
x=) 1+ tanx tany

Teelg YENoWeS aviGoTNTEG

‘Ecto 0 < x < 71/2 vaw €6t P 10 onyelo GTov TELY®VOUETEIKG KUKAO (GTE TO WAKOG TOU TEEOU
AP va gfvar x. H nwevbelo amd to kévigo O tov kKVKAOL dla Tov P Téuvel Tov dfova Twv
epagtTopéveov ato Q, PAéme Tynua 7.9. Av C eivor n wpofoirt tov P GTov oplgévtio dgova,
TéTE

Eupadév torydvov POC < Eupadov touéa POA < Eypadov toywvou QOA

1 1
E(cos x)(sinx) < —x < —tanx

X 1
cosx < — <
sinx COSX

sin x 1
cosx < — <
X Ccos X

Emedn . . .
sin(—x) —sinx Sinx

—X -X X
Kol n cos x elval dta cuvdeTnon £meTon 0Tl

sin x 1
cosx < —— < )
X COS X

Av gto Xynua 7.9 dewpricouue to gvBuypauno tunua PA, téte apevog PC < AP, ooV n AP

0<x < g .17)

elvar n vrmoteivovca Gto TElywvo PCA, rar agetépov AP < tégo AP (ywati;) £€tol woyvel n

avVIGOTNTO
. Vi
0<sinx < x, 0<x<§.
eTITTALOV aTt6 Tnv agtédeien tng (7.17) émetal 6L x < tan x, KOTd GUVETIELO
. T
0 <sinx < x <tanux, 0<x<§,
OTIOTE KL
. Vi by
| sin x| < |x| < |tan x|, -3 <x< 3 (7.18)

Aueon cuvémela tng (7.18) eivar n

| sin x| < |x], xeR. (7.19)
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7.2.7 To yedonua tTng aviticTeo@Ng GUVAQTNGNG

"Evo. aTtAd YEUETEIKG OTTOTEAECUO ETLTEETEL VAL TTA{QVOLUE TTANQOE@OQLO Yo Wwa GuvdTnon
av yvweitovue tnv aviioteoen tng. Ouuitovue 6Tt av n f eivor éva mEog €va, Tédte LVTTAQYEL N

avtiaTeoen cuvdgtnon £ kot opiteTan ue T GyEan
y=f0) e x= ).
‘Etor av G(f) eivan to yodpnua tng f kow G(f) etvar to yedenua tng f! téte
G =, f@):xe DN} xaw G ={(f(x), %) : x € D(f)}

67t0v D(f) elvan to TEdi0 oplouov tng f. Emedn ta onuela (a,b) xkar (b,a) eivon cuuuetoikd
®g TEOg TNV gvbeia y = x (yiotl;) émeton OTL oL yeapIKéS Tapactdcels Tov f kor £ elvon
GUUUETEIKE MG TTEOS TNV Y = X.

Oschonua 7.2. Eotw 6Tt ny = f(x) eivar éva mpoc éva kal éotw ' n aviictpopn

cvuvdptnon g f, T0Te

(1) To yodenua G(f™) tng £ eivau cuuuetoiké Tov yoapruaros G(f) tng f wg mwpog
ny evbeio y = x.

(2) Av n f eivar avéovaoa, 1 yvnciwg avéovoa, i pbivovca, 1 yvneiogs @livovca, tote
kar n 7! éxer v iSra wovotovia, sivar Sndadn, avticToya, avEovoa, 1 YyvnGiwg
avéovoa, 1 pOBivovoa, 1 yvnoiwg @Oivovaa.

(8) Av n f eivaw swepurTh, T6TE KL n 7! eivar TEQLTTH.

@ (fHl=r.

Tyhua 7.13: Ov cuvapTicels y = f(x) ko y = f71(x)

Amoberén. H amddeign tng (1) efvan guvéstela tov agtoteAdéouatog Tt ta chueia (a, b) ko (b, a)
elval CUUUETEIKA WG TTEOG Ty gvbela ¥y = X, YEYOVAS TTOU aITOSERVVETOL TTA{EVOVTOUS KOTAAANAQ
Telyova. O (2), (3) rkaw (4) efvor cuvémeleg Tov 0QLoUoV Tng aviicteoeng cuvdetnong. H
TAAENG aTTédelEn apnvetol Gov dGKNnon. O
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7.3 Baokég GuvaQTNGELS

Aéyovtag Paoikés cuvaQTnoels evvoolue ekefveg oL oTtoleg astotedovv Ta Pacikd Souwd GTot-
yelo agrd to. oJrola ATTOTEAOVUVTIOL Ol GUVOQTAGELS TTov cuvavtdue guvibwg. T ToEdderyuo
n cuvdptnon f(x) = 2x3 — x* + 1 eivar 40POIGUO GUVARTAGEDY TG WOEPNG ax” ue n € N, eved
n g(x) = (x* + 1)/(x® — 2) eivar TTnA{KO GUVAQRTAGEMV KaBeuwld aTd Tig oTtoleg elval pLoEENG
avdloyng tng f.

7.3.1 Tooauwkéc GuvaQTNGELS

Avtég elvan tng poeoeng f(x) = ax+b, ue a,b € R. Mia tétota guvdptnon opitetal 6° oAGKANQO
kot R kan elvar éva-ttpog-éva, av a # 0, avgovoa av a > 0 kar ebivovca av a < 0. To ypdonua
Kkdbe yeauWKAG cuvdptnong eival evbela, KATA GUVETIELQ YlOL TOV TTROGOLOELGUS TNG YROAPLKAG
TapdoTacng kdbe tétolag guvdetnong apkel va PeebBovv dvo onueia. Ta Tapddetyua yio tnv
evbela f(x) = ax + b épovue f(0) = b, dpa éva cnuelo tng gubeiag elvar to (0,b), eved ya
x = —=b/a, epdoov a # 0, etvar f(=b/a) = 0, étoL éva dAAo cnueio eivor to (—=b/a,0).

IMaedderyua 7.1. Xto Zxnua 7.14 @aivovTol ol YQOUPIKES TTAQAGTAGELS TOV GUVAQTAGEMV
f(x)=b,ue b>0, f(x) =2x+1ru f(x) =—-2x+2.

f)=b 21
fx)=2x+1

0 -2 —/ 0 1 2
_1 db
2

fxX)=-2x+2

xnua 7.14: XOoQOoKTNELGTIKES YROWKES GUVOQTNGELS

IMaedderyua 7.2. Na Beebel n ypapikn mapdotacn tng guvdpinong f(x) = [x|.

A6 Tov 0QLGUS TNG ATTOAVTNG TWAS TTEOYULATIKOU 0Buoy €xouvue 6Tl f(x) = x av x > 0,
kol f(x) = —x av x < 0. Katd cuvémela n gntoduevn yeoplkin TapdaTtacn GUULQoVEL ue
QUTA TNG Yy = X GTO TEMOTO TETAQTNUOQELO, KOl UE TNV YRAEPIKN TIaQAcTOch TNG y = —X
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G670 deUTEQO TETOQRTNUAQLO.

Yynua 7.15: H cuvdptnon f(x) = |x|

Ynuewdvovpe 0Tl 1 guvdpTnon dev elval yeouukii a@ot Sev elval tng Loeeng ax + b.
Ynuewdvovpe emiong 6Tl elvar dptia aeov | — x| = |x| yia kdbe x € R. Emiong eivan
yvnoiwg @bivovca 6to (—oo, 0] kow yvneiwg avgovca Gto [0, +00).

7.3.2 Avvdueig
Avtég etvan ov f(x) = xP, ue p € R. Atokpivouue TIC TTEQUITTMOGELG:

e p =n € N. To medlo oglopot tng f(x) = x" elvar n weayuatikin gvbela ko n f etvar dotia
av o n glval dETIOC Kol TTeQLTTA av o 7 elvar TTeELTTds. Av n = 1 n guvdetnon eival YROUULKA.
Emiong av o n elvan greprttog, n f etvon yvnoiwg avgovga. Ilpdyuatt €0tw x1 < Xz KU €6T®

n =2k —1 ye k € N. Ataxkpivouue TIg TTEQLITTOGELS

(1) x1xg > 0. Téte Ya elvanr x1 < x2 < 0, 1 0 < x1 < X2, owdTe avricToyya Ja €xovue

X2 xg\ 21 X%kl ,
0<—<1:0<(—) <1:0<—1<1 n

X1 X1 x2k=

X1 xp\ 21 !
0<—<1:0<(—) <l=>0<——<1

X9 X9 x2k-1

2

KO, GTN TEP{TTTOON AUTA, TO {NTOVUEVO ETTETAL TTOAMOTTAAGLALOVTOS OVTIIGTOLO Th UEV
TEMOTN AVIGOTNTO UE xfk_l (< 0) raw tnv devtepn ue x%k_l > 0).

(2) x1x2 < 0. Tdéte Yo elvar x3 < 0 < x9, L x1 < 0 < X9, KO €TEWON N VYPWON GE TEQLTTA

duvaun Satneel To TEOGNUO £TTETOL TO CNTOVUEVO.

Y10 Zynuo 7.16 BAETTouUE TIC YRAEPIKES TTAQAGTAGELS TWV GUVAQTAGE®MY y = X, y = X7, y = X

kar y = x4,

n

e p=—n,ue ne€N. To medio ogopov tng f(x) = x™" eivar 1o R ~ {0} ko n f elvon domia

av o n glvor 4ETIOG KoL TTEQLTTA av o n elvan TreeuTtdg. BASTe Xynua 7.17.

" glvan n aviicTpoen tng g(x)

e p=1/n,uen e N. Avy = gkx) = x", 161e n f(x) = xV
ekel WOV n g elvan éva-mpog-éva, kar n f(x) = x/" opltetar. ‘ETol n cuusteplpoed tng x/”

rkobopigeton amd avti tng x". BAéme ITapddewyua 4.4. Xto ExAua 7.18 Sivoviar or ypo@i-
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3<,
9l f)=x
14 3<,f(x):x2
2<
2 1 o 1 2
11 14
_2<
-2 -1 o 1 2
_1<
_ .3
3<,f(x)—x
2<
1<
2 -1 o 1 2
_1<
-2 " } }
-2 -1 2
_1<

Yxnwo 7.16: Ov guvoptices f(x) = x", ian=1,2,3,4

KEG TTOQAGTAGELS TV GUVAETAGEWY f(x) = Vx, f(x) = Vx ra f(x) = ¥x cav aviicTeopeg,

3

avticToa, Tov y = x%, ue x> 0, y = x> kar y = x4, ue x > 0.

ep=m/n,ue neNkwwmeZ Av f(x) = X" ue n € N ko m € Z éyovue X" = (x/"ym,
omdte f = goh, émmov h(x) = X" kon g(x) = x". "Etau
D(f) = (=00, +00), av m > 0 Ko n TEQLTTOS
D(f) = (—00,0) U (0, +00), av m < 0 ko n TEQLTTOS
D(f) = [0, +c0), av m > 0 ko n 4oTIog
D(f) = (0, +00), av m < 0 ko n dETLoG.

Y10 Iynuo 7.19 PALTIOUUE TIC VOOMIKES TOQUGTAGELS TV GuvapThcewy y = x2/3, y = x3/2,
y = x23 3/2. 3/2

2/3

KWy = X~ ITapatnpovue 6T n x

2/3

elvar n avticTpopn Tou TEQPLOELGUOV TNG

3/2

x“’? g1o x = 0, ekel dnAadn oL n x“/° elvon €va-TIROG-éva KAl N X

/3 —3/2‘

oplcetan. H avdioyn

TOEATAENGN LGYVEL KO YloL To Cevydor x~ /3, x Y10 XZxnuo 7.20 BAEITOUUE TIC YQOUPLKES

3/5 —5/3.

Tapactdoels Tov f(x) = X305, fx) = x°/3, f(x) =x7 v f(x) =x

e p e R\Q. Edw yperdcetan va opicouue T un pntég duvduers. To wopddeyya Tt onpaivel
3V2 kat yia Jtold x €xer évvola n €k@eacn x‘/i; Emewdn o V2 eivar 6p10 akolovdiag ontedv
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3 £
2+ f=1 4 4
1+ 3 1
; ; ; ; 2 1
-2 -1 0 1 2

-1+ 17

91 } }

-2 -1
_1 4

Yynua 7.17: H ouvapticelg f(x) =x" yuan =1,2

aiudv, £atm (r,) kaw o 3™ opltetan yia kdbe n @alvetar Aoyikd va opicouue

3V2 = lim 3™

n—oo

apkel To 6pl0 GTo Oegl UEAOC VO VITARYEL, APEVOS, KOl OPETEQOV VA elval aAvefdETNTo TN
akolovBiag (r,), AoV VITAEXOUV TEQLGGOTEPES TNG Ulag AKOAoUBiES EnTdv 0ELOL®Y oL 0TToleg
GUYKAivouv GTo V2. Oa Selfouye 6TL AT GvTE 1oYUEL. T GYEon (e To SeVTEQO £0HTNUA YiaL
va €xel €vvola To x\@, Ya Tmedarer To X va oplteTon yio kdABe EnTd 0BUS r, kKaTtd cuvéTtela da
JreéTel va etvan x > 0, PAETte Thv TEQiTTTOGN p = m/n.

IMpétacn 7.2. Av a > 0 kat (r,) givar yia akodlovbia pntov aplbudv ue r, — 0, Tote a’™ — 1.

Améberén. Av a =1 1o cuuttépacua woyvel. ‘'Ectm a > 1. Av r < s elvar pntol agBuol téte
)
a _
—=a"">1=d" >d
ar
KaTd Guvéttelo n a? eivor avsovca cuvdptnon Gtoug pntovs. ‘Ectw € > 0. Emedni {a — 1 ko
1/<ja — 1, kabdg n — oo virdpyel k € N daote

1
l-e<—<Va<l+e
@<V

Emedn r, — 0 vmdgyet N € N date

1< <1
C ey <2
k" Tk

yio kKG0e n > N, étol amd tn povotovio tng a? yo g € Q émeton 6T

1/k

l-e<a<agm<ad*<1+¢

I'n

ylo kdbe n > N, woodvvaua |a™ —1] < €, yia kdBe n > N Tov elvar To guumtépacua yia a > 1. Av

0 < a < 1 epagudtovue To TTEONyovuevo agtotéAecua oto 1/a > 1, €16l amd Tig Widtntes Twv

0 -2

a an

entv duvduenv Taigvouue

agt’ 6Ttov €TETAL OTL TO GQELO TOU TTOQROVOUAGTA VTTAQXEL kot elvan (o pe 1. |
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102
3+ Y74
. ]
] ]
) / 9 |oy=x
— 21 +
3T Y= XII y=x / ,/’
4 ! 4
II R4 I,/
21 ;L I fx) =
I, ,/
/1,7 )
) L f(x) = VR :
/,
/:’,
/:/
o1 2 3

Y 7 o=k

Iyfwa 7.18: Ov cuvagticels f(x) = vV, f(x) = ¥x ko f(x) = ¥x

Anppa 7.1. Egtw a > 0 kat éotw p € R. Av (1) givar yia avéovea akolovbia pntov agibuwv

Kot (p,) eivar yia axkodovlio pntwv aplfuwy wate

lim r, = lim p, = p,
n—00 n—00

TOTE TA 0Pla TWV akodovbiwy (a'™) kot (aP") vIrdgyovv kot gival ica

Agtebeién. 'Eotw d, = py — 1y, 101 dy € Q rvau dy; — 0, koatd cvvémelo agd tnv Ipdtaon 7.2

apﬂ
=a’ — 1.

gqreTal 0Tl
an

Av g € Q kv g > p, t6Te amb Tn povotovio eivar a™ < @™ < a? ywo kdBe n, eTOUEVOS N

axkoAovBia (a™
Pn
apn — arna

) elvan avgovoa ko @eayuévn dea guykAivel. Emedn

an
ko oL 5Vo axkoAovbiec Gto degl uéhog cuyrAivouv €meton OTL Ko n akoAovBiol GTo AELGTEQRD
wéAOG GUYKALVEL Kall
apn .
1= lim a'

= lim a
n—0o0 n—oo

lim a” = lim @™ lim
n—oo n— o0 n—oo q'n

Jrovu elvan 6,11 JéAovue va delEouvye.



IPATMATIKEY YNAPTHXEIX 103

4 4
34 34
24+ fx)=x3 2+ f(x) = %2
14 14
3 2 -1 0 1 2 3 0o 1 2 3
4 4+
4 3 4+
T flx)=x?3 27 flx)=x732

Tynua 7.19: Ov cuvapticels f(x) = x2/3, f(x) = x%/2, f(x) = x72/3 v f(x) = x3/2

Oewonua 7.3. Eotw a > 0 kot éotw p € R. Av (p,) givar yia akodovbia pntov aglBuay
WGTE

lim p, = p,

n—oo

70Te n akoldovbia (aPr) cuykdivel kal To 6010 Tng givar aveEdpTnto Tng (py).

Agrodeén. Twa kdBe n € N emmdéyovue évav ontd aelbud r, dote

1< - 1
——<r - .
p n n<Pp n+1

H akoAovbia (r,) Tov meokvmTel elval avgovca kol GuykAivel 6To p. ATtd To Ariupa 7.1 €mteton
6Tl TO 6QL0 NG (af?) vIdEyel Kal

lim a” = lim a'’,

n—o00 n—oo

KOTA GUVETTELDL TO GELO QTS elvan avegdeTnto Tng axoAovdiog (p,). a

Opwouog 7.2. Av a > 0 kou p € R opltovue

al = lim a’"

n—o00



104 BAXIKETX XYNAPTHXZEIX

g f@) = X8
f(X) = x5/3
f()C) = XS/5
2+
f) = a0
8 = 0 é | |
4+

Tynua 7.20: Ov cuvapthcels f(x) = x3/3, f(x) = X3, f(x) = x73/5 kaw f(x) = x/3

émov (py) elvan yto akoAovBia pntwv apbuwv we p, — p.

INpotaon 7.3. Av a > 0 kot b > 0 givar spayuatikol agifuol kol x kKol y €ival JTQayUaTIKol
apibuol tote

M) @ =a'a @ @P=a" @=L @ @)=aP
ax

Amébeién. H amoderen agrivetalr cov AGKNon. m|

"Etol yio tn guvdptnon f(x) = xP ue p ¢ Q €xovue 6L

D(f) =1[0,+c0), avp>0
D(f) = (0,+c0), av p<O.

Acknon 7.8. Asigte 6t n f(x) = xP ue p € R elvan avgovcea av p > 0 ko @Bivovca av p < 0.

7.3.3 TIToAV®VUWMKES GUVAQTNGELS

Avtég elvon ov f(x) = apx" + Ay X+ o+ agx + ag, Ue ap,ap-1,...,a1,a0 € R. Tan =1n
JoAVOVUULKIL cuvdgtnon efvar yoauukn. To Ttedio ogiouoy wag TTOAVOVULIKAG GuVAQTNONG
elvar oAdkAngo 1o R. Ou grpaypatikés pitec Touv TwoAvwvipou elvar T onueiol GTo ogtola n
YeO@KN Tapdatacn tng f téuvel tov x-dgova.
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| f(x)=x*-3x+2 3!

—
t
—_

4
1

Yxnua 7.21: XoQoKTNELGTIKES TTOAVWVUUKES GUVOQTAGELS

Yto Zynpa 7.21 Sivouue tela Tapadelywato ToA®VUWKGOY GuvopTicewy. Tlagatnencte Tt

fx)=x>=3x+2=(x-1D(x-2)
f(x)zxg—x:x(x+1)(x—1)
fx)=x*—22+1=02-1% = (x+ D*(x — 1)

Mapatnenen 7.3. H yoagiki Tapdctacn tng y = x2

2

elval To TUTTIKG delyua Tov GYALATOG
gtov Aéyetan aapoAn. o a # 0 n y = ax® elvan emiong mwapafoin, n omola exkteiveTal GTo
Gvo nuertimedo {(x,y) 1y = 0} av a > 0 kar 6T0 KdTw nuetinedo {(x,y) : y < 0} av a > 0.
‘Ouola 1 y = ax? + b elval TAEOPOAR Ue YOUQIKI TTapdcTacn (Slo ue avtiv Tng y = ax? alld
JTaEdAANAQ ueTatomiouévn gtov y-dova katd b, dndadn to cnuelo (0,0) petatoTtiteTon GTo
(0,b). Ouowa n y = a(x — ¢)® + b eivar n TaEABOAR y = ax® TaEAAANAQ UETOTOTIGUEV OGTE
o onueto (0,0) va petapépetor 6To (c,b). Ieodvvapa n y = a(x — c)? + b elvar n TTaeafoAn
Y = aX? 610 opBoydvio cuotnua aévov X = c kot ¥ = b. ‘Etct n f(x) = x? — 4x + 3, agot

y=x’—4x+3=x*-2-2x+4-4+3=(x-2)% -1

yodpeTat
y+1=(x- 2)?

glvonr SnAadh n TuTtkn TaEaBoAr ¥ = X2 ue ¥ = y+1 kar X = x — 2. "Etor 10 (0,0) GToug
X, Y-dgoveg elvar o (2, —1) gtoug x, y-dgoveg, PAéme Eynua 7.22

Haeatngnon 7.4. Tevikevovtag tnv Iogatipnon 7.3 éxovue 6TL av y = f(x), n ;eden y =
f(x—c) avtioToyel aTn ueTa@opd Tng yeaikig topdaotacng tng f(x) katd ¢ wovddeg mpog Ta
degid av ¢ > 0 N meog Ta alatepd av ¢ < 0. H mpdgn y = f(x) + b avtigtoyel otn Uetamoed
NG YAPIKNG Tapdatacng tng f(x) katd b uwovddeg mpog ta Téve av b > 0 1 TEOS Ta KAT®
av b < 0. H e y = f(x—c)+ b elvon guvduacuos uetamopds Katd WAKOS Tou x-AEova Kol TOU
y-dova. Tia Twapdderyua n yoa@iki wapdotacn tng g(x) = x° — 3x% + 2x + 2 TEOKVTTTEL EUKOAN
amé authv g f(x) = x° — x, PAéme Tynua 7.23, agpol

g) =x> =32+ 2 +2=(x-13-(x-D+2=f(x -1 +2.
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fx)=x>—4x+3=(x-D(x-3)

f()=(x-27-1

1
!
_Jla
!
)
1
I

fx)=x-x

Tynua 7.23: H g(x) = x° — 3x% + 2x + 2 cav uetagopd tng f(x) = x° — x

7.3.4 Pntéc cuvaQTneelg

Avtég efvan o1 f(x) = p(x)/q(x) 630V OL p KO g €lvon TToAVDVLRA. To Tedio opopov wlag EnIng
ouvdptnong efvar o R~ {x : g(x) = 0}. H y00okTnolotiki SidTtnto Tov Qniov GuvoQTAGE®Y

elvar 0Tl €(oUV KOATOKOQUPEG, KAl Ol Wévo, acUuTttwtes eubeiec.

IMogdderypa 7.3. Ag dempricovpe Thv GuvdETNon
3

x2 -2

fx) =
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Tynuo 7.24: H guvdptnon f(x) = x3/(x% - 2)

H cuvdgtnon opitetor yia x GTo GUvoAo
D(f) = (—00,— V2) U (- V2, V2) U ( V2, +0).

Kabwg to x teoceyyitel to + V2 o avticToeg Twés tng f, kot améAvutn Twh, avgd-

vovtor astepuopiata. Tpdgpovtag
X :x(x2—2+2)=x(x2—2)+2x

n cuvdetnon yedpeTtal

2x 2
=x+ =x+ . # 0.
fx) = x x2 -2 o x—2/x o

"Etol yio |x| yeyddo eivor f(x) = x apov To kAdouo otnv véa ékeeacn tng f uitogel va
yiver avBaipeta uiked (yrati;). IHapatngovue 6Tt f(x) = 0 & x = 0, KOL TO TEOGNUO TNG
f raBopiceTan astd Tov TEOTTO YEOPNIS

3

X
(x— V2)(x + V2)'

H ypagiki mapdotacn tng cuvdptnong diveton oto Xynuo 7.24.

fx) =
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Acoknon 7.9. Two tnv cuvdgtnon f tov Hapadeiyuatog 7.3 deigte 611
(@) T kéBe M > 0 (ueyddo) vitdoxer € > 0 (WkEo6) date f(x) > M yua kGbe x € (V2, V2 +¢).

®) Ia kdbe N > 0 (ueydro) vitdoyel 6 > 0 WkEO) DGTE

2

0<
x—2/x

<0,

yio kGBe x > N.

IMaedderyua 7.4. Ag dewpricovue thv guvdpTnon

2

X
X) = .
fO) = o=

P41
|
|
|
|
|
|
:
L 27
|
|
|
|
|
|

1 1 :

-4 -2 ; 0 4

|
|
|
|
:
| 27

Iynua 7.25: H cuvdptnon f(x) = x%/(x* — 1)

H cvuvdptnon opigetan yio x # £1. Kabdg to x meoceyyitel kdbe wa agd T Tués +1,
ol avilgTolyes TWES f(x), kat amdéivtn T, avgdvovial amepiépiota. H cuvdptnon

urropel va ypapel cav

P-1+1 1 .
(Z-D2+1)  22+1 x4-1

fx) =

agt’ 6TTov TaATtnEovue OTL n f(x) TTEOGeYYitel To undév kab®s To |x| avgdvel, apov To
kdbe kAdoua yia ueydo |x| yivetar avbalpeta wiked. H f undevicetar uévo gto x = 0
KOL Qlpov

A -1=x-Dx+ D +1)

etvar f(x) > 0 av |x] > 1 ko f(x) <0 av |x] < 1. H ypa@kn sapdotocn tng divetol Gto
yxnuo 7.23.
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7.3.5 o AAyeBikéc GUVOQTRGELS

Avtég elval AMIGELS €E16WGE®Y TG LWOQRPNG

PaOY" + puct (0" 4+ pr(x)y + po(x) = 0,
OTLOV Py, Pu—1s - - - » P1, Po €lvarl toAvwvuga. O pntég guvapTnoelg etvar aAyefeikés apov efvar
Aoelg e8l6meemv TS LoEENGg g(x)y — p(x) = 0 dov p row g elvan TToAVOVLLO. "ETGl o1

2 2

x“+1 x4 +1

X) = —— X)=x+3Vx2+2x+2
7 W W v

glvon adyepoég cuvapticets. Ta mapddetyua n tedevtaio etvow Aon tng esicmong y? — 2xy —
8x* —18x—18 = 0.

fx) =

7.3.6 o YmeQBaTIKEG GUVOQTNGELS

Avtég elvar ov guvatnoelg ol oTtoleg Sev elvar alyefoikés. YmepPatkég (transcendental) Gu-
VOQTAGELS €lval Ol TELYWVOUETEKES Ol AVTIGTQOMES TELYMVOUETEIKES, Ol ekbeTikés f(x) = a’,
6mov a elvar deTikos TEayuatikdg apbudg, o Aoydebuor f(x) = log, x, 6OV a elvon TTAM
PeTikOS TEAYUOTIKOS aELOUGS, Ol VTTEPPOMKES Kol TTOAAES AAAEC GUVAQTAGELS, OTTWS Yol TTal-
eddewyua ov f(x) = x, ue p doonto, f(x) = x*, f(x) = x/*
OUGTNEO OELGUG QUTMOV TV GUVORTAGEMV atantelTal yvoon aird tn dewela n ottola dev €xel

, N ol eldikég guvaptncels. Ta Tov
OKOUOL TTOUQOUGLAGTEL.

7.3.7 TEY®VOUETEIKES GUVAQTNGELS

TS TEYWVOUETEIKES GUVAQRTAGELS TIG oploaue ue yewuetEkd teoTro. Elgtaue 6Tt av x elval €évag
TTEAYUATIKOS aBudg kat av Eektvovtag attd to onueio (1,0) Tov TEywvoueTEWOU KUKAOL dia-
yedwouue TOE0 Wikoug |x| katd tnv detikn katevbuven ov x > 0 kot Katd thv oevntiki av x < 0
ko €dv P elvar To mépag autol Tou TéEov, TéTe cos x = “TIRoPfoA Tov P gtov ogigdvtio dgova”

Ko sin x = “wEofoA Tou P GTov KATakGQuUPo dfova”. "ETal aueces GUVETIELES TOU 0QLOUOV £i-

var 4Tl

—-1<cosx<1, cos(x + 2km) = cos x, keZ

—1<sinx <1, sin(x + 2km) = sin x, keZ

yio kdfe x € R. Ouv guvoQTicelg cosx kol sinx elval TUTKA TTapadelyuato ITEQLOSIK®OV
GUVOQTAGEWV.

Oploudg 7.3. Mia guvdptnon f AEYETaL TTEQELOSIKN OV VITAQEXEL TIQOYUATIKOS 0pBuds L
€10l WOTE
f(x+ L) = f(x) yia ké0e x € R. (7.20)

O uwikEdTEEODS YeTIKOS TTEAYUATIKOS 0BUos L yia tov ottolo toyvel n (7.20) Aéyeton
JteEiodog ng f.

Av n f elvon steguodikn pe Ttepiodo L, tote f(x + kL) = f(x), yio kdBe axépoaro k. T Tig
cos X ko sin x n Jreplodog etvar 2 (yrati;).
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sin kot cos. Xto Xynua 7.26 diveton n ypagikn mapdotacn tng f(x) = cos x. Ekel BAémiovue
v TTaRddetyua 6Tl oL TIWES TG cuvdeTnong meplEyovtal 6to Sidatnua [—1, 1], yia tnv akeifela
f(R) = [-1,1]. H cos eivar Jetixn kaw avatned @bivovca ato [0,7/2), aQvniiki Kol aveTnEd
@0Bivovca oo (m/2, ], AEVNTIKA KAl 0WGTNEA aVEoVGa GTo [, 37/2), etk Kol aVeTNEE av-
govga Gto (3m/2,2r], ye cosm/2 = cos 3m/2 = 0, yeyovdc mou BAETTOUULE TTAQRAKOAOUB®VTAS TNV
TTEOPOAL VOGS onuelov P GTOv 0QLiovTlo dEova, Kab®s autd Stapdeel uia TARQN TTEQLGTEOPN
GTOV TEYWVOUETEIKG KUKAO. Kdbe Sidotnuo unkoug 2 mrepléyel 1o TAQES TTROPIA TS Guvdg-
TNoNG, Wa “BeTkA Kol W 0EVRTIKA Kaugtovpa” SnAadn To TuAuo Tng yeapkig Ttapdataong
NG cos x To oJtolo TeQLEyeTol 6To ddotnua [-r/2,37/2], v gto [0, 27]. ATt6 v (7.12) émeTon

\ ﬂ:cosx
_1 +

Yynua 7.26: H cuvdptnon f(x) = cos x

OTL n cos x elvar dptia guvdgtnon.

T tnv f(x) = sin x 1oxYoUV 0L AVAAOYES TTORATNEAGELS OYETIKA e TO TIedio TV, To TIEG-
onyo, tn pwovotovia. Ot TAnEo@oEieg avTég Guv To yeyovdg 4Tl n sin givorl TeELTTR GuvdTnon
ATTOTUTIOVOVTOL GTN YROMIKA TTORACTACN TN GUVAQTNGNG GTo Xynuo 7.27.

1+

\ f(x) =sinx
+ + + /
- -n/2 0 /2 Wn
_1 4+

Yynua 7.27: H guvdgtnon f(x) = sinx

Haeatngnon 7.3. ATO TIC YROPIKES TTOQACTAGELS TWV GUVOQTAGEWV COS KoL Sin @alvetal 6Tt
sinx = cos(x + 7/2), i cos x = sin(x — 7/2), yio kGOe x € R. Emmifefarddyvoviar £TGL KoL yROPIKA
ol Vo TavTdTNIEG.

IMaedderypa 7.5. Na §obel n ypapiki Ttagdotacn tng cuvdtneng
X
f(x) =2cos —.
2
H ypagixi mtapdotacn tng f elvar éva guvnurtovoeldés kvua. H uéyiotn twi tng efvon

2 kar cuupativer dtav

§=2kn:x=4k7r, keZ,

v n eldyotn Twn elvar —2 ko cvufaivel Gtav

g=(2k+1)ﬂ=x=2(2k+1)7r, keZ.
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f(x) =2cos(x/2)

Yynua 7.28: H guvdptnon f(x) = 2cos(x/2)

Ta onueio undeviouoy tng guvdgtnong eivar ekel GTTOU

gzkn+g:~x=(2k+1)n, ke

H f efvan weprodikn ko n mtepiod86g TG GYeTigeTol Le QUTAY TG COS X, £TGL YO TO TUTTKO

Sudotnua wag meplddou éxovue

a<—-—<a+2r = 2a < x < 2a+ 4n, ue a € R,

N | =

dpa n qepiodog elvar 4. AwapoeTikd, éva didotnuo wog meprddou eivor éva ue droa
V0 Sradoyikd cnueior ota oTtola n f Jralpvel Tn uEylaTn TWA NS (DGTE Vo TTEQLEXEL £val
TANQEES TTEOIA Tng cuvdetnong), SnAadn éva didotnpa [4kr, 4(k + Dr], 16 uikog Tou
ottoiov elvan 47. "ETal n ypa@wni mapdotacn givol outn tou Xynuatog 7.28.

IMaedderyua 7.6. No 800l n ypagiki TtapdoTocn tTng GuvaTneng
f(x) = xsinx.

Ot GuVaQETAGELS y = Sinx KL N y = x glval TeQLTTEG, KATA cuvémela n f(x) elvar deTia,
TTEAYULOTL

f(=x) = (=x) sin(—x) = (=x)(—sinx) = xsinx = f(x),

ko f(0) = 0. H f undevicetaw oo onueia kr, ue k € Z, evéd oo onyela kr + /2 éImov
sin(krr + 7w/2) = 1, efvon flkm+m/2) = +(km + 1/2), katd cuvéTelo ato [0, +00) n yEOPIKNA
TTaEAoTACN £lvol €vol NULTOVOELSES KUUA “ERTEWVOUEVO” UETAEY TwVv euBeldv y = X Kol
y = —x. "ET01 n ypa@ikni wopdotacn eival avti tov Iynuatog 7.29.

m

tan ko cot. Twa x # km + /2, astd Tov ogoud tng f(x) = tan x Kow TNV ITEQLOSIKOTNTA TV

TIC TELYWVOUETEIKES TOTATNTES VITOAOYiCOUUE

sin(x +7) sSinxcosm+cosxsinm —sinx ¢
= - - = = tan x
cos(x+m) CcoSx coSm—sSinx SinwT  —COSX ’

tan(x + ) =

sin kat cos €yovue OTL tan(x + 27r) = tan x, KATA GUVETELO n guvdETnon tan elval TTeQLOSKA. AT

kotd ouvértela n Tiepiodog dev elvan 27, aAAd TOAvEV . ATUE TOV TEIYWVOUETEIKG KUKAO
KO TNV YEMUETEKNA VAoToincn tou aEuov tanx Ttapatngovue 6Tl n tanx elvanl Yetikii ko



112 BAXIKETX XYNAPTHXZEIX

Yyxnua 7.29: H guvdptnon f(x) = xsinx

avoTnEd avgovca oto [0,7/2) kol avnTiki Kol avaTnEed oavgovco oto (/2,7], N ovceTnEd
avgovoa oto (—7/2,7/2). 'Etol e didotnpa unkous m, n f(x) = tanx eival €évo-mQoc-éva,
eoUEVRS n Ttepiodog tng cuvdptnong eivor . Emiong

tan(—x) = sin(—x) _ —sinx _
cos(—x) cos x
SnAadn n tan eivon seprrtii cuvdptnon. H yooeki tapdotacn tng f(x) = tanx Sivetar gto
Yxnua 7.30.

H ouustepupoed tng guvdetnong yipw attd ta cnuela kx + /2 ggnyeltal agtd 1o yeyovog
6Tl yioo x kovtd oto onueio avtd to cos x efvar kovid 6to 0 evd To sinx elval kKovtd oto *1.
"ET0l yio x kovtd GTta gnuelo ovtd n togdtnta |tan x| yivetow avBaipeta ueydin.

H cuvdptnon f(x) = cotx opltetan yia x # km, k € Z. Ouuicovue 4TL

KOTd GuvéTtelo n cot efval TeEQLTTR KoL TreQLOdikn we mepiodo n. H ypapikn Tagdotacn Tng
ouvdptnong divetor oto Xynuo 7.30.

sec Kol €sC. ATO Tn GUUTTEQLPOQEE T®V Sin X Kol COS X GUVAYOVTUL AUEGO TTANQOMOELES Yia
TN GUUTTEQLPOQRA TMV SEC X KO CSC X aPOoU

S€ECX = — Kol CSCX = — .
COoS x sSin x
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37 | l 34 |
| | | ;
| 21 l | 2+ |
| ! f(x) =tanx | fx) =cotx |
L VA / i . ;
/n —72';/2 0 n‘{2 m —ni —r/ 0 /2 ni
WA O\ 1
el | ! |
| o-sr | 41 |
| | | |

ynua 7.30: Ov cuvagticelg f(x) = tanx ko f(x) = cotx

"ETGL o1 sec ko ¢sC elvall 21-TTEQLOSIKES GUVOQTAGELS YOl TIG OTTOLES LGYVEL

D(sec) = U(kﬂ' - g,kn + g), KOl [secx| >1
keZ

D(csc) = U(kﬂ', (k + D), KOl |sec x| > 1.
keZ

EmuustAéov n sec elvar oo cuvdeTnon, eved n csc eivor mweertti. Ot yeapikés TToQATTAGELS TG
TEUVOUGOS KOl GUVTEUVOUGOS Sivovtar avticTorya oto Xynuota 7.31 ko 7.32.

| .y | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| 2 T | |

| | | f(x) =secx

| | |

I < I I P -

| 4 ~ | | 7

e So 1 7 g(x) =cosx

: + ATS ; e :
_ P DN [ X
v g 0 SN T 2n

S - I I ~o 7 I

| _1 T | |

| | |

| | |

| -2+ | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

| | |

Yynua 7.31: H cuvdgtnon f(x) = secx
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l y l |
I | I
| I I
| I I
| I I
fx) =cscof | | |
| | |
| | |
| | |
| | |
I | I
I | I
I 2T I I
| I I
| I I

! 1+ = [ g(x) =sinx

\\ | P ~ | | ,,
N ! P4 N I,
| 4 ‘+ v
N 4 0 s \\\ /271’ X

S ’_1 1 So P I

Tynpa 7.32: H cuvdptnon f(x) = cscx

7.3.8 AvVTIGTQOQYES TELYWVOUETQELKES GUVAQTNGELS

Ol TELY®VOUETQIKES GUVAQTAGCELS e(vOl TTEQLOBIKES, KOTA GuVETIELD BEV elval €va-TTROG-£va £TTO-
uévwg dev €xel évvola vo. WAGUE Yol TIC OVTIGTEOPES GUVAQTAGELS AVTOV. Av GUwS TTEQLOQL-
covue kABe TéTolo GuvdETnon Ge KATAAAnAO Stdotnua dGte vo elval €va-Iteog-éva 6e autd
TéTe wIroQovye va opicgovue TNy aviioTEoMn GUVAQETNGN TNG TIEQLOQLOUEVIS TELYWVOUETQIKAG
GUVAQETNONG.

cos™!. 1o Sdotnua [0,7] n y = cos x elval £va-Ttpog-¢éva, 4o UITOEOUUE VO, 0QIGOUUE TNV
cos™! ue medio opiowov to [—1,1] kaw Tedio Twwv to [0, 1] pue Tn oxéon

cos'x=y&cosy=x, 0<y<m (7.21)

1

Tnv cos™ cuufolitovue kou pe arccos kai Tn Stafdcovue TOE0 cuVNUTOVOU. AT6 TOV 0QLGUO

TG AvTiGTEOPNS GUVAQRTNGNG £ITETAL OTL

cos_l(cos X) = x, vy x € [0, ]

cos(cos_1 X) = X, v xe[-11]

ATé T cuuueTeia TOV YeaENUATOV TV Cos Kol cos ! wg Trpog tnv gubsia y = x, Polokouvue

TN YOAPIKIA TTARAGTOGN TG cos ™.
sin™!. Zto Sidotnpa [-7/2,7/2] n y = sinx elvaw éva-1mog-éva, da KAl GE QUTA Thv
TEPITTWON WIToEovue va 0plcovue Tnv Tnv sin~ ! pe medio opouov to [—1,1] kar Tedio TV

T0 [-7/2, /2] ue Th Gyéon

sin!x =y e siny = x, - (7.22)

IA
<
IA

N X
IR
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Tnv sin™! GuuBoAitovue ko we arcsin kot Tn SLABELOVUE TOEO GUVAUITOVOU. ATIG TOV 0QLGUG TNG

avtioTEOPNS cUVAETNONG GUVAYETAL OTL
1, T
sin” (sin x) = x, yio X€|—-—, =
2°2
sin(sin_1 X) = X, o x € [-1,1]

H yoa@ki TTopdetacn Tne sin~! TpokUITTelL Gav GUUUETEKA TOU YOOPALATOS TS SiN WS TTEOC
yeaqg Q Q UueTe yeaony Q

,
v gvbeia y = x.
\
A Y
N
N
=T .
\\ ,,
— .- N
y=1cos" x y=sm1x \ 0
\ 7’ y=x
E \ ,/
T d
2 s y =sinx
Z ~
~
\\ \\
N AN
t + +—t +—t F
4 AY A
-7 ,/ —7T\\ T 1 0 1 7 T 'R
e ~ . o
Seoo-” Seo 7 2 ®
,/
. A
\
\ 2
\
\
\
N
\
7T
\
\
\
1 s -1
KOl S1In

yxnua 7.33: Ov GUVOQTAGELS COS™

Mapddetyua 7.7. Na vmwodoyieBotv ot mocétnteg cos ' (1/2) kou tan(arccos(1/3)).

1

To cos1(1/2) eivan t0 T6£0 GTO [0, 7] TOL OTOLOV TO GUVNUiTOVo etvar 1/2, doa
bis

cos — = —.

3 2

apov)

41
cos - = —
2 3
‘Ouolar To arccos(1/3) elvar to té6£0 x oto Sidotnuo [0,7] Tov oToiov To Guvnuitovo
efvan 1/3, dpa 0 < x < /2. "ETGL KATAGKEVALOVTOS TO 0QB0ydVIo Tlywvo ue pio kdBetn

TtAeved 1 kat vItoteivovca 3 (TTKG;), PAETe Iynua 7.34, vitoAoyigouue

22

Yxnuo 7.34:

1
tan(arccos —) = tan x = 2 V2.

Y10 ddotnpo (—r/2,7/2) n y = tanx elvor €va-TtQog-éva, dEo Kol GE QUTA Tnv

tan~L.
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Tep(TTwon uIropovue va opicovue Thv Tnv tan~!, i arctan ue medlo oELGUOV TO (=00, 00) Ko
Jtedlo TV 1o (—m/2,7/2) ue tn oxéon

tan_1x=y<:>tany=x, —g <y< g (7.23)

AT6 Tov 0Quoud Tng avitictpoeng cuvdetnong Guvdyetal 0Tl
-1 T
tan  (tan x) = x, yio x€l|l—-—=, -
2°2
tam(tam_1 X) = x, v x € (—o0, 00).

H ypagkni Topdcetocn tng tan~! TpokyITTEL GOV GUUUETEIKA TOU YOOPARULOTOS TG tan ®g TEOG
Tnv gubela y = x, PAEmre Eynua 7.35. Emeldn n cuvdpinon tan eival sepltti, £IeTon OTL KoL n

tan”! elvan meQUTTA (YLoti;), £T0L

tan~}(—x) = —tan"! x, x e R. (7.24)
l .
; y:tanx;l h_
| [ -
| 1 /4
| [ //
| 31 [ s
| [ 4
| T .7
| ] | //
| |
| I, | /’
4
777777777777 e ...
| ’I ,/: .
1 s
| |
} l l } }
-4 -r/2 0 /2 4 6
| ,/ |
—7 |
I~ ) |
———————————— FA-r /o --- - -
pad ' I
4 | ] |
[ I
- I
1 I
L 3¢ 1
I I
| |

Tyfua 7.35: H cuvdptnon tan™

cot™!. Y10 Sidotnua (0,7) n y = cot x elvou £va-TTROG-éval, dEa KoL GE QUTA TNV TEQRITITWGN

uIroeovue va opicovue thv tnv cot™!, ue medio opLoRov 1o (—00, 00) Kal TESIO TWHOV TO (0, 7)

ue tn gxéon
cot'x=y e coty = x, O<y<m. (7.25)

A6 Tov 0pLoU6 TG avtieTEOMNS GUVAQRTNONG GUVAYETAL OTL

cot_l(cot X) = Xx, yia x € (0,m)

cot(cot_1 X) = x, v x € (—o0, 00).

H ypagiki Topdcetocn tTng cot™! TeokUITTEL Gav GUUUETEIKA TOU YOOPARULITOS TG COt WG TLOOG

Tnv gubela y = x, PAéte Zynua 7.36.
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n/

y=cot!x

Tyhua 7.36: H cuvdptnon cot™

IMaeddetyua 7.8. No asthoromnBoiv ov ek@EACELS cos(tan™! x) kar tan(cos™! x).

1. H cos(tan™! x) opicetar yia kéBe x € R. Av x = 0 vioAoyigovue

"EGto x > 0 ko é6Tw tan~ L x = 6, ue 0 < 6 < /2, té1e tanf = x, omWATE OIS TO

c:os(tan_1 0)=cos0 =1.

GYeTkO opBoywvio Tplywvo, Xxnua 7.37, felorouvue

cos(tan_1 X) =cosf =

1
Vit 2

Av x < 0, téTe emeldn n tan~! elvon TEELTTA GUVGETRGN, éXovUE

cos(tan_1 Xx) = cos(— tan_l(—x)) = cos(tan_l(—x)) =

Katd cuvémela yia kdbe x € R eivar

V1 + x2%

cos(tan_1 X) =

1 1

1
Vit a2

V1— 2

Yyruoa 7.37: Bonfntikd tolyova

f+® Vite
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2. H tan(cos! x) opigeton 6tav —1< x <0, 0 < x < 1, emwedn cos™' 0 = 7/2.

(i) Av x =1, téte tan(cos ' x) = tan0 = 0, kow av x = 1, TéTe tan(cos ™' x) = tanxw =
0.

(i) "Eotw 0 < x < 1 kar é0tw cos L x = ¢. Téte cosp = x ue 0 < ¢ < /2 Kow ATTd
TO GYETIKO 0pBoywvio Tplywvo, Xxnua 7.37, vitodoyigouue

1—x2
tan(cos_1 X) =tan¢ = .

(i) Av -1 < x <0, 1€ 7/2 < cos™! x < 7, omSTE ATS TIC GYEaELg
tan(r — 6) = —tané, cos_l(—x) +coslx=m,

BAéTte Aoknon 7.10, €xouue

V1= (=x? V1=
__x - .

X

tan(cos_1 x) = tan(mr — cos_l(—x)) =- tan(cos_l(—x)) =

Katd cuvémein

V1 - x2

‘[an(cos_1 X) = — N x€[-1,0)U (0,1].

Acknon 7.10. Aeigte 611
@) sin}(—=x) = —sin~!x, yia kdBe x € [-1,1].
®) cos7i(=x) + cos™lx = 7, yia kGO x € [-1,1].
() tan~!(—x) = —tan"! x, yia k@B x € (—o0, c0).
(&) cot™l(=x) + cot™lx = 7, yia KGBe x € (=00, o).
Acknon 7.11. Amodeléte TIg TOVTOTNTEG
1

T
(@) sin'x+coslx = 2 vy kG0e x € [-1,1].

bis
@) tan'x+cot™l x = > yio kGfe x € R.
Aoxknon 7.12. Aeigte 6Tl yia kdBe x # 0 woyvel

-1 41
tan”x +tan~ — = o

X
7.3.9 Ex0Oetikéc cuvaQTneelg
Ouuitovue 1L av a elvon €vag eTikos TEayLatikos apliuds kar p € R, tdte
a’ = lim g
n—co

6710V (Py) elvan ooladNITOTE akoAOLVOlO ENTWOV AUV ue p, — p. Ouuitovue eTtiong 4Tl edv
a>0xw b > 0 elvon TTEayuatiko! agbuol kot x,y € R, tdte 1GxvoUV Ol W8dTNTES
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V) a = = @) (ab)* = a*b"
a)C

@ @ = a'a B) (@) =a

Moétacn 7.4. Ava > 0 kar b > 0 eivar wrpayuatikol apfuol ue a # 1, 1éte a’ > 1 av a > 1 kau
a*<lav0<a<l

Amodeién. ‘Eotw a > 1 wow b = m/n ye myn € N. Tpdpoviag a = 1+ 4, ue § > 0, amwd tnv
avigétnta Tou Bernoulli, pAéme apddeyua 2.1, éxouue

d"=1+6)">1+mé>1= (@ =g"" > 1V = 1.

Av tdpa o b elvar denttog ko (p,) elvar wa akodovbia entov pe p, — b, 1T QTS TO
Teonyoduevo Prua émetar OTL a,, > 1y tTeMkd 6Aa ta n. AT TS 161dTNTEG TOV 0QloV
émeTan OTL KAl TO 6QLo TG akolovbiag (aP*) wavodtotel tnv (Sia avigdTnto, SnAadn a® > 1. Av
0 < a <1, epopudlovTag To TTEONYOUUEVO ATTOTEAEGUA GTO 1/a €TeTal To gnTtovUevo. |

Ol GUVOQRTNAGELS TNG LORPNG
fx) =a", a>0wkaa#l

Aéyovtan exkBeTkéc (exponential). To Ttedlo oQLGUOU AVTWV TOV GUVAQTAGEWV £lvol OAGKANEN
n meayuatiki gvbela kor yia kdBe x € R elvar f(x) > 0. Amd Tig WSidtnies twv duvduewv
TQOYULOTIKGV aBu®dV yia x; < xg €xouue

f(x2> - ax2 _ axz—X1

f(x)  an

€t av 0 < a < 1, 1éte @™ < a < 1, woodvvaua n f(x) = a* elvan yvnolws @Bivouvca, eved

av a > 1, t6te a2 > a > 1, wodvvapa n f(x) = a* elvar yvnelowg avgovcga. Xto Xynuo 7.38
BATTOoUUE TN YRAMIKA TTORAGTAGN TnS a* yia a = 2 kow a = 1/2.

/ 1\

ynua 7.38: Ou exBetikég guvaptncels f(x) = 2% kaw f(x) = (1/2)* =27*

MeTtagd twv ekBeTIkOV GuvapTneemwv Sexweitel wia, n omola eivar kow to JTEOTLITO Selyna
avtoy Tou TUTOV TV GUVOQTRGE®V. Elvor avutrii yio tnv oTtolo a = e Kol xoeakTnigeTal
agtd tnv WoTnta 6Tl n kAlon Tng e@atttdéuevng evbelog GTN YEOEKA TNG TTAEAGTACN GTO
onpefo (0,1) etvan ton pe éva. To agrotéAecpa avtd Goduvauel, 6TTwg Yda dovue ce £TTOUEVO
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KEPAALO, Ue To OTL n TAEAYWYOS Tng cuvdptnong eivor {on ue th cuvdptnon. H 8idtnta
aUTA XaEOKTNEIZEL Tnv f(x) = € wovadikd UeTafd GAwv, ovclaGTIKA, TOV GUVOQTAGE®WY GTO

wabnuotikd. Tn cuvdptnon avti cugBoAitovue Kal pe
f(x) =expx =e".

Ytn cuvéyela GTav avapeouaote oty ekBeTIKA guvdETnon Ja evvooulue Tnv exp X.

f(x)=e* fx)=e™
-/ 1 \

0 0

X

Yxauo 7.39: Ov ekBetikég guvapTnoels f(x) = expx kal f(x) = (1/e)* = e = exp(—x)

7.3.10 AoyoQBuikéc GUVAQTNGELS

H exBetikn guvdptnon f: R — (0, +00) ye f(x) = e* elvan avoetned avgovaa, doa €va-mooc-£va,
KATd GUVETTELD VTTAEYEL N avT{GTEoPNn Guvdptnon f1: (0, +00) — R.

Oqwoudg 7.4. Twa x > 0 opitovue tn guvdptnon AoydeiBuo log ue th ayéon
y=logx & & = x, —00 <y < +00,

Tn cuvdgtnon log tn Adue kow PULGIKG AoydelBuo katl tn cuufoAitovue kot pe In x.

‘Etcu log = exp!. H f(x) = log x elvon awctned avgovca Kal o yodenud tng Sivetal 6To
xrwa 7.40.
Tevikdtepa yia a > 0, a # 1 cuuBolitovue tnv avtictpopn tng f(x) = a*, x € R, ue log, x,
€16l DGTE
y=log,x ® a =x, —00 <y < 400,

ko tn Aéue guvdgtnon Aoydebuo ue Bdon a.

I816Tntec Aoyaibuwv

lNoa>0,a#1, x>0 kwumy> 0, .lGxvouv oL WLOTNTES
1. log,1=0

2. log,(xy) = log, x +log,y
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f(x) =logx Sf(x) = log|x|

Yynua 7.40: H AoyaBuikn cuvdptnon f(x) = logx kai n f(x) = log|x|

3. log, x" =rlog, x, r € R.
Ao Tic 2. kou 3. €greTon OTL

X — —
log, ; = log,(xy™") = log, x + log,(y ") = log, x — log, y

S y=a \
Y \
J/ \\ y=a
/ \
,,l \\\
L+ y = log, x *
0 1
0 1
a>1 y=log, x
O<ax<l1

Zynpa 7.41: H AoyapiBukit guvdptnon f(x) = log, x
ATt6 oV 0QLoUS TNS OvTiGTEOENS GUVAQETNONG KAl TS WidTnTeg Tou AoyaEiBuov érteTon 4L
log x = log a'°&* = (log, x)(log a),

KOTd GuVETTELOL
log x. (7.26)

1 -
©08a loga

"Etol kdBe Aoyabwki cuvdetnon ek@EAeTal o¢ TIOAMATIAGGLO Tou @UGKOU AoyaeiBuov.

‘Ouola
a = eloga*" — exlogu — (ex)loga (7.27)
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SnAadn kdbe exkBeTikin cuvdptnon ekeEAteTal wg dvvaun tTng cuvdTnong exp, n cav cuvbeon

TG ekPETIKAC GUVAQTNONG eXP UE U0l YROUUWIKA, guvdQTnon

a* = exp(l,(x)), omov I,(x) = xloga. (7.28)

Aocxkneelg
1. O ITvBayoeeror uécor. Edv xy, ..., x, elvar detikol agbuol opitouue tov agBuntikd ué-
60 A(xy, ..., X,), TOV YEQUETQEWKO UEGo G(xi, ..., X,), KO TOV AQUOVIKO uéco H(xy,..., x,)

QUTOV TV aEOUWV, avtigtol o, Ue TS GYEGELC:

X1 +Xo+ -+ Xy,

A(-xla -x2a ] -xl’l) =
n
G(x1, X2, ...,X,) = X1X2 -+ Xp
n

H(xlaxz---’xn) =

S =
SR R SR

Miropet va agtoderyBel ot

min {x;} < Hxp...,x,) < G(xy, ..., xp) < A(xq, ..., x,) < max{xg}. (7.29)
1<k<n 1<k<n

Amodeigte nv (7.29) gtnv mepimtoon n = 2. To Xyaua 7.42 maéyel Wol YEOUETQLKNA QITo-
deten tng G(x,y) < A(x,y). To opBoywvio tpiywvo ABC givonl eyyeypaulévo Ge TTEQLREQELAL.
Azé tnv opoldtnta Twv opboywviov toywvev CDB kar BDA meokvmtel 6TL BD = +/xy

To oTtolo elvan UkEdTEQO N (GO TNG OKTIVOGS TNG TTEQLPEQELNS.

=

+
<
=
S
S

~ ‘
|

= — = BD = \/xy
y

Zytuo 7.42: fxy < (x +y)/2.

2. Aelgte omL

arccot(1/x) x>0,
arctan x =
arccot(l/x) —nm x<O.

3. Edv a kar b elvar srpayuatikés atabepés, oyl ko o dvo (oeg ue undév, delgte 1
acosx +bsinx = Va2 + b2 cos(x — w)
Yo KOTAAANANR 6tafepd w (tn @don). Na Pfeebel n twi tov w.

4. YstepPfoAwkéc XvuvaQtnoels. Avtég efvan To vIteQBoAKS nuitovo, To VIEPROMKS GU-
vnuitovo, n vITEEPOMKN £@ATITOUEVN, N VITEQPOALKA GUVEQPATITOUEVN, N VITEQPROAKA GU-
VTEUVOUGa N VTTEQROMKA TEUVOUGA KOl 0QICOVTAL, OVTIGTOL(d, UEGW TNG €KOETIKAG GU-
vdetnong wg
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X —X
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coshx e“+e™*

e
') sinhx = §) cotx = =
(o) sinhx 7 (©) cotx sinhx  ef —e
ef+e " 1 2
B) coshx = 5 (€) cschx = Sinhx = prgp
) tan sinhx e —e™* ©) sech 1 2
x — — x = —
v c coshx eX¥+e*

coshx e*+e™*

ASKHEH 4.1. ATT0delETE TIC TAVTOTNTES

(o) sinh(—x) = —sinh x (®) cosh? x —sinh®x =1

(B) cosh(—x) = coshx €) 1- tanh? x = sech® x

(y) tanh(—x) = —tanh x () coth? x —1=csch?x

() sinh(x +y) = sinh xcoshy + cosh xsinhy
() cosh(x +y) = cosh xcoshy + sinh xsinhy
tanh x + tanh y

, h(x+y) = ———
(©) tanh(x xy) 1itanhxtanhy

+ pa—

(") sinh x — sinhy = 2 cosh al 7 Y sinh XY
+ —_

() coshx —coshy = 2sinh al 7 Y sinh al 5 J

Av y = sinh x, téte
1 1
y - _(ex N _)
2 e*
agt’ 6IToUv PAETTOoVUE GTL n y = sinh x elval yvnolng avgovca GuvdeTnon, KATd GUVETIELD n

avticTpogn cuvdptnon sinh~! x vdexel. “Etor vitodoyigouue
2x

=2 & (¢")? —2ye" —1=0,

ex

€TTOUEVHOS AUVOVTAS WS TTOS e Pplorouue

ef=y+ Y2+l e =y+ \H2+1

apov e* > 0, agt” 6IToV TTEOoKVITTEL 6TL X = log (y + Y2+ 1), KOTA GUVETIELD N OVT{GTEOEN

guvdptnon y = sinh™! x vtdoeyer ka
sinh™! x = log (x + VX2 + 1), —00 < X < 400,

ATKHZH 4.2. AgtodelEte, 0TTwg GgTnv mepitoon Tov aviiGTRoQ®V TELYOVOUETEIKOV GU-

VAQTAGE®V, OTL LTTOQOUUE VO 0pIGoUUE

(@) cosh™ x = log (x + Va2 - 1), x>1

1 1+
®) tanh ' x = = log(—x), [x] <1
2 1-x
1 +1
W) cothlx = = log(x—), [x] >1
2 x—1
1 Vi+x2
©) csch™ x = 1og(— + ad ) x#0
X | x|
1 V1-x2
€) sech™ x = log(— + ad ), 0<x<1
X x
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/
/
/
/
/,
10 7/

y=;e* g y = sinh x

4‘0‘—_—’

/’, },:_7e—x
4
/
/
4
i’
4
------------ _1-_-______-
y = tanh x
0
______ RN P g
| y =cschx
0
y =sechx
0

Yynua 7.43: Ov vitepPoMkég cuvaptnaelg sinh x, cosh x, tanh x, coth x, csch x kaw sech x
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[
!
1
1
/
. !
y=sinhxs
/
/
/
/
/
4 . -
1+ I/ y =sinh ! x
}
0 1
7
4
/
/
/
/
/
/
7
[
’
i
1
[}
]
[
|
1
1
! -1
: 1 y=tanh™ x
| |
| |
| |
1 1T | pemm———-
| ’/I’
! 2 y =tanhx
1 1
1 1
1 1
[ 0 1
—"’ !
______ - ] -1+ |
| 1 |
| |
| |
| |
1
1
1
1
)
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R et s Y

Synuo 7.44: Ov avticToopeg vITeEPOAKES GUVOQTAGELS sinh~! X, cosh™ x, tanh™x, coth™ X,

csch™ x ko sech™ x



KepdAaro 8

‘Opra kol XvveEyela

8.1 'Oguo GuvaQTNGe®V
Ag Jewpricovpe TS GUVOQTNAGELS

0 X2 ox#1, x2 x<1,
filx) = x%, fo(x) = 0 f3(x) =

x=1, (x-1%+2 x>1

y = f3(x)

Tyrua 8.1: Ov cuvapticels fi(x) = x2, fo(x) kou f3(x)

Hagatnpovue 61t KOOWOS To x TJTEOGEYYICeEL To X = 1 ov avticToyes TWeS fi(x) ko fa(x)
Tteoceyyicouv to y = 1. Aev gupfalvel dumg to (dto gtnv f3, ywoti av To x TTeoceyyitel to x =1
azd ta aELaTeRd, SnAadn yia x < 1 ot avticToyes TWéS f3(x) eoaeyyitovv 1o y = 1, evd av 1o
X TEogeyyiel To x = 1 amd ta Segid, dnAadn yia x > 1 ot aviicToyes Twég f3(x) mpoaeyyitouv
T0 ¥y = 2. Aéue Aoutdv OTL ov fi kaw fo GuykAlvouv Gto y = 1 kabBmhg To x telvel 6To x = 1 kA
yodgouue

lim fi(x) =1, lim fo(x) =1,

x—1 x—1
ko T0 ¥y = 1 T0 Adue 60L0 Twv fi kA fo kaBwS To x telvel gto x = 1. Twa v f3 Y€Aovtag va
SnAdcouue TIG SLAPOQEETIKES OQLOKES TWES TTOV TTEOKVITTOUV OvAAOYO UE TOV TEOTIO TOU TO X
TEoGeYYigel To x = 1 ypdpouue

lim f3(x) = lim f3(x) = 1, lim f3(x) = lim f3(x) = 2.
x—1- x—0 x—1+ x—0
x<1 x>1

Todpouue eTtiong
f3(1-) = lim fs(x) =1,  fe(I+) = lim f3(x) = 2,
x—0— x—0+

126
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kot Adue 1o f3(1-) aELeTEQO TALVEKSG 6QLO NS f3, N ATAL GQL0 ATO T AELGTEQA NS f3
KABDS To X TEOGEYYITEL TO éva aTtd T aELaTeRd, kot To f3(1+) €6 MALVQEIKG 6QLO Tng f,
N amwAd 6QLo aIté ta Se€id Tng f3 kKaODS To x TEOGEYYIZeEL To £va aTtd Ta dekid.

Opioudg 8.1. ‘Eotw 611 n guvdptnon f opiteton e kdBe onueio evég SlacgTARATOS yUR®
agtd €va onuelo xp, eKTOS (GG aItd TO Xo. Oa Afue GTL 0 TTEAYULATIKOS aBuds L efvor
To 6o Tng f KABDS To x TeElvel GTO Xo KAl Ja ypdpouue

lim f(x) =1L, n f(x) > L rabBog x — xop,
X— X0
edv yia kdbe € > 0 vidoxel 6 > 0 (To omoio €£aTdTal A6 TO €) DGTE

av 0<|x—xg| <9, 1tote |f(x)—-L|<eE€.

Yupwva pe tov oploud n f(x) cuykAiver oto L kobodg x telvel GTo X9, €dv yio kdbe
avBaipeta wked didotnua Ie = (L — €, L + €) vrdpyer didotnua Js = (xg — J, xo + §) doTE Qv
x € Js kaw X # X9, 101 f(X) € .

Hapatngnon 8.1. ITapatngovue Tt ov To TAEVEKA Sl TG f GTO Xo VITARXOUV KO
f(xo—) = lim f(x) # f(xo+) = lim f(x),
X—>X0— X—X0+

6T TO 6010 lim,,y, f(x) Sev vTTAEYEL, POV Yo x KOVTA GTO Xo To f(x) Sev uropel va elvan
TOVTOYEOVA KOVTA Kol GTo f(xp—) kol GTo f(xp+), 1godvvaua ya € < |f(xo+) — f(xo—)|/2 dev
vTtdEyel x dote | f(x) — f(xo—)| < € rkaw [f(x) = f(x0+)| < € (yrati;).

HHoedderyua 8.1. Me tov 0Qoud Touv ogiov va deuxbel ot
lim V1+x%2 =1.
x—0

"EGto € > 0, 161 vItoAoyitouue

(Vi+ 2 —1)(Vi+a2+1)

Vi+x2-1|=
| | Vi+x2+1
B 1+x2-1
VI+x2+1
2
<

X
7"
Katd cuvémewa av x2/2 < e, godvvaua |x] < V2e, 1o1E |\/1+x2 - 1| < €, ETMOUEVDG

eTAéyovtag 0 = V2e €xouvue 6L av |x| < &, TOTE | V1+ x2- 1| < € Tov glval To ¢nTovyevo.

‘Ot KAl 6Ty TERITMTOON TV OKOAOVOLOV Yyl TOV VITOAOYLGUO €vOS oplov Sev yenouo-
JToloUUE TTAVTO TOV OQLOUG.

INoeddeyua 8.2. Na vmroAoyigBel To 6o

s |
lim .
-l x—1
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To kAdouo 6To gntovuevo 6pLo yedpetal

-1 (x-Dx+1)

x—1 x—1

Kotd guvéTtela ylo x # 1 elvan
2

~1
Y _(x+1),
x—1

ETOUEVHOS ATTS TOV 0QLGUS TOov oplov €areTal OTL

R
lim
x—1l X —

— lim(x+1) = 2.
x—1

Hoedderyna 8.3. YmoAoyitovue to 6QLo

N e I
lim ——.

x—0 X

EvSiopepouooTte ylo Tnv GUUTTEQLPOEA TOU TINAIKOU Yyl X KOVTA GTO uUndév, €TGL yo
—l<x<leivarl—x>0row 1+ x>0, omwdte

L+ =[l-a 1+x-(1- 2
L+ -1—x 1+x-( x):_xzz, 0<|x<1
X

X X

KOATA GUVETTELOL
s |
lim —M— =

x—0 X

2.

Oewenua 8.1 (ISitotnteg 0plwv). EGTtw 0Tl 01 GUVAQRTHGELS f KAl g €lval OpLGUEVES GE
kdbOe onueio evog SLaGTHULATOS YUR® AITO £va GNUELO X, EKTOS [OWS QIO TO Xo KAl EGTW
o1l

lim f(x)=A kar lim g(x) = B

XX X—X0

T0TE
(1) Lim (Af(x) + ug(x)) = A lim f(x) +u lim g(x) = AA + uB, yia A, u € R.
X— X0 X=X X—X0

@) lim (f(x)g(x) = (lim f(0)(lim g() = AB.

(L) im0 _4 g

3) lim S =2,
lim,, g(v) B

X—X0

(4) lim (f(x))" = A", yia kdBe @uoiké aplbud n.
xX— X0

(3) lim +/f(x) = VA, vité tnv mpovmdéheon 6 o VA opiterar.
X—X0

Agtébeién. Amtodeikviouue 1o (3) Ko a@rvovue To VITOAOLTTO WS AOKNoN. XUUE®VO UE TOV
oQLoud yioo docuévo € > 0 pdyvouue 6 > 0, date av |[x — xp| < 6, ToTE

ﬁﬁ_q<

8.1
gx) B ®D
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H 8.1) Yo mrporkvypel GuVvOETOVTAC EKTIUAGELS TTOU TTEOKVUTTTOUV aIld Ty VITAQEn Twv 0Qlwv
f(x) = A kv f(x) > B rabidg x = x9. ‘Etor yia € > 0, swov €€aptdton agmd 1o € ko da
TTe00810QlcoVUE aQEYOTEQA, AT TNV UTIAQREN TV 0QlKV TTOU ovaeégaue vItdexouv 61 > 0, Kot

02 > 0 wate

1f(0) — A < % omoteEdhToTE 0 < |x — X0| < 61,

E/
lg(x) — B| < 2 omotednmote 0 < |x — xp| < 9.

Tote, agevog yia |x — xo| < d2, emmAéyovtac apykd € < |B|, éxovue |g(x) — B| < |B|/2, omdte

|B|

lg(x)| = 1g(x) = B+ Bl > |B| - |g(x) — Bl > ) (8.2)
KOl OQETEQOV Yo 0 < min{dy, b2} €xovue
f@ f_x‘ _|Bf() - Ag()
gx) B Bg(x)
_|Bf(x)—AB + AB — Ag(x)
- Bg(x)
<|BU™) —A4) N ‘A(g(X)—b)
1 Bg(y) Bg(x)
|f(x) — Al Al
= -b
gl iBlgcol 8 77
< %lf(x) —Al+ %Ig(x) — b (agté Tnv (8.2))
< (3 + M)E—, (aTtd Ty gmAOYR Tov 0)
|Bl  |B?/2
_(MLim,
|BJ?

agt’ 6Iov Pétovtag Tov eTmITAéoV TEQLOELOUd € < €|B%/(|A| + |B) JreokvmTel n (8.1). Katd

ouvéTtela apkel va mdoouue

elB* }
Al +1Bl)

Emedn to € > 0 elvan avbaipeta wked, uiropel amd tnv apxn va emideyel va elvon € < 1, omtdte
otn mepimtwon avth € B|?/(|A] +|B|) < |B|, katd cuvémela malpvouue € = €lB*/(|A| + |B]). O

€ = min{lBI,

Oewonua 8.2 (Kertngro tng stageupoing). ‘Ectw 61t ot guvaptiacels f, g kot h gival
0plouéves Ge kabe anueio evoc SLAGTHUATOS YUR®W AITTO €va GHUELD Xo, EKTOS [GWS AITTO
T0 X Kot €0t OTL f(x) < h(x) < g(x) yia kdbe x. Edav

lim f(x) = lim g(x) = L

X— X0

T07e lim,,», h(x) = L.

Agmodeign. Agnvetal cav doknon. |

IIebétaon 8.1.
lim sinx = 0.

x—0
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Agmodeign. Ao tnv (7.19)

| sin x| < |x], x€R,

émretal OTL yuo KAOe € > 0 eTMAEYOVTAS d = € TO NTOVUEVO ETTETAL AT TOV 0QLGUG TOV oQlov. O

Iégwoua 8.1.

limcosx =1.

x—0

2

Améeign. A6 n oyéon cos? x + sin® x = 1 kaw yio. ¥ Kovid 6To 0 TTalpVOUUE, EQOQUOCOVTAS

TS WidTNnTEG TOUV 0PlOV

lim cos®

x—0

x = lim(1 - sin? x)
x—0

=1-limsin%x

x—0
. . 2
=1-(limsinx)” =1
x—0
agté tnv I[Hedtaon 8.1. "Etou limy—gcos x = £1, kar teAwd limy—gcosx = 1, apod yia x kovtd
oTo undév eivar cos x > 0. m|

Iogatnignon 8.2. Ewedn sin0 = 0 kaw cos0 = 1, amwd tnv Ilpdtacn 8.1 kor to IIdpicua 8.1,

€yovue
limsinx =sin0 =0
x—0
limcosx =cos0 = 1.
x—0

Telo YOEAKTNELGTIKA 6L

Ta 6pua mov Tepuéyovtar ota IHapadelyuata 8.4, 8.5 kar 8.6 elvar yoQAKTNELOTIKA Kol Ja

@avoUV L8LOUTEQO XENGULO GTO ETTOUEVO KEPAAMLO.

IHoeddeyua 8.4. Asiyvouue 61U

sin x
lim — =1.
x—0 X
Eavayedeovtag thv avigotnta (7.17)
sin x 1
cosx < — < , xe(-n/2,0)U (0,7/2)
X cOos X

To II6popa 8.1, egacpalitet 6Tt To 6QLo (sinx)/x kabwdg x — 0 VIWAEXEL KAL ATTO TO
Oepnua 8.2 értetal 6TL TO QLo avtd elvan iGo ue 1.

Haeatngnon 8.3. To asmotéAecua Tov Iapadelypatog 8.4 pog Adel 4Tl yia x KOVTd GTo Undév
n A sinx efvor TepiTtov {on ue x kol yedeouvue sinx = x ywa |[x] wked. ‘Etor yia tétowa
x elvon xsinx ~ x%, yeyovég Tov amekoviceTal 6To Tyfua 7.29 67mov yio € > 0 Kol wiKked n
xSin X GUUITEQLPEQEETAL WG TV TTAEABOAML ¥ = X% GTO (=€, €), Kou Sev Uoldiel amAd ue tnv sin x

“eyRA®PLoUEVI” LETAEY TV eVBELOV ¥y = X KOl y = —X.
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Hoedderyua 8.5. Agigte o1
. cosx—1
lim —— = 0.

x—0 X

TNao x kovtd gto 0 to cosx elvar kovtd GTo 1, éTGL ypdpovtag

cosx—1 (cosx—1)(cosx+1) cos?x—1 sin® x sinx sinx

X x(cosx +1) _x(cosx+1)__x(cosx+1):_ x cosx+1

KOl 0oV Ta 6pla Twv dVo KAAGULAT®V GTo de&l uéAog vItdeyovv, Taipvouue

. cosx—1 . sinx sin x 0
lim ——— = -lim lim =-1-=0.
x—0 X -0 x x-0cosx+1 2
Aoknon 8.1. Na vroAoyiaBel (av avtd vitdeyel) To 6QLo
.osin(x—1D)+(x-1)
lim .
x—1 x2 -1
MNoeddeyua 8.6. Aeiyvouue 6L
X
-1
lim &= =1.
-0 X
BHMA I. Amodeikviouue 6TL
lim n(e'” 1) = 1. 8.3)
n—o00

A1té ta Ioagadelyuata 3.7, 5.8 ko Tn GUYRMGN TV GXETIKWY OKOAOVOLOV £TeTal 4Tl

(1 + %)n <e< (1 + %)HH 8.4)

1/n 1/(n+1)

yia kdbe n € N, am’ édmov émetan ot 1 < n(e’" — 1) kot e —1 < 1/n, 16odvvaya

+1
L<n@™ =1 ka (o +1)E@D 1< 222
n

KATA GUVETTELOL
n

1<nE/"=1) < n>1, (8.5)

n—1
agt’ 6TTov TALEVOVTOS Ta GYETIKA QLo €rtetan n (8.3).
BuMA 2. Twa 0 < x < 1, av n, = [1/x] elvan T0 aképaro uépog tov 1/x, katd cuvémela

ne <1l/x <n,+1, téte
el/(nx+1) -1 - e —1 el/nx -1

X X X

e -1

+ 1 1/(nx+l) _ 1 <
(ny + 1)x(nx e )< X NX

agt’ éTTov Taigvovtag To 6plo KaBws x — 0+, emeldn

1 +1 1
1S—<nx KOl Mx < <1,
NyX Ny ne+1  (ny+Dx
Bolokouue
.oefr-1
lim =1

x—0+ X
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Ynuerdvouue 4Tl agtd tnv (8.5) ue avdloyo TedTI0 £tETal OTL

lim ' = 1. 8.6)

x—0+

Av topa —1 < x < 0, 9étovtag y = —x €youvue

-1 e7-1 _yl—ey 1 -1
=e = —
x -y -y ey

s 0<y<l],

omdte amd tnv (8.6), Tig 18LOTNTES TV 0QlWV KOl TNV VITOQREN TOL ATtd T SeEld TTAEVQEL-
KOV 0oV £IreTal GTL Kal TO ATtd TO 0ELOTEQRN TTAEVEIKG GELO VITAQXEL KO
e’ —1 ! 1e-1

lim = lim —
x—0- X y—0+ e y

1
s=2]
1

YUVETI®OS O LGYVELGULOS Yol Ty VITOQEN Kol TV Tun Tou oplov emifeBordveTal.

Agtelpa 6QLaL Kol 6QL0L GTO AITELQO

Ac Yewpricouye TIC GUVOQTAGELS
1 1 1
[0== )= ——  fa)=tanx.
X (x=1
Iogatngovue GTL Yo TIC GUVOQTAGELS QUTES Ja UITTOROVGOUE VA YEAAWOUUE, YEVIKEVOVTAS TOV
oQLGuod Tov oplov,
lim fi(x) = +oco, lim fi(x) = —o0,
x—0+ x—0—
a@ov n fi avgdvel aTeQLOQLOTA KAONS To X TEoGeyyitel To undév amd ta Segld, ue avdioyn
GUUTTEQELPOEA Yia Tnv | fi| KABDS To x TTEOGeYYigeL To undév aTd Ta aQLateQd,

lim fo(x) = +oo0,
x—1

a@ov n fy AVEAveL ATTEELOELGTA KOOMS TO X TTEOGEYYITEL TO €va, Kol
) g
lim f3(x) = 7,
X—+00 2
a@ov KABDS To x avEdvel aepléploTa n f3(x) TEoceyyitel tnv Twi /2. Miopovue eTtiong vo
yedouue
lim fi(x) =0, lim fo(x) =0
X—+00 X—=+00

(yroti;).

Oqioudg 8.2. 'Egtm 6T n guvdptnon f oplceton e kdBe onueio evég SlagTARLATOS YyURM
aItd €va onuelo xg, ekTéS (6ws amd TO Xo.

(1) Oa Aéue 6TL n f AITOKAIVEL GTO +00 KAODGS TO X TElVEL GTO X KL YRdpouue
lim f(x) = +o0
X—X0

av yio kdbe A > 0 vTtdeyel 6 > 0 wate

fx)>A omotednmote 0 < |x — xp| < 0.
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(2) Ba Aéue 6T n f AITOKAIVEL GTO —o0 KOOMS TO X TE(VEL GTO X Kol Yed@ouue

lim f(x) = —o0

X— X0

av yla kdbe A > 0 vrtdeyel 0 > 0 date

fx)<-A omotednmote 0 < |x — xo| < 4.

Kottdgovtog tn cuuttepupod wag cuvdetnong yio avbaipeto ueydieg Tiwég tov x|, SnAadn

Yo x — £00, £xouue

O@woudg 8.3. 'Eatm o1l n guvdptnon f opltetal oe KATAAANAO AITELQO SLAGTNUAL.
(1) Tedpouue
lim f(x)=1L

X—+00

av yio kabe € > 0 vrdgyer A > 0 date

lf(x)— Ll <€ omotednmote x> A.

(2) Tedpouue
lim f(x)=L
X——00

av yio kabe € > 0 vmdpyelt A > 0 wate

If(x)— Ll <€ oToTEONTIOTE X < —A.

IMoaeddeyua 8.7. I'vwpltovtag 6T
1 n
lim (1 + —) =e
n—oo n

ue n € N, delgte 6T

X
lim (1 + —) =e.
X—+00 X
Ed® uac evliapépel n cuuIteppoed tng guvdeinong
X

x>0

=1+

KOOGS x — +oo. T x > 0 av n, elvar To axéparo uéQog touv x, dnAadn n, € N ko
ne < x <ny+1, 16te

1+

1 1
<1+-<1+—
ny+1 X Ny

nx Ny X X ny+1
(1+ ! ) §(1+1) s(1+1) §(1+i) 5(1+i) .
ny+1 X X Ny ny

"E1Gl taigvouue

oTTOTE
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Kabwog ny — oo (lgodvvayo x — o) ta §Vo drea tng aviedtntag teivouv 6To e, Katd
GUVETTELDL KO N evBldueon TToGOTNTO GUYKALVEL GTO (810 QLo KABMS X — oo.

Hoedderypa 8.8. Na viroAoyiabel To 6Lo

lim (Vx +a—- Vx), a>0.

X—+00

Todpovtag

Vita+ v T Vrra+t Vi Vira+ s

KO TTOQATNEWVTAS OTL O TLAQROVOUAGTAGS GTny Tedevtala ékppacn telvel GTo +0o RABMOG

g wre LETe WHNETES ) | sda—x

X — +00 ekTWAUE OTL TO {nTovuevo Oplo TEéTel va elvar (go pe undév. Ilpdyuatt yia

€ > 0 €xovue

a

0<Va+a-+a= Vx+a+x/§s2\/5

< > ( - )2
€ wx>(—],

Y 3
ETTOUEVOG

lim (Vx+a— V¥ = lim 0.
X—+00

a
xoteo \fxta+ VX

Acknon 8.2. Na vrmoAoyicBel to 6gLo

lim (Vx2 4+ x—1-x).

X—+00
Acknon 8.3. Na vmoAoyigBel o 6pLo0

. X'+a
lim ——,
x—+00 XM + b

6mov n kow m elval PUGIKOL AELBLOT KoL a KoL b TTEAYUATIKOL.

AcVutmteg gvbeieg

Opwouds 8.4. 'Egtw 6T n guvdptnon f opitetor ge kdBe onuelo evog SlaGTARLATOS
yUpw aitd €va cnuelo xp, ekTOS (6ws agtd To xp. Oa Adue 6Tl n evbela x = xp elvan
KOTOKOQUEN OGUUITTTOTN GTN YROPIKA TtapdoTacn tng f edv woxvel TouAdyiaTov éva
aTté TO TOROKAT®

lim f(x) = +oo, lim f(x) = +oo, lim f(x) = —oo, lim f(x) = —oo,
X—Xo+ X—>X0— X—Xo+ X—>X0—

Opwoudg 8.5. Oa Aéue 6L n gvbeia y = L elval 0QLgovTIOL OGUUTTOTN GTN YQOMKI

TapdoTacn tng cuvdetnong f edv

lim f)=L A&  lim f()=L

X—+00

Tevikdtepa n evbeia £(x) = ax+b Yo Aéyeton acOuIT®TN VOl GTN YRAPIKA TTaRdGTOGN
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Tng cuvdptnong f edv

lim 1f(x) -{)[=0 1 lim |f(x) = £(x)] = 0.

8.2 Xvuvéyeia cuvaQINGE®V

TNo T cuvapTicelg
9 2 ox#1,
filx) = X7, fa(x) =
x=1,
eldape 6Tl Ta 6pla kaw Twv Vo kaBwS x — 1 vitdpyouv ko elvor (o ue €va aAAd Stapépouv
GTO 0Tl

lim A(x) = i) eved  lim fo(x) # fo(1).

Oplouds 8.6. 'Eotw 611 n cuvdgrtnon f opiteton oe KAITOl0 SidoTnua yoe® aItd To Xo.
H f Aéyeton cuveyng Gto xo av

Iim 7(x) = AR

H cuvéyela wag cuvdptnong f oe onueio xg meoUTodéTel 0Tl n T f(xp) vITdEXeL, To OELo
lim,_,y, f(x) vItdEyel, kKo eTmITALOV OTL lim,, ,, f(x) = f(xp).
Emtedn lim,_,, X = Xo, GYMUOTIKA LITOQOVUE VO YRAPOUUE

lim f(x) = f(lim x),

eTLITALOV 1GYVEL

lim f(x) = lim f(xo + h).
X—X0 h—0

Oorouo6g 8.7. 'Eatmw 6Tl n guvdetnon f oplteton Ge kATTOW SdGTnUo TTOV TEQLEXEL TO
x0. H f Aéyetar cuveyng aitd aQleteQd GTo xo v

lim f(x) = f(xo0),
X—Xx0—
SnAadn f(xo—) = f(xp). H f Aéyeton cuveync astd d€€d GTo xo av
lim f(x) = f(xo),
X—X0+

SnAadn f(xo+) = f(xp).

Opioudg 8.8 (Xvuvéyerta oe didoTnua). Mia guvdptnon f Aéyetan guveyig e €va did-
otnuo av elvar cuveyng oe 6Aa ta onuelo Tov Sractiwatos. Ewikd n f eivar cuvexng
0TO KAELGTO Kal @eoyuévo Sidotnua [a, b] av n f eivar cuvexng oe kGbs onueio x € (a, b)
ko emitAéov f(a+) = f(a) kou f(b—) = f(b).
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Hapeddetyna 8.9. Kd&be yoauwxn cuvdptnon f(x) = ax + b eivar cuveyng ato R.

‘Ecto x9 € R. Amé tov ogiaud Tou oplov €yovue

lim f(x) = lim(ax+ b) =a lim x+ b = axy + b = f(xo)
X—X0 X—X(

X— X

YEYOVOG TTOU QITOSELKVVEL TO CNTOVUEVO.

Haedderyua 8.10. H cuvdptnon f(x) = x" elvar cuvexnc 1o R yia kdbe n € N ko n

n

ouvdptnon f(x) = x™" elvaw cuveyng ato R \ {0} yia kéBe n € N.

To astotéAecua elvar guvémela Tov W8LOTATOV Tewv oplwv. Ta mwapdderyua yia xp € R
row 1 = 2, elvar

lim x? = (lim x)(lim x) = xoxo = x%,
X—X0 X—X0 X=X

evo ylo n = 3, éyouue

lim x* = (lim x)(lim x*) = xpx3 = x;,
X—X0 X— X0 X—X0

KOL Lo YEVIKG 1 gpyacopacte emmaynywd. To xo # 0 kow n € N €xovue agtd 1o mwEOTO

uéQog .
1 lim,_, 1

1
1m SET . Vil A
xoxo x limy, X xg

Jrovu elvarl 4,11 JéAovue va delEouye.

Ta onuela oTo oTtola wa cuvdeTnon Sev elvol Guvexng AEyovial onUeion AGVVEYELOS TG
oUVAQETNONG KOL N GUVAQRTNGON ASyeTOL IGVVEYRS GTA onuelo ovTd.

Haeatngnon 8.4. Acg §ovue T onualivel 4L wo guvdptnon dev elvan cuveyng oe onueio. "Eatw
Xo éva tétolo onyuelo, Tdte GUUEP®VA e Tov opaud elte to f(xp) dev opltetal, lte eved oplgeTon
VTTdEYEL £vag, TOVAGYLGTOV, TEOTTOS OTTOV EVM TO X TTROGEYYILEL To onueio xg n elkdva f(x) Sev
mooeyyigel To f(xp). looduvaua da vitdeyer wa akolovbia cnuelwv (x,),”; ue X, — xo, AAAG

J(xn) = f(xo).

"Evag 1608UvolLog opleuds Tng Guvéxelag etvon

Opiouds 8.9. 'Eotw 6TL n cuvdgtnon f opiteton oe kATTolo Stdotnua yoe® aItd To Xo.
H f Aéyeton cuveyng ato xg av yio kdbs € > 0 vrtdpyel 6 > 0 (to oTrolo efapTdTar aTtd

TO € KO TO X(), WOTE

av |x—xpl <9, TotE |f(%)— f(X0)] < €.

To agtotéAecua tng Ipétacne 8.1 kaw tov IMopiouatog 8.1 givat, ovGLAGTIKA, GTL OL GUVOQ-
TAGELS sin ko cos elvan guvexeic 6to x = 0, PAErre kou ITagatrignon 8.2. Xtn guvéyela delyvouue
OTL Ol GUVOQTAGELS AVTES elval TTavtoy cuveyelg.



TYNEXEIA TYNAPTHZEQN 137

Moaedderypa 8.11. Aelyvouue 4Tl oL GUVAQRTAGELS sin Kal cos elvar cuveyels 6to R.

"Eotw x € R ko €0t € > 0. Aeglyvouue 6tL vidpxer 6 > 0 wote
av |x—yl <6, Tbéte |sinx-—siny| < e.

ATté Tnv TEIYWVOUETEIKNA TOUTOTNTA

. . xX+y . x-—
sinx — siny = 2 cos v sin U
2 2
Traipvouue
. . X+ . X . X
| sin x — siny| = 2| cos Y sin zy‘SZ sin <|x—-yl

agtd tnv (7.19). ’ETou yia 6 = € €youue
|sinx —siny| < |x—y| < d = ¢,

Jtou efvan 6,1t YéAovue va detgovue. To astotéAecua yio Tn GUVAETNGN COS TTEOKUVITTEL
ue avdiAoyo TeOTTo aIrd Ty aviicToln TauTdTNTo

Ty

X . XYy
COS X —Ccosy = —25sin sin .

Iopatngovue 4Tl n €IMAOYN TOV §, TOGO Yo TRV Sin OGO Kl Yio Ty cos, elval avegdotnin
TOU X KOl €50QTATOL WOVO OITO TO €.

Mapddetyua 8.12. EGv a > 0 Seiyvouue 611 n cuvdptnon a* elvar cuveyrig oto R.
BHMA 1. Aglyvouue 6Tl n a* elvan uveyrig ato 0. Aglyvouue dnAadrt 4TL

lir% a' =1 (Ve> 0)36 > 0) dote av |x] < F, téte [a* — 1| < e.
X—

Av a =1 10 cuuttépacua exvel. ‘Ectw a > 1. "Ectw € > 0, kow éotw x — 0. Emedn
fa — 1 ko 1/1fa — 1, kabdg n — oo vitdeyel k € N dote

1
l-e<—<Va<l+e
fa

"Etol v

aItd Tn povotovia Tng a* €mweton 4Tl

1/k

l-e<aV<ag*<ad*<1+e

v kdBe |x| < 1/k, woodVvapa |a* — 1] < €, yia kdBe |x| < §, 6mwov 6 = 1/k 7oL €lvar TO
ovurtépacua yiao a > 1. Av 0 < a < 1 epapudtovie To TTEONYOVUEVO OTTOTEAEGUO GTO
1/a > 1, é16L amd Tic WidTnteg Twv duvduewv TOlEvouue

1\* 1 ,
(—) =— 51, robg x — 0
a a*
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agt’ 6Ttov €TETOL OTL TO GQELO TOU TOQROVOUAGTA VITAQXEL kot elvan (Go pe 1.
BHMA 2. Aelyvouue 6Tl n a* elvan cuveyng sovtov. 'Ecto xg € R kot €6Ttw x — X, TOTE
agtd Tig WoTNTES Twv Suvduenv KAl TV opiwv Ttalipvouue

lim ¢* = lim (¢* *°a™) = (lim a* ™)(lim a™) = 1a™ = a™
XX xX— X0 xX— X0 X— X0

aIté To TEMOTO Prua, TTov £lval TO TNTOVUEVO.

Oewenua 8.3. Edv ot cuvaptricels f kol g gival GUveXelS GTO GRUELD Xg, TOTE OL
(1) Af(x) + pg(x) ya A, p € R

(2) f(0)g(x) ka

3) @, av g(xg) #0
8(x)

gival GUVEYEIS GTO X.

Amébeién. Agpnvetalr cov AoKNoN. |

Oeoonua 8.4. Ectw 61t n guvbean f o g opicetal. Edv n g eivar Guveyng 6to xo kai n f
glval GuveYHs GTo yo = g(xp), TOTE N f 0 g glval GUVEYIG GTO Xy.

Amodeign. 'Ecto x — Xg, Kol €0Tw Y = g(X), TOTE QITO TN GUVEXELD TNG g GTO X £XOVUE
lim g(x) = g(xo0) = yo
X—X0
KoL aTto T guvéxela g f 6to yo = g(xg) €xouvue
lim f(y) = f(vo)
y=Yo
doa ko v y = g(x) = yo = g(xo)
xlgf}(, f(g(x) = f(g(x0)) = )}Lrg)(f 0 8)(x) = (f o g)(x0).
O

Ytn guvéyelo xdowv TAnedtntag soabiétovue €va deodpnuo gtnv amddelEn tov oTtolov
YXENGLLOTTOLELTOL WO YOQAKTNELGTIKA WOOTNTNTA TWV GUVEXDV GUVAQTAGE®V, AUTA Tng eviid-
ueong twng. Tnv wBdtnta avti asodekviouue agtnv Ilopdyeago 8.3 kol tnv amddelen tou
Ozwpenpatog 8.5 divovue gtnv Iapdypapo 8.4.

Oewenua 8.5. Edv n cuvdptnon f : I — R, émov I givar didotnua, eivar éva-mpog-éva
cuveyric ouvdptnon, Téte n ! eivan emiong cuveyric cuvdptnon.

Yuykevtpovovtag T amotedéouata tov IHapaderyudtov 8.9, 8.10, 8.11, 8.12, ko edikevo-
VTag T cuuItepdouata Tov Oswonudtov 8.3 kot 8.5, éyouue To
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Oewonua 8.6. Ot TAPAKATW GUVAQPTHGELS EIVAL GUVEXELS
(1) O wolvwvuuikés cuvaptricels 6to R.
(2) O TpywvoueTpikées sin kat cos oo R.
(38) O exbetikég a*, a > 0 aro R.
(4) O1 pntég exTO6 QIO TA chueia UNGEVIGUOD TOV TTAQOVOUNGTH.

(5) Ot TprywvoueTikés tan kat sec oe kdbe didatnua (kn — /2, kn + /2), k € Z. Ou cot
Kot csc ge kdbe didatnua (kr, (k + Or), k € Z.

(6) Oupitec {fx, n € N oto R av o n givar wepittdg, kKat o [0, +00) av o n eivar deTLog.

(7) O Aoyapibuixés log, x, a > 0 oo (0, +00).

1

(8) O avtioTpopec TolywvoueTEkés sin~! kar cos™ oro Sidornua [-1,1], kai tan™" oTo

R.

IMapdderyua 8.13. Oswpovue Tn guvdetnon

XA x#0

fx) = \
X
(@) Efetdote wg TEOG TN GUVEXELD Ty f.

() Etetdote av n f uwoeel va oglotel 6to x = 0 daote va elvar guvexng oto R.

(@) To medlo opiouov tng f eivaw to D(f) = R \ {0}. Hagatnpovue 1L

x<0 f(x)=

kotd cuvéttela n f elvar cuvexng wg agtabeprn guvdpinon ¢to (—oo,0) 6TWS KOl GTO
(0, +00).

(®) Emedn ta mievpikd 6gia gto x = 0 elvar Stapoeetikd yetagy Toug, dnAadn
lim f(x)=2# lim f(x)=0
x—0- x—0+

T0 6pLo Tng f kaBDg x — 0 dev vIdyel, KATA GuvéTelo n Sev umopel va oplatel GTo
x = 0 dote va elval guveyng exel.

MMoapedderyua 8.14. Na ggetactel yia wold T Tov r, ov VITdEXEL TETOL, N GUVAEQRTNGN

1
xsin— x#0,
fo=1"""x

r x=0,
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elvar guveyng.

H f, opltetar oe oAdkAnpo 1o R. Tw x # O n sin)lc elvar cuveyng wg cvvBeon Twv

’ , . 1 7 7 ,. 2
GUVEXWV GUVOQTAGE®V SiN X KO ¢, ETTOUEVWS KOL N f G YIVOUEVO GUVEX®V GUVOQTAGE®MV
elvar ouvvexng oto R~ {0}. EmaAéov yia x # 0 elvon

< |x|

/(0 =

.1
xsin —
X

a@o? [sint] <1Vt e R. 'Etol yia x # 0 €xouvue
—x < fr(x) < x = lim f(x) =
x—0

‘E1Gu n f; yivetan cuvexng oto R yia r = lim,_,¢ f(x) =0

y = fox)

05 T

__020

\ A’W’ r\vv

Yynua 8.2: H cuvdptnon fu(x) = xsin(1/x), x # 0 kow f5(0) =0

To Xynua 8.2 mepiéyel Tn ypa@eikn smapdotacn tng f(x) ywo r = 0 ko @aivetoar 6T
limy .0 = 1. Ag g€eTdoovue av avtd eivar cwatd. Iaipvouue

) 1 o1 . sint ; 1
Iim xsin— =lim-sint = lim — =1, (oﬁovt=—)
X

X—=+00 X t—0 t t—0 f

agté 1o yvwotdé TAfov 6glo. Kotd cuvértela n ouutiegupoed tng fy KaBdg x — +oo
07O oynpo agtodidetar owaTd, SnAadn n gvbela y = 1 elval 0QLIGvVTIOL AGUUTTTOTN TNG
fo- Tapatnpnote emiong tn GUUITEQLPOQEA TnS fo yVew attdé To x = 0 6Tov e KAOe
TéT0l0 SLdoTNUO N GUVAQETNGN EUPOVITEL ATTELRES PORES TO TIANQEES TIEOPIA TOUL NUITGVOU
eYKAOPBLoUEVOL UETAEY TV eVBelwV y = *X.
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Acknon 8.4. Av n f elvor wo TTEAyUOTIKA cuvdpTnon n cuvdptnon amdéivtn T |f] oplteTon
ue t oxgan |f|(x) = |f(x)l.

(@) Av n f elvar cuveyng oe kdgowo Sidotnua [a, b], amodelEte oL ko n |f] elvon Guvexng
ag1o [a, b].

®) Etetdote av woyvel 1o avTiGTEoQo.

Yvuvéyxeta ko akoAovBieg

Av n cuvdgtnon f elval cuveyng ce kAol Sidotnua To 0ITo{o TEQEXEL TO Xg KOL X — Xy,
w61 f(x) = f(x0), KATA GUVETELD €YOUUE TO ELNG ATTOTEAEGUA TIOU APOQEd GTIS akoAlovbiec:
Av n f eivar cuveyric oo [a, b] kat (x,) eivar uia axkolovdia cnuciowv tov [a, b) ue x, — xg, T0TE
f(xn) = f(x0), kaBws n — oo. Ioxvel duwe KoL To AvTiGTEOPO.

IMpotaon 8.2. H cuvdptnon f : D(f) — R eivar cuveyric oto xog € D(f) av kat uévov av
yia kdbe axkodovdia (x,) onueiwv Tov D(f) ue x, — xo émetar 0Tt f(x,) — f(xo), 6ndadn n

arxodovBia (f(x,)) cuykiiver gTo f(xgp).

Amodeién. (1) 'Ectw 6L n f elvaw cuvexng oto xo € D(f) kow €6tw 6L n akolouvBia (x,)
onpeiwv Tov D(f) cuykAivel 6to xg. Aglyvouue 0Tl f(x,) — f(xp). Av € > 0 azd Tn cuvéyeln
g f a1o xo €meTan OTL vdexer & > 0 date av |x — xg| <, TétE |f(Xx) — f(x0)| < €. Emedn
Xp — xo vrdexer N € N ddate |x, — x| <0 ywa n > N, duwg tote da eltvan ko |f(x,) — f(x)l < €
yia n > N, wodvvapa f(x,) — f(xop).

(2) Aelyvouue 611 av yia kdbe axoAouvbia (x,) oto D(f) ue x, — xo émetar ot f(x,) —
f(x0), Té1e N f elvon cuveyng oto xo. Afvouye tnv aziddelen pe tnv €1 GTOTo aItoywyn. Ag
vTtobécouye AOLTTOv GTL n f Sev elval GUVEXNS GTO Xp, TOTE VITAEYEL € > 0 WaTe Yo KABe 6 > 0
VTTAQEYEL X5 UE |Xs — Xo| < & aAAd |f(xs) — f(x0)| = €. "Etol yio kdbe n € N vitdeyel x, € D(f)
ue |x, — xo| < 1/n adAG |f(x,) — f(x0)] = €. "ETtol n axolovbia (x,;) cuykAivel uev 6to xg OAAG
n (f(x,)) dev cuykAiver 6to f(xp). To amwotéAecua avtd avtikertal gtny vitédecn, eivol ATOTTO
KOl KOTaMiEapue oe dtotto yiati vitofécaue 6L n f dev elivon cuvexnc oto x9. Katd cuvémela
elvar kol n amddeien efvan TARENG. m]

IMoaeddeypa 8.15. Aelyvouue dt yio x € R
n
lim(l + f) = ",
n— oo n

To amotéAecua woxvel yia x = 0. Tw x > 0 Yétovue ¢, = n/x, omoTE ¢, — +00 KABWDC

(oo sf =l 3T =l 3) T

agtd Tn cuvéxelo Tng ekBETIKNG GuvdETnong Kol To amotéleoua Tov Iapadeiyuatog 8.7

n — oo. "Etol ypdgovtag

JTalEVOVTOS TO OQLO 1 — 00 €XOUUE

n 2qx 1 \In1*
1im(1+f) = lim (1+f) ] :[1im(1+—) ] = ¢,
n—oo n n—o0 n tp—00 1,

n
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Mo x < 0 Yétovue x = —1, ue t > 0 kou ypdpouue yia n > ¢
iz t\" —r\" 1 1 1
o3 -3 - s
n n n ( t < t
+
YuveTtog déTovtag t, = n/t — 1 €govue

SIS S

Emeidn f, = +o0o RaB®OG n — 0o, dTTwg GTO TEONYyovuevo Prpa €xovue

n 1\ 7% 1\1*
lim(1+ ’-‘) - [lim(1+—) ] lim(1+—)] = o
n—oo n tp—00 th 1 —00 tn

Ioeddeyua 8.16. Na Beebel to 6010 Tng aroiovbiog

nlog(1+ n=12,3,... aeR.

T
2n+1/

TodpoTtag

a n a n 2n+1
log(1 - 91 + 1) log(1 A kel
”Og(+2n+1) 2n+1(n+)0g(+2n+1) 2n+10g(+2n+1)

ko eqteldn (PAEme Iopddeyua 8.15)

2n+1 ). n 1
I (1 + ) _ I _ -
i\ T om 1 e KA 1l 2

agtd n cuvéyeto tng log x yia x > 0, €yovue

a n 1 2n+1
lim nlog(1+ 5% ) = (Jim 5% )(tim tog(1+ 5= )
n1—>nolon o8 +2n+1 nl—>nol<>2n+1 nl—>nolo 08 +2n+1
n 1 2n+1
= (lim )log( lim (1 ; ) )
n—oo 2n + 1 n—oo 2n+1

1 a
=—1 a— _
9 08¢ T35

IMopdderyua 8.17. Na PBeebel to 6010 Tng arolovbiog

n
an:(1+ a ) n=123.... ack
2n +1

Oa uopovcoue vo yedpouue

a 2n+1qn/(2n+1)
0+ 5|
2n+1

KoL va guveyicouye (TTHG;). Paivetor GuUws eukoAGTEQO va Ttdpovue To Aoydeliyo Tng a,
KOl GTN GUVEXELQL va Ttdpovue To 6pLo tng loga,. Amé to Hapddetyua 8.16 xovue 4Tu

_ a
lim loga, = 5

n—oo
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A6 Tn oxfon UeTAED Tng eKOETIKAC KoL TNG AOYAQLOWKAS GUVAQTNONG, KL Th GUVEXELOL

KoL Twv dV0 €rovue

lim a, = lim eloga,, — ellm,HDO loga, _ ea/2

n—o00 n—o0o

8.3 Baocwkd demenuato yio Guveyelc GUVOQTNGELS

Oewonua 8.7. Eav n guvdptnon f eival Guveync ae kAirolo S1AGTRUA YUQ® AITO TO Xo H
ue drkpo to xg kot f(xg) > 0 (1 f(xg) < 0), T0TE VITAE)YEL 6 > 0 WoTe f(x) > 0 M f(x9) < 0)
yia kdabe x € (xg — 6, xo + 0). XTn FEPITTTWON TTOV TO X €vAL AKQO TOV SlacTHUATOS N f
dlatnpel To pocnuo Tov f(xp) e didoThua ThG LOEEIGS [Xxo, Xo + 0), 11 (X — 0, Xo].

Agtobeién. ATtodelkviouue TOV 1OYXLEWOWO 0TV TEQITITOoN 6IToV To Xxp Oev elvan GrEO Kol
A@AVOUUE TIC TIEQUITTOCELS OTTOV TO X €lval dxo Tov SlooTApatog ws doknon. ‘Eotw 6Tt
f(x0) = € > 0. Téte vTdeyel 6 > 0 Oate

av |x—xgl <0, To0Te —€/2 < f(x)— f(x0) < €/2,
KOTd GUVETTELQL VoL |x — Xg| < & elvon
FO) > f(xo) — €/2 = /2> 0,

Jrou elvan 6,11 Yéhapue va delgovpe. H agtddeign yia f(xp) < 0 elvar avdioyn. O

Oewponua 8.8 (Psdponua tng evéidueong Twung). Ectw 6Tt n f eival Guveyric 6To
owaotnua [a, b] kot f(a) # f(b). Av f(a) = A kot f(b) = B kat to C givar avatnpd uetasv
A kai B, t0Te vIrdgyel TovddyieTov €va c € (a, b) dote f(c) = C.

Amodeign. 'Ectw 611 A < C < B. Oewpovue Ta ghvola
S1={x€ela,b]: f(x) <C}, So={x€la,b]: f(x)>C}.

AT6 tnv vTobeon, €xouvue 6Tl a € S kAL b € S, kATA GuvETElD TO S1 KoL So elval un kevd
VTTOGUVOAQ TOU [a, b], oTtdte LTTAEYOLV Gnuela ¢ KAl ¢z TOL [a, b] date

c1=supSy, Kol co = inf Ss.

Eivar mtpo@avég 0Tl ¢ < cg. Aelyvouue 6Tl ¢ = ¢3 = ¢ kaw 6Tt f(c) = C. Ag vmtoBécouue 4Tt
€1 < ¢z, TOTE €1 < (€1 + €2)/2 < 9. Etn WeplmmTwon avtn da mmeémel va woyvel f((c1 + c2)/2) > C,
dpa (c1 + €2)/2 > cg emouévmg ¢1 > ¢z, 16 omolo elval dtoTTo AoV ¢ < ¢3. KatalMEaue oe
dtoTo ywati vIroBécape OTL ¢ < ¢9, KATA cuvémtela da elvan ¢; = ¢g. "EGTw ¢1 = ¢g = ¢, oToTE
a < c <b. Awé Tov 0QLGUS Tou ¢ VITAEXOoUV akolovBies (x1) ko (x2) ue xL € Sy kv x2 € So,

}l — ¢ KO xfl — ¢. Amd ™ ovvéxela tng f émetal OTL f(x},) — f(c) dpa f(c) < C ra

KO X
f(x?) = f(c) doa f(c) = C, xatd cuvémeia f(c) = C. H amédeign étav A > C > B eivar

avdioyn. O

II6pweua 8.2. 'Egtw 011 n f eivar guveyric gto didatnua [a, b] kar f(a)f(b) < 0. Tote vyragyet
Tovddyiatov éva & € (a,b) wate (&) = 0.
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Agmobeign. Ln mepimtowon avti elvar eite f(a) < 0 < f(b), elte f(a) > 0 > f(b), omdte TO
ouuttépacua elvar dueon GUVETTELD TOU BEWENUATOS TS eVBIGUESNS TWNAG. m|

Oeaonua 8.9 (@cwenua tov ctabepov enueiov). Eavn f : [0,1] — [0, 1] eivar cuveyric
T0Te vITdE)eL Xxo € [0,1] dote f(xp) = xo.

Amodeign. Av f(0) = 0 kan f(1) = 1 8ev €éxovue va agtodelgovue kL. "Eatm Aowgtév 6t £(0) > 0
kot f(1) < 1. O@ewpovue tn guvdetnon g(x) = f(x) — x. H g elvan guveyng, wg dtapoed cuvey®v
ouvaptncenv, kat g(0) = f(0) -0 > 0 v g1) = f(1) —1 < 0, dpa arwd o Osdonua Tng
evdldueong TWAS vTTdEYEL Xo € [0, 1] ue g(xg) = 0, wodvvaua f(xg) = xo. ]

Anpupa 8.1. Av n f eivar guveyric 6to agnueio a, Tote vIrdpxel 6 > 0 dote n f va gival ppayuévn
gto diaatnua (a — 6,a + 0), vardgyovv dndadn ctabepésc m kar M, dare m < f(x) < M yia kdbe
xe(a-96,a+9).

Agtébeién. Amé tn cuvéxela tng f 6To a vItdEyel § > 0 hote
av |x—al <9, Tt |f(x) - f(a)l <1,

€toL av x € (a—0d,a+ 0), 161e f(a)—1< f(x) < f(a)+ 1, TOUL €lvarl To ¢nTovuEVO. ]

Oewonua 8.10. Av n f eivar cuveyric gto didotnua [a,b], 16Te givar peayuévn GTo
diaoTnua auto, vItdEyovy 6ndadn crabepés m kor M, dote m < f(x) < M yia kdabe
x € [a, b].

Agtodetén. Ao to Anpuo 8.1 émtetan 6tL n f elvon geayuévn oe kdgtolo Sidatnua [a, a + 61), ue
a+06; <bxa o1 >0.

(i) Oewpovue T0 GUVOAO
A={x:a<x<byue f poayuévn cto [a, x]}.

Téte [a,a + 61)) € A C [a,b], Snhadn to A elvor un kevd kol @EAYUEVO GUVOAO KOTd
GUVETTELO VTTARXEL TO supremum Tov A, €6Tw Aowtdv s = supA. Téte a < s < b.

@it) Aeiyvouue 61t s = b. Ag vmoBécovue 6T s < b, Téd1E VILdEYeL § > 0 WoTe n f va elvan
eeayuévn ato Sidotnua (s—9, s +9). Emeldn s = sup A vmdoyel x* € A ue s—9 < x*. "Etal
n f elvar peayuévn gto [x*, s+ 6/2], dpa s+ /2 € A, Twou elvar dtomo ooV s = sup A.
KataMigaue ge dromo yiatl vtobécaue 6Tl supA < b, dea b = sup A.

(iti) Aelyvouye 6L b € A. Eto (i) Setsaue 6L n f elvar eayuévn ce didatnua [a, b — €] ya
KkA0e € > 0 ko amwd 1o Anypa 8.1 €xovue 6L n f elvar @eayuévn oe kdgtolo StdaTnuo
(b — 89, b], ue 2 > 0, katd cuvémtela n f elvan eeayuévn ato [a, b], doa b € A.

H amoédeen elvan tinpne. m|

Oeoonua 8.11. Egtw 61t n f eivar cguveyric oto didctnua [a,b]. Tote n f sraipver tnv
eAdyloTn KOl TNV UEYIGTN TIUR TG GTO O1dGTRUA AUTO, SnAadn vITdEYoVV Gnueia X1 Ko
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X2 070 [a, b] dote f(x1) < f(x) < f(x9) yia kdbe x € [a, b]. 'pdpovue

fx) = argxigb S, S(x2) = max Sx)

Agrodeién. Edv n f elvan gtabepn ato [a, b] To cuumépacua tov dewpnuatog oyvel. Oempovye
AotV Ty TrepimTwon dttov n f Sev elvan gtabepn. Oftovtag I = [a, b], amd To Oshpnuo
8.10 émeTon 6TL n ewdva (1) elvar EOyWEVO Kol Un Keve GUVOAO KATA GUVETTELD, VTTAQYOUV TO
supremum kot to infinum tov f(I). ‘Eotw B = sup f(I). Aelyvouue 6tL vTtdeyel x2 € I dote
f(x2) = B. Ac vmmoBécouue 6TL f(x) # B yia kdbe x € I. Tote B — f(x) > 0 yia kdBe x € I kow n
guvdtnon

xel

1
g(x) = ———,
B=fx)
elvar ouveyng oto I, dpo kol @eayuévn aird to Oswonua 8.10, erouévmg VITAEYOVV GTAOEQES
0 < my < mg, OGTE

1
m; < ———— < my, xel
B—f(x)

KATA GUVETTELOL ) )
— <B-f)=fx)<B-— Vxel
my my

AvTt dumg efvar dtoTo agpov B = sup f(I). KataAingape oe dtomo yati viwobécaue 6t f(x) # B
ylo kdbe x € I, dpa vwdpxer x3 € I date f(xg) = . H amddegn ywa to infimum eivaw
avdioyn. O

Hagatngnon 8.5. Xvvémewn tov Oswpnudtov 8.8 kow 8.11 elvar 1L n elkéva SlocTALATOS
uéow guveyxovg ouvdptnong elvar didatnua, ewdikdtepa av n guvdeinon f elval Guvexng Gto
Sudotnua [a, b, téte f([a, b)) = [a,B], 6Tov a = inf f([a, b]) kv B = sup f([a, b]).

Hoeadaderyua 8.18 (Ymoapeen tov a@buov V2). Xonaowomowovue to Oewpnyo tng Ev-
Stdueong Twnhg yia va deffovue 6L VTTAEXEL wovadikdg DeTikdg aEluds ¢ wate ¢ = 2.

@cwpovue T cuvdetnen f(x) = x> — 2 n otolo opigetal kot efvar cuveyis 6to R. H f
elvar yvnoilog avgovca 6to [0, +00). Ipdyuatt av xg > x1 > 0, €xovue x9 — x1 > 0 ko

F(x2) = f(x1) = x5 — X2 = (x2 + x1)(x2 — X1) > Xo(x2 — x1) > 0

agtd tny vitéBeon. Emewdn f(1) =1-2 =-1< 0o f(2) =4-2 =2 > 0, amwd 10
Oewonua tng Eviidueong Twng émetan 1L vrtdeyel ¢ € (1,2) dwate f(c) = 0 1 ieodvvaua
¢ = 2, h wodvvaua ¢ = V2. H povadikétnto tov onuelov ¢ £metar ams o yeyoveg 6Tt

n f elvan éva 1EO¢ éva g yvnaimwg wovétovn guvdptnon Gto [0, +oo).

8.3.1 M epaguoyn: H uéBodog tng diyotéuncng

Aelyvouue Tt¢ To amotédecuo UTTaEEng eicags wog eglowong f(x) = 0, Tov IHopicuatog 8.2,
ugtogel va dwaoel ko TEOTO TEOGEYYIoNS Tng pitag. Ymobétouue AowTtdv 6Tl n guvdoinon f
elvar cuvexng oto Sidotnua [a, b] kow 61 f(a)f(b) < 0.
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1. ®étovue agp = a, bg = b vow co = (ag + bo)/2. Av f(co) = 0 n pica evromictnke. Av

f(co) # 0 téte flaop)f(co) < 0, 1t flco)f(bo) < 0, SrapoeeTkd ov f(ao), f(co), f(bo) Ya ftav
oudonuol TTEdyua dtogto agtd Ty vTtdbeon. Ag vtofécouue 6T f(ap)f(co) < 0.

2. ®étouvue a1 = ag, by = co xu ¢ = (a1 + b1)/2. Av f(c;)) = 0 n plta eviorictnke. Av

fe) # 0 wote fla)f(cr) <0, 1 flen)f(b1) < 0, Srapogetikd o f(ar), f(c), f(br) da Atav
oudonuol TTEdyua dtotto amd tnv vitébeon. Ag vitoBécouvue ot f(c1) f(b1) < 0.

3. ®étouvue ay = ¢y, be = by kaw c9 = (as + be)/2 vou emavaiaypdvovue tnv dradikacio.
"E16l TTROKVITTOUV
(1)) Muw axolovbic TEOYUATIK®Y aWBUWY (¢,)), ue a < ¢, < b yia kdbe n € N ra

(il) M akolovBia dtacTnudtnv (In);":l, ue I, = [ay, b,], 6Tt0V éva aIrd ta drea elvol To ¢,-1,
yia T ogtolal woyvel 6t I, C I,41 kow emimAfov av ue |I,| guupoAricovue To UAKOS TOU I,
T0TE ) )

\L,| = Elln—l| = 2_n(b —-a).

Hopatngovue 411 av & elvar n pita JTov TeELExeTAL e kAbe I, Téte yia € > 0 vtdeyel N date
1 1
[€ —cul < 2—n(b—a) < 2—N(b—a) <€ 8.7

vy > N, katd cuvémeia n axolovbia (c,),”, cuykAivel otn piga & tng f(x) = 0. BAéme emiong
Tnv agtodelen tov Oswpnuoatog 13.1. EmatAéov n (8.7) mtagéxel To GAALN TG TTROGEYYIONGS TNG
plcac.

Mopddetypa 8.19. H cuvdptnon f(x) = x*>—1-log x opigetan yia x > 0 kaw eivol GUVEXHG
¢ dBpoloun cuvex®wv cuvaptnoewv. Evdiopepduacte va feovue iteg tng €flcmong
f(x) = 0. Tapatnpovue 61t f(1) = 0 kow aTtd o Eynua 8.3 paivetanr dTL VITAQEYXEL KoL
devtepn ita oto Sidotnua (0,1) yia tnv akeifeia kovtd oto 0.5.

) f@)=x*-1-logx
91
1.5 1
14
0.5 T
0 o—"1 15 2 25 =

Tyhua 8.3: Txetikd ue Tig pigeg tng x2 —1—logx =0

YmoAoyicovue f(1/4) = 0.448794 von f(3/4) = —0.149818, dpa vItdeyel it Tng eElcmong
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oto (1/4,3/4). Eivar cg = (1/4 + 3/4)/2 = 1/2 van f(1/2) = —0.056853, katd cuvémelo
vTtdEyer plca tng eglowong ato (1/4,1/2). Eivar ¢; = (1/4 + 2/4)/2 = 3/8 xou f(3/8) =
0.121454, koatd cuvértela vItdyel ita tng egicwong ato (3/8,1/2). Eivonw ¢z = (3/8 +
2/4)/2 = 7/16 ko f(7/16) ~ 0.018085, kotd cuvémela vVITAEXEL EITO TG €Elcwong GTo
(7/16,1/2). H devtepn plca mepiéxetan ato (0.4375,0.5). Elvan c3 = (7/16+1/2)/2 = 15/32
kot f(15/32) =~ —0.022588, katd cuvérela vitdeyel pita tng eflcwang ato (7/16,15/32).
H 8evtepn plta mepiéxetan oo (0.4375,0.46875). BAéme Xynua 8.4.

15

Jreoenuo tng f +
1 5
1 32

®lw + 4

BT+
D= o |
wleo + |

Tyt 8.4: H Swadikacio tng Siyotéuncng yia tov eviotioud eicas tg x2 —1—logx = 0

Ta Swactiuata evtomicuoy Tng eitac eivar Ta
[1 3] [1 1] [3 1] [7 1] [7 15]
4’47 4’20 8 270 16’21 16° 321

8.4 Movotovia Kol GuvEyeLla

IMpotaon 8.3. Eav n f eivar yia yvneiog wovotovn JTeayuatikii cuvdptnon ce didotnua 1,
f:1— R, 167e n avrictpopn cuvdptnon f~': f(I) — I eivar cuveyric.

Agtobeién. Ag vmobéoouye 6L n f efvon avatnped avgovca. ‘Eotw yo € f(I) kou éo0tw € > 0.
Oa amodelfouye 6T vIrdEyel 6 > 0 date ywa y € f(I)

av ly=yol <6, wte If7'0) - MO0l <e
Av xo = [ (o) Sev etvar dipo Ttov I, téTe LITdEKOUV cnuela a,b € I ue
Xo—€<a<xg<b<xy+e.

A6 v povotovia tng f émetan 6Tl f(a) < yo < f(b). 'Ectw 6 = min{yy — f(a), f(b) — yo} ko
€0Tw |y — yol < 0, woodvvapa yg — 0 <y < yg + 0, 101E

fl@)<yo—d6<y<yo+6<fb),
oTtéTe aTTé T wovotovia tng 1 émetan 6t a < fU(y) < b, étau
a=f00) < =00 <b=f00) = —e<a—x0 < O - f00) <b-xo<e

i f71y) = F (o)l < €, Tovu eivon 611 Héhawe va astodeifovue. H mepimtoon 6mov 1o xo eivan

GKQEO TOU SLAGTARATOS APAVETAL WS AGKNGN. O

IIpotaon 8.4. Edv n f eival yia GUveXHS KAl EVa-TTPOG-£va TTEAYUATIKI. GUVAQTNGN GE SidcTnUa

I, f:1— R, téte givar yvneiowg govotovn.
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Amodeign. 'Ectw a,b € I ue a < b. Amd tnv €va-mog-éva widtnta €reton 6t f(a) # f(b). Av
f(a) < f(b), deixvouue 6T n f eivor yvnoiwg avgovca. Me avdAdoyo TEGTTO Selyveton OTL v
f(a) > f(b), t61e n f elvan yvnoiwg @bBivovsa.

BHMA 1. ‘Ectw a < € < b v f(a) < f(b). Acglyvouvue oL f(a) < f(&) < f(b). Aivovue
Tnv amwddelgn ue tnv €1g AtoTto amaywyn. o Selfovue dTL vwobétovtag St f(€) < fla) n
f(b) < f(€) Ba kataAigouye oe dToTro. ATIO Ty €va-Iroc-éva WdTnTa oL VTToEaels wag eivor

f(&) < fla) < f(b) 1t fla) < f(b) < f(&).

1) "Ectw f(&) < f(a) < f(b). Ztnv mepimtoon avti amd 1o Bedpnua tng eviidueong Tung
vTtdeyel x € (£,b) ue f(x) = f(a) omdte Ya TEETeL va elval x = a TEAYUO. ATOTTO POV
a<é.

(il) 'Eotw f(a) < f(b) < f(£). IIdM to Oeidponuo tng evddueons TWAS £EA0QOMTEL Tnv
UTaén onuelov x € (a,é) ue f(x) = f(b), émov TAM odnyoluacte Ge ATOTO Aoy Ja
TEETEL Vo elval x = b ko & < b.

Aeleaue Aotmtdv 6Tl av a < € < b, kaw f(a) < f(b), 161e f(a) < f(&) < f(b). Me avdloyo TQOTTO
Selyvetan dtL av a < & < b kv f(a) > f(b), 16te f(a) > f(&) > f(b).
BHMA 2. 'EGTm X1 < X9 onuela cto .

1) Ta x1, xo 8ev eivar dkea. 'Eotw a,b € I ye a < x1 < xo < b, kow ag vmobécouye OTL
f(a) < f(b). Ba Selgovue 611 f(x1) < f(xg). Amd to Brua 1 €xovue f(a) < f(x1) < f(b),
kol f(a) < f(x9) < f(b). Ag vmwoBécouvue OTL f(x2) < f(x1), 1T f(a) < f(x2) < f(x1) KOW
aTtd To Oedpnua tng evlidueong Tung vItdEyeL € € (a, x1) ue f(€) = f(xg) omdte & = xo,
70 ogro{o elvan dtoTo ywati x; < xo. Katd cuvémewa €xovue f(a) < f(x1) < f(x2) < f(b).
Me avdAoyo tedmo delyvetaw 6Tl av a < x1 < xg < b, kaw f(a) > f(b), 161 f(a) > f(x1) >

f(x2) > f(b).

(il) To x; elvan ArEO KoL TO Xy Sev elvar drpo. ‘Eotw b € I ye x1 < x9 < b. Av f(x1) < f(b)
agté to Briwa 1 éxovue f(x1) < f(xg) < f(b), evd av f(x1) > f(b), téte f(x1) > f(x2) > f(D).

(iii) Av ta x1, xo elvon dkea, ToTe dev €xovue vo aTtodelEovpe KATL.
Agtodelgaye Aomtdv 6t n guvdgtnon f eivor yvnoiwg wovdtovn. |

Amédeién Tov Oswpriuatos 8.5. H vmébeon efacpaliter tnv vrtapen e f1: f(I) = I. Ao
tnv Ipdtaon 8.4 émetan 6Tl n f elvar yvnolwg povdtovn Kal agov eival ogiouévn ge StdeThuo
agté tnv Ipdtaon 8.3 émetan 6Tl n aviicteoen cuvdetnon elvol cuvexng. m|

8.5 Ouorwopoeen cuvéyela

IMapddstyna 8.20. Ta tn cuvdpetnon f(x) = x%, ue x € (0,1) SeiEte 611 yiaw kKGPe € > 0
vTtdyel 6 > 0 wate ya xg, x2 ato (0,1)

v |x;—xg| <96, TotE |f(x1) — f(x2)| <€ (8.8)
Av x1 kol x9 elvan onueta Tov (0, 1) €xovue

|fCer) = fxo)l = |xF = %3] = (1 — x2)(x1 + x2)| < 201 — X2 8.9)



OMOIOMOP®H XYNEXEIA 149

€101l yia Soguévo € > 0 emiAéyovtac 6 = €/2 n (8.8) €metor agtd tnv (8.9).

Hoaeatngnon 8.6. Xto IMapddeyuo 8.20 eidaue T n emAoyn tov d elvar avegdotnin Tou
onueiov ouvexelog ko €£0QTATOL WOVO 0TI TO €, £TOL MGTE N CUVONRKN TNG GUVEXELAS VO LoYVEL

oUOLOUOE@O. G€ OAGKANQO TO SLdcTnua.

Opioudg 8.10. Oa Adue 4TL woo cuvdeTnon f elvol ouoléuoEEA GUVEXNG GE KATTOLO
Sudotnua I av yia kdBe € > 0 vrtdeyel 6 = d(€) > 0 (To oTolo egapTdtanl U6vo amsd To €),
®OTE

av |x; —xg| <06, TOTe |f(x1) — f(x2)l <€

ue xi, xg € I.

IMaedderyua 8.21. Aelgte d1L n guvdptnon f(x) = 1/x elvon ouoldpoppa Guvexig GTo
(a, +0), 6ITOUL a > 0.

Av x1 > a vav xg > a, felorovue

1 1
[f(x) = flxo)l = |— — —

X1 X9

X2 — X1

X1 — X
S|1 zI’
22

X1X2
ooy xjxg > a?. "Etou v € >0 kow 6 = a’e éteTon 6TL AV |x; — Xx9| < 8, TOTE

|x1 —xo| &
<—2:E,
a

|f(x1) = f(xo) =

\7
KoTtd GuVvETtElad n guvdeTnon 1/x elval ogowduopea Guveyig ato didatnua (a,+c0). Xn-
ueldvouue 0Tt n 1/x elvar, emiong, owoldpLoE@a GuveXRs 6To Sidetnua [a, +o00).

Mapddetyua 8.22. Acitte 6TL n cuvdptnon f(x) = 1/x dev elvor ogoldLoE@o. GUVEXNG
ato (0,1).

Aetyvouue 6Tt vITdEYeL € > 0 daTe Y kKABe § > 0 evd |x; — xg| < § €metan 6t |f(xg) —
f(x9)] = €. "Eotw x € (0,1) kat éotw & > 0. T kdmowo r € (0,1) 9étovue x; = x Kot
X9 = X + F0, TOTE |x1 — Xo| = 10 < 6 KOW

1 1
1w - fol = | - ——

_ ro
"~ x(x + ré)

ITaatnpovue 61U
ro

lim ———— = +o0
=0+ x(x + 1)

edikd yia x < min{ré, 1/2} €xovue

ré 1 1 ro

> =—>x=—--2>1
x+ré ro+ro 2 x(x + rd)

Aelgope AotTtov 6L yio € = 1 ko yio kdbe 6 > 0 piropovue va fpovue onueio x; kKoL xg
ato (0,1) daote
X1 — x| <6 Al [f(xn) = f(x)l 2 1
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JTOV 1Goduvauel Ue To ¢nTovuevo.

IIpotaon 8.5. Eotw f : I = R wia cuveyric cuvdptnaon, omov I eivar éva diactnua cto R. Edv
[a,b] C I, 16te n f eivar ouoiduoppa Guveyric 6o [a, b]. AiapopeTikd, uio GUVAETNGN 0QLGUEVI

KQl GUVEXNG GE KAELGTO Kal QEayuévo SidaTnua eival ogolowop@a GUVEXHG GTo SLAGTRUA AUTO.
Agtobeién. Alvouue tnv agtddelgn ye tnv €16 ATomo amaywyn. Yiofétouue Aoty 4Tl vItdyel
€ > 0 kou aroAovBieg onuelwv (x,) kat (v,) a1o [a, b] dcte
1
X0 = yul < ; RO |f(xn) = fOm)l = €.
H akolouvBia (x,) elvor @eayuévn, apov a < x, < b, katd GuVvéTtela €Xel GUYKAIVOUGO UTTAKO-
AovbBia €6Tw (xp,) Ue X, — 2, VIO KATTOWO Z € [a, b]. AT Tn GYéon
1
W = 2l < Ay = X+ Pon = 2 < = o [ = 2
k

gmmetan 0Tl y,, — 2. A6 n cuvégela tng f €metan Ot f(x,) — f(2) kv f(yn,) — f(2),
emoUévmg yia k > ko da efvon

|f(xnk) - f(ynk)l <e€.

AvTtd Suwg efvor dtoTo, ko KaTaAEaue o avTtd emreldn vitobécaue 6t n f Sev elvan ouold-
uoe®a GuveXNS GTo [a, b]. Apa n f elvon opotduopea Guvexns Gto [a, bl. |

Aoknon 8.5. 'Egtw f wo guvdeinon guvexig 6Tto kAewgtd didatnua [a, b]. Opltouue
Al := max |f(x)l.
a<x<b
ATodeigte 6TL 1oxvel kABe wo aTto TIC OYECELS:
@ IIfll = 0 av kow wévo av f(x) = 0 yia xkdbe x € [a, b].
@ £ = |AUIAl yia kdBe cTabepd A € R.

@iy 1If + gll < Ifll + llgll ywoo kdBe cuvdgtnon g cuvexi ato [a, b].

KaustyAeg

Edv to I elvan Sudotnua xkon fr : I —» R, ye k = 1,2,...,n elvar ouvexelc ouvaQticelgs n
ouvdptnon f : I — R”" wov opiteton ue tn ogyéon

J) = (1), fo(x), ..., fu(X))

AéyeTal RKAUTTOAN. Av n = 2 éyovue WOl KOUTTUAN GTO emimedo, evd av n = 3 €xouue KAWITUANR
GTO XWQO.

Avn f: I - R elvon wa cuveyng guvdptnon, sootnoovue 6tL 1o yedenua tng f, G(f) =
{(x, f(x)) : x € I}, elvan TO TTESO TWOV WOl EWOIKAC TTeR{TITOGNG €TTLTTESNG KOUITVANG TNG

Y0 = f(x),  xel,

a@ov n tovwToTiki cuvdptnon 7 : I — R, pe 7(x) = x elvar cuvexng oto 1. TIOAAES @OQES, Ko
TOXENOTIKAG, ASUe KOUTTUAN Ty yeaplkn Ttapdotacn tng cuvdetnong f, Snladi 1o ye®UETEIKO
avTikeluevo o omolo elval n asroTdT®on Tov yeaenuotog tng f. I'a kaustddes Ja wAncovue

OVOAUTIKOTEQRA GE €TTOUEVA KEPAAOLOL.
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Acvvéyeleg Kol GUVEYELD KOTA TURUOTO

Acg ggetdoovue T onpaivel wo cuvdetnon va efvar acuvexng e cnueio tou TTEdiov opLouov
Tng. Ouuitovue 6T wo cuvdetnon f ogouévn ae Sidatnua I eivar cuvexic ato xg € I av

(1) f(xo) virdeyer
(2) lim f(x) vitdeyel, koL
(3) lim f(x) = f(x0)

Aedoyévou 6TL 6To X9 n f opiteTan, n f elvow acuveyic ato xg edv dev woxvel n oxéon (2) . n

3).

Opwoudg 8.11. "Eoctw f wa cuvdpinon ogiouévn e Sidotnua [a, b]. Oa Adue 4T
(1) H f éxer acvvéyxela @ €idoug, 1 astAn acuvéyela (simple discontinuity)

(@) 610 xg € (a,b) edv ta 6pwa f(xp—) ko f(xp+) viwdoyovv, aAAd eite f(xo—) #
Sfxo+), v f(xo—) = f(xo+) # f(x0)-
®) oto dxpo a €dv o f(a+) videyel aA\d f(a+) # f(a).

(Y) oto dko b edv to f(b—) vtdoxel aAld f(b—) %= f(b).
(2) H f éxev acvuvéyera B eidoug, 1 oveladn acuvéyela (essential discontinuity)

(@) aTo xg € (a,b) edv ToVAGYLGTOV Eva 0TTté Ta dpLa f(xp—) N f(xp+) Sev vITdpxel.
() oto drpo a €dv to f(a+) Sev vITAEYEL

() ato dkeo b €4v to f(b—) Sev vardeyel.

O@woudg 8.12. Mua guvdgtnon f ogwouévn ae Stdatnua [a, b] 8a Aéue 4TL éxeL acuvéyxeia

dAuatog (jump discontinuity)

(D oto xp € (a,b) €dv ta TALLEWKAE Sl f(xp—) KoL f(xp+) vITAEYOLVY OANG f(xo—) #

fxo+).

(2) oTo éva aTd, N koL 6To V0 AKkEO av €xel ekel ATTAN aGuvEXELd.

IMaedderyua 8.23. Kdbe wa amd 1ig cuvapticels f, g kol i ye TUTo

2

x* x<0
2+x% x<0 ¥ x<0
fx)=41 x=0, glx) = ) , h(x) =
1-x* x>0 1/x x>0
x x>0

oplcetan Ge oAdkAnEn tnv Jrpayuatikin evbeia ko elvon acuveyng gto x = 0.
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| f® )

h(x)

yxnuo 8.5: Eidn acuvéxeiag

(1) T tn uév f éyouvue 6TL Ta WAeLEWKA Opwar f(0—) kaw f(0+) vitdeyouv kau eivar (oo
ueTagy Toug adAd Srapégovv artd tnv twin f(0). H acuvéxewa eivon @ eidoug n otroia
GTNV JTERITTOON OUVTA XORAKTNEICETL WG ateduevn, N agtaleiyun (removable) agpov
av opicovpe f(0) = 0 n guvdptnon ylvetow cuvexng 6to Tedio 0QLoUoV Tng.

@ii) Twa tn 8e g €xovue 6L g(0—) = 2 # 1 = g(0+) kotd GUVETIELD N g TTAROVGLAGEL dAua
610 x = 0. H acuvéyxela etvan @ eldovg.

(iit) T Tnv A éxovpe 6L A(0—) = 0 aAAd To A(0+) Sev VITAEXEL WS TIEOYUATIKGS AELOULAG,
KaTd GuvéTtela n h TaQouacldgel acuvéxela B eldoug gto x = 0.

Opioudg 8.13. Mia guvdptnon f Aéyetol TunuAaTikd cuvexng ato didatnua [a, b] edv
elvar ouvexng oe kdbe onuelo Tou [a,b] exktoc {ows amd €va Temepacuévo TARBOG

onuelmv gTa oTola €xel acuvEXELd @ e(50UG.

‘Etol av wa f elvol tunpoatikd cuvexng ato Sidotnua [a, b] To Sidotnuo uiroeel va xweloTel
Gg avolkTd vITodlacTRRATa Ge Kabéva attd Ta omoia n f elval GuveXing Kol T TTAEVELKA GQLoL
ota drpa Twv vtodiacTnudtmv vitdeyovv. o sopddeyua n f(x) = tanx kou f(r/2) = 0 Sev
efvaw tunuatikd guvexig oto [0, ] apotv Ta TTAevEkd 6l GTo X = /2 Sev VTTdEYOoUV.

Aoxknoelg

1. Noa vrtodoyigBoiv ta 6t
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|
|
|
|
|
|
|
| |
| |
| |
| |
| |
| |
| |
| |
| |
l l
a 0 / b

Yynua 8.6: Mo Katd TUALOTO GUVEXRS GUVAQTNGN

@) h{g ;2 __11 &) )161_{% @
2 _ N;

0 1 @ lim g
; .

- )1(1_}1% ); __ 28 ©) )161_1)1(1) smx3x

) tim V1 w0 lim

2. Aetgre 6L av to 6o lim,,y, f(x) vitdoxel, ToTe

)}erclo S =lim f(xo + h).
3. AelEte 6t lim,,x, f(x) = € av kot uévov av lim,,,, (f(x) — €) = 0.
4. AttodelEte Tov woxLEWOUS N SdGTE AvTLTTARASEyULa

(@) Edv to 6pto lim,, [ f(x) + g(x)] viwdeyer téte Ta dptar limy—,y, f(x) kow lim,,y, g(x)
VTTAQYOLV.

(B) Edv ta éta lim,_,y, f(x) kar lim,—, [ f(x)+g(x)] vitdeyovv téte TO 610 lim,, 1, g(X)
VTTAQYEL.

5. Emdve otov xdetn tng EAMASOS Coypa@note £va KOKAO 0 0TIOl0G TIEQLEXETAL GTNY ETTL-
kpdtelo. Aeglete 6L e KABe yEOoVIKA GTiyun vITdEXoUV dV0 SrapeTEkd aviiBetes ToTTO0E-
oleg ol oTroieg €xouv (Sra Jepuorpacia. Ymodergn: Av T(0) elvar n depuokpacia ToTobe-
Glog AV GTNV TTEQLPERELD, GTIOV 6 glval n OTTOGTOCN TNG KATA UWAKOGS TNG TEQLPEQELOS
aTté otabepd onueio tng meEupépelag, dewpnate th guvdptnon f(6) = T(0) — T(6 + n).

6. 'Eatw 611 n cuvdgtnon f eivar cuveyng gto Sidatnua [0,1] ko tétowa wote f(0) = f().
Aelgte 611 vTTdEyel onuelo x oto [0,1] date f(x) = f(x + 1/2). Yédergn: Oewpenate tnv

g(x) = f(x) = fx +1/2).

7. Aeglgte 611 n eglowaon e =x éxer wa pita gto Sdotnua (0,1).

7 z 7 —_— 2 z e ré z z ré
8. Aelete dm n eglowon e = ax €xel plta yio kdBe Tpayuatikd apbud a Sideoeo Tou

undevaog.



Kepdlaro 9

IHapaywyor

9.1 H Ttoedywyog cuvdQTneng

Av f elvar wa cuvvdptnon oglouévn e kdowo Swdatnua (a,b) kou xo € (a,b) dewpovue To

TNALKO SOV

Ay _ f(xo+Ax) — flxo) _ flxo +Ax) — f(x0)

= 9.1
Ax (x0 + Ax) — xo Ax ©D

TO 0Tt0(0 €KPQEALEL TO AGYO TwV SLoPoE®OV TNg ££0TnUévng UeTAPANTAC y = f(Xx) TTROS Tnv
avegdptnin x GTo X9 KOOGS avth yetafdietar amd xo Ge xg + Ax, dGTE a < xg + Ax < b.
T'ewuetokd to TTNAKO avtd Sivel Tnv kAlon tng evbelac dia Twv onuelwv (xg, f(xg)) kar (xo +
Ax, f(xo + Ax)).

(xo + Ax, f(xo + Ax))

f)

(X0, f(x0))

|
|
|
|
|
T
Xo Xo + Ax

Yxnpo 9.1: TewpueTQki astoTUTTOGN TOV TThAKOU Stapoewv Ay/Ax

Opioudg 9.1. Av f elvar wa cuvdptnon opwouévn ge kdtolo Sidotnua (a,b) kv xo €
(a,b) Ba Aéue 6TL n f elvanl moQaymwyicwun n dra@oeicun Gto x = Xy av 1o 6pLo

flxo +h) — f(xo0)
h

f(x0) := lim

vTtdExEL, elvar SnAadn TtEayuaTikdg apbuds. To oo f/(xg) Aéyeton TTOLQAY®YOCS TG f
670 xp . Edv To 600 avtd dev vmdoyel i elvanl (6o ye +oo A —oco Ya Aéue ot n f dev
elvar ToQaywyicun Gto xo.

154
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Oewonua 9.1. Av n f eival yia cuvdpTnon ogicuévn Ge kdagrolo didotnua (a, b) kat givai
Japaywyiclun 6To xg € (a, b) 10T €ival GUVEYIS GTO Xg.

Amodeign. Aegtyvovye 6T lim,,y, f(x) = f(xp). IHedyuatt yodgpovtag

J(x) = f(xo)

I T (x -
— Xo

X

() = flxo) = X0)

Kol TTalQvovtog To 0QLo Tov x — Xp Pelokouue
lim [f(x) = f(x0)] = f"(x0) lim (x = x0) = 0
X—X0 X—X0

agt” GITOV OTTOPQEEEL TO CNTOUVUEVO. |

IIAgvQkég TTOEAY®YOL

Opoudg 9.2. Av f elvan wa cuvdptnon ogwouévn ge kdgtolo Sidotnua (a,b) kav xo €
(a,b), n MOEAYy®WYOC aItéd aQLeTEQEA NS f GTO X opitetal va elval To 6QLo

f(xo +h) = f(x0)
h

/ = 1
1 (x0) Jim

€@OGOV aUTO VTTdEYeL. ‘Ouola n JTTARAY®WYOS aItd de€1d tne f GTo xo oplteTton vo efvar
TO 6QL0

flxo +h) — f(xo0)
h

e@OGov avtd vdoxel. H mopdywyos aird aplatepd kol n tadynyos attd Sesid tne f

/ = 1
i = Jim,

G670 gnuelo xg Aéyovtoal JTALVEIKEG TAEAY®YOL TNG f GTO Xo.

Znyeldvoupe 6Tl n ToRAYwYyog tng f 6To X vIdEyel av ko uévo av f’(xg) = f1(xp). Av
n f opitetar 610 KAElGTS Sidatnua [a, b] Ja Adue Gt elvarl TTagaywylown oto didoTnua avTto
av elvar wopaywylown ato (a,b) kol oL TAevEKES Tapdywyor f1(a) kar f7(b) vidoyxouv, wg

Jreayuatikol aBuoi, kar ou dvo.

lewueTEKN 6nUOGio TNG TTAQAYDYOV

AT6 TO GYOMO GTNV £1GOYWYR TOU KeE@AAALOU KOL TOV OQIGUS TNG TTOQOYDYOU £TETAL OTL N
TTaEAywyos f’(xp) elvan n kAlon tng epagrtduevng gvbeiag 6to onueio (xg, f(xp)) GTO yed@nuo
g y = f(x). "Etor av (x,y) elvar éva onuelo tng evbelog avtnig tdte

’ y- f(XO)
f(xg) = ———
X — X0
KOATA ouVETTELD N eElomon Tng e@aTttouevng evbelog 6to onueto (xg, f(xo)) elvon
y = f(x0) = f(x0)(x = Xo). 9.2)

Puown cnuacio TG ITARAYNYOU

To TtnAiko Swapoeov otnv (9.1) elvow TTnAiko UeTaPOADV KATE GuVETTED €kEEATEL TO UEGO
euBu6 petafolic. “Etol av 1o 6o Tov TtnAikou kabns Ax — 0 vrtdeyel auvtd eivor o QUOULGS
UETOPOAAS WS RGOS X GTO Xg TNG TTOGOTNTAS TTOU TEQLYRAPETAL aTtd Tn guvdptnon y = f(x).
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Yynua 9.2: H epagttouevn evbeia g(x) atn ypoagki mapdotacn tng f 6To (xg,Yo), ®S 6QL0 TV
TEUVOLGHOV gvbeldv €1, €9, {3, ... ue kAloelg, aviioTorya, (f(xx) — vo)/(xx — x0), kK = 1,2,3,...,
ko yevikd (f(xo + h) — f(x0))/h ue h - 0

H moedywyos wg cuvdQinoen

Edv wa cuvvdptnon f elvor stapaywyliown oe kdBe cnuelo evog dtagtiuatos (a, b) da Adue ot
n f elval mogaywyicun n diagogicun cto Sidetnua (a,b). Xtn TeQlTTOON QVTA N GYEan

f/(x) — }lll_I)I;l) f(x+h]/)l_f(X)

Ttaedyel wa véa guvdgtnon tnv f’ n ottola opigetal ge kdBe cnuelo Tov (a,b) rar AdyeTan

JraQdywyos tg f 6to (a,b).

Mapddstyna 9.1. Na Beebel, av avth vITdeyel, n Taedywyos Tng f(x) = x* 6To X = Xo.

H f opltetar yia kdBe x € R omdte Sronop@dvovtag To TnAko Slopoeov

flo+h) = flxg) _ (X0 + hy? - x5 _ h@xo+ )

= 9%+ h
h h h fou

BAgTtouue GTL TO 6QLo KABMS h — 0 vITAEXEL KaL

lim f(xo +h) = f(x0)
h—0 h

= lim(2xg + h) = 2xg,
h—0

ouveTtdg f7(xp) = 2xp.
Emeldii 1o xg eivou Tuxaio cuustepaivovue 6t n guvdptnon f(x) = x? eivon TTapayoyicwun
oe 6Mo 10 R kau f'(x) = 2x, 16odvvaua (x?) = 2x.

Aoknon 9.1. Egetdote TG uetafdAletal 1o eufaddv KUKAOU GUVOQTAGEL TNS SLUETEOV TO,
KoL VIToAoyiaTe To EUOUS yeTafolig Tou eufadov dtav n Siduetpog tvar 10 m.
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Maedadsyua 9.2. H f(x) = vx optteton yia x > 0. Efetdcovue katd :wécov n f eivon
JTaaywyloyLn.

INa x > 0 kon £ Té€tolo wote x + h > 0 vitodoyicovue

Vx+h- \/_ (Vx+h— yO)(Vx+h+yx)  x+h-x 1
h (Vx+ h+ V) h(vx+h+\/})_\/x+h+\/}

10l

lim Vx+h Vx+h-+x 1. 1 1
im
h—0 h 0 Vx+h+ \/_ 2 \/}

GUVETTOG N f(x) = Vx glvan Ttapaywyicwn oto (0, +00) ko f/(x) = 1/(2 v/x).
Y1n guvéxela vroloyigovue Tnv TTapdynyo atd degid tng f ato x = 0, f7(0). "Etcl ya

h>0
Vo+h-~o _vh_ 1

h  h A

oTtoTE
f1(0) = %l — = +o00.

H yewuetoikn onpacio touv tedevtaiov agroteAéouatog etvor 0Tl n e@artoyevn evbela
oTo yedoenua tng f oto (0,0) eivor kdBetn cTov x-dfova, elvor SnAadhn o y-dEovag.

Acknon 9.2. Egetdote av n f(x) = 1/+/x elvan mapayoyicwn cto (0, +00) kow av eivow va

Beebel n TaEdywYoC.

Mapeddetyua 9.3. Aelyvouue 6tL n f(x) = sinx efvor woapaywyiowun oto R kar f'(x) =
COS X.

ITapatnpovue ot

sin(x + ) —sinx sinxcosh+cosxsinh —sinx | cosh—1 sin i
T = A nx|——— COS X

To 6pra oto Segl uéhog, kabws h — 0, vitdgyovv, BAéme Mapddeyuo 8.4 kar Acknon
8.5) yia kdbe x € R, emouévmg vITdEyEL Kol aUTO GTO 0QLOTERO WEAOG, KATA GUVETIELD N

sin x elvar wopaywyicun gto R. EmimtAéov

sin(x + &) — sin x

sin’ x = lim
h—0 h
. . (cosh—1 sinh
=sinx lim{——— )+ cosx hm —_—
h—0 -0

=sinx-0+cosx-1=cosux.

Acknon 9.3. AkolovbBdvtac po Swadikactia avdioyn pe avtnv tov Hopadelyuoatog 9.3 delgte

6t n f(x) = cos x elvan Twapaywyiown oto R kow f/(x) = —sin x.
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Moaedderypua 9.4. Aglyvovue 611 n f(x) = expx = €' elivon Twopaywyiciun oto R ko
f'(x) = e*, dnhadn exp’ x = exp x yio kGbe x € R.

To x xaw 2 gto R, Sapope@dvovtag to TTnAKo S10poQwv

exp(x +h) —expx P — 3 e*(e" - 1)
h B h - h

ovuTepaivovuue, PAETte ITopddeyua 8.6, 4TL To 6o Tov TNAIKOU SLaEoEwV KAbWS A — 0
VTIAQEYEL KO
exp(x+h)—expx:€ e -1
h—0 h h—0  h

Katd cuvémewa (e*) = e*.

TvupoMcuotl yio tnv TAQdy®yo
"Evag dANOG GuuBoAlouds yio Ty Topdymyo, 0 0Ttoiog vItayopevetal ogtd tnv (9.1), elvon

o +Ax) — f(x) _ Ay
Ax Ax—0 Ax

dy

= ’ = 1

dx Fx AJICTO
To ovUupoAro avtd yia tnv TTaedywyo ewonyoye o Leibniz. Av y = f(x) ypdpouue emiong

dy df d

)’/=f/(x)=a—a =af(x)-

[Hoedywyor vPnAdTeEENS TAENS

Av n guvdgtnon f eivar tagaywyicwn oto onuelo xo 1 e kdmow Sidotnua kaw n f7 elvon
TTaRAywYloyn 6To X N g kdmowo didatnpa tnv (f) (xg), 1 (f7) Adue devtepn mapdymwyo tng
f ko tn cuyfoligouue, amAovatepa, ue f. ‘Ouowa, epdoov avth vidoxel, n f = (f”) elvaw
n teitn mopdywyog g f. Tevikétepa n f® = (f&DY eivar n k-tdeng mapdywyog tng f.

Opicovue f© = f. Me tov cuuBoAicué tov Leibniz yodpouue yia tg f7, 7, f, ...

U L. <f i(d_fz) _ &t
dx’ dx\dx)  dx?’ dx\dx?)  dx3’
9.2 Kaviveg mmoQaymyiong

Auecn GUVETTELDL TOV 0QLGUOV TG TTAQAYDYOU gfval To

Oewonua 9.2. Edv ot f kal g gival TapaywyiGlUueS GUVAQTHGELS TOTE €KEL JTTOVU KAl Ol
6U0 Tapdywyor vITdE)ouV

D (Af(x) + pgx)) = Af'(x) + ug’'(x), yra kdbe A kar u gto R.

(2) (f()g(x)" = f'(x)g(x) + f(x)g' (x).
J(x) )’ _ S g — f(0)g' (%)

= , ekel ogrov g(x) # 0.
8(x) g2(x)

@ (
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Agtébeién. ATtodeikviouue Tov kavévo, (2) kal aghrvouue Tous GAAOUS Gav aoKAceS. Av ot f

KoL g €lvol TTaQAywYloWeS 0To onuelo x, yio To GXETIKG TNAIKO Slapopwv yedeouue

fet Mgx +h) = f()g(x) _ flx+ Mglx+h) - f()glx + h) + f0)g(x + 1) — f(N)gx)
h h
JGx+h) - f(x) gtx+h) —g(x)

=T s+ ) p

H g elvan ropaywyiown 6to x, dea eivor cuvexng oto x, PAéte Oswonuo 9.1, katd cuvémelo
agtd tnv vitébeon to 6QLo, kKabws £ — 0, Tou 8eLlov puéAoUS TG LedTNTOS VITAEXEL Ko elval
{oo e f'(x)g(x) + f(x)g'(x), eTTouévmwg KoL TO 0vdAOYO GQELO TOU AQELETEQROV UEAOUS VTTAQXEL KO
elvar {Go pe avtd Tou deglov uéAoug Tov eivan To ¢nTovuevo. O

Ocwonua 9.3 (Kavovag tng alvcidag). Edv or f kal g gival TopaywyiGLlies GUvaQTh-
oelg kal n f o g opiceTal T0TE

(f 0 8)'(x) = f(g(x)g"(x).

Agrodeign. Tpdpovtag To GXeTIKO TTNAIKO Slopowv éxovue

flg(x+h) — f(g(x))  flgx+h)— f(g(x)) glx+ h) — g(x)
h B gx+h)—gx) h

émov JEtovtag y = g(x + h) kaw yg = g(x)

_ 1)~ F00) g + h) - ()
y=Yo h '

AT6 Tnv Guvéxela TNG g Kol Thv UTAREN TV TTAQAYOY®WV TwVv f Kol g €TeTal 0Tl To 0QLo,
kabos h — 0, oto Segl uéhog vmrdpxer kat etvan (o ue f'(yo)g'(x) = f'(g(x))g’(x), emouévmg
KOl TO avi{oTowo 6pL0 GTO AQLETERS UEAOGS VTTAEYEL Kal elval {Go ue avtd gto Segl, am’ dmrov
£€TETAL TO CNTOVUEVO. m|

Hagatngnon 9.1. Me tov cuupoloud tov Leibniz o TUTTOC TnG TTARAY®OYOL GUVOETNG GUVAQ-
Tnong maipverl yio 8ol teQa Koy kol eukoAouvnudveutn poeen. Oftovtac y = (f o g)(x) kot
u = g(x) 0o Kavovag aTTodideTon wg

dy dydu

dx  dudx

Osconua 9.4. Edv ov f eivar wa éva-mrpog-éva mapaywyiciun cuvdptnon, t6te n !
elval Tapaywyiolun Kot

—1y7 _ 1
W= 5050

exel 6mov f(f1(x)) # 0.

AméSeién. ‘Eotw a éva onuelo éote f/(f1(a)) # 0, ue a = f(by), 1o1e

fHa+m - @) _ B - (b))
h h
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ue f(b) =a+h= f(by) + h, yia h wkEo, eTOUEVHOS

fMa+h)—fNa) _b=by _  b-bo
h - h o fb) - f(bo)

1
— fb) = f(bo)°

b—bg

ITAPATQI'OI

H f eivar Tapaywyicwn, deo cuveyng, emmouévag kot n 1 efval cuveyig, Katd GuvéTelo av

h — 0, téte b — by. 'Etol

lim

h—0

ue by = f~(a) xou f/(f~(a)) # 0.

fla+h -
h

= lim

1 1 1

b‘)b()

bo

Ioeddeyua 9.5. Ia x > 0, awd to Oehonua 9.4 €xovue

log’ x =

’

1

1 1

exp’(log x) - exp(log x) X

B~ f(bo) ~ f'bo)  f/(f Na))
b —

Acknon 9.4. Atodelfte dTL o1 eparrtéucves vbeleg 6To yedenua tng f(x) = Vx ota cnuela
(—a, V—a) ko (a, Va) ywa kébe a # 0 eivow TTapdAANnAsG.

ITopdywyor BAGIKOV GUVOQTNGE®V

d
1. —c=0
dxl

d
2. —x" = nx",
dx "

d .
3. — sinx = cos x.
dx

d .
4. — cosx = —sin x.
dx

5. — tanx = sec’ x.
dx

¢ = otabeQd.

neN.

9. d—ax:axloga, a>0, a#l
X
1 1
10. —1 = - =-1
dx Ba loga «x ©8a®
d r r—1
11. d—x=rx , reR, x>0
X
d X X
12. d—x = x"(logx +1), x> 0.
X
13 4 gin! ! 1<x<0
. —sin x = , -1<x
dx V1= x2
d 1 1
14. —cos " x=— , -1<x<0
dx o V1= 2 .
1
15. —tanlx =
d 14 x2
d 1 1
16. — cot =-
dxco o 1+ x2

Hapeddetyua 9.6. Oswpovue tnv cuvdptnon f(x) = loglx|, x # 0. Asiyvovue 6T elvan
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JToQaywylcn 6To medio 0QLGuoy TG Kol

, 1
(log|x])" = —, x#0.
X

Ipdyuatt av x > 0, téte f(x) = logx kaw f/(x) =1/x.
Av x < 0, 161e f(x) = log(—x) omdTe n f wg gUvBeoN TTARAYOYLGIL®Y GUVAQTAGE®V elval
JroQaywylciun 6to (—oo,0), emarAéov agrd Tov kavova tng alvcidag €xouvue

1 1
J'(x) = (log'(=x))(=x)" = o, 00=

X

H amédeign tov weyvoieuot elvar stangne.

Ioeddewyua 9.7. Asiyvouue 61U

—x =L r e R, x> 0.
dx

Katagynv amd tov TdImo Tng Toeayodyou cUvleTng Guvdtnong £xouue

ief(x) — ef(x)f’(x).

dx
"Etotl ypdpovtag, yo x > 0,
.
X = elogx L erlogx
Jrafgvouue
d d d 1 -
—x = —¢ogx - erlogx—(rlogx) =x'r— =rx""L,
dx dx dx X

Acknon 9.5. Aegigte 6T av a kai b elvarl detikol apbuol tdte

by —1 X _q b*—1
im 92" 7 i T i .
x—0 X x—0 X x—0 X

Haedderyua 9.8. Aelyvouue 6T

.1 1
—sin x= —— -1<x<1.

dx Vi- x2’

Lx opigetan yia =1 < x < 1 kaw elvor —7/2 < y < 71/2. A6 TOV KAvOvVa TS

Hy=sin"
TLAQOYMYOU TNG OVTIGTEOPNS GUVAQTNGNG TTalQVOUUE

. 1 1 1

——sin” x=—F——7F— = —

dx sin’(sin”'x)  cos(sin”" x)

oV opiteTan yia sinlx # £71/2, koTd Guvémeln yia x € (—1,1). Oétoviag w = sin”! x,

€yovue x = sinw Ko

cosw= V1-sinw = V1 - x2

ooV w € (—m/2,m/2). AvTIKaBIGTOVTAC TNV £KEEOGN AUTH GTOV TUTO TNG TTAQOYWDYOU
Jra{Evouue To CNTOVUEVO.
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Acknon 9.6. AeiEte 611

1
— arctan x = L —00 < x < +00.
dx 1+x

9.2.1 ITemldeyuévn TTOQAYOYIGN

Ag vtoBécouue OTL €xovue va AGovue To eEng TEdPAnua: Na Peebel n e€lcmwon tng epadrto-
uévng Tov kUKAoL x% +y? = 8 1o onuelo (2,2). Touewva Ue 6,TL YVoEitovue TEETEL Vo, Boovue
Tn cuvdptnon y = f(x) To ypdenua tng ottolag elval To TUARO TOU KUKAOU TTOU (OGS €vOlo-
®épeL (0 KUKAOG Sev elvar YRO@IKA TTOQACTOCN GUVAQTNONG) KOL £ITELTA VO, VITOAOYIGOUUE TNV
Jtapdywyo tng f oto onuelo (2,2) n omola da yog dwoel tnv kAlon tng epamtéuevng evbelag.
Avvovtag tnv gglcmon we meog y Belorouue

V¥=8-x=y=+V8-2x2

agt’ émov ermiAéyovue y = f(x) = V8 — x% aov ya x = 2 weémel va eivan y = 2. ‘Etol Bplokovue

fx)= Y omoe 72 =-1
8 — x?

omdte n eflowon ng epatrTépevng evbetag elvon
y=—2=-1x-2)=y=4—-x.

ITPoGTTABMVTAS VO YEVIKEVGOUUE TO TTEOPANUA, TTaQATnEOVUE GTL N GUVAQTNGN TTOV KOG EVOLOL-
@épetL Bev 86Bnke Ge AvaAUVTIKA LOEEN, OAAG SiveTal e TTETTAEYUEVI LOEEN LEGWH Wag Elomong
F(x,y) =0, émov F(x,y) = x* + y* — 8. YmoBétovtag 6T n uetafAnti y elvon mopaywylciun u-
vaeTnen Tov x e kAo Stdatnuo yoem agtd To x = 2, 6TTov TEdyraTtt eivar apol y = V8 — x2
YUow aTté o (2,2), ! umopovue va magaywyicovue v gicoon x +y? = 8 kou azré tn oyéon
Ttov Jo wEokweL va feovue Tnv TTOoRdywyo 6to x = 2. 'Etal égouue

d d
E(xZ +y%) = 58 =2x+2yy =0 9.3)

agt’ 6Ttov v x = 2 kow y = 2 Bplokouvye 4 + 4y'(2) = 0, Sndadn y'(2) = —1, 6Ttwg Perikaue GTav
emAMicaue Thy €5lomon g TEOS y. Xnuewdvovue 6Tt agtd tnv (9.3) umwopovue va yedwouue,
ekel 6tTov y # 0,

dy X

dx y
H Swadikacio Ttou akoAovbncaue yio va vTtoAoylcouue Tnv TTaAYwYo, TToQOywyitovTag 6n-
Aadn v gglomon TTou TIEQLEXEL TV cuvdETnon, Aéyetol JteTTAgyuévn stagay®yien (implicit

differentiation).

Acknon 9.7. Na Boebovv ta onueia 6to yodenua tng 3x2 + 4y? + 3xy = 24 ota omola n
epaTttopevn evbela elvar opLgdvTial.

I¥t0ov ATtelpocTikd Aoyioué TOAMGY ueTtafAnTtdv asrodewvietar 10 Oeidpnua, g IemAeyuévng Zuvdetnong
(Implicit Function Theorem) to omoio e€acpaiitel Ti¢ GuVONKeg TTOV TEETTEL VoL LGYVOUV OGTE Uio UeTAafAnTi wog
eglowong F(x,y) = 0 utoeel va exkppactel ¢ mapaywyiown cuvdernon tng GAAnG uetafAntig, yvpw omsd €va
onuelo (xg,¥0), PATe yio TTapddeyua [7], n [6] Vol. II/L
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Acoknon 9.8. Aeitte 611 0L e@amTéueveg evbeieg aTa avTidlopeTEkd onuela tng EAMAePNg
x-p? -9
a? b?

eivar TtapdAAnAes. Yarodergn: Ta aviiSiapetoikd onuela tng éAlerpng, Ol €kTOS aItd €val

=1

tevydgl, elvon Touég tng gvbelag ue eslowon y = m(x — p) + g, m € R kow tng éAAenyng.

xnuwa 9.3: Acknon 9.8

9.3 Boaowkd dewonuata

Oedonua 9.5 (Bswenua tov Rolle). Ectw 611 n guvdgtnon f eivar cuveyris 7o [a, b]
kat srapaywyioun oto (a,b). Av f(a) = f(b) téte vrrdpyetl xo € (a,b) dote f'(x9) = 0

Agodetén. Edv n f elvan otabepnn oto Sidatnhua, dndadn f(x) = f(a), téte f'(x) = 0 yio 6Aa
To X € [a,b], RATA GUVETTELDL TO GUUTTEQAGUA LGYVEL.

Edv n f 8ev elvon otabepn, téte emeldn elval guveync Ttalpvel Ty UéYLGTn Kol thv eAdylotn
TWA Tng ato [a,b]. Emedn f(a) = f(b) vmdoyel xo € (a,b) date n f(xp) elvow n puéyletn n n
eMdyotn Twh tng f. Ag vtobécovue 6Tl GTo xg n f Talpvel Ty uéytetn Twn tng. H f elvon
ToRaAywylown 6To xg, omwote f’(xo) = fi(xo) = f’(x0). Hapatngovue étL yia £ > 0, €xovue

Flxo = h) — f(x0) <0 = f(xo—f_l)h—f(xo) 20:>}lli_l)l(l)f(xo—}i)h—f(xo) )20
f(x0+h)—f(x0)§0:>f(x0+h})l_f(x0)SO:>]£in(1)f(x0+h2_f(xO):f;(xo)SO

katd cuvémela f7(xg) = fi(x9) = 0, emouévag f'(xp) = 0. H meplmtwon émov n f mwalpvel 6to
X0 TV eAdoTn TWA TG AITOSEVVETOL OVAAOYQ. O

Oewponua 9.6 (Osdonua uéong twng). Eotw 011t n guvdernon f eival Guveyns GTo
[a, b] kar Tapaywyiciun 6o (a,b). Tote vwdpyel xo € (a,b) wate

1o -1@ _

b = f'(xo0). 9.4)

Agrodeién. H cuvdptnon

b
F = 100 - fl@ - (- D=L

kavoTrolel TS VIToBEGeLS Tov Pewpnuatog Tov Rolle, SnAadn eivar guvexng o [a, b], TTORAY®-
yvicwn 6to (a,b), ws dbgoloua TTORAYOYIGILWY cuvapTicewy, kaw F(a) = F(b) = 0. Emwouévwg
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vTtdEyeL onuelo xg € (a, b) daote F'(xg) = 0, woodvvoua
[ - f@) _
b-a

Jrovu elval To ¢ntouvyevo. O

f'(x0) 0

IIopwoua 9.1. ’Ectw 611 n cuvdptnon f eivar mapaywyiciun ¢to (a,b) kat f'(x) = 0 yia kdbe
x € (a,b). Tote n f eivar gTrabepn oo (a,b).

Aefyvoupe 6TL f(x) = f(a) ya kéBe x € [a,b]. 'Eotw x Tvgaio onuelo Tov (a,b], té1e ATd
T0 OedEnua Tng péong TWAG VITAEXEL Xo € (a, X) daTe

M = f'(x0) = 0,
x—a

Katd cuvémela f(x) = f(a). Emewdn to x elval tuyalo €mmetor Gl To ATToTEAEGUO LGYVEL Yia OAOL
T X GT0 [a, b], emwouévwc n guvdptnon elvor Gtabepn.

IIopwoua 9.2. Av ot guvaptricels f kat g Exovv tnv iGia Tapdywyo cto (a,b), T0te yia kdirola
atabepd c givar f(x) = g(x) + c.

Agodetén. H cuvdptnon h = f — g wovottolel tig vitoféceis tov IMoplopatos 9.1, dpa eivar
otabepn, wwodvvaua yio kdstowo atabepd ¢ elvan f(x) = g(x) + c. m|

I[Iopwopa 9.3. Ectw ot n cuvdptnon f eivar sapaywyiciun ce kdstoo didatnua (a,b). Av
f'(x) > 0 yia kdbe x, t6Te n f eivar yvnoiws avovoa oto (a,b). Av f'(x) < 0 yia kdOe x, ToTE N
f eivar yvnaiog @bivovea cto (a, b).

Agodetén. ‘Eoto a < x1 < xg < b, amwéd 1o Oepnua tng uéong tTwung vdxel xo € (X1, x2) OCTE

fGo) = fOa) _

X2 — X1

£ (x0).

Av ' > 0 oto (a,b), 161e f(x9) — f(x1) > 0 apov o TAEOVOUAGTAS elvar JeTikdg, dnAadn n
f elvaw yvnoiog avtovca oto (a,b). Av f' < 0 cto (a,b), t61e f(x2) — f(x1) < 0 AoV o
TLAQEOVOUAGTAG elvan JeTikdg, dndadn n f elvar yvnolog @bivovca ato (a, b). ]

IMapdderyua 9.9. Edv 0 < a < b Selyvouue 411

b-a b-a
< arctan b — arctana < .
1+ b2 1+a?

H f(x) = arctan x elvow mapaynyicn e 6Ao 1o R omdte amd 1o Oewpnua tng uéong

TG Talpvouye
arctan b — arctan a

b-a 1+ &2
Vi KGToro & € (a,b). Emedn yio 0 < a < & < b eivar 0 < a? < &2 < b? émeton 611
1 1 1
1+ 0% 1+ &2 “1ra

= arctan’ & =

ouvdldgovtag Tic dVo ayéoelg €xouue

1 arctan b — arctan a 1
< <
1+ b2 b—a 1+ a2
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KOL L gnTovuevn gyéon TTeokvITTEL av JToAAaTtAaGLdGovue pue b —a (> 0).

Acknon 9.9. Edv 0 < a < b deigte 61

a b b
l1--<log-<--1
b a a

MMapedderyua 9.10. Na Bpeebel o eAdyiotog apBudés M daote va toxvel

T
|cosa —cosb| < Mla — b a,b e [_E’E] 9.5)
H cuvdptnon cos eivar sopaywyiciwun cto R, omdte yia a # b amd 1o Bedpnua ng

uéong Tng €xovue
cosa—cosb

a—-b
yioL KAITol0 Xo UeTOEY a kaw b dpa oto [—/6,/6]. "Etal éxouue

= cos’ xp = — sin xg

cosa —cosb
a—b

. . /A |
=|sinxg| < max |[sinx|=sin—- = —,
—n/6<x<n/6 6 2

kotd cuvértela n (9.5) wavortoteitar yio M = 1/2. Tnuewdvouue 6Tl n avigdTnTao 1GYXVEL
yiao M =1, agot |sinxg| < 1, ald avti n Tiwn touv M astéyxel ToA) astdé To vo elvon n
eMdyratn duvatn yia va oyvel n (9.5) 6To SideTnUa TOU LS EVOLAPEQEL.

Acoknon 9.10. Aegigte 6T n €€lcmon
arctanx = 1—x

£xel wovadikn Avon kot Berte éva Aoyikd Stdotnyo To oTtolo Tnv TTEQLEXEL.

Oeaonua 9.7 Tevikevuévo Oswpenua uéong tung tov Cauchy). Ectw 67t ot Guvap-
THoels f kal g eival cuveyeic ato [a, b] kar mapaywyiciues oo (a,b). Eav g(a) # g(b) kat
ot f’, g’ Sev eivar tavtoypova ioes ue unbév, ToTe vITdE)EL Xo € (a, b) doTe

f®) = fl@) _ f'(x0)
gb)-gla)  gxo)

Agrodetén. BAémouue 6TL av g(x) = x 1o Bedpnua avdyetor e avtd tng uéong twng. ‘Etal
YEVIKEVOVTOGS TOV TEOTIO ATTOSELENGS Tou OeENULOTOS TNG UEGNS TWNAG opltouue Tnv guvdeTnon
h pe n oxéon

(b) - fl@
h(x) = f(x) - fa) - [g(x) - g(a)]g-
g(b) — gla)
H A, 0¢ Sapoed cuvey®v GUVAQTAGE®Y GTO [a, b] kal TTagaywylcsiuwy 6To (a, b), elvar cuvexig
Gto [a,b] ko Tapaywyiown cto (a,b), emmAéov kavortolel th oxéon h(a) = h(b) = 0. 'Etal

OMeg oL vrobBéaels Tov Pemwpnuatog Tou Rolle kavortoltovvtal, oTtdte VITAEYEL Xo € (a, b) daTe

f®) - f@ _,
5(0) ~ 5@

agt” 6ITOV £ITETAL TO CNTOVUEVO. |

H(x0) = 0= f'(x0) — g'(x0)
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Ozoonua 9.8 (Oedpenua uéong twig tov Taylor). ‘Ectw 6m1 n uvdetnon f™ sivar
ovveylic a1o [a, b] kar mapaywyiciun ato (a, b), yia kdsowo n € N. Tote vrdpyet xo € (a, b)

WoTE
FOID _ iy LDy LD S0
n+ D!
Amé8eiEn. Ogltovue T cuvéginon h 610 [, b] pe T aygon
o = 16— 10 = 1ot -9 L0 g . LW

AT g voBéaels yia thv f n h elvanl guvexng oto [a, b] ko Ttapaywyicwn cto (a,b). To (6o
1GYXVEL KL VLo TV GUVAQTNGN
g(x) = (b - X"

Emedn
’ 7 7 f(n)(-x) n—1 f(n+1)(-x) n
W) ==fx)-f"x)b-x)—--- - (b-x) (b-x)
(n-1)! n!
(n)
PO @G0 D ey
(n-1!
(n+1)
n!

kot g'(x) = —(n+ (b —x)", ue g’ # 0 10 (a,b) 076 TO yevikevuévo OedEnuo TG UEGNG TWAG
Tou Cauchy émeton 6tL vITdEyeL éva TovAdyleTov anueio xo € (a,b) Oaote

o) —h@ _K) @) _ R(x)

gb) - gla)  g'(xo) gl@  g'(x)
aoV h(b) = g(b) = 0. 'Etal

h@ =" (xo)(b — x0)"/n! _ e _f D (x0)

(b-ay* —(n+ b~ xo)" b—a (n+1)! (b= ay

ATTOV AVTIKABIGTOVTOS ThY TR

71 (n)
) = )~ f@ - f@b-a) - L b —ap - LDy
TeMKA TTOlEvouue
fo-f@ _ f”( ) f(")(a) 1, S (x0) n
o, @+t —0l-a+ (b—a) D! ——((b-a
Jrovu elvan 6,11 YéAaue va SelEouye. |

9.3.1 INToAvwvvua Taylor kot ;EOGEYYiGELS

To amotéAeoyua Tov OeWENLOTOS TNG uéong TWng, dndadn n (9.4) urropel va ypapel e Sudpoeg
UORMEG, Yo TToRddetyuo av x koL xg elvar onuela tov (g, b), Toéte

f(x) = f(xo) + f(E)(x = x0) VL0l KAITolo € UETAEY X KoL Xq. 9.7
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'H yio x € (a, b) xou |h| wkd
f(x+h) = f(x)+ f'(x+Sh)h yia kdgtoto 8 € (0, 1). 9.8)

ITopduota n (9.6) ypdpetal otn woeen

2 (n) (n+1)
£ = FGi0) + f (ro)x— o) + L ( )< g L0 <,x°)<x— o+ Lyt @)
n! (n+ 1!
d1ov To & elvon ueta&y x ratl xg. To TOALWVLUO
77 (1)
PAx) 1= o) + (50)x = x0) + L0 °)< et L n(,x Vie-xy 10

Aéyetan stoAvwvuupo Taylor tdgng n tng f 1o x9. ‘Etol n (9.9) pstopel va ypagel
JF(x) = Pp(x) + Ry(x) ©.11)

61ToUv 10 R, (x) Aéyeton vITOAOLITO TAENG 1 Tng f GTo Xo ko Sivetow amd tn oxéon

(n+1)
f (é‘:) _ X())n+1

Ra(0 = &

9.12)

ue To & va elvor uetagl xp kaw x. H €kepeacn avtn Tov vwoAolmov elival n poEEn Tov
Lagrange. Mo dAAn ékeacn yia to R, elval n poepn tov Cauchy

(n+1)
Ru() = T gy, ©.13)

ue to & va elval uetagl xo kow x. Ev yéver ta € otig (9.12) ko (9.13) elvon Sapoetikd yetagy
TOUG.

Acknon 9.11. "Ectw 611 n guvdptnon f ikovorolel Tig vTtofécels Tov Oewpnuatog uéong
Twng tov Taylor gto Sidatnua [a, b]. Egopudtovtag to arrotédecuo tov Oswenuatos 9.6 atn
guvdTnon

(k)
F(x) = f(x)+2f S

Selete 6t f(x) = Pu(x) + R, (x), dmov to vmdAoimto R, elvor gtn popen touv Cauchy (9.13).

IMoeddewyua 9.11. Ov Guvapticelg e*, sinx Kol CoSx €XoUV TTORAYWYOUS OA®V TV
Tdgewv ko d"e*/dx" = e,

ar (-D¥sinx n =2k, d" (-D*cosx n =2k,
. Sin x = . COsS X =
dx (-Dfcosx n=2k+1, dx (-DFsinx n=2k+1,

ue k = 0,1,2,.... "Etor yio xo = 0 kat yia kd0e x € R viwdoxer & uetagd x kou undév
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WOTE
2 53 ¥ el
e =1+x+=>—+=—+-. .+ + 9.14)
2! 3! n!  (n+1)!
3 5 7 n,-2n+1 g 2n+2
. x> x> x (=1)"x k+1SIDE X
S RFo o dh 0o = e dhooo db ot b (=] _— 9.15
X=X T s T e TV a2 o
2 4 6 n.2n : 2n+1
-1
SRR TS G G i 1. i 9.16)
21 4! 6! 2n)! 2n+1)!
vy n =0,1,2,... AT s oyéoelg avtég egdyovian Sidpopa cuurtepdouata. Ag Sovue
UeQLKAL.
1. A6 v (9.14) yia x = 1 vitdyel € petagy undév kau éva OGTe
1 1 1 1 e
e_(1+_+_+_+...+—)= O<f<1.
1 2 3 n! (n+1)! A
"EtGu €youue
1 1 1 1 e
OSe—(1+—+—+—+---+—)<——>
1 2! 3 n! (n+1)!

ROBOS n — 00 yeyovog Tou asrodewkvierl 0T n akolovbia (an),”; ue

. ¢ 1
a, = +1—!+2—!+§+"'+E

GUYKALvEL GTO e.
2. T n =0 kow x # 0 vITGEXeL & UeTAEY Undév KAl X OGTE

\ 2 sin x X .
sinx=x— —siné = — =1- —siné
2 X 2

1ol

sin x x| . 1
-1 == <=
r ’ 7 [sing] < 2IJCI

aTt’ 6TTou £IeTal OTL )
. sinx
lim — = 1.

x—0 X

3. Ouowa yra n = 0 kat x # 0 virdeyel € petagy undév KoL x OGTE

cosx—1

cosx=1-xsiné > ——— = —siné
X
att’ éTTou £IreTO OTL 1
. COSXx— .
Iim —— = —-sin0 =0,
x—0 X

a@oV 0 < |£] < |x| ko katd cuvértelo & — 0 kabBig x — 0.

4. Ouoa yio n =1 kow x # 0 vITdEyel & UeTAEY Undév KoL X OGTE

PR cosx — 1 1 x .
cosx=1-—+ —siné > ———— = —— + —siné
2 6 5 2 6
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aTt’ 6TTou £IETONL OTL
. cosx—1 1
lim ——— = ——.
x—0 x2 2

a@oV 0 < €] < |x] ko katd cuvémtelo & — 0 kabBdg x — 0. BAdéme Zynua 9.4.

g(x) = x*/2

f(x) =1-cosx

Tynua 9.4: Ta wikpés Twég tovu |x| eivar 1— cos x ~ x2/2

5. A tnv (9.14) BAémtovue 6TL av P, elvar To woAvdvupo Taylor tdgng n yia tnv e,
Tdéte
n+1

= xk X
Py(x) =1+ kz_; R Ppii(x) = Py(x) + D!

ko e* — P,(x) = R, (x) 6100

|n+1 |n+1

[x |x
A [ox]
Rn I = & D =€ e D)

a@ov To & elvar uetafy 0 ko x. Emeldn x'/n! — 0 kabwg n — oo gmetan 6T

R,(x) = 0 koBiS n — co, oTwdTE
lim |e* — Py(x)] = lim |R,(x)] = 0 = €' = lim P,(x)
n—00 n—o00 n—00
KOL 0TT0 TN Woeon twv P, elval Aoyikd va yedapouue
®  k 2 3 n
' - X A A
e —nh—>nol°Pn(X)_1+;k!_1+x+2!+3!+ +n!+ 9.17)
To 6o Twv TTOAVOVIL®Y P, KaB®OS n — oo, To dBgoloua SnAadn GAwv Twv 6pwv
(darepor to TAMB0G) x"/n! elvan wa celpd tny ottola Ja Adue duvauocelpd (AITo
™ Woeen Tov 6pwv) tng e* yvew atd to x = 0. "Etcl kdbe toAvdvuuo P, eivan
TO UeEkd dbpowoua S, tng duvapocelpds. Tn Suvapocelpd tn Adue avdstTtuyua
Taylor tng e* yUpmw amd 1o x = 0. To avdmTuyua avtd vITdEYEL yio KABe TTEAyULA-
TIKG aBUd kal GuykAivel, dmwg delgaue oto ¢*. 'Etol da Adue dt n Suvagocelpd
(9.17) euykdiver gty e* ylo kdbe x € R. EmuarAéov, dmmwe avaeépaue, amd tny
(6.16) éyovue 611 e* = exp x.

“Aglyvouue 6TL yia a > 0
. a
lim — = 0.
n—oo n!

"Ectw N évag atabepdc @uakds afuds tétolog hwate N > 2a, 16te o n > N
a” aa a a a a n-N 1 n-N 1\"
(o _ag @@ (@ N (L)
nl 12 NN+1 n N 2 2
amr’ 6oV £TETAU TO GNTOVUEVO ApoV To Se&l ko Tng avigéTntag Tetvel 6To Undév Kabws n — co.
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Acknon 9.12. Xpnoomowovtag g (9.15) rat (9.16) ko gpyagduevol dTTwS GTO QITOTEAEGUA

Tov ITagadelypatog 9.11 yio tnv ekbetikn cuvdgtnon, deigte 6TL

x3 x5 X7 (_1)nx2n+1
sinx=x——+——-——+- + —7—

31 51 7 2n +1)!

x2 x4 x6 (_l)nx2n
cosx=1-—+———+.--- 4+

214! 6! (2n)!

yia kdbe x € R.
Aoknon 9.13. H f(x) = arctan x, €xel TaQay®yovs SAwv Tov Tdewv.

(o) Aeigte 6T
x3 5 7 (_1)11 2n+1

X X
arctanx =x— —+ —— — + +
7 2n+1

Ry
3t 3 + Ru(x)

Yl KOTAAANAO Ry,
®) Acelgre 611 Ry(x) = 0 kobdS 1 — oo yio kAe —1 < x < 1 ko GuuTtEEdAVATE GTL

arctanx = x— — + 2 L 4 0 -1<x<1
3 5 7 2n +1

x3 S5 7 (_l)nx2n+1

(9.18)

9.19)

Mapddeyua 9.12. Oswpovue Tn cuvdptnon f(x) = Vx. Ilpoceyyitovue tn Guvdptnon
ue To wolvwvupo Taylor 2ng tdeng 6to xo = 8. II6G0 akEPNGS elval n TEOGEYyLIoNn dTov

7<x<9;
To ¢ntovuevo TToAV®OVLRO elvon TO

f '(8) 7®)

Py(0) = f&) + H— (=8 + 5 =(x —8)2.
YmoAoyicouue
fx) = K3 f,(X) = %X_Z/S f"(x) __x—5/3 f”'(x) _ ;_’(;x_gw
4 — i 77 _L
& F® =1 7 ® =1
ETOUEVHOC

\/_~2+—( —8)—@( x -8y

H akpifela tng weocsyylong ekTwdTon aItd To VTTOAOLTTO Re(x) 0pot f(x)— Pa(x)
To & otnv ékppacn tov R,(x) elvon ywetagy 8 kat x. ESdw elvon

f”’(é) 5(x=8)° 5(x-8)°
3l 8183

(x=8)° = 5‘8/

Ro(x) =

Emewdn x € [7,9] etvan —1 < x — 8 < 1, wgodvvopa |[x — 8| < 1 kat & > 7, omdte

S5-1

5(x — 8)3
RETRCE

R < 0.0004.

Ro() = |
"Etol yia kdBe x € [7,9] éyovue

< 0.0004.

(2+—(x 8)—@@ 8) )

= Rz(x).
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Acknon 9.14. Aegigte 611 yio x > —1

2 )CS x4 X5

logl+x)=x—-—+— - —+ ——,
g+ 27374 T 5(1+ep
yio k4gtowo € petogd 0 ko x. XQENOoWoItonaTe aUTR Tn GXEon yia vo BEelte uio TTeoaéyyion

Tov log 1.1 kol eRTWAGTE TNV aKEIBEL0 TNG TTQOGEYYLONG.

Hoaedderyua 9.13. Ilpoceyyicte tnv f(x) = e ue To GxeTikd moAvwvupo Taylor 20v
Babuot yVpw atd to xg = 0 ko ekTWnGTE TNV akEifela The TTEOGEYYIong dtav —1/2 <
x<1/2

Emeidn
Fx) = -2x¢, £ = @3 -2, 7)) = (=8x° + 12x0)e

7o mwoAvwvupo Taylor 2ov Babuov etvan

fO 1O 5 _
1! 2!

1- a2

Py(x) = f(0) +
ETULITAEOV
e = Py(x) + Ry(x)
2 &) 3

=1-x"+
3!

6mov yua k@Be x To avrtictolyo & elvar yetagd 0 kot x. XTo GYAUO TTOU AKOAOUDEL

£}

BAETTOUUE TIC YEAPIKES TTORAGTAGELS TNG f(Xx) kKow Pg(x).

f)=e*

T T

-2 1 0 1 2

Py(x) =1—x*

xnuo 9.5: e ~1—x2 yUpw agtd to x = 0

T tnv extignon tng akpifelag tng mEoceyyiong Belorovue

e = Py(x)| = [Ro(x)]

| — 863 +12¢| 4
= TM |
€5 3!
3 Q3
3! ja<1/2 &4

H cuvdptnon (12¢ — 8&3)e¢" efvar atovca oto Sidotnua [—1/2,1/2], BAéme Tyhuo 9.6

KO €ENyNoN GTn GuvE e, emouévag yia |€] < 1/2 €xouvue e x1- 2 ue o@AAuo To
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JTOA . .
— 2 = 0.081125081569938 ( _ _).
48 {4/2 Yio & 9

Oétovtac h(¢) = (12¢€ - 8§3)e_‘f2, TaeatnEovue 6t n A elvol TEQLTTA GuVAETNON KO
W (&) = (12 - 48£% + 16£%)e™¢, evid

h'(§)=0®§4—3§2+§120®§:i 3i2\/é.

1 \/3_\/6 \/3+x/§
- < <
2 2 2

To akpoTaTo Tng A Beiokoviar exktdg Tou SwacTthpatos [—1/2,1/2], étol gTo SidoTnua

Emeidn

avtd n h elvar povétovn. Egtouévmg

max h(&) = h(1/2).

Tyiua 9.6: Ro(x) = h(&£)x?/3!

Hapatngnon 9.2. Xe oyéon ue to Hopddeypa 9.13 onueidvouye:
1. Mo extignon tng akeifelas tng TEOGEYYLGNG TTEOKVTITEL £TTIGNG TTOQATNEWVTAS TO XyALO
9.5, cuyyekpwéva n uéyloTn amréctacn oTic dVo yaplkéc Tapactdoels ouppaivel ata droa
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TOL SlOGTARATOG, £TGL

e = Py(w) < 1£(1/2) - Pa(1/2)]

_ 1 1+1
_\% 1
1
=05 0.75
= 0.0288007830714049.
2. Emedn yua kdbe x € R elivon
e 2 3 n
X _ X * X X
e_1+zn'_1+x+2'+3!+ +n'+ ,
n=1
émeTan OTL
© 2\n R 2n 2 4 2n
2 N N e L X
e _Z(; py _ZO( TRy FED' 4, xeR
n= n=

H cewpd eivar evadlacoduevn kor yio —1 < x < 1 givan

x2 x4 x2n

1>=>=>..>—
1= 2 !

oTtoTe ATt 10 Bedpnua 6.1 (ektiunon GEAALATOS AITOKOTING) £TTETOL GTL

\%

- >0,

x4

2
- P < —,
le 2(x)| 7
KATd cuvéTtela gto didatnua [—1/2,1/2] éxovue
1/2)*
2
1

T 32
= 0.03125.

e = Py(x)| <

"Eyovue AOLTtV TelS SLopopeTIKES ERTIMNGELS TNG akQifelas Tng TTpoGeyyiong tng f(x) = e
ue to ToAdvuuo Taylor Py(x) = 1 - x% 610 Sidotnpwa —1/2 < x < 1/2. (o) Me ypnon tov
Ozweripatog péong twng tov Taylor, (§) vitodoyitovtag dueca to puéyiato tng f(x) — Pa(x), ko
TEAOG (V) ERTWOVTOS TO GOPAALA OTTOKOTIAG eVOAAAGGAUeVNGS Gelpdc. ‘OAeC Ol EKTWWNGELS Elvan
GMOTEC KO N KABE Ui GYETITETAL UE TOV TEOTTO AVIIUETOTIIGNG Tov TrEoPAnuatos. H ()
VTTOAOYICEL OKQEBOS TO GEdAua, Sivel To akEIPEGTEQRO aTtoTéEAEGUA, AAAG aTTaLTEl aUpeEVAS yvdon
ToV Py KO A@ETEQEOV TMTTALOV epyacia, Tnv evpeon ueyictov, n oJtola Ge yevikn Trepittwon
uropel va elvan wa woAvTTAokn Sadikacio. Xe avtiBeon ov (o) ko (V) divouv o ac@ain
extiuncn dixwg va avaegpovtal kav Gto Pa.

9.3.2 ToauukoToinon Kol SLoPoQLKA

Av n f elvon Togaywyicn oe kdmolo didotnua (a, b) ko xg € (a, b), Téte TO TTOALVDOVULULO Taylor
TEOTNGS TAENS 0To X9 Pi(x) = f(x0) + f'(x0)(x — x0) €lvan n e€lowon tng epamrousvng gvbelog
oTo yedonua tng f oto anuelo (xg, f(xp)). Av To x glval Kovtd 6To xg attd tnv (9.7) BAéTtovue
6Tl f(x) = P1(x), katd cuvémela oe éva Sldotnua yoew aItd To xo n f JTeoceyyiteTolr agtd wa
yoouutkn cuvdotnon. To vTtéAolTto R(x) ek@EATEL TO GEAAULN TNG TTROGEYYLONG.
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Opoudg 9.3. Av n f elvan TTapaywyiciun GTo xg n guvdETncn
L(x) := f(x0) + f’(x0)(x = Xo)

Aéyetal yoouutkoTtoinen tng f Gto Xxo.

Av 10 x¢ petapdietar katd Ax = dx téte n y = f(x) petapdietar kotd
Af = f(xo +dx) = f(xo).

Av n f elvar Ttagaywylown n ékeeacn f’(xg)dx elvon wa steocéyyion tng Af apov yo Ax
wKEo6 etvor
Af = f(xo +dx) — f(xo) = f'(x0)dx + edx

kar € = 0 kaBs Ax — 0. Tnv €kppacn
dy=df = f'(x)dx

Aéue Srapoeikd tng f. Ilapatngovue 6Tl To Stapokd Tng f GTo xp elvon n UeTafoAn Tng

yoouutkogtoinang L kotd dx a@ov

AL = L(xo + dx) — L(x0)
= f(xo) + f'(x0)((x0 + dx) — x0) — f(x0)
= f'(xo) dx.

Hoeddetypa 9.14. H yooumkn spogéyyion tng f(x) = (1+x)", x > -1 v r € R, gt0
x =0 elvon
1+x)" =1+rx, x kovtd oto 0.

Hodyuatt f/(x) = r(1 + x)""L, ométe 610 X = 0 elvan
L(x) = f(0) + f/(0O)(x = 0) =1+ rx.

"ETGL Y100 X KOVTA GTo Undév €xouvue

1 1
Vi+x~1+=x —=1l+(-Dx=1-x
2 1+x
1 1 1 1
A3~ 14 =3x8 =1+ 2% z1+(——)(—x2)=1+—x2
3 1= 2 2 2

9.3.3 H ué0odog tov Newton

"Ectw 6TL n f elvon wo Topaywyicun guvdetnon ue guvexn mapdymyo ¢to didatnua (a, b) ko
£0Tw, eMIALOVY, OTL f/(x) # 0 010 (a,b). Av a < x; < b n gpagttouevn evbeia ato (x1, f(x1)) xel
egiowon y — f(x1) = f/(x)(x — x1). Emeadn f’(x) # 0 n gvbeia avth téuver tov x-dgova. Av xy

elvan To onyelo Toung, téte

f(x)
frx)

0— f(x1) = f/(x)(x2 — x1) = X2 = x1 —
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‘Oyota n epagitéuevn evbela oto (X9, f(x2)) Téuvel Tov x-AEova GTO X3 KOl

s = xg— f(x2)
1" (x2)
Yvuveylcovtag auth tn dtadikacio Taigvouye Tnv avadoutkin akoAoudia n eynua tov Newton
S (xn)
=X, — =12,3,... 9.20
Xn+1l = Xn (%) n ( )

YmoBétovtag 6Tt n avadeoutkin akolovbia cuykAivel e kdGgtolo onuelo x* agtd TV GUVEXELL
Tov f kot f Taipvovtag To 6plo n — oo GTa V0 UEAN TG avaSEOUKNAGS GYEaNg £xouue
k
(")
x*=x*—f—zf(x*)=0,

J(x*)
SnAadn n akoAovBio cuykAivel ce wa pica tng eficwong f(x) = 0. Katd cuvémelo Tmtaigvovtag
To onuelo x; kKovtd og pita tng eficwong f(x) = 0 To avadpowkd avTd GyAwo GUYKRALVEL GTn
olta.

Yynua 9.7: Teouetokin avamapdotoon yid To oyt Tov Newton

Aoknon 9.15. Etetdote av ot akolovbieg ata (@) kow (B) eivar Touv toIrou (9.20) yio KATAA-
AnAn, otnv kdBe mepimTtwon, f. XTn cuvéxela €££Td0TE WS TEOS TN GUYKALON TIG akoAovbieg
KOl ov GuYKALvouv va BeeBovv Ta GpLd Toug.

@) xo=1, X441 = '; , n=12.3,....
Xn

®) xo=1, xpuu=x,-1 n=12.3,....

|
&
|

TNa tn odykMon 1 6y kdbe axoAovbiog atnv Acknon 9.15 ggetdiovye Thv LOEEN TN
arkolovBiag, Guykekpuéva av eivar wovotovn kat @eayuévn. H Ilpdtacn srov akoAovBel €€a-
opaliter ovykMon tng axkolovbiag (9.20) av n cuvdetnon KovoITolel KATAAAAES GUVONKEGS
KOL L aQYLKN TIRoGéyyion eTAEyeTAl KATAAANAQL.

ITpétaon 9.1. Ectw f uia cuvdptnon ue cuveyeis Tic wagaydyovs f' kat [ oe éva Sidotnua
(a,b). Eotw o1t yla a < a < 3 < b givar f(a) <0, f(B) > 0 kar f'(x) > 0 yia kdbe x € [a,B].
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Av x* eivar n pica tng f(x) = 0 n osoia smepiéxetar oo [a, B, kat opicovue m = min f’(x) kat
M = max |f"(x)| oro Sidotnua [a,B], T0Te emiAéyovtac x; dote |x* — x1| < m/(2M) n akoldovbia
Jrov opicetal ue tnv avadpouikni gyéon (9.20) cuykdiver otn pica x*.

Agrodeién. Ov vmtobécels ylo tv f egacg@aligovv tnv UmoapEn uovadikig pltag x* ato [a,S]
(ywati;). Emedn f(x*) = 0, amd tnv (9.20) aigvouue

Xpul — X = o — X" — J(xn) — f(x7)
" ! F ()
=Xy — X — (X, — x*)f (¢n) yloL KGO0 &, UETAEY X, Ko x°
S ()
(. L&)
= (== 5)
= (x, - x*)f,(xn) = f'(&n)
" 1" (xn)
= (xp — X")(xy — fn)f () ylo KAITolo ¢, Uetagl X, Ko &,.
1" (xn)

"ET0l apov To &, elvar UeTAED TV X, KoL X* JTaigvouue
M M
2
|Xp41 — X*l < |x, - X*”xn - fnl% < |xp = X*l Z 9.21)
ATté v (9.21) ue emayoyn amodeuvistan? 6t
) M 2"—1
e - e 9.22)
m
A6 tnv vIedOeon |x; — x| < m/(2M) xkon tnv (9.22) TEOKRVTTTEL AUEGWS OTL
Q u
M 2"—1
ot = 1< (S = 1) -

KATA GUVETTELOL

121 .
[X%p41 — x¥| < (5) lxg — x7|, n=123,... 9.23)

att’ dmov £meton OTL X, — X° KOOOS n — oo, m]

2@étovtag 6, = |x, — x| ko A = M/m n (9.21) ypdpeTon
Spit < 62,
oTtdTe VTTOAOYICOUUE
8y < A6}
83 < A65 < AA6H? = 2361
84 < 255 < AA3SH2 = X'68
85 < 403 < A6%)? = APsy®

Ioxvetgduacte ot
S < A2 167, vion=12,3,...

, . , . . . ) . k=11 ook
Hedyuatt yio n = 1 glvon 83 < 6% o omofo woytel. Ttn cuvéyewa, dexduate 6T (yio n = k — 1 elvaw) & < A2 162,
TéTE

S < A8F < AL = 26

TO 0TT0{0 ATTOSERVUEL TOV LGYUQLGUO UAG.
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9.4 Méyieta EAdypiota kat Kvgtotnta

Opoudg 9.4. Oa Aéue 6Tl n guvdetnon f €xel aIOAVTO UEYLGTO GTO Gnuelo xp TOU
Tediov oplouov tng D(f) av f(xg) = f(x) yia kdBe x € D(f). O apBudg f(xg) AéyeTon
uéytetn tun tng f. ‘Ouoto da Adue 6TL n f €xel agtdéAvuto eAd)L6To GTO onueio X
Tou Tediov opauoy tng D(f) av f(xo) < f(x) yia kdBe x € D(f) rkow o apBuds f(xp) da
Aéyeton eAdytoTn Tiwn tng f.

Opoudg 9.5. Oa Adue 6TL n guvdetnon f €xel TOTKG UEYLGTO GTO Gnuelo xp TOU
gtedlov oplouoV tng D(f) av vmdeyel avowytd didotnua I To ogtolo JTEQLEXEL TO Xo KL
f(x0) = f(x) yua kGBe x € I. 'Opoio da Adue 6TL n f €xel TOTKOG EAGYLGTO GTO Gnueio xg
Tov medlov opwouov tng D(f) av vidxer avolytd Sidotnua I To omwoio TEQLEEL TO Xo
kot f(xg) < f(x) yia ke x € I. Ta TOTIKA UEYIGTO KAl TOTIKA eAdytoTa Tng f Aéyovtal
TOTIKA akeéTaTA TNG f.

Ocwonua 9.9 (Fermat). Edv n guvdptnon f €yel ToTTik0 UEYIGTO H TOTTIKO EAAYIGTO GTO
xo kot i f'(xp) vardyer tote f'(xg) = 0.

Agoberén. Ag vmobBécoupue 6TL GTO X n f €xel ToTKG uéyigto. Emedn n f elvan mtapaywylown
GTO Xp, fmetan 6Tl f7(x9) = fi(x0) = f'(x0). Onwe otnv amddelgn tov Bewerpatog 9.5 Tou
Rolle €xovue 6t f/(x9) = 0 v f1(xg) < 0, katd cvvémea f(xo) = fi(xo) = f'(x0) = 0. H
TieQ{TtTOon 6ITou n f €xeL GTO X TOTKG €AAYLGTO ATTOSEKVUETAL AvAAOYOL. |

To avtioTtpopo Tou Bswenuatog dev woxvel. To maeddeyua v tnv f(x) = x° woyvel
£7(0) = 0 aAMd 670 x = 0 Sev €yel ToTIKG UEYIGTo R eEAd1oTo aov f/(x) = 3x2 > 0 GTo (—00, 0)
ko 6To (0, +00) kot Katd cuvémela n f elvol yvnolwg avgovco oto R.

Opiouds 9.6. 'Eva onuefo xo 6to tedio oQuopov wog cuvdptnong f Aéyetol KEIGLUO
onueio tng f av f'(xp) =0, n n f'(xg) Sev vItdoyxer.

Oeodonua 9.10 (Kertnero tng meedTng maQaydyov). Ectw 01t To X €ival keigiuo
onueio Tng guveyous guvdptnong f.

(D) Edv n f aldddger ago 9Tkl Ge aQVNTIKR GTO Xg, TOTE N f €X€L TOTTIKO UEYLGTO GTO
onueio xg.

(2) Edav n " alddger amo apvntiki oe JeTikli 670 Xg, T0TE N f €xel TOTIKO EAAYLGTO
GTO0 GNUELO Xg.

(3) Eav n f’ Sev adddiel wpoonuo 6o xo, TOTE N f S6ev Exel TOTIKG AKEOTATO GTO Xo.

Agtébeién. 'Eoto 6t n f elvon ouvexng oto Sdotnuo I, xg € I kou n f/(xg) uitopel va, vItdyel
1 va, WAV vItdEyeEL.

(D Ed&v n f" elvan detikit oe Sidotnua (xg — 8, xg) Kol 0QVRTIKA GTO (Xg, Xo + 0), Yo KATTOLO
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0 > 0, téte n f elvan avgovca GTo (X9 — I, X0) Kow a@oV f(xg) = f(xp—) €weTan OTL
f(x0) > f(x) ya k4B x € (x9 — 6, xp), KATA cuvéTtela elvan avgovaa 6to (xg — 8, xo]. Eivar
emiong @Bivousa GTo [xg, Xo + §), EMTOUEVWS GTO Xo €XEL TOTTKO UEYLGTO.

(2) Eav n f’ elvan agvntikn ge didatnpa (xg — 6, xp) kot JeTkin aTto (xg, Xo + 0), Yo KATTOLO
0 > 0, 161 n f elvar bBivovsa GTo (X9 — J, X9] kAL AEOVGA GTO [Xg, X0 + §) dEA GTO Xg
€xel ToTKO eAdYLGTO.

(3) Ag vmroBécouue 6L 7 > 0 6T0 (X9 — 6, X0) U (X0, X9 + 0), TéTE N f elvan avEovca ce kdbe
éva atd to StactApata, eTItAéov f(x) < f(xg) ywa kdBe x € (xo — 0, xo) kAl f(xg) < f(x)
yia k4Be x € (xg, xo + 0), Katd cuvémela n f elval yvnolwg wovdtovn 6To (xg — 6, Xg + 0),
dpa dev €yel akEATATO GTO Xo.

O

Hogatninenon 9.3. To cuumépacua Tov Oewpnuatog 9.10 dev woxvel av n f dev elvor Guveync.
IMpdyuatt yio thv
1/Ix| x#0,
fx) =
0 x=0,

etvar f/ > 0 g1o (—00,0) ko f* < 0 gto (0, +00) AMG TIEOPAVHS dev €xeL TOTKSG UEYLGTO GTO
x=0.
IHoeadderyna 9.135. Asiyvouue 61U
1
l1--<logx<x-1, x> 0.
X

OewEovue Tn GuvdETncn
1
f(x)=1- - —logx.
X
H f oplceton yio x > 0, elvor TToQaywylciin Ko
1 1-x

oy L1
f(x)_x2 x a2

Av x <1 gtvon f/(x) > 0 dpa n f eivar avgovca oto (0,1) evd av x > 1 etvar f/(x) < 0
omote n f etvan @Bivovca Gto (1, +00). Zvumegaivouvue AotTtév 6Tl 6To x = 1 n f €xel
uéyioto, étol f(x) < f(1) yo kdbe x > 0, dnladn

1—%—10gx$0=>1—%§10gx, 9.24)
ylo kdfe x > 0. Xtn guvéyela dempove tn cuvdotnon
g(x) =x—-1-logx.
H g oplceton kou elvan magaywyicwn ywo x > 0 kot
g'(x):l—iz XT_l

Av x < 1 etvan g’(x) < 0 dea n g eivar @Bivovsa agto (0,1) evd av x > 1 efvan g’'(x) > 0
omdte n g elvar avgovca Gto (1,+00). Xvumepaivouyue Aotmdv 6t 6To x = 1 n g €xel
eldyioTo, étol g(x) > g(1) yio kdBe x > 0, SnAadn

x—1-logx>0=x-1>logx, (9.25)
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yia kG0e x > 0. To gntovuevo €metan amd g (9.24) ko (9.25).

Acknon 9.16. Na Peebel n uéytotn TIUn ToL a daTe Yo kGBe x > 0 va woyvel
Vx> logx +a.
Aoxknon 9.17. Agodeitte 1L yia kGOe x woyveL

—\/§£sinx+cosxs V2.

Oewonua 9.11 (Keutngio tng devtepng mapaywyov). Ectw ot n guvdgtnon f eivai
GUVEYHG GE KAITOL0 avolyTo SLAGTNUN TO OTTOLO JTEPLEXEL TO GNUELD Xy.

(D) Edv f'(x0) = 0 kot f(x9) < 0 167€ n f €xel TOTMIKS UEYLGTO GTO X.

(2) Eav f'(xo) = 0 kat f”(xo) > 0 t67e n f €xel TOTMIKG EAGYLOTO GTO Xy.

AméSeign. H 8evtepn tapdymyog tng f vItdyel 6To X, ewouévas [ (xg) = ' (xo-) = f" (xo+).

(1) Iaatneovue 6T

” . ffxo+h) = fl(x0) . [(xo+h)
= 1 = l ) 2T
F7(x0) ho h o h <0,
OTTOTE KOl , L , P
lim M = lim M <0
h—0— h h—0+ h

KOTA cuvéTielo vatdpxer & > 0 wote f7 > 0 oto (x9 — 8, x9) kaw f* < 0 6To (X0, X0 + J).
"EToL aItd TO KELTAQELO TNG TIEOTNGS TTaQaydyov, Osnenua 9.10, értetal 6Tl GTo xg n f €xel
TOTUKO UEYLGTO.

(2) H amddeign eivan rapdyola ue avtn tou (1).

Hapeddetyua 9.16. Amd o6Aa ta TElyova pe wikog Pdong b kar gufadov E va Peedel
eKelVO TOU 0Tolov n TTeQRiUeTEOS elval n eAdLGTN.

Av h givar To VWog evdég TéTOloL TEYWVOU, TOTe E = bh/2, wodivaua h = 2E/b =
otafed.  Ymobétovtag 6Tl b = 2a, ko TOTTOPETWOVTAS TO TElywvo Ge €éva opBoy®vio
oUGTNUOL GUVTETOAYUEVOVY OGTE n Bdon Tou va elvar to Sidotnua [—a,al kow n agtévovl
KoQLON va elvar To onuelo B(x, h), PAéme Iynua 9.8, Tdte n mePlUeETEOS TOV TELYDVOU

elvait

2a + \/(x—a)2 +h? + \/(x+a)2 + K2,

KOTd GUVETTELDL N A LoTN TtepineTEog cuppaivel ekel IOV N GuvdETNGN

f) = Vx—a2+h?+ V(x+a)?+h?

Jtaipvel Ty eAdylotn i tne. IHogaywyitoviag Beickouye

P = x-a . x+a
Vix—a2+h2  (x+a)?+ h?
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att’ éTtov wagatngovue 6Tl f(x) = 0 av kow wévo av x = 0. Emwedn

() = [(x— a)® + K172 = (x = a)*[(x — @)? + K*] 732
+[(x+a) + K72 - (x+ P [(x + @) + P2
h? K2
[(x — a)? + h2]3/2 " [(x + @) + h?]3/2

émetal 6Tt f(x) > 0, katd cuvémeld GUUE®VO UE TO KQELTAQELO TNG deVTepng TTaQoy®-
you n cuvdptnon Taigver tnv eddyiotn Tiwn tng 6to x = 0. Avutd onpaiver dtL oIt
6Aa To TEydvVa oTobeEng Bdong kol atabepov eufadol) To 1GOGKEAES €xel Tnv eAdylaTn

TreQiUETQO.
y
B(x, h)
h
—a X 0 a X
Yyxnhupa 9.8:

To amotéAecua umopel 1Goduvaua va dtatuTtwdel wg

Vx— a2 + 12 + \(x+a)? + h? > 2Va? + h?

yio kKGOe x ko n 1edTRTA 1oYXVEL OV Kol wévo ov x = 0.

9.4.1 KuvQTég Kl KOIAES GUVOQTNGELS

H yewuetokri €vvola tng kvptdtntag jraicel oA grovdaio QoA Kot eppavitetol Ge TTOAMES
TEQLOYES TV Mabnuotikdv oxeTigetol 8 Ue TIC CNUOVTIKOTEQES OVIGOTNTES TTOV GUVOVTAUE
ota Mabnpoatikd. Xe auti tnv TTaedyeoeo TiaQouctdgouye To astapoitnto ekeivo oTouyel-
0 TTOU QPOEOVV TIS KUQETES GUVAQRTNGELS Ta oTtola Ja pag PonBricouv va KATOVOAGOUUE Tn

GUUTTEQLPOQEA BLAPOEWY GUVAQTAGE®V.

Oowouog 9.7. ‘Eato f wa cuvdetnon ogwouévn ae didotnua I. H f Ja Aéyeton kuetin
oo I, edv yio k4Be a kou b 6To I n ypaiki apdotacn tng f uetafl tov (a, f(a)) ko
(b, f(b)) PelokeTon KAT® OITS TO gVOVYQEaAUO TURUO pe dkea ta (a, f(a)) ko (b, f(b)). H
f Ba Aéyetaw KolAn oto I, €dv ywa kdBe a kar b 6to I n ypoeki sopdotacn tng f
ueTagd v (a, f(a)) ko (b, f(b)) PelokeTor TAV® aTTé TO €VOVYEOUULO TUNULO e AKQEOL Ta

(a, f(@)) kau (b, f(D)).

Aueon cuvéstelo Tou oplouoU efval 6Tl n guvdeTnon f elvon KVETA av n —f elvar kolAn Kot

avticTeopa.
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(b, f(b))

)

Yynua 9.9: Mo kvt cuvdetnon f, kot wio. kolAn guvdgtnon f
Aoknon 9.18. 'Ectw [a, b] éva Sidatnua. AelEte 6Tl yio kABe x € [a, b] vitdpyel ¢ € [0,1] dote
x =1 -10a + th, katd cuvéitela

[a,b] ={01-ta+1th:0<t< 1) 9.26)

To agotéAecua avtd ekpedceTar Aéyovtag 6Tl kdbe gnuelo x Tov [a, b] elvar kKVETOS GuVELA-

oudG TV dKEMV TOU SLOGTALATOS a KoL b.
Hogatninenon 9.4. Yné to spicuo tov asoteAécuatog tng Acknong 9.18 meton dti

() H ouvvdptnon f ogiouévn ce Sudotnuo I eivor KUPTA GTo SlAGTnUa av Kol WOvo av yio

KG0e a kow b oTo I 1oyvel
f(@=Da+ Ab) < A=A f(a)+ Af(b) 9.27)
vy k@0e A € (0,1).

(2) H ovvdgtnon f opiouévn ce Sidatnua I elvor koldn Ggto Sidotnpa av kot uévo ov yua
KkA0e a kouw b GTo I woyvel

f(A—=Da+ ab) =1 —-D)f(a)+ Af(b) 9.28)
yia kdbe A € (0,1).

[potaon 9.2 (Anpuo Teov TV Yoedwv). H cuvdptnon f opicuévn ce Sidotnua I eivar
KUQTH GTO OLAGTRUA AV KAl Lovo av yia kdbe r < s < t gto I 1Gyvel

fO -0 _fO-f0) _ fO - )

s—r - t—r t—s

9.29)

Agtodetén. To s elval petogd tov r ko ¢, 4o €k@EAtETAl WS KUQETOS Guvduacuos s = (1-D)r+At,

agt” dITov vIToAoyitouue
s—r
A=
t—r

kol agtd amd tnv (9.27) waigvouue

S—r S—r r—s r—s
o) < (1= 2220+ 22p 0 w6 < )+ (1= )

ATté Tnv 0LeTEQN OVIGOTNTO TTQOKVITTEL

ﬂ@—ﬂﬂ<f®—ﬂ0
s—r -

t—r

F(5) = £ < ——(f() = f7) =
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KOL OTT6 Tnv de5id

1= f@O - fn) _ f@©) - f(s)

— (@O - fr) < f(O) - fls) = < :

t—r t—r r—s

Yuvdéovtag Tig dvo TeMkES avigdtnieg maigvouvue tnv (9.29). Ta tnv amddelen tou avtieTo-
@ov vmobétouvue 6Tl x <y elvon onpeia Tov I kaw 0 < A < 1. To z = (1 - A)x + Ay elvon yeTagy

TV X KOl y KO n
fQ =) _ f0) - )

Z—X y—x

n ogroia wGxvel aIrd tnv vitodeon, elvan 1odvvaun ue v f((1 - D)r+ Af) < (1 - ). |

(@, f(®)
(. f(r)

(5, f(5))

Yxnupa 9.10: To Adyuo TV TELOV X0ES®OV

IMpotaon 9.3. Ectw oTt n guvdptnon f eival kvpth ce kdgtoio Gidatnua I. Edv n f eivai
eTITAéoy Japaywyiciun 6to I, T0Te n ypa@Iki JTARAGTAGH THG PEICKETAL TTAV® AITO TNV PO~

gsTouevn evbeia e kdbe onueio Tov yRAPHUATOG.

f(x)

8(x)

| |
1 1

Xo  xo+h M

Yynua 9.11: H epamtduevn gvbelo otn yeapikn TTadoToon KUETAS GuvaQTnong

Amébeién. Av xy € I n epamtéuevn gvbeia oto (xg, f(xg)) etvon g(x) = f(xo) + f'(x0)(x — xp).
Amodeikvioupe 6L g(x) < f(x) yia kdbe x € I. "Eotw x1 > xo onueio touv 1. T kdbe h > 0
TETOL0 DGTE Xg < Xg + 1 < x1 A Tn ARpua Tov TELOV Xoedwv, Ilpdtacn 9.2, £metan

S(xo +h) = f(xo) <f(X1)—f(Xo+h)'

h xl—xo—h
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Iaipvovtog To 6o Tov £ — 0, To oTrolo vITdEXeL apov n f eivor TToAywyicwn, TTEOKVITTEL

oT
v f(x ) - f(x ) ’
f) £ TR = (o) = 20) + f (o) < f ()
1Goduvapa g(x) < f(x). 'Ouota agrodetkvieTon n TEQPITTTWGN GITOV X] < Xg. m]

Ipotaon 9.4. Ectw OTt n guvdptnon f eival kvpth Ge kdgtoio Oidatnua I. Edv n f eivai
emIAéoy apaywyiciun 6to I, Téte n wapdywyogs gival avéovea GTo SLAGTRUA.

Amébeién. Av xy < x1 elvaw onuelo tov I, éotw s € (xg, x1). Odtovue s = xg + h = x; — I, ue
h>0 ko i >0, té1e aTd TN Adypa Tov TV xoeddv, Ilpdtacn 9.2, émeTor

Sf(xo +h) — f(x0) < J(x) — f(xo + h)

h X1 — X0 —-h
fa =R = f(xo) _ fO) = fla —h) _ fla = 1) - flx)
xt—xo—h T n - —I

61tov oL i kaw i’ oxetitovron ue tn oxéon b’ = x1 — xo — h. Ov avicdtnteg 1IoxVOUV yia OAQL TA §
UETOEY Xo KO X1, KATA GUVETIELQ TTEQVAOVTAS GTA 6o ToL A — 0 TV TEATN AVIGOTRTA KoL
Tou i’ — 0 onv devtepn TTalpvouue avtiGTOLKO

S(x1) — f(xo) w S — f(xo)

X1 — X0 X1 — X0

f'(x) < < f'(x)

weodvvapa f’(xg) < f'(x1). O

Ozoonua 9.12 Kortinguo kvetétntag). Eotw 6Tt yia thv cuvdetnon f n f” vidpyet
o€ kdgrolo Sidotnua 1.

(1) Edv f”(x) > 0 yra kdbe x € I, n f eivou kvt oo I.

(2) Eav f"(x) <0 yta kdBe x € I, n f eivar koidn ato 1.

Agrodeign. Alvouue tnv agrddelen ye tnv €1g AToTo aITay®yn.

(D Edv f”(x) > 0 yio kdBe x € I, n f’ elvar avfovca oto I. Ag viwoBécouvue 6L n f Sev
elvar kLT 010 1. Autéd onuaiver 6T vitdEyovv cnuela r < s < t 6To I HGTE

=) fO =)

sS—r t—s

(9.30)

A6 10 Oedpnua Tng uéong TWAG £retan OTL vItdyxouv onuela ¢ ko & gto [ ye r < ¢ <
s < &<t date f/(Q) > (), mg ouvémtela tng (9.30). Autd Suwe eivar dtoso ywoti n f”
elvaw avgovoa. Katalgaue ge dtoto ywoti vtofécaue 1L n f Sev elvan kLETA GTo 1,
GuveTdg n f elvol kKVETA GTo 1.

(2) Eav f"(x) <0 yio kdbe x € I, 16te —f” > 0 g0 I, kaTd cuvémtela n —f elval KUQETA GTO
1, a7té to (1), emouévmg n f etvon kolAn Gto 1.

H amddeign etvon tangng. O
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Opioudc 9.8. "Eva gnueio 6o medio opiopot pog cuvdetnong f AEYETol GnNUE0 KOUITRG
edv n cuvdpTnon Gto onueio avtd alddgel amrd KVETR G KolAn, I ATtd KOIAN GE KUQTN.

Hapdderyua 9.17. Tia tn cuvdptnon f(x) = x> mapatneovue 61 f/(x) = 3x2 kaw 7 (x) =
6x. "ETol amtd To KELUTAELO KLUETATNTAC TTEOKVTTTEL Tl N f elval kolAn Gto (—oo, 0) apov
f7(x) <0 yia x < 0, kaw kVETN 67O (0, +00) apoy f > 0 gto ddoTnuo avtd. Aea To
x = 0 elvaw onuelo kopTng yio tn cuvdptnon f ko [ (xg) = 0.

Bzionua 9.13. Eotw o1t yia tnv guvdptnon f n f” vidgyel oe kdmoio Sidotnua (a, b).
Eav gto onueio xy € (a,b) n f mwapovaidger onueio kaumng, tote [ (xg) = 0.

f(x)

8(x)
(%0, f(x0))

Yynua 9.12: H epagttduevn evbeio 6Tn yoopIkn ToQdcTocn GUVAQTNONS GE GRUElO0 KOUITAG

Agrodeén. Ag vmobécouye 6L n f aAAdCeL aTtd KolAn Ge KVETA GTo cnuelo xg, PAETTE Eyxnua
9.12. Av g elvon n gpagrtoyevn gvbela atn ypaikn soapdotacn tng f oto onueio (xg, f(x0)),
Yétovue

h(x) = f(x) = g(x) = f(x) = f(x0) = f(x0)(x = xo).

A6 tnv vtdbeon etvon A(x) < 0 av x € (xg — 0, xg), h(xp) = 0 kar A(x) > 0 av x € (xg, X9 + 0).
Iopoatneovue 6t A'(x) = f'(x) — f'(x0), kaw A”(x) = f”’(x). Katd cvvémelo 10 xo eivar pev
kplowo onuelo, ald 6To xg n h 8ev prropel va €xer akedtato (yiati;). Emoudévwg to A’ (xp),
To omolo opiteton amd tnv vtdOeon, dev piropel va elvon ovte Jetikd, apol téte Ja elyoue
eMAYLOTO GTO Xg, OUTE AQEVNTIKG, ool ToTe Ja elyaue WEYLGTO GTO Xo, KOTA cuvéTiela Ja elvar
h’(x0) = f"(x0) = 0. H amddeign yia tnv mepinttoon étov n f o0AAGTeL amd kvt 6e kolin
elvau TOlQdUOLAL. m|

Haeatngnon 9.5. Xe oxéon ue 1o Oewonua 9.13 onuetdvovue 61t n oxéon f’'(c) = 0 dev elvan
IKOVIL GUVORKN yioL va eivar To ¢ onueto kouatig. T mwapdSeryua yia Ty f(x) = x* éyouvue 6
f(x) = 12x? doa f(0) = 0, kaw f(x) > 0 yia x # 0. Aga n f eivon KLETH GTo (=00, 0) U (0, +00),
emouévmg dev aAAdLeL aTTd KUETA Ge KolAn N amd kolAn 6e kKVETA 6To x = 0. Tnueldvovue 4T
n f elval kVETN Ge oAdKANEN Tnv TEAyLaTikil euBeia (yiati;).
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Haeddetyua 9.18 (E@aguoyn). Na yivel n ypo@iki ToQdotocn Tng GuvdQTnong

3

x2 -2

f(x) =

H f opitetar yia x # + V2.

9.5 H wWuwotnta Darboux

Opioudg 9.9. Oa Adue 6TL wa guvdptnon f: [a,b] — R éxer tnv W6otnta Darboux 1
givar Darboux cuveyng edv yia s < t 610 [a, b] ue f(s) # f(t) xaw yio ¢ petagy twv f(s)
ko f(f) vrtdoyel g € (s, 1) date f(g) = c.

"Etol wo guvdptnon n ogtola €xel tnv widtnta Darboux agtekovitel Sidotnpa ce Sidatnua.
A6 o Oedpnua Tng eviidueong TWAG érteTal 6Tl kKABe guveyng cuvdptnon e Sidatnua [a, b]
€xel tnv Wiotnta Darboux. To avticTtpo@o Sev 16xvel éTtwe delyvel To

Haeddeyua 9.19. H cuvdgtnon

F) = sin(1/x) x € (0,1],

x=0,

£xel tnv 1816Ttnta Darboux aAAG Sev etvar cuvexng oto 0.

0.5 sin(1/x) x € (0,1],

y=f(X)={
0 x=0,

0.5 1

=0.5 T

Synua 9.13: Mo un cuvexig cuvdgtnon n omoia €xel tnv Widtnto Darboux

H f eivon ouvexng oto (0, 1] oAl éxr oto x = 0. IIpdyuatt ot akoAovBieg

1 1

= , =— =12,3,...
2nm " onm+ /2 "

an

GUYKALvouv GTo undév aldd eved f(a,) = 0 — 0 = f(0) éxovue 6L f(by) =1 — 1% f(0).
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Aelyvouue 6L n f éxel v W8iotnta Darboux 6to [0,1]. Tw 0 < s <t <1n f €xel Tnv
wotnta Darboux 67to [s, f] wg cuvexng ato didotnua avtd. ‘Ectw s € (0,1] ue

f(s)=sin(l/s) =a#0
Ac vrtoBécouvue 6t a > 0. Tw b € (0,a) vitdeyel apevos 6 € (0,71/2) ue sinf = b ko
APETEQOV PUGLKOS aBuds k date

1

0<
6 + 2kr

<s,

KATA GUVETTELOL

f(0+ 2kzr) = sin(f + 2km) = sinf = b

Jtov elvor to ¢ntovuevo. H amddergn yio a < 0 efvar avddoyn emiAéyovtag 6 € (—r/2,0).

Hapatiignen 9.6. Iagatngovue 41t n guvdptnon tov Iapadeiyuatog 9.19 éxer acuvéxela B
e{6ovg 1o 0 apov to f(0+) Sev viwdpxel. Ipdyuatt kGOe onueio Tov [—1,1], Tov Tediov TWV

[Se]

Tng cuvdgtnong, eivar 6plo kaTdAAnNANG axkoAovdiog ( f(xn))n 1 6mov x, € (0,1] ko x, — 0. H

aTTGSELEN TOV 1oYXVELOWOU TrepLéyeTol 6To Tyxnuo 9.13 (TTag;). Aviibeta n cuvdgtnon

2+x2 x<0
gx) =

1—x%

x>0

n otola 6Gov a@oEd Tn GUVEXELD GUUTIEQLEEQEETAL KOAVTEQA amd autiv tou IHapadslyuotog
9.19, dev £€xer tnv W&i6TNTA. Darboux. Ipdyuatt n eikéva tov [—1,1] yéow tng g eivan o [0,1] U
[2, 3], BAéTte Zynua 8.5.

IIpotaon 9.5. Mia guvdptnon f : [a,b] — R n ogroia €xet tnv i616TnTta Darboux dev uropel va

Exel acuvéyela a ei6ovg.

Agtobeién. Alvovue tnv amddelgn pe tnv astaynyn oe dtoto vitobétouue AoTév GTL GTO X €
[a,b] n f éxer ammAi acuvéyela.

(1) OewEovye TNV TERITTOON AROUEVRS AoUVEXELAS, SnAadh f(xo—) = f(xo+) # f(xo), KaTd
ouvéTtela Xg € (a, b). Tote eite f(xg—) < f(xp), 1 f(xo—) > f(x0). Ag vitoBEécovue 6L f(xp—) <
f(x0) kou €0t f(x0—) < ¢ < f(xp). Téte vIdpyer & > 0, dote f(x) <c av xg —d < x < xg. Av
X1 € (xg — 6, x0), TOTE Y1 KAOE x € (X1, xp) elvar f(x) # ¢. AvTtd Suwe elvor dtoTto ywati n f €xel
Tnv Widtnto Darboux. Xe dtomo emiong kataliyovue av vitobécovue 6t f(xo—) > f(xo).

(i) PewE®VTag Tnv TEQITTTOoN aguvéxelag dALatog ato xg € (a,b) épovue f(xo—) # f(xo+).
Mmopovue va vitofécgovue 6Tt f(xp—) < f(xo+) kAl €6Tw f(xo—) < ¢ < f(xo+) ue ¢ # f(xp).
Téte vmdyel 6 > 0, date f(x) < c av xp —d < x < xg kA f(x) > c av xg < x < xg + 0. Av
X1 € (x9 — 6, x9) KOl x2 € (X0, X0 + 0), TOTE Yo KAOe x € (x1, x2) elvan f(x) # ¢. Avtd Suwg elvor
dromo ywati n f €xer tnv Widtnta Darboux. Xe dtomo emiong kataliyouvue av vitofBécouue 0Tt
fxo=) > flxo+).

(iil) Av xg = b, 167e €ite f(b—) < f(b) v f(b—) > f(b). H amddeign eivan dmwwg Gto (i).

@iv) Av xo = a, 161€ glte f(a) < f(a+) 1 f(a) > f(a+). H amwdédeign eivar avdioyn avtng ato (i)
6TTOV €QYOLOUACTE Ge SidaTnyo Tng WoEENG (a,a + §) yio katdAAnio § > 0.

KataMigaue oe drotro oe kAbe mepimtoon mov Jewpnaooue yiatt vitofécaue 4Tl o guvdtnon
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Jtov €xel tnv Widtnta Darboux pitogel va €xel acuvéyelo a €i6oug, KATd GUVETIELO U0, TETOLOL
ouvdeTnon dev uItoEel va éxel AITA 0OUVEXELOL. m|

IMpdétaon 9.6. Edv n f : [a,b] — R eivar wia wapaywyiciun cvvdptnon, tote n [ €xel tnv
woiotnta Darboux.

Agrodetén. Ymobétouye 6L a < s <t < b o f'(s) < f' (). 'Eotw f'(s) < c < f'(t). Opitouvue tnv
h:[s,t] > Rue h(x) = f(x)—cx. H h elvan Ttagaywylown oto [s, ] ko A’'(x) = f'(x)—c. Av g0
q € [s,t] n h ;aipver tnv eddyrotn T tng, Téte emedn A’'(s) < 0 kaw A'(f) > 0 n h @Bivel Segid
TOU § KOl QUEGvEL TTANGLATOVTAS OTTO OPLGTEQRA TO 7, KATA GUVETELD g # § KOL ¢ # t, OTOTE
q € (s,1). Etouévwg h’'(g) = 0, weoduvvaua f'(g) = ¢, Tou eivar 6,11 déAouvue va, delfouue. O

IMopwoua 9.4. Edav n f : [a,b] — R eivar wia mapaywyicwn cuvdptnon, tote 1 f dev usopel
va Eyel acuVExeles a ei60VUG¢ GO |[a, b].

Agrodeién. To guumépacua eivor guvéttela Twv Igotdoewv 9.5 kat 9.6. |

9.6 AmE06310QL6TES LOQYES

I'vweltovue 6T

lim 22 _ g
x—0 X
KoL VIToAOYiTouue
1-x2 1-x)1+
fim L5 i EE0EED ey =
x—1 — X x—1 1—x x—1

Evdd 0 apuuntig kot o TapoVOULaGTAG, Kal aTa dUo kAdouata, Teivouv 6To undév ta dpa eivor
StapopeTikd. Autd To amotédecua uag Aéer 6Tl n wedgn 0/0 Sev uroeel va oglatel, SnAadn n
uopoen 0/0 efvar agrpocdidpiatn. AAAeS ATTEOGAEQLGTES LORMES elval oL oo/co, () - 0o, co — oo,
00, 000, 1%,

Oeonua 9.14 (O kavovas tov 'Hospital). A¢ virofécovue ot ol guvaptriceis f kat g
elval mapaywylolues oe kdbe anueio evog dtactrigatos (a, b) To omoio sTeQié el To anueio
X0, EKTOG (0w aIrd To [6io To onueio xg kat £6tw g'(x) # 0 yia x # xg. Av

(D) lim f(x) = lim g(x) =0, 11
X—=X0 X—X0
(2) lim f(x) = lim g(x) = *oo,
X—X0 X—X0
Exovue 6nldadn agpoadiopiatn uopen Tov TUITov 0/0 1 oo /oo, TOTE

tim L% = jim £

o g(0) | xow g'(x)

9.31)

£av To 6pLo GTo Ge&l uédog vIrdyel, 1 givatl +oo i —oo.

Amoberén. Oswpovue tnv TeRlTTT®oN 610U To 6Lo GTo degl wéhog tng (9.31) elvan TTETTEQAGULE-
vo.

(1) Emewdnt lim,,y, f(x) = lim,,,, g(x) = 0 opitovrtag f(xp) = g(xp) = 0 ol cuvapticelg f Ko
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g vivovtor cuvexelc oe 0AGkANEo To Stdotnua. ATE TO yevikevuévo dedpnuo Tng uéong Tng
Tou Cauchy, a@pov ou f" kar g’ 6ev undevicovton Tavtéyeova kabdécov g’'(x) # 0, €xovue

f) _ f) = flxo) _ fE)
gx)  glx)—glxo) g€

yia kKGOe x > x9. Av 10 6010, €0t L, oTo dekl uéhog tng (9.31) vitdpyer TTaipvouue

fim 79 = fm L€ gy £

woxot g(x)  xox+ g(Ey) oo+ g(x)

Xo <& <x<b

L.

Me éuoto TedTTo Selyvouue 6t

I S L )
im — lim ——

= =L
woxo- g(x) - xox0- g'(x)

Me cuvduaoud twv o astotedecudtov spokvartel n (9.31) yia tn woeen 0/0.

(2) Emewdn limy_,y, f(x) = lim,_,,, g(x) = 400, Td1E VITAEYEL X1 UE @ < Xo < X1 < b doTe f(x) > 0
ko g(x) > 0 yia x € (xp,x1]. ATS tOo yevikevuévo YJewpnua tng péong twng tov Cauchy
Traipvouue

f) = ) _ f1€D
g0 — g0 &)

Xo < x <&y <x

KATA GUVETTELOL

fO1-F)/fx) _ Fé0) B [ _ f1(€) 1-8(a)/e(x)
gx) 1—glx)/glx) g&)  glv) g€ 1— flx)/f(x)

i xg < X < & < x1. Av 10 6010, é0Tw L, 6T0 8Ll uéhog tng (9.31) vIdeyel yedeouue

J&) _ (f'(fx) A L)l —8bw/g®) , 1-g(x)/g()
gx)  \g'(&x) 1= fCp)/f) 1= fx)/f(x)

KOL GTNn GUVEYELQL

S 1) 1-g(x1)/g(x) 1—g(x1)/g(x)
L= - L L -1 9.32
PR P R ey s A vy ey et 052
Vo xg < x < & < x1. Emedn
O _ v g LmSG0E@
x=xo+ g’ (x) x=xo+ 1= f(x1)/f(x)
yio Socuévo € > 0 avbalpeta wiked eTAEYovTag aQ kA X1 OGTE
/' (x) €
() - L‘ < 2 yia xo < x < Xi, (9.33)
£€tol agtd tnv (9.32) maigvouue
100 _ ] ¢ SjLostle) 1 e/ 031
g(x) 211 = f(x)/ f(x) 1= f(x1)/f(x)

vy xo < x < x1. To épro ato Segl uéhog tng (9.34) kabiS x — xp+ elvar €/2, katd cuvéTela
VITAQXEL X2 UE Xo < Xz < X|, WGTE

f@
g(x)

Li<e yia xg < x < Xg, 9.35)
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LGodvvaua
fim 29 _p 2 fim L9,
X—Xx0+ g(_x) X—Xx0+ g/(x)

Me duoto TedéTT0 Selyvouue 4t
lim % = i LW

- g(x) - g

Me cuvbuaoud twv dvYo arrotedeocudtov TreokvTrtel n (9.31) yio T poeEn (+00)/(+00). Me
TTOEOUOLO TEOITO ATTOSERVUETAL KAl N TTERITTOCN (—00)/(—00).
Y1n cuvéxela dewpovue tny Tepimtoon 6Iov to 6plo Gto 8e€l uéhog tng (9.31) elvar +oo. H
amodeten wov Swaaue dtav lim,,,, f(x) = lim,,,, g(x) = 0 elvar avegdpTntn amd To av To 6QLo
L eivon memepacuévo i Oxl, Katd cuvértela oyvel KoL GTnv JTeRiTitoon émov L = +oo, Xtnv
TEPITMTOON TWEA OTToV limy—,,, f(X) = lim,_,,, g(x) = £oo ko

i £ _

im =
¥=x0 g'(x)

+00

T6Te aevig |f(x)/g (x)] > 1 oe éva Sdatnpo yoew amd to xo dea f'(x) # 0 gto Sidotnuo

oUTO, KAl OLPETEQOV
im gx)
x—xo0 f/(x)

Katd cuvémelo agtd 1o TTeoTo UEEog Tng amddelEng maipvouye

lim 89 _ i £ ) iy SO, SO
X—X0 f(x) X—X0 f/(x) X—X0 g(x) X—Xo g/(x)

To avdloyo woxvel 6tav L = —oo. H amdderen elvar mAngng. |

Hagatignoen 9.7. Katd tnv amddeicn tov Ocwpenpatog 9.14 delfaue 4tL 1o amotéAecyuo Tou
kavova Tov UHospital toyver av 1o 6glo x — xp avtikatactabel pe éva amd ta épio x — xo+,
X — Xp—. ZNUELWvVOuUE OTL TO OTTOTEAEGUO TOU KAvOvo LoYVeL €TIGNG av TO OQL0 X — Xo
avtikotactadel ye éva amrd ta 6pw x — 400, i x — —oo. Ipdyuatt x = +oco & = 1/x — 0+,
€101 oplgovtag F(x) = f1/x) kar g(x) = g(1/x), amé TO Beopnua 9.14 Taipvouue
1/t t F(t
lim {0 fi SO SO SO
xoteo g(x) =0+ g(1/1) -0+ 8(1) 150+ Z'(D)
-1 S /n(=1/r%)
= lim ———
=0+ g/(1/1)(=1/1%)

¢!
N (CT)
=0+ g’(1/¢)
= lim L9
x—+00 g’(x)
Hoedderyna 9.20. No vitoAoyigtel To 6QLo
.2 -1
lim .
x—0 X
Egteion
lim@2*-1)=2"-1=0, lim x = 0,

x—0 x—0
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KOl R
= lim =284 _
x—0 X x—0

log 2,
o kavovag tou UHospital epoapudceton, omdte

2 -1 2% — 1)
= lim (Cilnt V4 = log 2.
x—0 X x—0 x

Hoedderyna 9.21. Na vitoAoyigtel To 6QLo
X

lim —.
X—00 x2

Av f(x) = e* xar g(x) = x?, 1éTE TO 6010
lim &
x—00 2(x)

elvar Tng LoEEng co/co kal To

. fx) e
lim = lim —
X—00 g'(x) x—o00 2x

elvar eTtiong NG LoEENG oo/co, evd

Ioeddeypa 9.22. Na vitodoyictel T0 6pLo

lim xlog x.
x—0+

To 6pto efvar Tov TVTTOUL O - 00 OTTGTE UIToEel Vo petacynuotietel oe 0-1/0 = 0/0 n ce
1/00 - 00 = o0/00. TIpdyuartt

. . logx 00
xll>r(l;l+XIogx B xll>r(l)l+ l/x (;)
1/x
= lim
x—0+ —1/x2
= lim (-x) = 0.

x—0+
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Hoedderyna 9.23. Na vitoAoyigtel To 6QL0
lim(1 + sin x)/*.
x—0
To 6pto elvar tov ToTOUL 1. Tpdpovtag
(1 + sin x)1/* = plogsin )l _ - [log(l+sin x)]/x

BAETTouue OTL KABWS x — 0 0 ekBétng elvarl Touv THITOL 0/0 OTTOTE ATTO TNV GUVEXELD TNG
eRBETIKNG guvdTnang €xovue

[log(1+sin x)]/x elimx_)o[log(1+sin x)/x

lim(1 + sin x)/* = lim e
x—0 x—0

YmoAoyigovtag Tov exkBétn

COS X
. log(1+sinx ) i . COS X
hmg(—):hml+51nx: ~nk
x—0 X x—0 1 x—0 1+ sinx
TeMKA Belokovue GTL
lim(1 + sinx)/* = ¢! = e.
x—0
Acknoen 9.20. Na vitoAoyigTovv Ta ool
@) 1in(1)(e3x —5x)/*, @) lim (&> - 5x)1*.
x— X—00

Hoedderyna 9.24. No vitoAoyigtel To 6QL0

. 1 1
hm(—, — —).
x—0\sinx x

To 6pto givar Tng woEENng co — co. Tpdpovtag

1 I_x—sinx

sinx x X sin x
To 6o uetateémetal ge €va tng woeeng 0/0. Eeapudtovtag, Tumikd, Stadoxwkd Tov

rkavova Ttov 'Hospital Belokouye

) 1 1 . x-—sinx 0
lim _— = = :llm.— _
x-0\sinx Xx x—0 xsinx 0
. 1-cosx 0
=lim — —
x—0 Sin x + X COS X 0
. sin x
=lim ——
x—0 2C0S X — xsIn x
0
2
=0.

H Y1tapén tov tedevtaiov oplov emiPeParwver dTL n xprion tov kavéva tov 'Hospital ce
kaOe Priwa elvor vouun ko 6Tl Gvtws To {ntovuevo 6pLo eivar (oo ue undév.



192 IAPATQIOI

Hoapatngnon 9.8. IToAAES @OEESC N yvdGN TG GUUITEQLEOQEAS WLAS GUVAQETNGNG YUE® aItd
To onuelo gto otoio Y€Aouue va vItoAoyicouvue To OQLo, N Ta O, Sivel wa akEPBEctepn
€IROVO TG SOUNGS TNS aATTEOGOLOELGTNG WOEENGS. AUTA TN GUUITEQLPOEA UAS TRV TIAREXOUV TO
groAvwvuyga Taylor. Ag Sovue Twg ptopovue va Trpayuatevtovue to 6plo tov IHapadelywotog
9.24 ye avtd tov TEdTo. I'vwplitovue 4T

¥oox
sinx:x——'+§—--- yio kdfe x € R,
€Tl
1 1
: - X3 X0
Sinx x -4 Eo
1
2 4
x(l—%+% )
1
= -8
éTToUV
() 1 . X2+X4 -1
& 2o 31" 5
31T 5

H ouvdgtnon g eivon dotia, €xel ToQoy®dyous OAmV TV TAEEMV YUE® ATTo TO Undév, kol TETolo
wate g(0) = 1. EmmAéov

Yynua 9.14: H cuvdptnon g oto (—m, )

oo = (1 2 Xt 20 2% 4x3
g(x)__( _3!+5!_"') (_31 TS _)
2 4 -3 3 2
oo x*  x 2x  Ax
ew=Ai-ga =) (Heg o)
2 “20 2 12x%
_1(1__+__...) (__+__...)
3! 3! 3! 5!

emwouévws g'(0) = 0 (dmtwe mepuuévaye) kow g7 (0) = 1/3, cuveTtdg

"0 17
g(x) = g(0) + g’ (0)x + gz(' )xz + 8 3$§)x3
=1+ lx2 + gm(f)xg.
6 6
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"Etol vtoAoyicouue

1 1 1 177
= (14 g_@XB)
sinx x 6 6
1 1 177
1,189,
6 6
oTTOTE
1 1 1 1 "

LTI WS SR SOV 1
sinx x x 6 6 X
1 177
— Ze4 8 (f)xz
6 6
L o0
= —Xx X°),

6

610V O(x?) — 0 KaBdS x — 0. "ETa Ppiokovue

11
lim( ——):0

x—o0\sinx x

omwg Benkaye kow JTEW. ‘ETor yia 0 < @ <1 kow x > 0 €yovue

1 1 1 1
_(_ _ _) — _xl—oz + 0(x2—a),
x¥\sinx x 6

ue 1 —a > 0, pArte Acoknon 25 (y). ‘Ouola
. 11 1 1
i (D)=L
x—0 x\sinx  x 6
AxoAovBiec kar UHospital

Ac vtoBécovpe GTL n f elvol gl TTEOYUATIKA GUVAQTNGN Yo TRV OTtold LoYVEL OTL

lim f(x)=r KoL liII(l) f(x) =s.

X—+00

Opfltovtag Tig akoAovbies a, = f(n) kax b, = f(1/n), emiong woyvel 1L

lima, =r KOl lim b, = s.

n—o0 n—oo

"E1ou av o kavévag tou L'Hospital epapudcetor 6tn guveyn Ttepimtwon, SnAadn ctnv avdioyn
guvdptnon f kol §iver To o Tng cuvdpTnong, TOTE aVTO TO 6o elvol KAl TO GELO TN

akoAovbiac.

Hoeddewyra 9.25. Na Peebel to g0 tng aroAovbiag a, = ne/"-1,n=123,....

Todpovtag
en—1
a, =
" 1/n
BAETToUUE OTL TO GQLO TS a, elval To
. et -1
lim s
x—0 X

e@Ocov ovTo vTdeyetl. To tedevTaio 6pLo eival n TOEAYWYOS TG eKBETIKAG GuvdQTnong
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610 x = 0, eTOUEVHG
) ) el/n -1 0
lim @, = lim =e =1
n—oo n—oo l/n

MHoedderypua 9.26. Na Beebel to dplo tng akoAovdiog

ll’l
an=@+sm—), n=12.3. ...
n

Ta avddoya éera tng guveyoulg TeplmTmong elvan

1\* 1/x
lim (1 + sin —) . n lim(l + sin x) .
x—+00 X x—0
Ko ta §V0o 6o eivon tng popeng 1°. Xto Hapddeyuo 9.23, kKGvovtog xenon Tov kavéva
Tov UHospital vitoAoyicaye to detitego 6o kar Selaue 6Tl 1oVt pe e. "ETcl Aowmrdv
€youue

1\ 1/x
lim (1 + sin —) = lim(l + sin x) =e.

n—oo n x—0

Ioedderyua 9.27. Na Beebel to 6010 Tng aroAovbiag

1 +1)\¢
LM:(fgﬁ—l), n=12.3,...

npP
émou p kaw g elivon etikol TTEAyLATIKO! QELOULOL.

Etetdcovue mpddTa av to 6plo
I log(n + 1)
im ———

n—oo np
vTdEyel. OewEVTAS Tn guveyn TeplmTwon ue x otn déon tov n PAEToUUE GTL TO GQLO
elval TnG HoEENg oo/co, kol 6Tl o aguntig log(x + 1) kot o Tagovouactig xP efvon
TTOEAYWYIGES GUVAQTNAGELS, £TGL aTtd Tov kavéva tov L'Hospital stalpvouue

. log(x+1) . 1/(x+ D . 1
Iim ——=Ilim —— = lim ——.
X—00 xP X—00 pxP—l X—00 pxp—l(x + 1)

Av p > 1 10 mapastdve 6glo elvar (Go ue undév, evd av 0 < p < 1 éyovue yia x > 0

1 1 1
< < = —
pxPl(x+1) = pxP~lx  pxP

To 6egl uéhog tng avicétntag teivel gto 0 KABDS x — +0o, apoy p > 0, €16l TeEMKA
éxovue yio 0 < p <1
lim w = lim ; =
X—00 xP X—00 pxl"l(x +1)
"ETol TeMKkd KoL e guvduacud ue tn Guvéxela tng ekbetikic cuvdptnong f(x) = a¥,

a > 0 waipvouue
(log(n + 1))‘1 _ (lim log(n + 1))‘1 _07=o0.
nP n

lim

n—oo —00 npP
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Aocxkneeilg

1. Av n f elvar wa TTeAyUOTKiA Guvdetnon, Jtagoywyiciun ¢to a > 0 va vItoAoyigOovv

€QOGOV VITAEYOVV TO. GQLOL

@)mnﬂﬂlﬂﬂ @)mnﬂ”_ﬂ@

w—a X — a x—a X+ va
2. Av n > 2 glvon puaGIkog 0lBudg opitouye

0 x#0
f(x) = :
Xt x>0
Agigte dTun f: R — R eivon apaywyicun.

3. ®ewpovue Tn cuvdtnon

xFsin/x) x#0
flx) = , k=12
0 x=0

(@) T k = 1. Elvaw n f ouveyng oto x = 0; Elvow n f mwapaywyicywn cto x = 0;
®) Ta k= 2: Eivax n f mapaywyiown oto x = 0; Eivow n f* cuvexnc ato x = 0;

4. Tw tn cuvdeTnon

F) = Bsin(l/x) x#0 ’
0 x=0

delete 6L elvan guveyrig gto x = 0, opaywyicwn To x = 0, ko n TOEAYwWYoS 6To x = 0

elvar ouveyng.
5. T tn guvdptnon

) = ;
0

egetdoTe av elval ouveyng oto x = 0, A Tagaywylown to x = 0.

6. 'Eotw
0 xe@Q

p(x) = :
1 xeR\NQ

Mo tn cuvdptnon f(x) = x?p(x) deifte 6T elvar mopaywyicwn cto x = 0, K 6T

17(0) = 0.
7. 'Egtw 611 n ouvdptnon f: R — R éyel tnv i8idtnta
X< flx) < x®

vy kGBe x. Aglgte 6L n f elvon wopaywyicwun ato x = 0 kaw 6t f7(0) = 0.
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8. 'Eatw 611 n cuvdptnon f: R — R eivar agaywyiciun oto xg. AslEte

lim X (0) = Xof(x)

X—=X0 X — Xg

= f(x0) — xof" (x0).

9. ’Egtw 6T n guvdptnon f : R — R elvon wopaywyiciun cto 0. Edv a, b, ¢ eivan wpayuott-
kol apBuol ue ¢ # 0, Selgte oTL
o @) - [y _a
im =

x—0 CcX

-b
f(0).
c

10. Tepupépela akTivag r = 1 1G0EEOTEL GTO £GMTEQIKS TS TARAPOMIS y = X2, dTTwg Selyvel
10 Xyxnpo 9.15.

3 4+
21 f@ =2
£q
1 4+
-2 -1 0 1 2

xnuo 9.15: Acknon 10

No BeeBovv oL GuvTeTAYUEVES TOU KEVTEOU TNG TeQLPEQeLag, attd auuueteia (0, ), kabmg
KoL T onyelo TOUng Tng TEQLPEQELAS UE TNV TTOUQOBOAMN.

11. Aefgte 6

1 1
<1 1)-1 < -
n+1_0g(n+) ogn_n

ylo kdBe @UGLKS aLBud .

12. Aelgte 6T yia kABe UGG 0EOUS 1 VITAEXEL TTEAYLATIKOS aELBuds d, € (0,1) date

1 n
@+—):JW%J 9.36)
n
Todipovtag
no Oy
n+9d, B n+o,

BAEmrovpe TOv TEOTTO pe TOv 0TTolo n avgovca akolovBia 6To aplaTeEd UEAOS Tng (9.36)
GUYKALveL GToV aQBud e.

13. "Eoto f : [a,b] — R wa wagaywyiown cuvdotnon.

(o) Aeigte 6L, av f/(x) = M, téte f(x) = f(a) + M(x — a) ywa kd0e x G710 [a, b].

®) Acelgre 61, av f'(x) < M, 16te f(x) < f(a) + M(x — a) ywo kdbe x 6o [a, b].
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14.

15.

16.

17.

18.

) AwtvrtooTte kou agtodeiste To avdAoyo amotédecua av |f'(x)] < M yio kGBe x oTo
[a, b].

‘Ecto f:[0,1] = R wa wopaywyicwn cuvdptnon oate f'(x) > M > 0 yia 6Aa Ta X GTO
[0,1]. Aelgte dT1 vTtdpyel éva Sidotnua uikoug 1/4 gto omolo woyvel |f(x)| > M/4.

Tyéon uetagl aliuntikoV Kot YE®UETQEIKOU uécov. Edv a ko b elvar un apvntikol
apBuol delete 6T

va—bs“;”.

Yat6deien: Edv ab = 0 n avicétnta eivor mpogavig. Ysobéote 6Tt a > 0, b > 0 ko

Yewpnate Tn cuvdptnon
fx)=x+b-2Vbx, x>0.

Avigétnta tov Young. Edv a > 0 kaw b > 0 elvan spayuotikol apiBuol ko p,qg > 1 ue

1/p+1/q =1 &elgte 6L

P e
absa—+—.
p q

Ymédergn: Edv ab = 0 n avigétnta elval weopavig. Ytobéate 6L a > 0, b > 0 ko
Yewpnate tn cuvdptnon

X
f=24+2 by, x>0
P 4
Edv a > 0 ko b > 0 elvon moayuatikol aptBuol kar 0 < 6 < 1 SelEte 4L

a’b"? < 6a + (1 - 6)b.

No Beebel to uéyloto unkog okdAag n omola witopel va Trepdoel aTtd Tn ywvia Tov
Sradpduov ue daotdoeig a kar b tov Exnuatog 9.17.

A X C

T
I
|

4 :
I
I
I
I
I
|

xnuo 9.16: Acknon 18

Yat6deren: Exkgedote to wikog L tng okdAog AB wg cuvdptnon tng ywviog 6 Jtovu
oxnuoatitel To TuAwo AB pe Ty KaTokGQUEN TTALVEA Tou SladEduov.
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19.

20.

21.

22.

23.

24.

25.

ITAPATQI'OI

O véuog tng dudbAacng. Ag vrmobBécouue 4Tl wio evbela £ yweitel to emimedo ge Svo
nueTtimeda 0To éva exk Twv oTrolwv n TayvTnta diddoong ivar ¢; kKoL 6To GAAO 9. Av A
kot B elvan 6Vo onyeia, éva oto kGBe nuemtiziedo va Bpebel o Spduog TTOUL EVdVEL T HVO
onyeia oL amartel To GUVTOUWTEQO XEAVO.

sin 8 3
Yynua 9.17: Néuog tng didblaong — = 3
sing ¢

Yatodergn: O cuvtoumdtepog 5pdéuog dtvetal amd to 1 + o, ue €1 = c1 kaw £ = caty, 6TTOV
1 + 1o elvar o xedévog TTou astouteiTol yio va @TAGEL TO QWS aItd To A GTo B.

ATtodeigte 6TL agr” SAa T TElywva e 6Tabeph Pdon kol Gtabepn Thv ATTEVAVTL Ywvio TO
LGOGKEAES €xel TO UEYLGTO eufado.

Amodelgte 0Tl am’ SAa ta TElyova gtabepov eufadol To 1GdTTAEVEO €xel Tnv eAdyloTn
TreiLeTQO.

Amodeigte 6T aTt” dAa Ta TElywva ue Gtaben TeQiUeTEo TO 1GAHTTAEVEO €xEL TO UEVLGTO
eupado.
Tv Ja cuuPel av yonowomowmcete tov Kavéva tov UHospital yio va vtodoyicete To 6to
. X
Iim ———;
e yx2 41

YmoAoyicTte TOo 6pLo ue SLopoeTIkG TEATTO.

No BeeBovv gtabepés a kol b, av VITAEYOLVV TETOLES, DGTE

lim
x—0

sin3x a
(S ro)=o

Yatodergn: BAéme ITapatrignon 9.8.

Noa viroAoyigBovv ta dpa

. sinax . log(cosax)
N1 0, b>0 ) lim ———
@) xl—r}(l) sin bx @ ~ ®) xl—l}(l) log(cos bx)

a>0, b>0
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26.

217.

28.

29.

) lim L(L _ 1) @) lim 2"/~

x—0+ X sin x X x—l1

1 o
N 4 Qi (@) lim (log x)log(1 — x)
©) XEIPOO /x sin NE e
1 X

() lim (log —) ) lim x!%og*

x—0+ X x—0+

Noa vroAoyiatel To 6Lo0
. 1 1
llm —2 - —2 .
-0\gin“x X

Edv a > 0 kar b > 0 ypnowomowiagte Tov kavéva tou 'Hospital yia va SefEete GTL

1/n +bl/n n

n—oo

Edv AB eivar n x0edn kKOKAOUL n oTtola ATTOKGTITEL TOEO Unkoug 6, 6TTws 6to Xynua 9.18,
E(0) elvan to eufadov tng TeQroyng uetagd tng xoedng AB kol Tov Téfov AB, kol R(6)
etvar To eufadév tov ogBoywviov TEywvouv BCA va vItoAoyigtel To 6QLo
E(0)
im ——.
6—0+ R(6)

B

)

yxnuo 9.18: Acknon 28

Yatoderten: Av n aktiva tov kKUkAov glivon {on ue éva tote OC = cos 6.

Av f(x) = (x*)*, x # 0, va opiaBel n f 610 x = 0 date n f va elvon Guveynig 6to R.



Kepalaro 10

OMAokAnpouata

10.1 To oQiouévo oAOKANQE®UL

Opwoudg 10.1. Edv [a, b] etvan éva kAeLGTS Kaw @eayuévo Sidatnua, AEyovtas drauéion
Tov [a, b] evvoolue éva givolo Ttemepacuévoyv TTAnBovg onueiwv P = {xp, x1,...,xn} C
[a,b] ®cTe a = xg < x1 < -+ < xy-1 < Xy = b. Tpdpovue Axy = xp — x4-1, k= 1,2,...,N.
"EGv P row P’ elvan Suayepiocels tov [a,b] kanw P C P’ Ja Aéue 6T n P’ elvan Aesttotepn
g P, n 6t elvan yro ekA€gtTuven tng P.

Av f :la,b] = R elvan wa @eayuévn cuvdptnen, P = {xg, X1, ..., xny} €lvar wo Stoapéoion
Tov [a, b] vou av & € [xp—1, xk], k =1,2,..., N Swapopedvouue to dbgolcua

N
FED(x1 — x0) + f(E2)(xg — x1) + -+ f(EN) (XN — XN-1) = Z SED)Ax. 10.1)
=1

O¢touue ||P|| = max{Ax; : k =1,2,...,N}. Edv kabod¢ o apibuds tov cnuelov N atn Stouépion
avgdvel artepuoplata, wate ||P|| — 0, to aviicToryo 6Qlo

N N
lim ; fEhn = lim ; fE)Ax

VITAQEYEL KOL €lval aveEdETNTO TNG ETMAOYNG Twv cnuelmwv & 1o cuufoAicovue e
b b
f fdx, 1 f s
a a

N N b
lim s = fim ' fEodn = [ o
k=1 k=1 a

SnAadn

1PI—0

kol 10 Aéue oAokAnQwua Riemann, 1 astAd oAokAnpmua tng f ¢to [a, b].

O@ioudg 10.2. Mo cuvdptnon f opiauévn kol @eayuévn ce kdmolo Sidatnua [a, b] da
Aéyetan oAokAnpociun katd Riemmann, n arAd oAokAngocun 6o [a, b], av vitdoyxet
abuds I1(f), to oAokAripoua tng f Gto [a, b], date yio kdbe € > 0 vITdExeL 6 > 0 OaTE
av P = {xg,x1,...,xy} elvor wa Swouépion tov [a,b] ue [|P|| < 8, vov & € [xg—1, Xx],

200
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k=12,...,N, 161¢

N
> fEAx - 1(H)| < e. (10.2)
k=1

To dBpowcpa gtnv (10.2) Aéyetow dBporcuo Riemann tng f ywo tnv diauépion P Gto
[a, b] kon cuuPoricetan ue S (f, P). Ta onueia a ko b Aéyovian dkea TnG oAOKANQ®GNG
ue a va elvar 1o KATw dkeo kol b va glval To Gvw drEo Tng 0AOKANQWGNG.

AN A0 TR
. : . f(x)
N ) |

! - b )

: ;\ / o :

ol "1 | :

b N i

| ! ! : ‘ |

: i L | LA !

Xo él X1 éz X2 5; X3 ,5‘4 Xa és X5 és X6

Yynua 10.1: To dBgowoua Riemann (N = 6, a = xg, b = xg)

Iagatngnoen 10.1. Mia dueon guvémela Tov 0ELGLOV TOU OAOKANQEMOUATOS glval 4Tl dv f(x) =
¢ og kdmowo didotnua [a,b], dmov ¢ elvan wa gtabepd, tdte Yo kAbe Swauépion tov [a, b] To
avtigTotyo dBpotcua Riemann elvor (Go ue c(b — a), emouévmg To oAoKAQwUa Tng f vITAQXEL
Kol

b
f f(x)dx = c(b — a).

Katd guvémela kGOe atabepn cuvdeTnon ge KAEWGTO KoL @Eoyuévo Stdotnua eivor oAOKANQMOGL-
un KoL To OAOKARE®UA TG lval (6o pe Tnv TWi ThG GUVAQRTNONG €ITL TO UAKOG TOV SLAGTAULATOGC.

Haeatngnon 10.2. Mo dAAR Guvértela Tou 0ELGUOY elval 4Tl av Wi TTEOYUATIKA GuvEQTNGNn

(o)

S elvar odokAngwcwn oo Sudotnua [a,b] kan (P,))”, elvan wa akodovdia Siauepicewv Tov

[a, b] ue [|Py]l = 0 kaBwg n — oo, tdTE

b
lim S(f, P,) = f f(x)dx

n—oo

6Ttov S (f, P,) etvar ottorodnitote dBpowoua Riemann tng f ywa tnv P, Ilpdyuatt yio € > 0
vTtdEyel 6 > 0, dote av ||Py|| < 8, téte

<€,

b
scrp- [ swas
a
KoL ooV [Pyl = 0 vitdpxer N wote ywa n > N elvan ||Py]| < 6.

Ipotaon 10.1. "Egtw 611 n guvdetnon f eivar odokAnpgwaiun 6o [a, b], t0te vITdpyel akolov-
dila (Py),2, Glauepicewv tov [a, b] ue ||Py|| — 0 kabwg n — oo, kot

b
lim S(f, P.) = f Fdx,
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ogtov S (f, Py,) eivar ogrorobrigtote dbpoigua Riemann tng f yia tnv Py,

Agrobetén. Amd tnv vTtébeon émeton 6Tl yio kdBe n € N vmdpyer 6, > 0 dote ov P eival
Swapéoion tovu [a, b] ue ||P|| < 6y, TOTE

1
< -.
n

b
|S<f, P) - f Fdx

EmAéyovtog P, &ate ||P,ll < min{d,, 1/n} n okolovBio TTou SLOU0Q@OVETOL KOVOTIOEL TIS
TTEOSLAYQOLPEG. m|

Oewenua 10.1. Ectw 611 ot f kot g givar oAokAnpwaciues cuvagptricels 6to [a,b]. Ta

kdbe gevydpl mpayuatikdv aplfudv A kat u n Af + ug givar odokAnpawciun ¢to [a, b] kai

b b b
f [AF(0) + pg()] dx = A f FOdx + g f ¢(x) dx.

Agodeign. Oétovue I(f) = fa b f(x)dx vou I(g) = L b gx)dx. T A = u = 0 To aswotéAecua efvor
TEoPovES. "Eotw Aotmrdv 6Tt TouAdyiotov uio attd Tis otabepés A kow u eivar Sidpopn Tou
undevig, kat €0tw € > 0. ATtd tnv vébeon mreton GTL vVITdEyovv &1 > 0 kat d2 > 0 dote av Py
kot Po etvar Sapepicels tou [a, b] ue ||P1]] < 61 kau ||Po|| < 82, TOTE yia kGOe dBpoloua Riemann
S(f, P1) tng f ywa tnv P kat ya kGBe dBpoloua Riemann S (g, P2) tng g yia tnv Py gival

€ €
IS (f, Pyl < N KO IS (g, P2)| < A+l (10.3)
Av ¢ = min{01, 02} rar P eivan wio Stauépion tov [a, b] ue ||P|| < 6, Téte
D Af +HEDA = ) (A + @A = A ) FEA+ 1 ) 2EM
k k k k
oToTE
IS + pg, P) — (U(f) + ul(@)] = [AS (f, P) + uS (g, P) — (Uf) + pl ()l
<|AS(f, P) = A ()l + S (g, P) — ul(g)l
= AUS (f, P) = I() + IS (g, P) — 1(8)]
| Ale . lule  _
AL+l A+l
KOTd guvéTtela n Af + pg elval 0OAOKANQOGLUN, Kot fab(/lf +ug) = Afabf +u fab g. |

IMpotaon 10.2. Av f : [a,b] — R eivar wia odokAnpwaciun cuvdptnon kat g : [a,b] — R eivar
ion ue v f ekTOC (ows ao €va Temepacuévo sTAnfog anuesiov Tov |a, b], Tote kKoL n g givar

bf(x) dx = bg(x) dx.
[ o= |

Agrobeign. YmoBétovtag OTL ¢1 < - -+ < ¢, €lvor Ta onuela gto omoia dtaEéouv ol TIWES Twv f

olokAnpwaiun 6o [a, b] kat

ko g détovue
M = max{|f(c;) —g(cpl: j=1,...,n}
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To Soouévo € > 0 vidoyer 01 dote av P eivor wa Staudpion tou [a, b] ue ||P|| < 61, téTE

€
< —.
2

5. - f o

"EGtow 0 = min{dy, €/(2nM)}. Av P elvon wa Staugpion tou [a, b] ue ||P|| < 6 €govue

b b
‘S(g,P)— f Fo)dax S‘S(g,P)—S(f,P)‘+'S(f,P)— f F)dx

< +

N
D (860 = FENAX + >
k=1

OITo TNV ETAOYR TOU 0, OIT” OTTOV £ITETOL TO TNTOVUEVO. |

Oewenua 10.2. Avn f: [a,b] — R eivar cuveyric 10Te gival odokAnpwaiun cto [a, b).

Agoberén. Aeglyvouue 6Tl TO OAOKANQOUO fa b f(x) dx vrtdeyel, dndadi vrtdpxer s € R odote yo
kdbe € > 0 uoeel va emideyel 6 > 0 dote av P eivar wo Swapépion tov [a, b] pe ||P|| < & ko
S(f, P) etvan éva dBpowoua Riemann tng f yia tnv P, t61e |S(f, P) — s| < €, PAémie (10.2).
Briwa 1. Katackevn wag ebiknig arkodovdiag Swauepicewv (Py);7, tov [a, b].

"Eotw P wa douépion tov [a, b]. @étovue Py = P ko opitouue emtaynyikd tnv akolovdio
Tov dapepicewv (Pn);'l":1 6rov n P, sporvmtel ard thv P,_; €dv n P,_1 eumAovuTticbel pe Ta
uéoo Twv vIodacTtnudtwy Tou [a, b] Ta ottola 0Qltel n Py,—_q, KATd Guvémelo

Xi—1+ X Xi—1+ X
P =PyU {% Xl Xp € PO}, e, Py=P,qU {% L Xit, Xy € Pn_l}, (10.4)
via n=12,... "Etcl éxouvue

@O PpcPicCc---CP,CPypyyC---
1 1 ,
@ W1Pull = S 1Pu-sll = S5 11Poll = 0. kabdg n — oo

vion=12....

Brpa 2. Kdbe axolovbia abpowoudtwov Riemann (S(f, Pn)),”,; GUYRALveL.

H f elvan @ppayuévn ato [a, b] ka €otw 6TL m < f(x) < M. Av P, = {xo, x1, ..., xy} Détouvue
my = min{f(x) : xp—1 < x < xp} KOl My = max{f(x) : xg—1 < x < x¢},

k=1,2,...,N ko opicouue

N N
L(f,P) = ) mibxe,  xaw U(f,Py) = ) MiAxs,
k=1 k=1
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T6TE Vo kGbe dbpowoua Riemann S(f, P,) tng f ywa tn Swauépion P, eivon

m(b—a) < L(f,P,) <S(f,P,) <U(f,Pp) <M —a). (10.5)
Emiong yia kdbe n € N woyvel

m(b—a) < L(f,Py) < L(f,P)) <+ < L(f, Pro) S L(f,Py) <+ < M(b—a) (10.6)
Mb—-a)>U(f,Py) > U(f,P)=--2Uf,Pr) 2U(f,Py) < >mb—a) 10.7)

(ywatt;). “Etol ov akolovbies (L(f, Pn));>; kow (U(f, Pp));” | ©S WOVOTOVES KOL PEAYUEVES GUYKRAL-
vouv. 'Egto s kot s ta aviigtoya opia. Aelyvouue 61t s = 5. ‘Eotw € > 0. Emedn n f elvan
oUoLOUOE@a. GUVEXNS GTo [a, b] (yuatl;) vitdexel 6 > 0 daTe

W - x| <6 e |f(x) - fO)] < bL,
—dad

£toL av ||Pyl| < 6, 10te My — my < €/(b — a), omtoTE
Nn € Nn
0 < U(f, Pa) = L(f, Pa) = ;wk ~ mAx < — ; Ax =€

yio A TeEMKA Ta 71, aIt’ GTTOU TOLEVOVTAS TO OpLo 11 — o0 TeTal OTL § — § < €, KATd GUVETTELD
s = 5 apoV To € elvaw Tuyxalo. Av ue s cuufoAicovue To kowd 6o atd tnv (10.5) €meton 411
T0 600 TG (S(f, Pn))y; VITAQYEL KL

lim S(f, Py) = s. (10.8)

Bripa 3. H f elvon oAokAnpocuyn kot s = fa b f(x)dx.

"Ectw € > 0, amwd tnv ouoldpuopen cuvéxela €reton 4Tl vItdeyel 61 > 0 dote

av x—x<éd, Téte |f(x) - f(XN)] < Z(be— a)

‘Ectw P = {%y, %1,..., %) wo Stauéoon tov [a,b] ue ||P|| < 61/2. Amé v akolovbia Ttwmv
Swapepicemwv tov Bragatog 1, agpov ||P,|| — 0, emAéyovpue wa dwauépion P, ue

[|1Py]] < min{AXy : k=0,1,...7}, KOl IS(f, Py) — sl < g 10.9)
Av P, = {x0, X1, ..., xn,}, (N, > i1, agté T euloyii tng Py,), étovue P’ = PUP, = {xp X5+ X s

6mov Ny < N' < N, + 7t — 2. Téte Ax] < 01/2 kou 9€lovtag va ektyuicovye th Sopoed adeot-
oudtwv Riemann tng f yia tig P, kou P maipvovue

S(f, ) = S(f, P)‘ -

N, n
Z fE)Axy — Z FEpAx;
k=1 =1

N/
=| Yo - rémas
i=1
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6TT0V KATTOO ATTS T & Kol Ei egrovoAapupdvovtor Adyw Tng 10.9)L. Téte & — 5,-| < 01, GUVETT®OG

v
IS(f, Pa) = S (£, P < D IFE) - FENIAY,

i=1

Nl
€
< Ax
2(b—a)l_z_1: A
_E
2

"Etol a6 tnv tedevtaia avicdtnta ko thv (10.9) teMkd aigvouue

IS(f, P) = sl <IS(f, P) = S(f, Pu)l + 1S (f, Pn) = 5]
<€/2+¢€/2=¢€

Jrovu elvan 6,11 YéAaue va delEovue ue 6 = 61/2. |

ITpétacn 10.3. Av n f: [a,b] — R elivar tunuatikd cuveyri¢ cuvdptnon ¢to didotnua [a, b]
T0TE gival odokAnpaaoiun c1o [a,b], kar av ¢ < cg < -+ < ¢, glval Ta gnueia acvvéyelag ng f,

b C1 Co b
ff(x)dx=f f(x)dx+f f(x)dx+-~+ff(x)dx.

Agodeign. Alvouye tnv agtédeign dtav n f éxel éva onuelo acuvéxelog €6Tw ¢ 6To [a,b]. Twa

TOTE

TLEQLOGOTEQRA. TOV €vOg onpelo acuvéxelas n astddeten evkoAa yevikevetar. ‘Ectw ¢ € (a,b),
T8te n f elvon ouvexng ota [a,c) ko (¢, b] kar Ta TAeLEWKA Spuar f(c—) kar f(c+) vidyouv.
Oétouue fi(c) = f(c—) rkar fo(c) = f(c+), kar opigovue

h) =fx) asx<c,  file) = flcr)
fa(x) = f(x) ¢<x<D, fa(c)= flc+).

H fi elvan cuvexig ato [a, c] dpa 0AorkAnQ®OGUn 6To Stdotnuo avtd Kol To dUTd LoyUeL yio Ty
f2 610 [c,b], katd cuvéTtela n f elval oAoKAnE®GWN GTo [a, c] ko G6To [c, b], PATie TIpdTaon

10.2 kou ‘ ‘ , ,
f S(x)dx = f filx)dx KOl f fx)dx = f Sfo(x)dx.

TATt6 v emiloyi tng Srauéeiong éyovue 6TL av x; < ¥ s TOTE X1 < Xj41. "ETOL v, yiaw TTaipdSetyua, a < x; < xg <

X1 < X3 KO

S(f,Py) = f(E€)(x —a) + fE)xp — x) + f(€)xs —x2) + -+ S(f,P) = fE)E —a) + f(E)F — F) + -
T9TE
S(fs Pn) = f(&)(x1 — a) + f(€2)(x2 — x1) + f(E3)(X1 — Xx2) + f(E3)(xg — Fy) + -+
S(f.P) = fE)(x1 —a) + fEDx — x1) + fENE — x2) + f( &) — ) + -

oToTE

S(f, Pa) = S(f, P) = (f(&) = FENAX] + (f(&2) = FEDAX, + (f(Es) = FENAX, + (f(£3) = f(E))AX) + -
KOl
|i1—a|<61/2, v §3S)~C1

|i2 - a| <0y, v é:g > Xy.

& —&l<|f—al<61/2, & -&l<|fi—al<6/2, |&-&l< {
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"Ectw € > 0, téte vwdoyovv 8; > 0 kat d2 > 0 dote ov Py elvar Swapépion tovu [a,c] ko Poy

elvan Srapépion tov [c, b] ue [|P1]| < 61 kaw ||P2|| < d2 ToTE

¢ b
<§ KOl ’S(f,Pz)—f f(x)dx

C
€
s¢r.po- [ roodx <s
a
yia kG0e dbgotopa Riemann S(f, P1) tng f yia thv P ko yia kGBe dbpowcua Riemann S (f, P2)
g f ywa v Py, Av 6 = min{dy, 02} kan P elvan wo Stapépion tovu [a, b] ue ||P|| < J, té1e ko n
P* = P U {c} wavomotel tnv ||P*|| <, kaw av Py = PN [a,c] xou Py = PN |c, b], 161€

5P - (ch(x)dx+ fcbf(x)dx) =[5 P+ 50 P - (facf<x>dx+ ff(x)dx)

<

b
+ |S<f, Py - f Fdx

S(f,Pl)—f f(x)dx

, , , 7 b . b
a@oV ||P1]] < 0 < 61 kau ||Ps| < 6 < 2, dpa n f elvar oAokAnQGun Ko fa f= facf+ fc f.
Av ¢ = a, 161E n f GuLE®VEL TTOVTOU EKTOS OTTO TO X = @ Ue TV GuVEXN GuvdQTnon

f(x)=f(x) a<x<b,  fala)= fla+),

étol amo tnv Iedtacn 10.2 émeton 6T n f elvar oAokAnpdcun Gto [a, b] kou

b b
ff(X)dX=f Jo(x) dx,

SnAadn To odokAMpouo tng f elvon avegdptnto Tng TWAGS Tng f 6T1o x = a. H amddeign dtav

¢ = b elvar avdioyn. m|

Haeatngnon 10.3. Av n f eivar guveyng ato [a,b] kaw f(x) > 0 gto Sdotnua avtd, téTe TO
OAOKANQOUOL fa b f(x)dx elvar To euPadsév tng seproxnic R tou emigtédov mov PelokeTal UeTagy
Tou x-dova, TOU YEAENUATOS TG f Kol Twv gubewwv x = a kow x = b. To amwotéleoua
auTo éreTal oTtd To yeyovos Ot kdBe dBpolwopa Riemann tng f eivar to dBpoiouo epfadov
Sadoxik®dv opboywviov to “dbgolcua” Twv oTtolwv, KABMS To wikog Tng fdong Ax telvel GTo
undév, TTPoGeyyigel 6A0 KOl TIEQLGGOTEQO TV Jteploxi R, PAETe Zyripa 10.1.

IMopdderypa 10.1. Me Tov 0QIGUS TOU OAOKANQEMOUATOS VoL VTTOAOYIGHEL TO OAOKAN QWU

1
f xdx.
0

H cuvdptnon f(x) = x elvar cuveyng sovtoy dea elvar oAokAngoaoiun oto [0, 1]. Eimtig-
oV To ¢ntovuevo olokAnpwuo da divel To eufaddv Tov TEYOVOL Ue KOQUEES Ta cnueia
(0,0), (1,0) kar (1,1), katd cuvéTtela Jo TEETEL TO NTOVUEVO OAOKANQMUA VA LGOUTAL
ue 1/2. A@oV Tto oAokApmpo VITAXEL, €lval aveEAQTNTO Tou TUTIOU TV Slouepicewv
JIOV XENGULOTIOTTOLOUVTOL GTn Stoudeewaon twv abpoicudtwv Riemann. ‘Etot yio N € N
Jrafgvouue Tnv diapgeion

-1
N <1

1 2
I0<—<—x<:---<
N N
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KOl WG & TO KEVTEO kAOe vmodiactiuatog [(k — 1)/N, k/N], dnhadn & = (2k — 1)/2N,

k=1,2,...,N. Ondte 10 avricToryo dBpowoua Riemann yiveton
N N
2k—-11
Axy = —_— 2k -1
;i;.f(fk) =D T - j{]( )
YmoAoyigovtag
N N N N
N(N +1) 9
@2k-1)=» 2k— > 1=2 ) k—-N=2 ) k—N=2 N=N
Z 2% 2i=2), 2 7

TeMkd Pelokouue
N
> fE)Ax = 5N =
k=1

KOTA GUVETIELD, OTTOC EEAAOV TTEQLUEVOULE,

1
1
f xdx = —.
0 2

Acknon 10.1. Me tov 0QLGUd TOU OAOKANQMOUATOS va, VTToAoyLGOel TO OAOKANQEWUO

1
f 2 dx.
0

IHoedderyna 10.2. Na viwoAoyicBel to

. 1 1 1
hm( + + -+ )
n—oco\n+1 n+2 n+n

O¢Movue va Sovue To gntovuevo 6plo we 6plo abposudtwy Riemann. "Etct ypdpouue

1 1 1 1( 1 1 1 )
+ +oet - + +oet
n+l n+2 n+n n\l+1/n 1+2/n 1+n/n

12”: 1
nk:11+k/n

n
= ) f&)Ax,
k=1
6mov ywio k=1,2,...,n elvon
k 1 1
Ep=—, Axp = —, KO f(x) = .
n n + X
‘BTt n oxetikn Swauépon agtotedeltar amd ta onuela xo = 0, x = 1/n, xp =

2/n, ..., x, = n/n =1. Katd cuvémeio

. 1 1 1 |
hm( + +--- 4 ): dx
n—eo\n+1 n+2 n+n o 1+x

To oTtolo vTdEYel ooV n f elval cuveyng ato [0,1]. Agydtepa da Sovue 6TL To OAo-
kAMpwua etvar iGo ue log 2.
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Hagatiignen 10.4. Av n guvdptnon f eivar oAokAnpooiun 6to didotnua [a,b] 1o oAoKAA-
QWU fa b f(x)dx, émwes @aivetal kar agtd tnv (10.1), elvan avegdptnto tng uetapintng x. ‘Etol
UITOQOVUE, VIO TLOQASELYUA, VO YRAPOUUE

fabﬂx)dx:fabf(t)dt:fabﬂy)dy:fabfw)du:fabf(s)ds,

H petafAitii 6to oAokAipopa Aéyetor kou Boufnt uetafintn.

A@uBuntikn oAokAngwon: O KaAvOvag TOV TEAITEIIOV

Av f :[a,b] = R elvon wa odokAnpodown cuvdptnon yweigtovue to didatnua [a,b] ce n (Gov
unkovg vrrodractiyata, pe tn Ponbeta tng dtauépiong Py = {xg, X1, X2, . . ., Xn), UE Xk — Xp—1 = h =
b-a)/n,yvwak=12,...,n Téte 16 dBpoicua

D FOrDAXe = Fx)h + FOh + -+ f(6-h
k=1

efvar éva TuTIkKG dBpoloua Riemann tng f ywa tawv Py, éotw S(f, Py), a@ol & = xp-1, k =
1,2,...,n, katd cuvémela

b
lim S(f, Py) = f fx)dx.

Téte wou S (f, Pp) + f(b)h — fa b f(x)dx kabog h — 0. To televtaio dBpoloua urtoel va yoopel

g

NS

< h h h
Z f@h = (@35 + [f@) + fx)l5 + -+ [f - + FD]5 + f(B)3
k=0

h & h h
= fla)g + ;[ﬂxk_l) + Ol + fB)5.

’\\ /\Ff(@

Yynua 10.2: O ravévag touv TeaTeGiov

IMapatngovue 6Tl yia f > 0 6 TUTIKGS 6po¢ Tou aBEOIGUATOC TTaQLGTAvEL TO eufaddv
Teagtegiov ue Pdoels f(xr-1), f(xr) kow vwog h, PALme Zynua 10.2. Emeldn x; = a + k(b — a)/n,
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k=0,1,2,...,n, yio ueydAo n, éouue tnv TEOCEYYICN

b n—1 _
f F(x)dx ~ g( f@+2 fla+kh)+ f(b)), omov h="
a k=1

209

Tov TTEOGEYYLIGTIKG AUTO TEOTIO VITOAOYLGUOY TOU OAOKANQMOUATOS AfUe KAVOVO TOV TEATTELL-

ov.

I816TnTEC TOV 0QLGUEVOV OAOKANQAOUATOS

Oewonua 10.3. Ectw ot 01 f Kot g elval 0AOKANPOGLUES GUVAQRTHGELS GTo [a, b].

(1) Eav f(x) < g(x) yta kdbe x € [a, b], tote

b b
f f(x)dxsf g(x)dx.

(2) H |f]| eivar odokAnpdciun cto [a, b] kat
b
< f [f(x)| dx.
a

b
f f(x)dx

(3) Eav m < f(x) £ M yia kdbe x € [a, b], 10T¢

b
m(b — a) Sf fx)dx < M — a).

Eibikd av f(x) > 0 yia kdbe x € [a, b], tote
b
f f(x)dx = 0.
a

(4) Eav a < ¢ < b, tote n f eivar odokAnpdaciun ara [a, c] kat [c, b] kaw

b c b
f Fdx = f Fdx + f Fodx.

Amoberén. Otouvue I(f) = fab fx)dx vou I(g) = fab g(x)dx.

(D Tw kdBe Swayépion P tov [a, b], amwd tnv vitéBeon émeton 6t S(f, P) < S(g, P), étoL av

(Pn),.; elvon wa axolovbio Siauepicewv pe [|Py]| = 0 kabds n — oo, €xovue
lim S(f, P,) < lim S(g. P,) = I(f) < I(g)
n—oo n—oo

agrd Tnv UTaEn twv oplwv.

(2) H olokAnpwowdtnto tng | f| efvor avtagtodektn edv n f eival Tunuatikd cuvexing cuvde-

Tnon, a@ov n agtéAuTn T wog Tétolag cuvdetnong efval emiong tunuotikd cuvexng. H

agtodelgn tng yeviking srepimtwong divetar gto Oesdenua 10.15. H avicotikin oxéon eivon

guvégtelo Tou (2) apov —|f(x)| < f(x) < |f(x)l.
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(3) T kABe Srapégion P tovu [a, b], arrd tnv vitdbeon émeton 6t m(b—a) < S(f, P) < M(b-a),
ondte Yewewvtag 6w 6To (2) wa akodovbia Swauepicewv (Py))” ue [Pyl = 0 kabwog
n — oo, Kol Taipvovtog To 6Qlo, £metan to ¢ntovuevo. o m = 0 éxovue I(f) > 0.

(4) To asrotéAecuo eivor TTEOPAVES av n f elvon TunuatikdG cuvexng cuvdetnon, PAéme T1p6-
Taon 10.3. T thv amddelén tng yevikng mepimntwong PAETTe Oewonua 10.16.

O

Inueiowon 10.1. Xtn uéxor todea Jewpncn wag yio To oAokApwua €xouvue vitobécel T To
KAT® 6QL0 OAOKANE®MGNG glval UkEAGTEQO TOU Gvm oplov. Xtn TEdEn eivar foAkd va dewpovue
KOl TIEQUITTAOCELS GTIOU TO KATw 6o eivor ueyaditepo Tou dvw opiov. Tia tov Adyo ovtd

opltouue av n f eivor odokAnpaown cto didotnua [a,b] (@ < b)

b
jwf(x)dx = —f f(x)dx.
b a
fc f(x)dx = 0.

Me Ui Thy €TEKTAGN TOU 0QLGULOV TOU OAOKANQOUATOS agtodeikvieTal 6Tt av n guvdtnon f

Emiong edv a < ¢ < b, opltovue

elvar oAokAnpoacoun gto kAewgtd Sidatnua I kol a, b, ¢ elvan onueia tov I, Téte

Lbf(x)dxz j:f(x)dx+ Lbf(x)dx

ylo. omwoladntote didtagn twv a, b, c.

To oAokAnpwua ogaloTtotel

Oewonua 10.4. ‘Ectw 611 n f eivar uia odokAnpaciun cuvdptnon cto [a,b]. H Guvdp-

TNGN JTOV OQICETOL UE TN GYEGN

F(x)=fxf(t)dt, a<x<b

givar Guveylic oo [a, b).

OemENUATA UEGNGS TWNRC YO OAOKANQOUATO

Optoudgs 10.3. Edv n f elvar oAokAnpacun ato [a, b] tov apud

_ 1 b
f=mj; fx)dx

ovoudgovue uéen tTun tng f.

Oewonua 10.5. Edv n f eivar cuveytic cto la, b] 10te vitdyet ¢ € (a,b) daote f(€) = f,
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onidaén .
1 —
1€ =5 [ fodr=F.

.

AméSeign. Av n f eivar otabeon ato Sidothua tote f = f(a) = f(x) yia kGOe x € [a,b], doa
KO Yo kKdwowo € aTo (a,b). Ag vitobécouye 6t n f dev elval otabepn, TdTe aTTd Tn GUVEXELQ,
Oewponua 8.11, émetan GTL VITAEYOLVV onueia x; KAl X2 6To [a, b] date f(x1) < f(x) < f(x2) yia
kdbe x € [a, b]. OAOKANEAOVOVTAG, OTTO TIS BLOTNTES TOU OAOKANQMOUOTOS, TTOLEVOUULE

fa " oy < f ’ fxydi < f " fxo) d

b
(b-a)f(x) < f f)dx < (b -a)f(xz)

a’ émov émetan 6T f(x1) < f < f(xg). ATS o Oecdonua Tng evBLUESNS TWAGC, THEA, VITAQXEL

& UETAEY TV X1 KOL X2, KATA ouvérteld a < & < b, date f(€) = f. O

Oewenua 10.6. Eav n f eivar cuveyxric 6To [a,b] kot n g givar odokAnpwaiun cto [a, b]
kal 6ev allddgel Tpoanuo oto SidaTnua, Tote virdpyel & € (a,b) dote

b b
f f(x)g(x)dx:f(f)f g(x)dx.

Agtébeién. To cuuttépaoua toxver Teteva av n f eivon otabepn 1o didotnua. Ag vTT00E-
gouye Aowtov 6t n f Sev elvan aTabepn, Téte aTtd Tn cuvéxela Ja vItdeyouvv onueio x| KoL X
o710 [a,b] dote f(x1) < f(x) < f(x2) yia kGOe x € [a, b]. Ymobétovtag 6Tt g(x) > 0 mmaipvouue
fx)gx) < f(x)g(x) < fx)g(x) yio k4Be x € [a, b], oTtdTE OAOKANQOVOVTOG, TS TIS WELGTNTES
TOU OAOKANQ®UATOG, TTalpvouue

b b b
Fo) f g(x)dx < f Fg00dx < f(xs) f o) dx

A6 0 Bedpnua Tng evBLAUEGNS TWAG, TOQEA, VITAEXEL & UETAEY TWV X KOL X2, KATA GUVETTELO
a<é<b, vate

b b
£ f ¢(x) dx = f Fg(o) dx.

H agtdderen gtnv meplmtwon 6mwou g(x) < 0 TTEOKVUTITEL OV OVTIKOTOGTAGOVUE TNV g UE —g GTNV
aIté3elEn TG ITEWING TTERITTTWONG. m|

10.2 To OgucMndeg Oecwenua 1oV ATELQOGTIKOV Aoyiouov

Oewonua 10.7 (@0O1). Ectw 611 n f eivar odokAnpaaciun 6o [a, b] kat €6Tw

F(x)zfxf(t)dt, a<x<b.

Av n f eivar ouveyric 1o ¢ € [a,b], 16te n F eivar wagaywyiciun oto ¢ kar F'(c) = f(c).
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Eiwbikd av n f eivar ouveyric ato [a, b], tote F'(x) = f(x) yia kdBe x € [a, b]. Tpdpovrag
F’(a) evvoovue tn e&id rapdywyo 610 x = a, kar F'(b) evvoodue tnv agiotepn wapdywyo
oto x = b.

To amotéAeoua Tov Jewpnuoartog wropel va yoopel atn popen

d X
d_f f@de = f(x)
X Ja

e kdbe onueio x dmov n f elvan cuveyng.

Beonua 10.8 (@02). Eotw 61t n f eivar odokAnpdaiun 67o [a, b] kat éotw f = g’ yia
KdJrola cuvdeTnen g, Tote

b
f @) dr = g(b) - g(a).

Eibikd av n f eivar cuvexric ato [a, b], 10Te

b X
f f(®)dt = F(b) — F(a), omov  F(x) = f f(r)dt.

Hapatiignen 10.5. Edv n f elvor cuveyig kot oL u, v woQaywylcues tote

V(X)

di f@ydt = fFO)WV (x) = fulx)u'(x).
X Ju(x)

Ipdyatt av n f eivon guveyng ato [a, b] ko opicovue F(x) = fa * f(®) dt, 161e

V(X) V(X) V(X) u(x)

fdr = f@odr+ fodr = f@ydr - f@)dt = F(v(x)) = F(u(x))

u(x) u(x) a a a

KOL TO {NTOUUEVO ETTETAL TTOQAYOYITOVTAS Ta SV0 puéAn kow Talpvovtas vitéoyn 6t F/ = f.

Ozoenua 10.9 (Tvmog tng aviikatdotacng). Av o f kat g’ eivar cuveyels, T0TE

2(b)

b
f fg(x)g' (x)dx = f(x)dx.

g(a)

Tnueiwon 10.2. Av g’ = f 1o astotéAecua tov Oewoenpatog 10.8 To ypdeouvue amtAd wg
b

b b
f f(t)dr=g<r)] Grov g(t)] = g(b) - g(@).

a

IHoeadaderyna 10.3. Na viroAoyieBel To oAokARQwU

1
f xdx.
0

A1té T0 B02 2 €youue
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Hoedderyna 10.4. Na viroAoyieBel To oAokARQwU

T
f sin x dx.
0

IIGA ue yeron tov ®O2 €youue

fﬂ sinxdx = fﬂ(— cos x) dx = —cosx]ﬂ =—(-D-(-D=2.
0 0 0

Iopedderyua 10.5. Na vitodoyicBel to oAokAnpwua

/4
f tan x dx.
0
‘OTtwg TTELY VITOAOYitOUUE

/4 /4 §in x /4 _ cos’ x /4 cos’ x 4
tanxdx = dx = dx = — dx = —log|cos x|
0 0 COS x 0 COS x 0 COS x 0

1
= - log($) + log1

1
.
9 0%

Hoedderyua 10.6. Na vitoloyicBel 10 oAokANQwUO

b
f sin® x cos x dx.
a
Av dovue 6TL
. 5 d 1 . 6
sin® x cosx = —|—=sin’ x
dx\6

Té1e aItd To0 OO 2 Talpvouue
b [
sin® x cosxdx = —sin’ b — —sin” a.
p 6 6

ArapoeTikd yRdpOovTog

b b
f sin® x cos x dx = f sin® x sin’ xdx
a a

kol 9étovtag u = sin x éxovue 6Tl du = cos x dx, oTGTE AT TOV TVITO TGS AVTIKATACTOUONG

Jtaigvouue
u(b) sin b sin b 1 ’ 1 1
:f usdu=f usdu=f (—u6) du = = sin® b — = sin® a.
u(a) sina sina 6 6 6
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10.3 To adQLeTto OAOKANQE®UA

Oa Aéue 6TL n F elvan wa stapdyovea tng f av F/ = f. Tpdpovtag

ff(x) dx

evvoovue Tn GUAAOYR AV Twv Ttagayovcdv tng f. Tnv mapdyovca f f(x)dx ovoudgovue
a6016to odokAnpoua tng f. 'Etal av F'(x) = f(x), t6te

ff(x)a’x =F(x)+C
6ttov C eivan wa otabepd. "Etol av n f elvan Ttapaywyicn, téte
ff’(x) dx = f(x)+C.
Ynuewdvovpe 0TL av n f elvol Guveyng n cuvdoinon
X
F(x) = f f(odt
a

efvaw n (wovadikn) mapdyovoa tng f ue F(a) = 0.

IHoedyovseeg BAGIKOV GUVAQTAGE®V

Avayvopitovtag tnv vItd 0AOKANQ®GN GUVARTNON ®WS TLARAYWYO YVWOGTAS GUVAQTNONG £X0UUE
TO A6QLGTO OAOKANQOUATO

1
1. x dx = i, r# -1 8. fcchxdxz—cotx+C.

r+1
2 1d =1 C 0
. T x = log|x| + C, x # 0. 9. fex:ex+C.
3. sinxdx = —cosx+ C.

10. faxz a*+C, a>0, a=+l
loga

cosxdx =sinx+ C.

1
11. f dx=sin'x+C=-cos'x+C.

5. | tanxdx = —log|cos x|+ C. V1 - x?
12 L ix—tanx+C
6. cotxdx = log|sinx| + C. ' 1+ x2 X =tan txd
1 1 1+
7. sec? xdx = tan x + C. 13.f dx = -log al +C.
1-— x2 2 1-x

EmumtAéov da Seltovue 611 apdderywo 10.13 ko Hopddeyua 10.14)

14. cscxdx = log|cscx — cotx| + C = log

tanf‘ +C.
2

X T
15. tan(— + —)
2 2

sec xdx = log|sec x + tan x| + C = log +C.

%%
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Mé680o80o1 oAokAnewong

Ot uébodol TToV avaPEQovUE 0POEOVYV GTN LOREPN TNS TTEOS OAOKANQ®WGN GUVAQTNGNG.
¢ OMAokAnpwon katd uépn
OMokAnpovovtag tn oxéon (fg) = f'g + fg TeoxvITEL 0 TUTOG TG OAOKARQWGNGS KATA
uéen
f F)g' (x)dx = f(x)g(x) - f f'(x0g(x)dx.

Bétovtog u = f(x) kow v = g(x) éyovue du = f'(x)dx vou dv = g’'(x) dx, omtdTE 0 TUTOC TNG
OAOKAE®GNG KATA UéEn Ge SlopoQLkin LoEEn yeAQeTaL

fudv:uv—fvdu.

Kdbe pntn cuvdgtnon, p(x)/q(x) émmov o fabuds tou Toovopacti elvar ueyaAiteQog

¢ AvdAven e artAd KAdcuato

Tov Babuov Tov aEbunti, witoel va ypoel wg dBpotopa aTtA®y KALGUATWY, TOGHV GTO
TTANB0¢ 660 To TANBOG TV TTAQAYOVT®WY TOU g(X), TNS LOREAG
A ; Ax+ B
(ax + by’ " (ax? + bx + cy™’

omov n,m € N. To agtotéAecua avtd eivor aITdEQEOLNL TOU

BOewpnua 10.10. Av p kat g givar Todvwvoua, o fabuds Tov p gival UKEOTEQOS
Tov fafuov Tov ¢, Kol TO0 q AVOAVETOL GE TTAPAYOVTES avd GU0 Sla@OoQETIKOUS
UETAED TOUG

gx)=0(x+a)™ - (x+ a)™ (X2 +bix+ )" (0 + bx + )

omov Q eivar wa ctabspd KAl Ta TELOVUUA OV EYOUV TTRAYUATIKES QICEC, TOTE

. . 1 m 1 nmy 1 7 1 7| 1 n 1 nj
vITdE)ovY GTabepéc A ,...AII,Ak,...Ak ,Bl,...Bll,Bl,...Bl ’Cl’---C1I’CZ"~-C1

UOVOGHUAVTO OQLGUEVES, WGTE

1 m 1 my
X A A A A
&:_1 ...+—1+...+ k + ... _ Tk
q(x) x+a (x+a)m X+ ag (x + ag)™
1 1 /11 ny
_BxtG o Bt
X2+ bix +cy (X2 + bix + c))™
1 1 i ny
B x+C,; i B/'x+C;
X2 4+ bix+ ¢y (X% + bix + )™

Ia Taeddetyuoa

3x—2 A B C D
= + + +
(4x-3)2x+5)¥ 4x-3 2x+5 (2x+5)2 (2x+5)3
5x2 — x+2 A Bx+C Dx+E

2 2 = t 3 t 3 2
(xX*+2x+4)*(x-1) x-1 x*+2x+4 (x*+2x+4)
Kdvovtag, oe kdBe wo aIrd Ti§ TEQLITTOCELS, TA KAGGUOTO OU®VURL KOl EEL0MVOVTOS
TO JTTOAV®VUULO GTOUGC alBUnTég ITEOoKVTTEL €val GUGTNUA UE OYVAOGTOUS TIC GTAOEQES
A,B,C,....
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¢ AAAayn petafAntig
O TUT0G NG AVTIKATAGTOONS GTN TERITTOON TOU AGQLGTOU OAOKANQOUATOS TTOlQVEL TRV
ATTAN LoQen
[ rengwar= [rwan  1=g. ar=gwas

10.4 ITopadeiyuata kor AGKNGELS

Hoeddewyua 10.7. Aelete 6L

1 _2r
< —tan (—)
n n

f 2T sinnx
o Xx2+n?
ATO TIG 1BOTNTES TOU OQPLGUEVOU OAOKANQOUATOS £xOUULE

2T 3 27 27

sin nx dx

f 2. 2 dx’ = f dx < f )

o X“+n 0 o X“+n

f?ﬂ' dx

o n3[(x/m)?+1]

1 (7 d 1
—f . (u = f, du = —dx)
nJyg u?+l n n

1 2nt/n
= —tanlu ]
n

sin nx
x2 + n?

0

1 (2
= —tan (—)
n n

HHoedderyna 10.8. Na vroAoyigtel T0 OAOKAIQOUA

dx _1
_ e R.
fx(l+logx)ﬂ’ xzen p

Oétovtacg u =1+ log x éxovue u > 0 kol du = 1/xdx, omdte

1 p#1
fﬁﬁ: Zl—;t=$ul_p+c=$(l+logx)l_p+c
= dx du
fx(“_—logx):f;:10g|u|+C:10g(1+logx)+C.

Acknoen 10.2. Na vitodoyicOel To oAorkAngwua

t(1
fco(ogx) dx.

X

Acknon 10.3. Twa kdBe axképato n vo VITOAOYLGTEL TO OAOKARQMULO

fx" log xdx.
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Hoedderypna 10.9. Na vroAoyigBel To oAokAnQwua

6—x
G-3axts)

AvoAvouue og ammAd kAdouata

6—x A N B A(@2x+35)+ B(x—3)
(x=3)2x+5) x-3 2x+5  (x-3)(2x+5)

0TOTE €ELGAOVOVTAC TTaigvouue

{5A—33=6 } {A:S/ll
6—-x=0BA-3B)+(2A+B)x o =S

2A+B=-1 B =-17/11

10l

6—x 3 f dx 17 dx
— dx = — —_—
(x-3)2x+5) 1) x-3 11 2x+5

3 17
= ﬁloglx—Sl — ﬁlog|2x+5| +C.
OAOKANQE®OUATO TELYOVOUETEIK®OV GUVAQTIGEWV

HHoedderyna 10.10. Na vitodoyicBel 10 oAokANQwua

f sin® xdx.
YmoAoyitouue

fsin5 xdx = fsin4 xsinxdx = f(sin2 x)2 sin x dx

=f(1—cost)zsinxdx u=cosx, du=—sinxdx

= f —(1-u®)?du
= f(—l +2u’ - u4) du

2 1
=—u+-uw—-u’+C
3 )

2 1
= —CcoSXx+ gcos3x—gcos5x+C.

Hopedderypa 10.11. Na vitodoyigOel To oAokAngmuo

f sin? x dx.

M Stadikocia avddoyn avTig tov arkoAoudribnke cto ITapddetyua 10.10 gtn TTeEQimT®-
on avth 8ev SovAevel. Ed®, 0TTwg ko 0g avAAOYES TEQUITTOGCELS XENOLULOTIOLOVUE TOV
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TUTT0 TOv SuTAaciov TdEou

2 2

cos(2x) = cos? x —sin®x = 2cos’ x —1=1-2sin’ x

At GTTOV TTEOKVITTOUV Ol XENOWES GYECGELS/OVTIKOTAGTACELS

2 _ 1+ cos(2x)

9 1—cos(2x)
cos“ x =—"\

, sin® x
2 2

Kdvovtog xerion autod Tou oIToTEAEGUATOS TTalpvouue

_ 2
fsin4xdx=f(sin2x)2dx:f(l%sex)) dx

- (L 2

= f 4(1 2 cos(2x) + cos (2x)) dx

_ l B 1+ cos(4x)

= f 4(1 2 cos(2x) + — 1 )dx

- f (g - %cos(Zx) + % cos(4x))dx

3 1 1
= gx ~1 sin(2x) + 3z cos(4x) + C.

OAOKAHPQMATA

(10.10)

(10.11)

Iaedderyua 10.12. Aeigte 611 yia kdBe @UGIKS aElBUS 1 1oYVEL N AvASEOWKA GXEon

- n—1
. sin“xcosx n-1 L
fsm”xdx =— + fsm” 2 xdx.
n n

Todpovtag ya n > 1

fsin” xdx = fsin"_1 xsinxdx = \fsin”_1 x(—cos x)" dx

ue oAokApwaon katd uéen vitoloyitovue
fsin” xdx = —sin" ! xcos x + ‘f(sin”_1 x) cos xdx
—4 . n—1 s n—2 2
= —sin" " xcosx+(m—1) | sin""“xcos” xdx

= —sin" 'xcosx+(n—1) fsin”‘2 x(1 — sin® x) dx

= —sin" 'xcosx+(n—1) fsin"_2 xdx—(n-1) fsin" xdx

oIt GTTOV UETOPEQOVTAS TO TEAEUTOIO OAOKANQWUO TOUL Je€loV UEAOUS GTO AQLGTEQRD

Bolokouvue

nfsin" xdx = —sin" ! xcosx + (n — 1)j‘sin"_2 xdx

aItd tnv omola StouEwvtag ue 7 ko ta dvo wéAn maigvovue to ¢ntovuevo. Io n =1

elvon

fsinxdx =—cosx+C
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n omola deyxduacTte OTL ATTOQEEEL AITO TN YeVIKN TepiTttoon yio #n = 1. Znueidvouue OTL

yia n > 1 n gtafepd Tng OAOKARQOGNS TIEQLEYXETOL GTO AOPLGTO OAOKANQ®UA GTO OeEl
uérog.

Ioeddeyua 10.13 (To oAokAngwua tng téuvovsag). Av f(x) = secx = 1/ cos x, tdte

d 1V 1 . 1
—secx:( ) =- (—sinx) = tan x = sec x tan x
d cos? x Cos x

X CoS X

d sinx \’ 1 9
—tanx = = 5 = sectx
dx COS X Ccos® x

Me yorion Twv aIToTEAEGUAT®V AUTOV VITOAOYITouuE

tan x + sec x
secxdx = | secx———dx
tan x + sec x
sec xtan x + sec? x
secx + tan x

t ’
_f(secx+ an x) dx

secx + tan x

= log|sec x + tan x| + C.
Acknon 10.4 (To oAokAnQoua tng cGuvtéuvoucag). Aetete dtL

fcsc xdx =log|cscx —cotx| + C. (10.12)

Hoeddewyua 10.14 (To oAokAnQwua tng Guvtéuvoucag). Aslyvouue 4TL
1
cscxdx = | ——dx=1log
sin x

. .X X X 9 X
s1nx=251n—cos§:2tan§cos —

kar 9étovrog u = tan(x/2) éxovue du = (1/2) sec?(x/2), emoUévmg
1 2(x/2
fcscxdx= .—dx:fwdx
sin x 2tan(x/2)

1
:f—du
u

=loglul + C

tan g‘ +C. (10.13)

Todpovtag

= log + C.

X
tan —
2

To amotéAecua avTd TTEOKVTITTEL Ue TTRALeLS attd tnv (10.12). AviikabfigTdviag Tn ueTo-
BAnTA x ue tnv x + /2 Polokouvue

1 1
dx = dx= | ——————dx=1
f secxax f COS X o f sin(x + 71/2) x =108

tan(f + E) el (10.14)
271
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Mua xoriown avtikatdetacn. H aviikatdotocn

% = tan g (10.15)

Jtov yenotwogtomiOnke gto IMapddeyua 10.14, n wAfov kataybovia, 6TTwg avapépetol ato [14],
GuUVNBWGS amAogrolel Wa ENTI €KEEACN TWV Sin X KoL COS X.

Moedderypa 10.15. XenowoTomnaete Thv aviikotdotacn u = tan(x/2) yio vo VIToAoyi-

f dx
5+ 3cosx’

A6 n Gyéon u = tan(x/2) kol agtd To GYETIKO 0pBoywvio Telywvo BAEmTovue 4Tt

GETE TO OAOKANQMUA

V1 + u?

x/2

Ixynuo 10.3: H avukatdotacn u = tan(x/2)

X 1 . u
COS — = s sSin — = s
2 Vi+u? 2 Vi+u?
oTtoTE
COS X = CcOs“ — —sin“ = = - = .
2 2 14+u? 1+u?2 1+u?
KO . 5
X X
du==sec’? Zdx = dx=2cos’> = du= —— du.
U= gsee gaxr=ax R T R

"ETGL TO ¢nTOUUEVO OAOKANQ®ULO LETATQETIETOL GTO

f 1 9 du—f du _lf dw/2) 1.
5+31-ud)/A+uD1+u2  J 4+u2 2 1+w/2? 2 2

KO TEMKA JTOlQVoUUE

f dx 1 1 x
———————— = —tan (—tan—)+C.
5+3cosx 2 2 2

Aoknon 10.5. Xenowoomnaote Ty aviikotdotoon u = tan(x/2) ko delfte T

f dx 1 1
= —10
sin x + cos x V2 &

tan(f + E)‘ + C.
2 8

IMoedderyua 10.16. I'evikevovtag tnv meonyovuevn Ackncn vItoAoyigouie T0 OAOKAN-

Qwua
f dx
asinx + bcos x’

6movu a kar b efvan gtabepég Gyl kol o1 dvo {Geg pue undév.
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Av a = 0, n b = 0 avayéuocte avtiGTol o GTIS TTEQLITTWGELS f secxdx, 1 f csc xdx.

Ymobétouvue Aowatdv 6t a # 0 ko b # 0. Tpdpovtag

a b
asinx + bcosx = Va2 + bz(— sin x + —— Cosx)
Va2 + b2 Va2 + b2
= Va? + b%(cos @ sin x + sin 6 cos x)
= Va2 + b sin(x + 6)
yio KArolo 0 T€Tolo OGTe
0 : ing b
cosf = ——, sinf = ——,
Va2 + b? Va? + b?
vItoAoyicovue
f dx B 1 f dx
asinx+bcosx 21 p2J sin(x+6)
! logtn(x+0)+C
= = a ,
Va? + b2

émov 6 = tan~'(b/a).

TELY®VOUETEIKES AVTIKATAGTAGELS

Ot TEY®WVOUETELIKES TAVTOTNTES

sin® x + cos® x = 1, sec?x=1+tan’x

221

TLAQROKIVOUV GTN YEAGN TELYOVOUETELKOV AVTIKATOAGTAGE®MY GTIS OVTIGTOL(ES AAYERQIKES ERMEAL-

OELg

Va? - 22, Va? + 22, Vx? — a?

ue a > 0. "Etol yia katdAAnAo 6 oe kdBe TepimTmwon

! .1 X , .
av x=asinfd o @=sin"'=, 1éte Va2 - x2 = yJa®(1 - sin?6) = a|cos 4,
a
1 X ,
av x=atanf o O=tan'=, 1616 Va?+ x% = \/a?(1 +tan? ) = alsec ),

a

X
av x=asecd © O=sec!=, twote Va2 —a? = yJa?(sec?d—1) = altand).
a

a Va2+x2 X
X X
[7) [0 7]
a? — x2 a a
x=asinf x=atan0 x=asect

Yynua 10.4: ToryowVOUETEIKES OVTIKATAGTAGELS

X

2

—a?
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Me wa avtikotdotacn x = f(f) avtod Tov TVITTOU éva OAOKANQMUA f P(x)dx, 6mwov P(x)
elvan, ev yéver, wa aAyefEiki €kEEACN, UETAGYNUATITETOL GE €val TOLYWVOUETQELKO f R(6)do =
0@0) + C. Ouv agykol TreQLoQlouol GTo 6 eTLTEETTOVY TNV ETGTEOPN GTNV OQYKA UeTafAntn x
uécow tng @ = f71(x) Ko TOL GYETIKOV TEWHVOU, PAéTe Tyrna, 10.4.

Hoedderyua 10.17. Na vrtoAoyigBel To 0AOKAIQ®ULO

3
x°dx
I= | —, -3 <x<3.
V9 — x2
Oétouue
x = 3siné, x <0< il
2 2

ométe V3% — x2 = 3|cosf| = 3cosh, amd v emAoyrn Tov Stactiuatog [—m/2, /2], ko
dx = 3cos0df, 161 vItoloyicovue

27 sin®
7 (27 sin® 0)(3 cos 0) db _ 27fsin30d0
3cosd

=27f(1—cos29) sin 0 do
:27fsin9d9—27fcos20 sin6do
= —27c0s0+9cos’ 6+ C.

A6 Ty avtikotdoToon §ouue

32—)62

X
ing == 6=
sSin 3 KOlL COS 3

0TIOTE JTOlEVOUULE

x3dx 9 — x2 VO — x2)\3
+9( 3 )+C

=—9-x)%?-9v9-x2+C.

Hoedderypa 10.18. Na vitoAoyiotel T0 OAOKANQ®ULO

dx
Vi+ 2

Oétouue
bg m
X = 2tané, —— <0< =
2 2

omdte V22 + x2 = 2|secH| = 2secd ko dx = 2sec? 0db, Gopa

V4 + x2

tan 0 = X Kol secl =
2 2
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"ETGl To oAokAripmua yiveTon

d 2sec’6db
A see :fsecede
V4 + 2 2sect

=log|secd + tan 6| + C

V4 +x2  x
= log T+ +C

2

=log|V4+x2+x]+C" (C'=C-log2).

Hoedderyua 10.19. Agiete

fZ 1 1
—_———dx = —.
1 (62 —2x+4)3/2 6

Todpovtag x% — 2x + 4 = (x — 1)? + 3 Hétovue

T T
x—1=\/§tant, —— <<=
2 2

omtéte v/(x —1)2 + 3 = V3secr kv dx = V3sec?tdt, ue

fetan ' T () =tan 020, #2)=tan! ——
\ &
0ToTE TTOlEVouuE
2 2 T /6
1 1
- dx=| ——  _gx=
fl (2 —2x+ 42 j; (—12+3p2 " j;
1 /6
= gf costdt
0

= W= W=
N —

Hoedderypa 10.20. Na vitoloyigtel To OAOKANQ®UA

f dx S 2
_ x> —.
V25x2 — 4 S
Emeidn
2 2
V25x2 -4 =5 xz—(—) 5
)
Yétouue

2 T
x=-secH, 0<6<—,
S 2

sinx]

V3sec?t
——dt
(V3sect)3

/6

0

oI |

223
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omdte V25x2 — 4 = 2|tan 6| = 2tan 6, kow dx = % sec 0 tan 6 df, €16l To OAOKANQMWA YiveETL

dx 2/5secOtanfdf 1
= =— | secfdo
V52 — 4 2tan @ )

1
= gloglsecé+tan0|+C

1 5x V25x2 -4
:glog ?'FT +C

6mwg Srofdcovpe aItd TNV AVTIKATAGTAGN.

Hoedderypa 10.21. Na vitoloyigtel To OAOKANQ®UO

f 3xt —2x3 +16x2 - 7x + 15
(x = D(x2 + 4)2
O Babudc Tov TTOREOVOUAGTA elval UeYAAVTEQOS ATTO AUTOV TOU 0QBUNTA OTTOTE AVAAV-

ovTag Tnv VITG OAOKANQEMGN Guvdetnon e artAd kAdouato yedpouue

3xt—2x3 +16x2 - 7x+ 15 A Bx+C Dx+E
= & + ,
(x — (22 + 4)2 x—1 2+4 (2+4)2

agt” IOV TTEOKVTTTEL ATL
3t =23 +16X2 —Tx+ 15 = A(X® + )% + (Bx + O)(x = D(x* + 4) + (Dx + E)(x - 1).

Avvovtag Belokovpe A =1, B=2, C =0, E =1, emwouévmg

f 3xt —2x% +16x2 = 7x + 15 f dx f 2xdx f dx
dx = + +
(x = 1)(x% + 4)2 x—1 x2+4 (x2 + 4)2

= log|x — 1] + log(x* + 4) + I,

dx
I'= f(x2+4)2‘

T tov vtoAoyisud tov I J€tovue

4TT0V

x = 2tand, —g<9<72—r, ométe  x% + 4 = A(tan® 6 + 1) = 4 sec® 0
dea
0 = tan™! g, kan  dx = 2sec? 6do,
ETTOUEVIC

2sec’0dl 1 1
I:fL:_fCOSQQdQZ_f(1+COS29)d9
16sectd 8 16

1 1
=—0+ —sin20+ C
16 32

1 1
= —0+ —sinfcosd+ C
16 16
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KOTA GUVETTELOL

dx 1 4x 1 X 2
5 = atanT o+ — +C
(x*+4) 16 2 16,214 Vx2+4

1 s 1 x

+ = +
16 2 8x2+4
"Etol teMkd Pelokovue

ax 1 x
= gp s b (G
2 8x2+4

f 3xt—2x3 +16x2 - 7x+ 15

1
= 2
(x = (22 + 4)2 dx =log|x — 1| + log(x* + 4) + oG tan

Ioedderyua 10.22 (To oAokAnewua ITEQELOSIKNG cuvdQTneng). 'Ectw f wa meplodikn
ouvdptnon ue mepiodo T, dnAadn f(x + T) = f(x), kow ohokAnpocwn oto [0, T] Seigte
on
T b+T
f f(x)dx = f(x)dx, Vb € R.
0 b

H f efvor odokAngocyn ce kdbe didotnua [a,B] (yrati;), 1ol yio b € R uwogovue va
yedpouue GUULE®VO UE TIS WBLOTNTES TOU OAOKANQOUATOS

b+T b+T

T
f(x)dx:fb f(x)dx + f(x)dx

T

T b+T
= f f(x)dx + fx—=T)dx
b T

azd segrodikdtnta g f, aeot f(x+kT) = f(x) yia kdbe axképato k, omtdte yia t = x— T,

dx = dt
i b
:f f(x)dx+ff(t)dt
b 0

T
= f f(x)dx.
0

Jrov elval To gntouvuevo.

Haeddeypna 10.23 (Avicotnta Cauchy-Schwarz). Edv ov f ko g eivar guveyels ou-
VOQTAGELS GTO [a, b], Ttote

{fah f(x)g(x) dx}2 < {thZ(x) dx}{Lb gZ(x)dx}.

H fg elvaw cuveyng dpa oAokAnpacyin 6to [a, b] kot amd Tig 8LOTNTES TOU OAOKANQW-
UaTtog €xouue

b b b b
0< f (tf(x)+g(x))2 dx = 1> f F2(x)dx + 2t f f(x)g(t) dx + f g2(x) dx

yia kGO t € R, katd cuvémelo n Stokeivousa Tou TELwvinov elvar un detiki, SnAoadn

{2 f ’ F(0)g() dx}2 - 4{ f ’ 2% dx}{ f ’ &%) dx} <0
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agt’ 6Tov €reTon to gntovuevo. To amotéleoya woyvel kol dtav ov f ko g lvon astAd
OAOKANQ®GES GTO [a, b], apov, Tdte n fg elvol oAokAnpwown Gto [a, b], PAéme IdpiGua
10.1.

10.5 E@oapuoyéc tov 0AOKANQ®UOTOC

Av n f elvar wa cuvexng guvdgtnon ato [a, b] ko f(x) > 0 oto (Sto Sidatnua, To OAOKARQMULO
fa f(x)dx dtver To euPaddv tng Teploync n yweiov R tov emMITEédou UETOEY TOU YQAPALATOS
g f kol Tov x-dgova kot Twv evbeldv x = a kar x = b. 'Etol av a < x < b n wogdtnta

dA = f(x)dx

eRPEATEL TO euPfadd Tou “oTotelddoug TtapaAinAoyeduuov” oto x fdong dx kol Vywous f(x).

EuBaddv yweiov uetagd ypo@ikav ToQAGTAGEDV

Av o1 f kv g elvan cuveyelg cuvaQtnoels 6to [a,b] ko R elvar to ywelo yetagd twv yea-
EnUATEV TOV f Kol g Kol Tov gubetdv x = a kal X = b, 1o R amoteAeiton aItd “GToryelddn

JtaaAnAGyeauua”. To eupadov kdbe té€tolov 6To x € [a, b] elvan
dA = [max{f(x), g(x)} — min{f(x), g()} dx = |f(x) — g(x)| dx,

€101 1o euPfadsov A(R) tou ywelov R elvon

b
A(R) = f lf(x) — ()l dx. 10.16)

H avotnen amddergn tov (10.16) yivetar ye xprion twv abdpolcudtov Riemann.

Moedderyua 10.24. No Peebel to eufaddév tov xmwelov mov Beicketon uetagy tov yeo-
@AUOTOG TNG y = sin x Tov x-dfova Kal Twv evbeldv x = 0 ko x = 27.

ES® etvan g(x) = 0 omdTe TO Cntovuevo eufadov eivon

27 T 27 V4 2n
A(R):f |sinx|dx=f sinxdx+f —sinxdxz—cosx] +cosx] =4.
0 0 n 0 T

Acknon 10.6. Na Bpebel To gufadov Tou @eayuévov xwpiov Tov Beicketar weta&d Tov yea-
enpatog g f(x) = Vx, tng gvbelag y = x — 2 ko TOL x-dEoval.

‘OYKOG GTEQEOV €K TTEQLGTEOPNG

Av 10 xweio R Tou emItédou Tov PEloKETAL HETALY TOU YEAPALOTOS TnS f, Tou x-dEova Kol
Tov evfeldv x = a kv x = b TreQLoTEAEl YUpw aTtd Tov x-dfova N Tov y-dfova TraQdyeTol
€val GTEQRED, €va GTEQRED €K TEQPLGTEOPNGS. Mag evliagépel va vtodoyicouye Tov yko V tovu

GTEEE0Y OTOV.
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J)

[ R R M

[N -

Yynua 10.5: To oxkiacuévo opboywvio pe Bdon [xr—1, xx] ko Vwog f(&x)

1. TIEPIZTPO®H I'YPQ AIIO TON X-AZONA.

Av x € [a,b] T0 “GTOLELNSES” TTARAAANAGYQAUULO GTO X KAODS Kdvel uio TTAREN TTEQL-
GTEOPN YUR® aTtd TOV x-dgova TTaQAdyel €va “GToELOON” KUKMKG GTeped KUAMVSQO ue
eupado pdaong x| f(x)]2 kol VPog dx, €T6L 0 OYKOS TOU “GTOLYeEl®wdouS” KUALVEQOL GTO X
etvar dV = n[ f(x)]2 dx, RaTd GUVETIELD 0 GYKOG TOU GTEREOV €K TIEQLGTROPNGS, OTTWS GTN
TreQlTTwon tov gufadov, elvon

b
V= f 7l f(0)) dx. (10.17)

a

2. TIEPISTPO®H TI'YPQ AIIO TON Y-AEONA.

Av x € [a,b] T0 “cTOEINSES” TARAAMAGYQAUULO GTO X KAODS Kdvel uio TTAREN TEQL-
GTEOPN YUP® aITé TOV Y-dfova TaEAdyel éva “GTolelddn” eAold KUKMKOU KUA{VEQoU ue
unkog 27x, Yog f(x) kal A0S dx, €T6L 0 GYKOG TOU “GTOLXELOSOUS” pAOLOY GTO X glval
dV = 2nxf(x) dx, kotd GUVETIELDL 0 GYKOG TOU GTEQEOV €K TIEQLGTROPNG £lval

b
V=f 2nxf(x)dx. (10.18)

H avatnen atodelgn tov 6cwv avaeépaue yivetor ue xerion abpoicudtov Riemann. To gto-
eddeyua ag Jewpnoovue wia Stopépon a = xg < x1 < -+ < X, = b 10V [a,b]. 'Eotw & éva
onuelo ato Sidatnua [xx_1, x¢], TOTE avapepouevol gto Xynua 10.5, av to opboydvio ue Bdon
Axy = X — xp—1 ROl VWog f(&x) TepraTpapel yupm attd tov x-dgova katd yovia 360° mapdysto
évag KOMvEpog dykov AVy = x| f(fk)]zAk. "Etol To dBpolouo

n

D Al fETP A%

k=1

elval po TTEoaEyylon Tou GYKOU TOU GTEREOV TTOU TTARAYETOL KATA Wia TTAREN TTEQLGTEOPA TOU
yweiov R tov emiTtédou yvpw aItd Tov x-dgova. ‘Etol maigvovtag to 6o kabos Ax — 0, To
oTtofo VTdEXeL ol n f2 eivar cuvexiig, TeokvTrTel n (10.17). Av tdea To 0pfoydvio ue Bdon
Axy = xp — Xp—1 ROL VYOGS (&) TeplaTapel yUpw amd Tov y-dgova katd ywvia 360° Ttapdystot
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€vag KUAMVEQKOS PAOLOS GYKOU

AVy = Vi = Vier = nx f(&) — mxe_ f (&)
Xk + Xk—1

= ZHT(Xk = Xk-1)f (§x)
Xk + Xk—1
= 218k f (&) Axi, &e=—g—
OTTOV YO & ETUAEYOUUE TO WEGO TOL gLOUYQEAUUOV TUARATOS [Xr—1, X%]. "EToL To dBpoloua
n
D 2mé fEDAX
k=1

elval gl TEOGEyyLen Tou GYKOU TOU GTEREOV TTOU TTARAYETOL KATA Uld TTAREN TTEQLGTQOPN TOU
x®Elov R Tou emimédou yvpw agtd tov y-dgova. ‘Etcl maipvovtag to dgo kabwhg Ax — 0, to

oTtolo VTIdEYEL AoV n g, 6Ttov g(x) = xf(x), eivar cuveyng, tpokvrrter n (10.18).
Hapedderyua 10.25. Na feebel 0 dykog Tov GTEEEOV TTOV TOQAYETAL KOTA Wwia JTAREN
TEQLOTEOPN YUE® aATé Tov X-GEova Tng TEQPLOXNS TTOU PEIOKETOL UETOEY TOL X-dEova,
TOV YQOENUATOS TNG y = f(x) = e~

Y orar tov x = 0 kot x = 1.

O gnrovuevog Gykog elva
1 1 11 1
V= f nle ™ P dx = ﬂf e dx = —ze_ZxJ = 7_r(1 - —).
0 0 2 o 2\ e

HMapeddetyua 10.26. Na feebel 0 dykog ToL GTEEEOV TTOV TTORAYETAL KOTA wia TTAREN
TEQLOTEOPN YUE® OIT6 TOV y-GEova TNG ITEQLOXAS TToV PeloKkeTol UeTALY Tov X-dfova,
TOV ypaenuatog tng y = f(x) =1—x, kow Tov x = 0 kow x = 1.

To GTeped TTOUL TTARAYETOL ElvOol KUKAIKOS KOVOS. O tntovuevog Gykog eival

1 1 9 1 P
V= f 2nx(1—x)dx = 27rf (x—xHdx = n[x2 - —xs] = —,
0 0 3 lo 3

Acoknon 10.7. Na Bpebel o dykog copaigag aktivag R.

Aocknon 10.8. Na Peebel 0 dykog KUKAIKOU K®OVOUL Ue aktiva Bdong r kol vyog h.

H agyn tov Cavalieri

Ac vmtoBécouue 0Tl éva GTeped PEIGKETAL UETAEY TV eTMIESWY X = a KoL X = b, ue a < b. Av
yia xo € [a, b] yvopicovue to eufadov A(xg) tov yweiov R(xg) Tov elvarl n Toyn Tov GTeEQEE0V
ue 1o emiTeSo x = xg, TOTE N TOGHTNTA A(Xg) dX ERPEALEL TOV OYKO UGS “GTOLELDd0US péTag”
TOV GTEREOV GTO X = Xxg. 'ETGL 0 dykog V Tou atepeot Ja iveton amd tn oxéon

b
V= f A(x)dx. (10.19)

Avagépouye kot TTAAM GTL Yoo wa avotnen amdédeign tng (10.19) avateéyovue GTov 0QLoUd Tou
oAokAnpwuatog katl ta abpoicuata Riemann. To xwelo R(xp), SnAadn tnv Toun Tov Gtepeol ue
To eTtiTtedo x = xp, da to Adue Sratoun ¢to x = xg. 'ETol, cluewva ue tnv agyn tov Cavalieri

oteEed {Gov Vwoug kal {owv epfadov Satouns oe kABe Mpog, €xouv (GOUS GYKOUG.



E®APMOTEX TOY OAOKAHPQMATOX 229

Hoedderypa 10.27. Na Beebel 0 dykog Tou GTeRe0y TO 0Ttol0 PEIGKETAL GTO EGWTEQIKO
opalpag axktivag R kail elval TETOLO0 OGTE Ol SLATOUES TOU KATE UAKOS evog dEova TTou
TEQLEYEL TO KEVTQEO TNG GPALRAS elval TETEAY®VA £YYEYQAUUEVO GTN GPOLQL.

Mgtogovue vo vrmofBécouvue 6Tl To KEVvTEo Tng Goeaipag eivaw to cnuelo (0,0,0). To
emimedo kABeTO GTOV X-AEova GTo onueilo x = xp pe —R < xg < R téuvel tn 6eaipa katd
URKOG €vOg KUKAOU Ue KEVTQEO TO (Xp, 0,0) kow axtiva

r(xp) = |R% - x(z)

(ywati;). "Etol n Siatoun tou gtepeot) GTo x = X elval TeTedymvo pe Staydvio d = 2r(xg),
KATA GuvéTtela To eufadov tng Stotoung efvor

A(xo) = 2r(xo)r(xo) = 2(R* — x3).
Emouévmc o dykog tou Gtepeoy slvan

R R x3 R 8
V=f A(x)dx=2f 2(R2—x2)dx:4[R2x——] =§R3.
-R 0

Aoxknon 10.9. Na Beebel o dykog TTupauidag tng otrotag n pdon eivar tetpdywvo TTAcVEAS L
Ko TO0 Mpog h.

Mnkog koustuAng

Av n f elvon wa cuvexic cuvdgTnon oto dudotnua [a, b] tn cuvdgtnon vy : [a,b] > R, ue

')/f(X):()C,f(x)), a<x<b

n Adue kaustoAn. IMopatngovue 4t yio kdbe x € [a, b] To (x, f(x)) elvar onuelo Tov YA~
106 Gy tng f KRow OTL N ypapikn Tapdotacn tng f elval n YEWUETEIKA ekOVO TG KOAUTTUANG
oto emtiziedo. Ta Tov Adyo autd, TaQAPLdcovTag Tov 0QLeUd, TTOAAES POQRES AEYoVTaS KAUTTUAN
€VVOOUUE TO YEMUETEKO AVTIKEILEVO TTOV €lvall N YROPKA TTORAGTAGN TS f Kl OVOPEQOUAGTE
oty kouTvAn y = f(x). To gpdtnyuo stov pag agtacyoAel elval av pirogovue va opicouue wia
£€vvola WKovg KaUTTUANG kot Tt efvon awtd. Quuitovpe 6Tl €xovue 0plGeL TO UNKOG TTEQLPEQELOS
Kol TOEOU T OTrolaL elvol €LSIKN TTERITITWON KAWITUANG.

Ac vroBéoouue 6T n f elvar yoauuwiki. TETe n ypo@IikA TTARACTOGN TG GXETIKAG KAUITUANG
efvar éva evBvypouuwo tunuo (oTto emimedo) pe drpa ta onueio (a, f(a)) ko (b, f(b)), raTd
GUVETIELDL TO UAKOS TOUL evbuypduov Tunuotog efvor AOykG va 0QIGETAl WS TO WAKOS TN
GYETIKING ROUTTUANG yy. 'ETol av ue L(yy) cuufolicovue TO UNKog Tng KauIvAng, téte

Ly = \b = + (f®) = f(@) = (b ) I+ P,

av f(x) =mx+c ka b > a.

Av n ypa@kni Ttapdotocn tng f elval go JTOAVYOVIKA YROUUR TIou agtaQTigetal agtd Sua-
Soyikd evBvypauuo TuAwoTo ue dreo to onuelo (xg—1, f(xk-1)) kot (xg, f(xx)), ue a = xo < x1 <
Xg < -+ < X, = b, TOTE YEVIKEVOVTAC TO TEONYOUUEVO OTTOTEAEGUOA 0QICOVUE TO UNRKOGC TNG
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TLOAUYWVIKAG KAWITUANG Ue Tn gxéon

Loyp) = D) NGk =5 + (FG) = fxin)?.
k=1

‘Etol av Axy = X — Xg—1 Ko 0 f GTO [xp—1, X] €lvar f(x) =mpx +cp, k=1,2,...,n, 161¢

n

L(yy) = Z 1+ mlzc Axy.
k=1
Ac vroBécovue ToEA 6TL n guvdetnon f elval TOEAYOYIGUN KAl N TTOQAY®YOS €lvol GUVEXAG.
Av Jempncovue wa Stopépon a = xg < x1 < xg < -+ < X, = b 0V [a, b] TOTE N TOAVYWVIKI
ROUTTUAN TTov Guvdéel taw onuelar (xk, f(xx)) ue k = 0,1,2,...,n elvan wa “TEocgyyion” tng vy,
omdte elvon Aoykd vo Jewpncovpe 6T

Loy ~ D)\ = 5a? + (FG0) - fxicn)?
k=1

oTtdTe amd To OedEnua Tng LEGNS TWNAGS VITAQRYEL &k € [Xk-1, Xx] ©OGTE

= 3 Ok = xe)? + L@ - xmoD)?

k=1
= Zn: I+ L7 ED* Axy
k=1

0TtV AX) = X —X3—1. H Tedevtaia ékpeacn elvar dBpolgpa Riemann yio thv guvexi guvdoinon
V1+ (f)?, katd cuvéttela Taipvovtag To 6o Tov n — oo Ja elvon

b
Lyj) = f J1+ [ ()12 dx. (10.20)

Hoagatngnon 10.6. Mo kaustiin ¢to emimedo, 1 kot 6to R" yevikdtepa, uitogel vo diveton
GE TTOQOUETEIKA LOQEEN
¥y =(f(0.81), as<t<b (10.21)

ue avdioyn ékpeacn ato R”?, émmov ov f kow g elvan cuvexeic cguvaptiaets. o Topddeyua n
TUTUKA €AAenpn e e€lcmon (x — x0)%/a® + - yo)2 /b =1 ERPQEATETAL OGS

v(t) = (xo + acost,yg + bsint), 0<t<2nm,
apov av x = x(t) = xg + acost, kar y = y(t) = yo + bsint, 161¢

(x — x0)? L o= ¥0)?

5 5 =cos’r+sin’tr = 1.
a b

Ag vwoBécovue 6L n KouTTOAR 7y : [a,b] — R? Stvetar mapapetoikd amd v (10.21), é7wou ot
f xou g elvanl Tapaynyloyes kol £0Uv GUVEXEIS TTARAYDYOUS GTO [a,b]. Ava =ty <t <ty <
-o- < 1, = b elvan wo Stagépon tov [a, b] n ToAUywVIKA yoouun ue drea to onueta (f(f), g(t))
€xel WAKOG TO 0TT0(0, Yoo KATAAANAN Stauéoion, Tpoceyyitel To uikog L(y) tng y. ‘Etol

L)~ D N0 = Fa)? + (80 - glan))?
k=1
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oTtoTE OIT6 TO Oedpnua Tng uéong TWNg VITAEXOLV & € [fr—1, tx] KOl &k € [fr—1, tx] DOTE

n

L (€Dt — te-)]? + [87 () (1 — tr—1)]?

k

S |l

1
VU@ + (g1 Ax,
1

k=

0mov Axy = x; — xp—1. 'Eotw ry € {&k, &} vau sg € {&k, k) doTe

[f' (r)1? + (8" r)? < [f/ @01 + [8' 01 < [f (s + [¢'(s0)]

v k=1,2,...,n "Etcl maipvouue

3 COP + g0 A < D) I EOF + [5G0 Axe
k=1 k=1

S;JWWWHAWM%

To kabBéva amd ta abpolouata GTo AELGTERD KoL TO SeE0 UWEAOGC Tng SIITANG avigdTntag elval

1/2

éBpotoua Riemann yia tn cuvexii cuvdptnon [(f')% + (g)?1V2, emouévas kabmg n — co éxouvue

,m;ﬁMWHWWM,m;ﬁWWHWMM

b
[ Vror s iwoed

KOTA GUVETIELD, OTTO TNV TTAQEEWSOAN, TTEOKVTTTEL OTL

L(7)=fab \/[f’(t)]2+[g'(t)]2dz=fab (%)Z(%)iﬁ (10.22)

Hagatignon 10.7 (Mrikog T6E0v). Aueon Guvémela Tng TowTédTnTag sin? +cos? @ = 1 efvon 6T
yia kGO TTEOyUaTIKG aBud x To onuelo (cos x, sin x) efvar onueio tng povadiaiog TTeEQLPERELNC,
codvvapa n KoUITOANn y(x) = (cosx,sinx), x € R gepypdper tnv yovadiaia regupépeia. Ag
Yewpncovue Tnv TEQLEEQELN TeTikd TTROGOVATOMGUEVN we ayi To onuelo A = (1,0). T x # 0
€6Tw P = (cos x, sin x).
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Sin x

Yxrwa 10.6: TOEo kow UAKOG TOHEOV

o x > 0 to uinkog Tov Tégov AP elval (GO Ue TO UAKOGC TNG KAWITUANG v, (f) = (cost,sinft),
0 <t < x, 1l6odVvaya

L(yy) = f VIcos’ 12 + [sin’ 112 dt = f V(=sin£)? + (cos )2 dt
0 0

:f 1dt = x.
0

Katd ovvémelo kdbe mpoyuatikds apduds x avtiotowel oe TOLo unkovug |x| (ywati;) tng yo-
vadwafag Tegupépetag amd to onueto (1,0) oto (cosx,sinx) to otolo Sioyedeetar katd Tn
Petikn N agvntikA @oEd avdloya ue to TEdécnUo Touv x. Kat' outd Tov TEOITo n TEAyULOTIKA
evbela “TuAlyeTan” yUpw aIté tov povadiaio kikAo €tal wate y(0) = (1,0), n Jetiki nuevbeio
TUMYETAL KOTA Tn JeTIKA EOQEA KL N OQVATIKA KATE ThV AQVATIKA @OQEd. Xnueidvouue 6Tt Yo
kdbe x € R vmwdpyxer povadikdg axéparos k kot xg € [0,271) date x = xo + 2kn. Ipdyuott av
k = [x/2r], To aképalo u€pos tov x/2m, TétE

kS21<k+1:>2k7r§x<2(k+1)7rﬁ0$x—2k7r<2n
JT

omdTE YU X9 = X — 2km émmeTon To ¢ntovuevo. Emiong

P = (cos x, sin x) = (cos xg, sin xg).

10.6 OAOKANQE®GWES GUVOAQTNGELS

Méypl to onuelo avtd aviweTeIiGaUe TO OAOKANQ®UA, KLEIWS, WS €va “gpyadeio” To omolo
uag eILTEETIEL va vIToOAoYiTovue eufadd, OyKoug KABMS KoL TO UNKOC KOUTTUA®V. ‘Oung To
oMorAwua dev eival wévo owtd. Eupavitetal e Sidpoes TeQLOXES Twv LaBNUATIKOV, KoL
elval OTnV JTEAYUATIKOTNTO Wio. GUVAQTNGN N OJtola OITTELKOVITEL GUVAQTAGELS GE aQLBLovC.
Yuykeruéva av f efvor wa guvdeTnen oAokAng®acun gto Sidotnua [a, b], 1ot fa b f(x)dx e R,

KOl v yedwouue

b
1) = f Fdx
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ko ue Rla, b] cuuporicouye T0 GUVOAO TOV GUVARTAGE®V TOU €fvol OAOKANQ®GLIUES GTO SLd-
otnuo [a,b], téte I : Rla,b] —» R. Mo cuvdgptnon e medio opuopol GuvaQTtioels Aéyetal
TedecsTNG. ATS TIC W8LETNTES TOU OAOKANQEWUATOS €TteTan OTL av f, g € Rla, b], 1éte

I(af +Bg) = al(f) +BI(g) (10.23)

v kdbe @ € R kow B € R. KdBe tedeotic mtou kovogtolel tnv (10.23) Adyeton yEOAUULKOS
tedeoTiig. To OAOKAPWUO, AOLTTGY, £lval €va TUTTIKG TTARASEYUO YOOUUIKOY TEAEGTI.?

Ac Sovue AOLITOV TTEQLGGATEQO TIROGEKTIKA TO OAOKANQ®UO KOl TS OAOKANQMOGLLES GUVAQ-
tioels. Eidaue 6TL kdbBe cuveyng n tunuatikd cuveyng cuvdetnon ce didotnua [a,b] eivor
0AOKANQE®GUN 6To SidoTnua avTo.

Mapedadetyua 10.28 (H cuvdptnon tov Dirichlet). Ag dewpriicovue th cuvdgtnon f :
[0,1] - {0,1} pe

0, x dpentog
f) = ,
1, x ontédg
H f elvan @oayuévn. Av P = {xg,x1,...,xy} elvor wa Swauépon tov [0,1], toéte av

&k € [xk-1, x] elvar pntdg abude yia kdbe k, éxovue 4TL

N N
Z FExx — xp1) = Z(xk - qP=1-0=1,
k=1 k=1

eved av & € [xr—1, xx] elvan dpentog aBuds yia kdbe k, £xovue 6T

N N
Z SEDOx — xp-1) = Z 0(x; — xx-1) = 0.
k=1 k=1

Katd cuvémeia 1o 6o

N N
li Axy = i A
lim ;f@ X ”Phrgokzz;f(fk) X
dev vmdpyxel. ‘Etal n f dev eivan oAokAngaociun katd Riemmann cto [0, 1].
Ytn peAétn pag da yeeloncTovue To astotédecua tov Oswernuoatog 10.11 stov opoed ot

akolovBiec. To onuavtikd avtd aToTéEAEGUO E0VOGUTNTAUE KOl ATTOSEIKVUOUUE UE SLOPORETIKO
TEOTO Ge eTmduevo ke@dAato, PAETTE Oepnua 13.2.

Oq@woudg 10.4. Mo arodrovBia (a,);7, Teayuatik®v abuwy Adyetar akodovbio Cau-

YEva dAMo Tapddetywo yoouuwkot TEAEGTA, Ue TWEG OWTA Th (POEd, GUVAQTAGELS, £lval N TAEAY®OYOS, 0Oy oV
yodwouue
d 4
D(f) = d—f(X) =f'(x)
x

€xovue ylo f Kol g TTAQOYOYIGWES GUVOQTAGELS KOl @ KOl 8 TTRAYUATIKES GTAOEQES

D(af +pg) = aD(f) + BD(g).
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chy €dv yia kdbe € > 0 vitdeyel N € N dote

la, —am| < € yio 6Aa T n > N kow m > N.

Aoxknon 10.10. Aei€te 611 kKAOe GuykAivovco akolovBia eivar akoAovBia Cauchy.

Oewonua 10.11. Kdbe axkodovbia Cauchy moayuatikav agilluadv GuykAiver.

Agodegn. 'Eotw (ap),”; wa akolovbio Cauchy.
Briwa 1. H axoAouvBia eivar geayuévn.

A6 Tov opuaud tng akolovbiog Cauchy vrtdeyel @UGIKSS aElBués N date |a, —ay| < 1, yua
kdbe n > N. "Etcl amd tnv Teywviki avigdTnta €IeTal

lan| < la, — an| + lan| < 1+ |anl, n>N.

Av 1hea oploovue M = max{|ail, |asl, ..., lay-1l, lan| + 1}, Ba etvan |a,| < M, yia kdbe n € N, wov
elvan 6,T1 YéAovue va delgouue.
Briwa 2. Oplgovue Tig arkoAovdies (a,))”, kot (@) ue

a, = inf{a;} = inf{a,, a1, ...} KO @, = supfa} = suplan, aps1, - - . }.
kzn k>n

IMagatneovue 6T @, < a;, Yo kdBe n € N. Ta kdbe n € N 9étovue A, = {ay, n+1, Ania - .. } RO
JrapatnEovue 0Tt Ay C Ay, Yoo kKABe 1 € N, yevikdtepa A, C Ay av kot wévo av m < n, €Iiong

supA, < supA,,
infA, > inf A,

oV An C A, T0TE

KOTd GuVETTELDL OL (@), KoL (a/;l):’:l elvar povdtoveg kol eTLTTALOV QEAyUEveS, aTtd To Braya 1,
GUYVERQLUEVAL

“-M<aj<as < <@, <---<M, M>a;>ay>-->a,>->-M, (10.24)

’
n
a@ov |a,| £ M, dpa cuyrAivouv. "Ectwo s kaw s” Ta aviiotoya dlo. Xtn cuvéyelo Selyvouue 6Tt
@, > ay Y 6Aa ta n, m. Ipdyuatt av n > m, wwodvvaua A, C A, émetar 6Tl supA, > inf A, >
inf A,,,, SnAadn a;,, > @,,. Av n < m, woodVvvoua A, 2 A, émetar 6T supA, > supA,, > infA,,
dnAadn a;, > a,,. Xuvdudcovtac To Tedevtaio amotédecua ue Tig avigdtnteg (10.24) maipvouue

ML fag<--<ap<---<s<S <L, L-rahb < <M.
1 9 n 9 1

’
n
Brpa 3. s =",

"Ectw € > 0, 161 yia kdgroo N eivar |a, — ay| < € yia 6Aa ta n,m > N, katd GUVETIELQL

supfla, — am| : an, am € A} <€, Yk >N

emOUEVWS |s — §'| < €. Emednt to € elvon tuyaio €metar 6L s = s'. 'Eotw @ = 5 = §’ 10 KOWO
éoto.
Bripa 4. H agykin akoAovBio cuykAivel GTto a.
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"Eotw € > 0, emedn o, — @ v @, = @ vndexel N odcte e —e <@y < a < @, < a + €, ya
kGbe n > N, woodvvoua

a —e€ <infla,,aps1,...} < a <suplag, ani1, ...} < @+ e, yia n>N,

ETMOUEVWGS |a, — @] < € Yo kAbe n > N, 1oodvvaua a, — a. m]

Ozwonua 10.12 (Keutnero Cauchy). ‘Ectw [ wa @eayuévn sTpoyuatikii GuvdeTnon
oplwouévn ato la,b]. H f eivar odokAnpawaciun cto la,b] av kar uévo av yia kdbe € > 0
vardpyer 6 > 0 date av P kar P’ eivair 8vo Siauepicels tov [a,b] ue ||P|| < d kat ||P']| < 6,
T0TE

IS(fs P) = S(f, Pl <.

Amrodeién. 'Eatm 6L n f elvar oAokAnpaoown 6to [a,b] kan €otw I(f) = fa b f. Tote yiao € > 0
vrdpyel § > 0 wate yia kAbe Swauépion P ue ||P|| < § woyver [S(f, P) — I(f)| < €/2. "EtcL av P
kot P’ elvon 8vo tétoleg Sauepioels, toTe

IS(f, P) = S(f, POI < IS (f, P) = I(OI + IS (f, P = I(f)
<€/2+€/2
=€

Amodeikviouue 1o avtiato@o. Ymobétouue 6Tl yia kdBe n € N vrtdoyer 6, date av P ko P’
etvaw 8vo dwauepiocels tov [a, b] ue ||P]| < 6, ko ||P’]| < 6, TOTE

IS(f, P) = S(f, Pl < 1/n.

EmAéyovtog 6, < 0, €dv m < n, yio kdbe 6, éotw P, wa Swapéoion ue ||P,ll < 8,. Av décovue
a, = S(f, Pn), 1618 N (a,);., elvar axolovdia Cauchy, doo cuykAivel, asré to Oswenua 10.11.
Av I givon t0 6010 Tng akolovdiag, téte yio € > 0 vTtdeyel dy > 0 kAl Py ©d0TE

av ||Pyll < 6, < N, w0te  IS(f, Pn) —I(f) <€/2 n>N.

Apetépov, amd tnv vTtdbeon, vItdEyel &’ bate yo dtauepioels P kaw P’ ue ||P|| < & ko ||[P']| < ¢
etvan |S(f, P) = S(f, Pp)l < €/2, katd cuvémtela av 6 = min{d’, oy}, Té1e av P elvar wa Swapépion
ue ||P]] < 6 to1e yua kdarowo n ue ||Pyll < 6, < 6 €éxovue

IS P) =IO < IS(f, P) = S(f, Pl + IS (f, Pn) — I(f)]
<€/2+¢€/2

=€

SnAadn To oAokAiQwua Tng f vITGEXEL. m|

Opwouds 10.5. 'Ectow f : [a,h] — R wo @eayuévn cuvdptnon kot €0tw 6t P =
{xo0, X1, . .., xn} elvon wa Srapépion tou [a, b]. Tedpovtag

m(f) = inf f(x), woaw M (f)= sup f(x),

Xk-1SXSXg Xg—1SX<Xg
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k=12,...,N, ta omwola vItdeyouv a@oV n f eivar @eoyuévn, opitouye T0 KAT® G-
dooweua g f ywo v P, L(f, P), kaw kot To Avew dBgorcua tng f ywa tv P, U(f, P),
avtioToua, We TS GYEGELS

N N
L, P) = ) md 0w =) UGS P) = D M)k = xi-n).

k=1 k=1

Ta aBeoicuata L(f, P) kow U(f, P) Aéyovtou aBeoicuata tov Darboux tng f yia tnv P.

Emewdn n f elvon @oayuévn ov my kaw My vmdyxouv yia kdbe k, emiatAéov my < My, katd
GUVETTELOL

L(f,P) < U(f,P)

yia kdbe Swapépion P touv Sraotipatog [a, b]. Znuewdvouue 6tL av S(f, P) eivar éva dbgotcua
Riemann tng f ywo thv P, 101€

L(f,P) < S(f,P) < U(f, P). (10.25)
IMpotaon 10.4. ’Ecto f uia @eayusvn spayuatikii GUvAQTnen oQiGUévn ato la, b].
(1) Edv P eivar wa Sauépion tov [a,b] kar P’ eivar wa exkdémrvven tng P, dndadén P C P,
TOTE
L(f,P) < L(f,P") KoL U(f,P") < U(f,P).
(2) Edv P1 kair Py givar 6Vo Srauepiceis tov [a, b], toTe
L(f, Py) < U(f, P2). (10.26)

Agtobeién. (1) 'Eoto 6L n P mreiéyel éva uévo onuelo mepuacdtepo aatd thy P kot €0Ttw X' To
7 7 7 7 7 3 ’ ’
onuelo awTtd. Av x; 1 < x’ < Xxj, 670V X1 kaw x; dVo dradoykd cnuela tng P, opigovue

u(f) = x,-_lig)fﬁx’ f,  kar o op(f) = x,gg/ f).
Téte agevé w(f) = m(f) o pa(f) > mi(f) vaw ageTéeou |
L(f, P') = m()(x" = xjo1) + po()xj = &) + L(f, P) = mj(f)(xj — xj-1)
oTTOTE
L(f,P") = L(f, P") = mu(H(X = xj_1) + pa()(x; = x) = mi(f)(x; = xj1)
= (1 (f) = mi(H)" = xjm1) + (ua(f) = mi(H)(x; = x')
> 0.

Av n P’ stegiéyel n ematAéov tng P onuela, eravadapfdvovtag tnv (S Stadikacio n @oég
kotaliyovyue gto cuumépacua L(f, P’) — L(f, P’) > 0. H amddeign yia 1o dvw dbgotoua eivor
avdioyn.

lNa 1o (2) 9étovue P = P U Py, omtote amo to (1) émetan

L(f, P1) < L(f, P) < U(f, P) S U(f, P2).

Ynuewdvovpe 6Tl ol P1 ko Py elvon Tuxaleg Siauepioels kal dev vItdpyel KATTOW GYEoNn UETAED
TOUG. |
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Oeoonua 10.13 (Kertipro Riemann). Ectw 61t n f eivar yia ppayuévn spayuatixi
cuvdptnon ogiguévn 6o [a,b]. H f eivar Riemann oAokAngaaiun av av kai govo av yia
KkdBe € > 0 vrrdgyer diauégion Pe tov [a, b] date

U(f, Pe) — L(f, Pe) < e.

Agrodetén. ‘Eatom 6L n f elvan oAokAngaaciun 6to [a, b] ko €6tw € > 0. Tdte vitdyel Stauépion

P. ®ote
‘S(f, P - f ’ f(x)dx <§ (10.27)
yio kdBe dbpoioua Riemann tng f swwouv aviigtorel atnv Pe. Av Pe = {xg, x1, ..., Xy} eTAEYouUE
via kdBe k =1,2,..., xy onueta & rar & 670 [xi-1, X¢] woTe
Mi(f) - 6(b < fé.  fE) <m(f)+ 6(b o
Tote
Mi(f) = mi(f) < f(&) = f(E) + 3(b 2

v k=12,...,N, ontote
N N €
2 (M) = i P)Ax < ) (FE) = FEDAx+ 5
k=1 k=1

A v S(f, Pe, &) = Y, fEAx, kaw S(f, Pe, 5') = Y (€D Ax

U(f, Pe) — L(f. P) < S(f, P B) = S(f, P, &) + §

b
S(f.PLE) - f () dx

b
<|scrp.z f FGdo +

€
+_

3
€

<+=

€
+ -+
3 3

€
3

=€

agté tnv (10.27). Tw tnv amdédeten touv avticTpo@ov vobétovue oTL yoo € > 0 vTtdeyel draué-
wn P octe U(f, Pe) — L(f, Pe) < €/2. "Ectw Pe = {x(, x{, ..., X3} kaw €otw M = sup{|f(x)| : a <
x < b}. ’"Ecto

0= mln{4NM I E”}

Av P egivonr Sropépion tov [a, b] ue ||P]| < 6 xar S(f, P) etvon éva dBgoicpa Riemann yio thv P
yodpouue
n
S(f,P)= ) f&)Ax = S1+ 83 (10.28)
k=1
dmov §1 elvan to turipa tov S(f, P) amotedoduevo agtd to f(Ex)Axy ywa ta oTtolo To [Xk—1, Xk]
Sev meQiéyel kATtolo aTtd To onueia Tng P, kot So To vItéAowro dbpotoua. AT Tov 0QLOUS TOU
S1 émeton 6T kGBe vvodidoTnua [xg—1, Xx] TTOL CYETITETOL Ue TO S1 TEQLEXETAL €S OAOKANQOU
oe kAIToLo aItd TO [x6 » €] Emiong av to [xx-1, x¢] TTepiéyxetan Gto [xj_l,x;] KO TO [Xk, Xr+1]

Oev mepLé el onyelo tng Pe, TOTE [Xk—1, Xpa1] C [XE i 5.]. "Etol Yo etvan

J=

L(f,Pe) <S1 2 U(f, Po). (10.29)
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II4AL aard & tov ogroud €retan Tt T0 So amotedeitar agtd to ToAY N dpoug, €Tl

€

~NM||P|| < §2 < NM||P|| = —2 <S89 < 1 (10.30)
agtd Tov opoud tov d. Amd Tig (10.28), (10.29) ko (10.30) €meton dTL
L(f.P) - <S(P)SU(f.P+ 7. (10.31)

"Etol yio Sagepioeis P kow P’ ue ||P|| < & kaw ||[P’]| < 6 émeton 6L

L(f,Pe) = U(f, Pe) - g <S(f.P)=S(f.P) S U(f,Po) = L(f, Pe) + g

oTtoTE

IS(f, P) = S(f. P))| < U(f. P) - L(f. Po) + g

€ €
<-—+=

2 2
=E’

agtd Tny vébeon yia v Pe. ‘Etol amd to Oewonua 10.12 émetan étu n f elvol oAOKANQOGUN.
O

Mua godivvaun SiatiTtocn tov keltnplov elvar n akdiovdn

Oewonua 10.14 (Keutriipro Riemann). ‘EGtw ot n f eival yia @payuévn payuatiKi
cuvdptnen opiguévn Gto [a,bl. H f eivar Riemann oAokAnQaaiun av av Kot 4ovo av yia
rkdBe n € N vrrdoyel Siauépion P, tov [a, b] wate

lim (U(f, Pa) = L(f, P)) = 0.

Acoknon 10.11. Tw tn cuvdgtnon

0, x dpentog
g(x) = )
X, X @nTog
SelEte o011 yia kABe Srapépion P tov [0, 1] eivon U(f, P) — L(f, P) > 1/2 xar cuustepdvate 6t Sev
elvar olokAnpwaoiun Gto [0, 1].

Oewonua 10.15. Ectw f : [a,b] — R wa cvvdptnon odokAnpdaciun 6o la, b].
(1) H |f| eivar odokAnpdaciun oo [a, b].

(2) H f? sivar odokAnpaowun oo [a, b].

Agrodeién. Xonowotoovpe to koutigo Riemann. Tw € > 0 vmdgyer Swopépwon Pe @ate
|U(f’PE)_L(f’P€)| <eE€

(1) Av x;_1, x; € Pe, 101

M (f) = m(f) = sup{|f(x) = fV)| : x,y € [a,b]} 10.32)



OAOKAHPQEIMEY TYNAPTHEZEIX 239

KOTA GUVETIELD, 68 GuVBLOOWS ue Ty WdTnTa TG aTtéAvTng Twng || f ()] = fMI < 1 f(x) —
f()l, émmeton 6L

Mi(1f1) = mi(f1) < Mi(f) — mui(f)

ETTOUEVOC
D (M) = mi DA < D (Mi(f) = mi( )AL =
U(f. Pe) = LUfL, P) < U(f. Pe) — L(f. Pe) < €
amé v vébeon yia T f, Goa n |f] eivar ohokAnpdown ato [a, b).
(2) Av M = sup{|f(x)| : @ < x < b} amé Tnv
LF2(x0) = 20l = 1) + FOIFx) = FO)I

< (IFI+ FODLF ) = fD
<2M|f(x) = fO)

ko tnv (10.32) émeton 41U

Mi(f?) — mi(f%) < 2M(Mi(f) — mi(f))

é101 67w 6o (1) maipvovue U(f2, Pe) — L(f?, Pe) < 2Me, atr’ 6TOU TEOKUITTEL TO CNTOU-
uevo.

O

II6eweua 10.1. Av ot f, g : [a,b] — R eivar guvaprtriceis odokAnpwaiues 6o [a, b], n cuvdptnon
ywvouevo fg eivar odokAnpdaiun ato la, b].

Agodeign. To gntovuevo €metor agtd 1o Oewonua 10.15, tnv TavtdTnRTO

1
fe=5lf+9" - f* -4l

KOl TO yeyovig OTL To dBpotopa kot n Slopoed 0AOKANQ®GIUL®Y GUVOQTACEWV eival OAOKANQ®-
own cuvdeTnon. O

Oedonua 10.16. Eotw f : [a,b] — R wia cvvdptnon odokAngdoiun cto [a,b]. Edv
a < c<b, tote n f eivar odokAnpwaciun ata [a, c] kat [c, b] kat

b C b
f o) dix = f Fdx+ f o) d.

Agtobeién. Xpnotwotiolovue to keutiplo Riemann. ‘Ectw € > 0 tuydv, tdte vitdeyel Siauépion
P. dote |U(f, Pe) — L(f, Pe)l < €. Edv P, = P, U {c} xaw P; = P_N[a,c], P2 = P, N[c,b], té1e

aPeVOg

U(f, PO = L(f, P) S U(f, Pe) = L(f, Pe) < €,

agtd tnv Ilpdtacn 10.4, kot apeTépou

U(f, PO = L(f, P = U(f, Py) = L(f, P) + U(f, P2) — L(f, P2).
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Emewdn U(f, P1) — L(f, P1) =2 0 xow U(f, P2) — L(f, P2) = 0 émetan 611
U(f,Pl)—L(f,P1)<€, Ko U(f?PQ)_L(f>P2)<6

kotd cuvéTtela n f efvor oAorkAnEwaon 6to [a,c] ka 6to [c, b]. "ETol yio € > 0 vItdeyel Kowo
(ywati;) 6 > 0 wote av P1, P2 kaw P efvan dwauepioeis twv [a,cl, [c, b] ko [a, b] avticTowya, ue
[|P1]| < 6, |IP2l] < 6 xou ||P]| < 6, té1€
b
€ €
<5 - [ rwal<s
3 y 3

C b
‘S(f,Pl)— f fodd < £, ‘S(f,Pz)— f F()dx

Av Aowmév P kar Py elvan Swapepicels tov [a, c] ko [c,b] pe ||Pi]l < 6 raw ||Po]| < 6, téte n
P = P; U Py givon Stopépion tou [a, b] ue ||P|] < J, ko yia kdBe dBgolopa Riemann ioyvel

S(f, P)=S(f, P1) + S(f, Pa),

€101
C b b
f f(x)dx+f f(x)dx—f f(x)dx
C b b
< ff(x)dx+f fx)dx—-S(f,P)| + f f(x)dx—S(f,P)’
C b b
<| [ roar-sepol+| [ swar-sapal+| [ swar-sep)
. c a ¢ E B C a
< § + § + § =€
agt’ 6TTOV €IETAL TO TNTOUUEVO APOV TO € elvarl TuyOV. m|

Oewonua 10.17. Av n f eivar yia yovétovn GuvdpInen ogicuévn cto la, b], tote givai
Riemann olokAnpwaciun.

Agodetén. Ag vtobécouue dL n f elvan avgovoa 6to [a, b] ue f(a) < f(b), Swapopetikd n f da
ntav otabepn, deo odokAnpoown. Av P = {xg, x,...,xy} €lvar wo dtagépion tov [a, b, téte

Mi(f) = fO)  wav  my(f) = f(xp-), k=12,...,N

£t01
N N
UfP) =) foAx  L(fP) =Y fOa)Ax
k=1 k=1
oTAOTE
N
UGF, P = L(f P = ) 1f(x0) = flin)] A
k=1
N
< @0 = foanliPl
k=1

= [f(b) - f@]IIPI.

‘Etar av yia € > 0 emiégovue Pe, ue ||Pe|| < €/(f(b) — f(a)), amd tnv teAevtala oxéon kot
TO KQUTNELo Tov Riemann €meton To ¢ntovuevo. H amddeign otnv mepimtowon sov n f elvon
@Oivovca elvan avdioyn. O
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Ynueioon 10.3. Xta mepuacdtepa PpAla ATelpoatikol Aoylguol n €vvola TnG OAOKANQMGLUO-
TnTag opigetonl uéow Twv abpowoudtwv Tov Darboux. Xuykekuwéva av n f efvar wa @eoayuévn
TEAYUATIKI GuvdeTnon oeleuévn 6to [a, b] ko ue Dy, p; cLuPoAicovUE TO GUVOAO TwV Slael-
GEWV TOL dlooTRUATOC [a, b] Do Adue 6T n f elvar oAokAnpaicn 6to [a, b] edv
sup L(f,P)= inf U(f,P)
PeDiyp) PEDiap

KOW N KOWNR auti Tiwn eivor 1o oAokAripmuoa Riemann tng f Gto [a, b]. Mrogel va astoderyDel
611 ou 8o ogiopol elvan tGodvvayuot.

Inueiowon 10.4. "Evag emiong 1Goduvapog oplouog tng oAoKANQmGdTnTaS elval o €Eng. Mia
guvdptnon f ogwouévn kal @eoyuévn gto Sidatnua [a, b] Aéyetar oAokAnpwoun 6to [a,b] edv
vTtdyel apbuds J(f), To odokAMipuua tng f ato [a, b], dote yia kdbe € > 0 vitdexel dtauépon
P tov [a, b] tétola ddate yia kdBe Swauépon P’ ue P C P ioyvet

ISCfP) = J(NHl<e

yia k@0e dBpoioua Riemann tng f ywa thv P’

10.7 Tevikevuéva oAOKANQEAOUATO

To opiouévo oAokAnpmua, i odokAipoua Riemann, wag cuvdptnong f 6To kAelGTd dtdaTnyo
[a,b] oplceton dtav n cuvdptnon eivar @eayuévn oto [a,b]. H €vvola Tou OAOKANQEOUATOS
ETEKTEIVETAL GE TTEQLITTMOGELS OITOV TO SIAGTNUA OAOKANQMGNG SEV elval TTETTEQAGUEVO N N VTTO
0AOKAEwWoN guvdpTnon dev eivarl @Eaywévn 6To SLAcTNUO OAOKARQE®GNG.

B
f f(x)dx

AéyeTon yevikevuévo oAoORAQ®UA GV

Opwoudc 10.6. To olorkAnpwua

(D TouvAdyiotov €va agtd Ta dkEO OAOKANQwong elvor ditelpo, dnAadn @ = —oo, N
B =400, I f=—a=+c0.

(2) H f etvon un @eayuévn ce €va i TeELedTepa onueio Tou SLAGTARATOS OAOKANQ®-
ong.

Opwouog 10.7 (Tevikevuévo oAokAnQmuo toustov I).

() Edv yia kdBe t > a n guvdetnon f elval oAokAnpocyn gto didotnua [a,f] yed-
pouue
—+00 t
f f(x)dx = lim f f(x)dx. (10.33)
a (=S a

Ba Aéue OTL TO OAOKATLQMULO fa ha f(x) dx cvykAiver edv To 6o atny (10.33) vtde-
XEL WG TEOAYUATIKOG 0pLBUdg, SrapoeeTikd da Aéue Tl T0 OAOKANQE®UO OLITOKAIVEL.

(2) Edv yia kdbe t < a n ocuvdptnon f elvar oAokAngooun ¢to didathua [, a] yed-




242 OAOKAHPQMATA

pouue
f f(x)dx = tlim fﬂ f(x)dx. (10.34)
—0o ——00 t

Ba Adue 4Tl TO OAOKANQ®ULOL f_a o« J () dx cuykiver edv to dgro gtnv (10.34) vTtde-
XEL WG TTEAYUOTIKOS 0QLOUOG, SLapoeTikd da Aéue GTL TO OAOKANQ®UO OITORALVEL.

(3) Oa Adue OTL TO OAOKRANQEMUOL f_ J;:o f(x)dx ouyrAiver edv yia kdgtolo a € R ko ta
800 oAokAnpouoto fa i f(x)dx v f_ aoo f(x)dx cuykAivouv. Xtn mepimtoon avtn

f+oof(x)dx: fd f(x)dx+f+wf(x)dx.

Edv Ttouldyiotov éva asté To OAOKANQAOUATO fa b f(x)dx xon f_ aoo f(x) dx agrokAivel

opltouue

Ya Aéue 4Tl TO OAOKANQMOUA f_ J;:O f(x)dx agtorAivel.

MMapedderyua 10.29. Efetdote KATA TTGGOV TO OAOKANQ®UOL

+00
f xe *dx
a

GUYKALVEL.

T b > a vitoloyigovue

b b b
f xe Y dx = f —x(e™) dx = —xe‘"]za7 - f (—x) e dx
a a b a b
= —xe_x] +f e “dx

YmoAoyitovtag to 6o

b

Gl xe*dx = lim(
b—+o0 ), b—+c0

= — lim
e4 bo+oo  eb

a+l b+1 _a+1 b+1
ed a eb)

Belokovue epapudtovtas Tov kavéva tov L'Hospital (co/o0)

xe * dx cuyrAiver ko

+ 00
_ a+1
f xe Ydx = —
u e

+00
a

"ET0l T0 0OAOKANQ®ULO f
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Hapedderyua 10.30. EtetdoTte yia TOLES TWES TNG TTAQAUETEOV p GUYKALVEL TO OAOKAN-

Quua
|
f — dx.
1 X

KOL YO QUTES TTOU GUYKALveEL va Beebel n Twn Tov.

i) Ta p =1 rar T > 1 vroAoyigovue

1
f —dx =logx
1 X
kabwg T — +oo.

(i) Ia p #1 kouw T > 1 vtoAoyitovue

1-p 1T Tl—p 1
f —dx—f xPdx = x ] = — .
l-ph 1-p 1-p

Avp<lel-p>0

T 1 (A
i f I —(T—P—1):+oo.
To+c J; XP T—>+ool—p

Avp>1ep-1>0

T
=logT — +o0
1

T
1 1 1 1
T || e (1 _ ) -
T—+o J; XP T—+c0 p—1 Tp-1 p—1

Egouévag

+oo 1 +00 p <1,
f —dx=4 1
1 /%4 _— p>1

p-1

Acknon 10.12. Na BeeBovv ot Twég twv a kot b €161 OGTE
T 9x% + bx +
f (PP g)ar=1
1 x(x + a)

Hoapatnenon 10.8. Av £va oAokApwuo f_ J;:o f(x) dx ouykAivel, é6Tm
+00
f f(x)dx=1L

lim f f(x)dx

t—+00

TOTE KOl TO EWOKNAC LORPNS 6ELO

vTdyel ko elvar {Go ue L, apov

hmff(x)dx— hmff(x)dx+ hm ff(x)dx

yia kdOe TTeayuatikd aeoud a. To avtictpoeo dev 1oyvel 6Ttwe delyvel To emduevo TToRAdEYUA.
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Hapedderyna 10.31. H guvdgtnon sin elvol guvexig 6To (—oo, +00).

(@) Aeigte 6T
!

lim sinxdx = 0.

f—+00 —t

®) XZe oxéon ue to (@) €€dyeTow KAIOLO GUUTTEQACUO Yio, Thv GUYKMGn N Gyl Tou

00
f sin x dx?
—00

(@) H ouvvdetnon sin eivor eprttn cuvdgrnon, sin(—x) = —sinx, kKatd GuVETELL TO

OAOKRANQEWUOTOG

OAOKAE®UO, TNG 0€ KABe cuuueTEkd Stdatnua [—1, 1] elvor (oo ue undév. AlopoeTikd
yia kGOe t > 0

f
f sinxdx = —cosx]t_, = —cost— (—cos(—t)) = —cost+cost =0
—t
aIt’ 4TTOV £IETAL TO TNTOVUEVO.
o p +00 . , , a .
®) To oAlokAnpwua f_ » Sinxdx GUykAlvel av O OAOKANQOUATO f_ o Sinxdx ko
+o0 . ; ‘ p 2
fa sin xdx, ue a € R, guykAMvouv kot To §V¥o, SnAadn Ta 6QLa

(1 !
lim sin x dx, lim sin x dx,

§——00 5 [—+00

VvIaEyovv kot ta dvo. Katd cuvémela amd to atmotéAecua GTo (o) Sev egdyeTon
; . ; \ < +oo . e
KAITOL0 GUUITEQAGUOL YioL TRV GUYKALGN 1 &)L TOU f_ . Sinxdx. Hagatngodue T
!

lim sinxdx = lim [-cosx]y = lim [1-cos]
t—+00 Jg —>+00 f—>+00

; 7 ’ 7 ; +00 7
To oTolo Jev vmdeyxet (yiatl;). ETouévmg to 6o f_ & Sinxdx 8ev vrtdeyel.

Opwouog 10.8 Tevikevuévo oAokAnewua tostov II).

(D Edv ywo xdBe t € [a, b) n guvdgtnon f eivar oAorkAnQoaciun ¢to Sidatnua [a, t], kot
un @eayuévn ¢to b ypdeouue

b t
f f(x)dx = lirgl_f f(x)dx. (10.35)

Ko Aéue 4Tl TO OAOKANQMULOL fa b f(x) dx cuykdiver edv to 6plo gtnv (10.35) vitdoxet
WG TTEAYULATIKOS apLBUdG, StapopeTikd Ja Afue GTL TO OAOKALE®UO ALITOKRALVEL.
(2) Edv yia kdbe t € (a,b] n guvdptnon f eival oAokAnpaocin gto didatnua [z, b], kat

un eEAYUEVI GTO a YEAMPOUUE

b b
[ seax= tim [* oax 10,36
. —a+ J,
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KoL Aéue OTL TO OAOKARQMWLOL fa b f(x) dx cuykdiver edv to dpto atnv (10.36) vitdpxet
WG TTEAYULOTIKOS apLOUss, StapopeTikd Ja Adue 4Tl TO OAOKANE®UO OLITOKALIVEL.

(3) EGv n f elvar un @eayuévn uévo Gto 6to ¢ € (a,b) Jo Aéue STt To OAOKANQ®-
wa fa b f(x)dx ouykMiver edv kor To 5V0 OAOKANQGUATO fa ¢ f(x)dx v fc b f(x)dx
GUYKAvouv. Xtn TreQiTttwon auTh opltovue

b c b
f f(x)dx :f f(x) dx+f f(x)dx. (10.37)

ré ré 2 z 2, b z
Edv touAdyiaTov éva amd To 0AoKAnQoUaTo fa ¢ f(x)dx vou fc f(x) dx agtokAivel To

b ; ; ; ’ ;
fa f(x)dx agtorAivel. Xe mepimtoon mou n f elval un @eayuévn Ge TTeQLGGOTEQO
azd éva onuelo 0 0QLOUOGS eTTeRTEIVETAL AVAAOYAL.

Tnv (10.37) umopovue evaAAAKTIKG VO Th YRA@POUUE GTN LOQMN
b Cc—€ b
f f(x)dx = lim f f(x)dx + lim f f(x)dx.
a -0+ J, 6—=0+ Joys

Hoedderyna 10.32. AslEte 6L To OAOKANQWUO

o
—dx.
b

GUYKALVEL KO VTTOAOYIGTE TNV TWA TOV.

H cuvdptnon f(x) = 1/ y/x elvan cuvexnig 6to (0, +00] Kot wn @Eayuévin Kovtd 6To undév,
dpa yia € > 0 etvar oAokAngoown ato [€,1], kot

f % dx = 1{_1//22 ]Z N 2(1 - \/E)‘

1 1
1 1
I —dleim2(1— e):z.
L \/} -0 J \/;c e—0 \/—

‘E1ol

Aoxknon 10.13. Egetdote yioo TOLES TWES TNG TTOQOUETEOV 7' GUYKAIVEL TO OAOKAQ®UOL

1
1
—dx
0o X

KO Lo dUTES TTOU GUYKALveL va Beebel n Tiwn Tov.

Acknon 10.14. Aegl€te 6Tl TO OAOKANQOUO

1
f log xdx
0

GUYKAVEL KOl VTTOAOY{GTE TNV TWA TO.
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Kottrigia 6oykAong

Oewonua 10.18. Ectw 611 yia tn cuvdpthnon f 1ayvel
(1) f(x) =20 yia kdbe x > a.
(2) To odokAripwua fa b f(x)dx vrdpyer yia kabe b > a.

Téte T0 0AokANpwua fa i f(x)dx cuykldiver av kot yovov av vtdpyel ctabepd M > 0
WoTE

b
f fx)dx<M (10.38)

yia kdbe b > a.

Agrobeién. Améd tnv vmébeon (2), n guvdpTnon

F(t)=ftf(x)dx, t>a

oplCetal yia k4Be t 610 [a, +00), ko wdMota efvor guveyng (yatl;). Agtd de Tic Widtnteg Tou
0QLGUEVOU OAOKRANEAOUATOS kot Tnv (1) €meTan 6TL av a < s < £, ToTe

F(t)=ftf(x)dx=fsf(x)dx+ftf(x)dx2fsf(x)dx=F(s),

elvar etoyévag n F avgovca. Av woyvel n (10.38), tédte n F elvan emiatAéov @ooayuévn, Katd
z z z . 4 7 +OO z 7z
GUVETTELDL TO GQLG TG KABWMGS ¢ — +00 VITAEYEL, LGOdVVAULA TO fa f(x) dx cuyrAivel. AticTpopa
VA +OO z z 2 7 z z
0V TO OAOKANQ®UOL fa f(x)dx ouykiiver, 16T aTd TN wovotovia Tng F €rreton OTL

b +00
ff(x)dxsf f(x)dx

yia kG0e b > a, katd cuvémela n (10.38) woxvel yio omolodnatote M > fa e f(x)dx. O

Ocwonua 10.19 Bacikd kertngro cvykeiong). Ectw 011 yio Ti¢ cuvaptiicels f Kal g
LoYVEL

D 0 < f(x) < g(x) yra kdbe x > a.
(2) To odokAripwua fa b f(x)dx vrdagyer yia kabe b > a.

Edv 1o olokAnpwua fa e g(x) dx ovykliver ToTe KAl TO fa e f(x)dx cuykldiver kai

fmf(x)dxsfmg(x)dx.

Agtobeién. ATé TG W81dTNTES TOU 0QLOUEVOL 0AOKANQEOUATOS Ko Tnv (1) émetor 6Tl yioo kAHe

b b +00
f fx)dx < f gx)dx < f g(x)dx. (10.39)

H tedevtala oxéon maicer tov péAo tng (10.38) ue M = fa e g(x)dx, katd cuvémela To Gu-
ugtépaoua 6Gov a@oEd Tn GUYKAMGN Tou fa o g(x)dx émetan amd to Oedpnua 10.18. Awd tnv

b > a woyver
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(10.39) émetar n

b +00 +00 +00
sup f f(x)dx < f g(x)dx n f f(x)dx < f g(x)dx.
b>a Ja a a a

AmoAvTn 6UykMon kol GUykAMon vité cGuvOnkn

‘OTtwg KoL GTIS GELRES £TGL KOW GTO YEVIKEUUEVO, OAOKANQ®UATOA £xouie OTL

Opwoudc 10.9. Ba Adue 4Tl TO YEVIKEVUEVO OAOKANQMLOL fa e f(x)dx ovykAiver asto-
AVT®G av To OAOKATQ®ULO fa e |f(x)|dx cuykAivel. EGv to fa i f(x)dx cuykAiver kaw TO
fa e |f(x)| dx amokAiver Yo Adue 6TL TO fa e f(x) dx ouykdiver vIT6 GuVONRKN.

Oeoonua 10.20. Edv n guvdptnon f opiguévn yio x > a givar odokAnpaaoiun ce Sid-
otnua la, b] yia kdbe b > a kai To yevikevuévo oAokAripwua fa Y |f(x)| dx cvykdivel, ToTe
Kal TO fa e f(x)dx cuykdiver, 6ndadn eav éva odokAnpwua GUuykAivel astoAUTws, TOTE
GUYKAIVEL.

Agodetén. Aphivetar wg doknon, agtAd soagotneiate 6Tl —|f(x)] < f(x) < |f(x)] yia kdbe x > a,
KOTA cuVETTELOL

0 <[f)l=f(x) < 2|f(x)]

ylo kdBe x > a, kol xenowomomacte o ehonua 10.19. |
10.7.1 TIagadeiyuata kor AGKNGELS

Hoedderypna 10.33. 'Ectw a > 0. Agigte 6L

f“’ e M dx = g
o a

T 7 > 0 €xouvue

10l
e —alx] g ' —alx| : 1 1 1
eMdx= lim | e™dx= lim —(1— —) .
0 a

r—+o Jo r—+oo ear

0 0 1,10 1
f e My = f e dx = —e’”] = —(1 - e“s),
S S a S a

0 0
1 1 1
f e dx = lim e M dx = lim —(1 - ) — =
_ a

— — —as
- s—o—co J¢ s——00 e

Av 5 <0, 101

oTTOTE

rd 7 +00 —_ ré
Katd cuvémelo To f_ e W dx vIrdoxel ko

00 0 00 2
f e M dx = f e M dx + f e Mdx =2,
—o0 —oo 0 a
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IHoedderyua 10.34 (To 0AOKARQ®UO TNG TTOQAYDYOU TNG AVTIGTQOMNG EPATTTOUE-

f+oo dx
0 x2+1

GUYKALVEL, KOL VITOAOYIGTE TNV TR TO.

vng). Agl&te Tl To OAOKRANEWUA

Av f(x) =1/0+ x%), t61e f(x) > 0 kar yio kGBe r > 0 for f(x)dx elvan Tremepacuévo Ko

fL dx _fl dx +fL dx
0 X2+1_ 0 x2+1 1 x2+1
fl dx dex

< + | =

0 x2+1 1 x2

5 1 dx 1 1 1 dx
x2+1 x2+1 x x2+1+ _Z_> xz+1+1
0 0 0 0

"Etol artd 1o Oswonua 10.19 et 411 To Soouévo oAokANQwua GuykALvel (Ttold efvor

Yetwd. T L > 1 égovue

KO

€d® n guvdptnon g;). I'voeltovue 611

d
f Y —anlx+C
X +1

+00 d L d
f * — iim f X Nlim (tan—lL—tan—lo)zf—oz—.
0 X241 L5+wJy 2241 Loieo 2 2

oTtoTE

3

Hoedderyua 10.35. AslEte 4T TO OAOKANQEMOUA

—+00 d.x
x2—-x+1
0
GUYKA{VeL.

ITapatnpovue 6Tt

X —x+1=x2—2§x+:1+1: x—é

\ 1 1 3 ( 1)2 3.3
+o >,
41

doa n vId oAoKkAE®WGN GuvdETnen elval GUVEXAS GTo SidaTnia oAokAnQwaong. EmutAéov
€yovue OTL

2

1
2 ox+1> =42
2

exX-2x+2>0 (x-1)%*+1>0
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yio kdBe x > 0. "ETal yia L > 1 ugtopovdue va ypdypouue

L dx 3 1 dx L dx
fo x2—x+1_f0 x2—x+1+‘f1 x2—x+1

1 L 9dx
\fon—x+1 -

1 9 1L
LxZ—x+1_;1
ﬁxZ—x+1 2_2'

IA

KN
\]

Katd cuvémela yio kdfe L > 1 efvar

L d 1

X dx

f2—£M+2, 6mov M = - <t
0o X*—x+1 0o X*—x+1

H stocdtnto 670 aplotepd wéAog tng tedevtalag avicdTntog eivon wio. oEovea cuvdeton
Touv L (yati;) n ogtofa, emmgtAéov, eivar @eoayuévn yia kdbe L > 1. Kotd cuvémeia
GUYKALvEL KABWGS L — +00, 1GodUvauo To S0GUévo OAOKAQMUO GUYKALVEL.

Acknoen 10.15. Na Peebel n T ToU OAOKANEAOUATOS
f+oo dx

0o XZ—x+1

Ymédergn: x2 — x +1= (x - =

MMoedderyua 10.36. AsiEte 4T TO OAOKANRQEOUA

400
sSin x
—dx
0 X

GUYKALveEL VTTO GUVOriKN.

H cuvdgtnon
sin x
— x#0,
J) =4 X
1 x=0,
efvar ouvexng ato [0, +00), KATd cuvémela yo kKA a > 0 10 OAOKANQMUO foa f(x)dx

vTtdyel. EmaAéov yia a > 0 ko 0 < € < a €yovue

f:f(x)dx=f6f(x)dx+faf(x)dx

—ef(§>+fﬂ‘dx 0<é<e

aItd to Oewenyo Tng UEcng TWNG, £€TGL TTalEvovTag To QLo Tov € — 0+ Pplokouue apov

n f elvar ppayuévn

f Fydr = lim ef@+ lim [ S0 gy = f MY ix
0 e—0+ e—0+ Je X 0
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"Etol ypdpovtag

fsmx fsmx fsmx

!
sin x COS X COosS X
_ _dx__] [
v V.

X x2
" sinx X cost " cos x
- — dx
t . X2
Jtafpvouue
!
sin x sin x cos x
f ~—dx= f ~—dx-=~- lim —~ dx. (10.40)
0 t—+00 X
Egteion

11 1
f—a’x———] - 1_24N

r Tt x
agtd To Oewonua 10.20 €metal 6Tl To OAOKAEMULO

t
. COS X
lim dx
—>+4o00 ) X

vTdyxel, emouévwg amd tnv (10.40) cuvemdyetar 6Tl TO

+00 _:
sSin x
—dx
0 X

ouykAivel. Twa tnv astéAvtn gvykMon kot yio N € N dewgovue to

f (N+D7 i x i f (k+D7 | in x
& N X = —_—
0 X k=0 kﬂ' X
N k+Dr
1 (
> —_— sin x| dx
2 @D fk [sin
N+1

z Z =
apov (yrati;)

(k+1)m T T
f |sinx|dx:f sinxdx:—cosx] =—(-D+1=2
k 0

g 0
KOTA GUVETTELOL

sin x . NHDT 1 gin x
dx = lim
N—ooo 0

+00
J

Emeldn n apuovikni celpd, ato de&l uéhog, amorAivel, £TteTal GTL Kol TO OAOKANQ®MUO GTO

X X

0QLeTERS UEAOG aTTOKRA{VEL.

Acknen 10.16 (H suvdptnon Ldupa). Ta s > 0 Jewpovue 10 oAokANQwua

+00
I'(s) = f e 't dr.
0



TENIKEYMENA OAOKAHPQMATA 251

(@) AelEte 6TL TO OAOKAAQEMOWO GUYKALVEL yioL KGBe s > 0.
Ymédetgn: av s > 1 té1e To OAOKANQmUA yiveTaL

+00
f e 'tP dt, p=s-120
0

av 0 < s <1 téte To oAorAMEwuo yiveTan

+00 1
f e "= dt, p=1-5>0.
0 14

®) Aelgte 6T I'(s+1) = sI(s) yio s > O.
W) Aetgte o I'(n+1)=n!yian=20,1,2,...

Haedderyua 10.37 Metacynuaticuds Laplace). Av n f efvar o “Kadi” cuvdoinon
ogouévn ato [0, +co), kaw s € R efvor po stapduetpog n oxéon

F(s) = LUNs) = fo 5 F(x) dx

0QlCeL ol ouvdETnon Tov s, Yo OAES TIS TWES TOU § Yid TIG OTIOLEC TO OAOKANQOUA
ouykAivel. H F(s) = L{f}(s), Aéyetan yetaoynuaticuog Laplace tng f. Aelgte 6TL 0
uetacynuatioudg Laplace tng f(x) = sinax, x > 0, 67mov a € R elvan

+00
. Csx a
L{sinax}(s) = f e Fsinaxdx = Y s5s>0.
0 s“+a

Ia L > 0 kon s # 0 vroAoyigouue

L L eS%N/
f e *sinaxdx f (— ) sinaxdx
0 0 S

—5X oF /L L
e sinax a _
——] + —f e cosaxdx
0

s 0o S
L g2 L_Sx'
e sinaxdx
0

e *sinax ]L e " cos ax

= — —a = —
S 0 52 0 82
oTToTE
a\ (k. e¥sinax |t e *cosax |k
14— e sinaxdx = ——-—| —a——F—
S 0 N 0 s 0
e*Lsinal e Lcosal L4
s 52 52’
ETTOUEVOG

L S a ssinal. acosalL] 1
e sinaxdx = 5 == 5" onl et
0 s“+a s“+a s“+a* les

INa s > 0 ;aipvovtag to 6plo L — +o0o TEOKVTITEL, TeEMKA, GTL

L

—+00
Lisinax} = e ¥sinaxdx = lim e sinaxdx = =

a

apov
1 s+lal 1
esL = 52+ g2 esL

ssinal. acosalL

— 0,

+
s2+a?2  s2+a®
KBS L — +oo. Ta s < 0 to oAorApmpa dev GuykALvel.
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10.8 To kQLTNELO TOV OAOKANEWUATOG

Mo 6elpd auwv Y° a, uiopel va eldmdel g YEVIKELUEVO OAOKAQWULAL f;m f(x)dx 6ToUL

n ouvvdptnon f elvar tétoln dote f(x) = a, 6tav n < x <n+1, yu n = 1,2,3,....

Koatd

ouVETTELDL OGOV aPOQEd 0T GUYKAMGN TIEQUUEVOUUE OvAAOYN GUUTIEQLEOQED Yid Tn GelRd Kol

To oAokApwua. To emwduevo arotédecua €£aG@AAICeL TV aItd Kowvol GUYKMGN 1 aItOrALGn

GELRAC KOl OAOKANQOUATOS GTNV TIEQR{TITOON GTTOV oL 4oL Tng Geldg etvar o f(n), n =1,2,3,...

QITOKAIVEL AV TO OAOKARQWUA AITTOKALVEL.

Oeoonua 10.21 (Kertngio ohokAnpouatog). ‘Ectw f uia cuvdetnon cuveyig, Jetikii
Kkat @Bivovca 6o [1, +0), kat é6Tw a, = f(n). Tote yia kdbe n € N 1gyvel

Zaks fnf(x)dxs
1

k=2

ne
a.
1

gl

>~
Il

y . y , , +00 ,
Katd cuvémela n ceipd 3, | ax GUYKAIveL av To odokAripwua fl f(x) dx cuykdiver, ko

(10.41)

(L, ar)

AN

AR

ARR RN
AR RS

AN

AU
OO
AR AR R R R R RN

AR R AR R R RN RN

(2,a1)

(2, a2)

2
azsff(x)deal
1

n+l’
Ap+1 < f f(x) dx < Ay
n

n+l

n+1 n
Zak < f f(x)dx < ax
k=2 1 k

=1

J(x)

—_

n n+1 n+2

Yxnwo 10.7: To KQELTAQELO TOU OAOKANQMOWATOS

Agodeién. H f elvan @Bivovoa oo [1, +00), emtouévmg oe kdbe Sidotnua [k, k + 1], k € N, améd

TOV 0QLGUd Tng axkoAovbiog (ay)

o0
n=1’

elvon

flk+1) < f(x) < f(k) = ar1 < f(x) < ay.

Emedn de n f efvan guveyng oAokAnpovovtag soaipvouue

a1 <

k+1

f)dx < ay,

k=1,2,3,...

agt’ éTov abpoitovtac yia k =1,2,...,n — 1 Taipvouue

n—

>~
I

—_

1

n—1 k+1 n—-1 n n n—-1
ak+1SZ‘fk f(x)deZak:ZakSI f(x)deZak,
k=1 k=1 =2 l=1

10.42)
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n omota efvar n (10.41), ko GTN YAOGGO TV UEQLKOV aboloud TtV

Sn—a Sf f(X)dXSSn_l,
1

agtd tnv oTola auécmg PAETIovue GTL n GeElRAd KoL TO 0OAOKANQwUA elTe GUYKA{VOUV TOWTAYEOVA,
N agtokAivouv. |
Hoaeatngnon 10.9 (Ektiunon tov c@dAuatog aitokomng). ‘Onwg ctnv (10.42) saipvouue,
BALTe kol Xyrinwa 10.7,
k+2 k+1
f(x)dx < apyq < f(x)dx, k=12,3,... 10.43)
k+1 k

agtd Ty omola vTTodEéTovTag GTL N GelRd GUYKA{vVEL TTROKVITTEL GTL

dx < < dx. 10.44
fnﬂ fodx< ) a f f(x)dx (10.44)

k=n+1
Av s elvar To 6o Tng celds ko S, elvor To peEwd dbpowoua tng celpdg Téte n (10.44)

yedpeTo

+00

f)dx<s-S,< f DOf(x) dx, 10.45)

n+l
ottote n (10.45) diver wa exktipnon tov GEAALAToS asokomng E, = s — 5, tov abpolouatog
g oelpds. Ao tn oxéon (10.45) mookvmTEL OTL

Sn+fwf(x)dx£s35n+foof(x)dx, (10.46)
n+l n

TToU glval wa ekTiunon tov oplov Tng Geldg.

IMapedderyua 10.38. Tw p > 0 dewovue thv p-celpd

Etetdote yia wolEC TWES TOU p n GelRd GUYKALVEL.
H cuvdptnon
1
f(x)=—, x>0
xP

elvar ouveyng, detikn, kalr eBivovca katd cuvétiela ciuewva ue 1o Oeopnua 10.21 n
oelpd GUYKALVEL av KOl WGVO v TO OAOKARQ®UA

+00 1
f —dx
1 X

ouykAivel. ‘Etol agtd to Iopddetypa 10.30 émeton 611 n Socuévn gelpd GuykAiver av

p > 1 ko agtokAivel av p < 1.

Aoknon 10.17. Egetdote wg TEOC TN GUYKMON TS GELRES



254 OAOKAHPQMATA

(o)

@) iﬁ @ Y 1‘;“’;” V) 223 ®) 2%

n=1

IMapdderyua 10.39. Oeweovye th GUYKAIVOLGO GELRA
> 1
(@) ITpooceyyiate To ABOLGUA TNG GELRAS XENOULOTTOLOVTOS TOUS SEKA TTEMTOVS GROUG
TNG GELRAS KL EKTUNAGTE TO GOAAULO TNG TIQOGEYYLONG.

®) Hbcor 6pol tng cGelpds ATAUTOVVIOL DGTE TO GEAALA va elvar WKQEGTEQO TOU
0.0005;

) Xenowottomiate tnv (10.46) ue n = 10 yio vo EKTWWAGETE TO GPLO TG GELRAC.

Kot ot 8§00 gpwtipata efvol xnGwo To agtotéAecua
o dx ) 1

— = lim |-—

o xS f—+oo|  2x2

S —1+1+1+ +1
07 T3 T g 10°

YVupnvo, pe thv (10.45) 1o cpdiua Ejp = s — S1p elval to TToA0

f+°° dx 1 1
o X3 2(102) 200’

SnAadn to oedipa etvar wkedtepo Tov 0.005.

t

lim ( 1 f 1 ) 1
=1 —_—t — = —
n totoo\ 22 2p2 2n?

(@) YstoAoyicouue
~ 1.197532

®B) Mo va etvor To aedipa to oA 0.0005 da Treéttel

fmdx L 00005 & —— < n? & V1000 <
= —. o n n.
. B 22 0.001 = =

Emedn V1000 =~ 31.6 €retan 6Tt amwortovvion 32 dpol dGTe va €xovue Tnv emifuunti
akpifela Gty JTEOGEYYLGN.
) Amo tnv (10.46) graipvouue

S +f+00 x< <S +f+w x@S + ! <s<Spo+ !
— S 5= — S5 =S —
10 1 & 10 P 10 2112 10 2(102)

oToTe Ao To (o) Pelorovue

1.201664 < s < 1.202532.

‘EToL av ToceyylGouye To 6Qlo s Ue TO KEVTQRO Tou TaaTtdve Stactiuatog 1.2021,
SnAadn

o 1
— =~ 1.2021
.

=1

TéTE TO GPAAUO elvor TO TOAY TO MGG TOV UNKOUS Tou dtacTAuatog, dSnAadn < 0.0005.

Yvuykplvovtag ta aroteAéouata oo (B) ko (V) PAETToUUE OTL VR Ue TNV TTEOGEYYLGN

s = S, anarovviar 32 dpol ®GTe To Gediua va elvor wkedtepo tov 0.0005 ue xerion

ng (10.46) metuxaivouue to atmotédecua avtd uoévo ye 10 époug.
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Hoedderyna 10.40 (H 6tabepd tov Euler). Asmodeikviouye 6Tl To 6QLo
. 1 1 1
11m(1+—+—+---+——10gn)

2 3 n

VTTAQYXEL.
A6 tn yovotovia tng f(x) =1/x ue x > 0, yia kGBe k =1,2,3,... Pelokouue

1 1 1 1 k1 1
k<x<k+1, —<-<->—X< —dx< =
=X K+l x "k k+1 fk PR
ETTOUEVOG
1 1
—— <log(k+1) —logk < - 10.47
o Sogk+1)—logk < - (10.47)
katd cuvémela aboitovtag yia k =1,2,..., N — 1 Bplokovue
N-1
1 1 1 1 1 1
—4+-+--+—=< > (loglk+1)—logk) <14+ -+ =+---+ .
2 3 N~ & 2 3 N-1
Emeion

=

il
(log(k + 1) —logk) = log N —log1 = log N
1

>~
Il

agtd tnv teAevtolo avicdTNTO TTEOKVITTEL N

1+1+ +1 1 N<O<1+1+1+ +
— — “ e ——O f— —_— o ..
273 ¥ N2 Y5 N-1

—logN. (10.48)

Amé v avigétnta gta apuetepd tng (10.48) mpocBitovtag 1 ko ota Vo uéin Pel-
GKOULUE

1 1 1
l+-4+—-+4+---+——-logN<1,
2 3 N

eved amd tnv avigdtnta ota degid tng (10.48) mpeocBitovtag 1/N kar gta §Vo uéin

Bolokouvue
1 1 1 1
—<1l+-+z+---+—=—logN,
N 2 3 N
€101 Yo KABe QUGG aEBud n éxovue
1 1 1 1
- <l+-+—-+---+——-logn<1l (10.49)
n 2 3 n

OZtovtog

1 1 1
tn:1+§+§+---+;—logn

n axkoAovBia (¢,) etvon @eoayuévn. Aglyvouue 6TL n akolovbia elvar povétovn. BewEdvTag

™m 6LOL(pOQd
1, = [ = —1 —log(n+1)+1 = ! -1 !
= ogn ogn = (0] 5
n+1 n 1 g g 1 g

agté tnv (10.47) PAETToVUE OTL fhe1 — 1y < 0, SnAASN n (7,) elval emawAéov @Bivousa, KATA

ouvémela GuykAivel. To 6pto cuufoliceTan pe y kol Aéyetanr otaBeed tov Euler. Ilpo-
GEYYLGTIKA purtopel va vrtoAoyiabel y = 0.577215.... Eivow aflocnueimto 411 mtapauével
AyvwaTo av o y glvar entog 1 deentog albudc.
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Aocxkneeilg

1. Edv n ouvdptnon f eivon cuvexng oo [a, b] delgte 6T

(a ; kb%“) _ fab F(x) dox

li

n—oo

KOl guuTeQdvate GTL

hm f f(x)dx

n—oo0 n

2. Noa vitoAoyig0ovv to OAOKANQOUATO

(o) f (x + D sin(x® + 2x + 1) dx. ©) f cos? xdx.
i . x*+3x+2
®) fxsmxcosxdx. ©) fx(x2+2x+2)
W) j‘cos4 xdx. ) fﬁ dx
®) f e*sinxdx. ®) f tan"' x dx.
, / S |
€) j; (x2 = 2x + 4)3/2 dx. Y £1 V@2 +x)(E - x) !

3. “Eva dBpotoua 33} ax utroeel va 8whel Turmikd wg £va dbgolcua Riemann,

n n n
_ NV % _ . _
kE:I ai = k; 5 O = 3:1 NG ue ,}Lnolo O0r=0

vy KatdAAnAn cuvdptnon f, PAéme IHopddeypa 10.2. “Exoviag ovtd 1o amwoTéAeouo
KaTd vovu delEte 6T
Ve +Ve? +---+

(@) lim =e—1

n—oco n

®) L ( T L —. ) d
im e —— =2
n—oo\n2 +12  pn2 + 22 n2+n?/ 4

1 1 1
W) hm( +---+—):log(1+ V2).
n=0\ \p2 4 12 \/nz + 22 Vn2 + n?
. 1P+ 2P 4. 4P 1 ,
&) lim = , 60V p > —1.
n—oo npb+1 1+ p

R Y A . .
(€) lim —(sm — +sin— +---+sin , 6Ttov £ # 0.
n n

n—oo n

(n—l)t)_ 1—cost

. 1T 2 . nm 2
() lim —(sin— +sin— +---+sin— | = —.
n—eo p n n n Vi

4. Noa vrmoAoyigBovv ta dpia

Ve +Ve2+ .. 4 Ve

(@) lim
n—oo n

®) lim( A +---+L).
n—co\(n+1)2  (n+2)? (n+ n)?
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10.

11.

12.

W) l'm( ! + ! +-e ! )

1 —_— —_— .. _ .
Ve T e (n+n)?
Noa vitoAoyigBel To

1

lim cos(ax) dx.
a—0 0

Av a > 0 va vtoAoyicBel T0 oAoKkANQEUO

a+1
f (a—x)"dx.
a—1

Avn f:[0,1] — R elvan cuveyng cuvdptnon, deigte 1

émovu n elvar PUGLKAS aELBULSGC.

/2 7T/2
f f(sinx)dx = f(cos x)dx.
0 0

Aedouévou 6t sec x = cos x/(1 — sin® x) delgte o1

1 1 + sin
fsecxdx:—log' - el
2 1-sinx
Aelgte 611
@) T xsinx n? Oéor
(e} = —. Oéote x = — .
1+ cos?x 4 ¥
Vsin x /g
®) f dx = =. @écte x = /2 —y.
Vsin x + /cos x 4
Noa vitoAoyigBel To oAokAripmua

tan~! xdx,
9étovrag u = tan"Lx kow v = x.

To oAokAQ®UA TNG avTicTEoEng cuvdetnong. 'Ectw 4T yia tn guvdptnon f videyet
n avticteoogn cguvdptnon f1. Av y = fl(x) Selgte 61

fﬁmM=ow@

jGWMM=ﬁ®—fﬂww 10.50)

Xopnowotowwvtag Ty (10.50) vwoloyicTe Kol ek@EEAGTE TO AITOTEAEGUO WS GUVEQTNGN

ROTA GUVETTELQ

TOU X KaBEva aTTd Ta OAOKANQWUATA

(@) f log x dx. ®) f sin”! xdx. W) f tan~! x dx.

Avadgoukoi ToTTol. Me 0AOKANQWON KATE uépn aIrodelste TIC avadQouIkéS GYEaeELS

:n—1
. sin"~"xcosx n-1 Lo
() fsm”xdx:— + fsm” 2 xdx, n=12,...,

n n
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_1 .
cos" txsinx n-1 _
®) fcos”xdxz + fcos” 2 xdbx, n=12,...,

n n

W) ftan xdx— 1 ftan”_zxdx, n=23,...,
n_

- 2

t -2

©) fsec"xdx: xlanx+n 1fsec”_zxdx, n=23,...,
n— n—

) flog"xdx:xlog”x—nflog"_lxdx, n=23,...,

nax x"e™ n n—1 _ax
©) dx = —— | X" e dx, az0,kvun=12,...,
a

X" cos(ax)
a

©) fx” sin(ax)dx = — + gfx”_l cos(ax) dx, a#+0,kun=12,...,

0o
m) fx” cos(ax)dx = x'sin@x) _n fx"_l sin(ax) dx, az0,vun=12,....
a a

13. "Ectw f : [1,+00) — R wa avgovsa cuvdenon.

(o) Aeigte 6T

f(1)+f(2)+---+f(n—1)sf1 Jdx < f@2)+ fB) +---+ f(n).

yio kKGBe @uotkd abud n. BAéme Eynua 10.7 ko Hapddetypa 10.40.
B) Emiéyovtag f = log delte 6T

n" | 3 (I’l + 1)n+1
n. y ——

en—l - el

Yo KGOe @UGIKG AU 1 KoL GuUITtERAVATE GTL

1
lim V= = =,

n—oo n

14. Etetdote wg EOC Tn GUYKAMGON TO OAOKANQOUATO

+00 1
X. ’ dx.
(Ot)f 1+x3 (Y)fo xV1+x *

) +00 X , +00 1
®) j(; PPT) dx. ®) jo‘ —\/}(1 g dx

15. Efetdote av 1o oAoKkAQmUO

GUYKALVEL GUYKQEIVOVTAGS TO ue Tn Geld
i( - )n
n=1 n

16. Etetdote we mEOC Tn gUykMon tn Gelpd

(o8]

1
E _ peR
o n(logn + 1)P

Yl TIG SLEPORES TWES TNG TTOQOUETQOV p.
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17. Na Peebel wkavit kow avaykaio cuvOrikn ueted Twv p > 0 ko g > 0 WGTE va. GUYRALVEL TO
4P
X
dx.
0 x1+1

—+00 1 T
f dx = —.
0 xt+4 8

Ymoderen: x* +4 = (3% + 2 + 2x)(x% + 2 — 2x).

OAOKANQWULOL

18. Aeigte 6T

19. Metaoynuaticuoi Laplace. Asigte 6T

() L{aj(s) = f ooe_”adx = c—l, s> 0.
0 N

s—a

B) L{eN(s) = f e e dx = ! , sS>a.
0

400
W) Lixi(s) = f e ¥ xdx = lz’ s> 0.
0 s

n!

—+00
©) L{x"}(s) = f e Y'dx=—, 5>0, n=0,1,2,...
0

sn+1’

—+00
_ s
(&) L{cosax}(s) = f e cosaxdx = -5 $>0.
0 s“+a



Ke@pdAarwo 11

Avvauocelpeg

11.1 Ewayoyn
TYETIKA UE TNV YEWUETEIKA GELRA

l+x+x%+- - +x"

M
>‘<§

+ e =
n=0
yvoplcovue 6Tl yia kdBe |x| < 1 GuykAivel kow WdAGTO
2 n 1
I+x+x"+--4+x"+0= ——.
1-x

Katd cuvérrelo av yia kGatowo Gtabepd aAld Tuyalo TTeayudtikd apiud xo elval |x — xo| < 1,

godvvaua xo —1 < x < x9 + 1, 161¢

1

D= x0)" =1+ (1= x0) + (x = x0)* oo+ (x = x) o0 r = ————
o 1-(x—xp)

Av (ay);?, elvar wa eeayuévn arkodovbia ue |a,| < M yio kdbe n € N, té1e yio T cepd

(&9

Z an(x = x0)" = ag + a1(x — x0) + ag(x — x0)? + - -+ + ap(x — x0)" + + - -
n=0

KO |x — xo| <1 éxovue 6T |a,(x — x0)"| < M|x — xo|" yio kKGO n, koTd GUVETTELQ

(o8] o
Z la,(x — x0)"| < MZ |x — xo|" < +o0
n=0 n=1

SnAadn n cewpd 3.7 an(x — xo)" GUYKALvel artoAITmg, dea GuykAivel yio kde |x — xo| < 1.

O@woudg 11.1. Mia Svvauocelpd yvpw aitd to onueio xo eivan ula celpd
(o]
Z an(x — x0)" = ag + a1(x — x0) + ag(x — x0)® + -+ + ap(x — x0)" + - - - 11.1)
n=0
0TToV Ol GUVTEAEGTEG a, elvol TTEayUaTIKES GTaBeEES Ko To x elvon uetafAnti. Afue
6Tl n GeRd GUYKALVEL YioL X = X1 €dv n celd X dn(x1 — Xo)" cuykMivel. Edv n celpd
o0 z z 3 z s 7 z
Do An(X1 — Xo)" Oev GuykAiver Adue 6Tl n celpd astokAiver yioo x = x;. Adue OTL n

260
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Suvapocelpd GuYKAIvEL ATTOAVTWG Yo X = x| €4V n 6e1d X |a,(x1 — xp)"| cuykAivel.

11.2 XYykAon dvvoapocelpds

Ocwonua 11.1. Na kdbe Suvapoaceipd 3, a(x—xo)" virdgyel R ue 0 < R < +o00, T€T010
wate av R € (0, +00) n Suvauoacelpd cuykAivel astoAVTws yia |x — xg| < R kal asrokAivel
yia |x — xo| > R. Edv n Suvauoceipd cuykdiver yia kdbe x € R, 70te R = +c0. Edv n
dvvauoacelpd GuykAivel uovo yia x = xg, 70te R = 0.

Agrédeién. Tlagatnpovue 6Tl av X = Xo, TOTE X, o lan(Xo — X0)"| = laol, katd cuvémela n celpd
GUYKALVEL ATTOAMITWGS Yo X = Xo. Ac vTtobBécovpe OTL VITAEXEL X| # Xp Yo TO OTtolo n Ged
GUYKALVEL QATTOAVTWG, TOTE

lim a,(x; — x9)" = 0,
n—oo

GUVETTHS VTTdExeL M > 0 ddate |ay(x; — x0)"| < M yia 6Aa ta n. Av tdpa elvar |x — xo| < |x1 — xol,

T0TE
x — xo| \* X— X
lan(x — x0)"| = lan(x; — xo)”l(—l ol ) < Mr", 4TT0V r= b= xol

|1 — xol |1 = xol

oTtoTE

(o) (o) M
Zlan(x—xo)"l < MZ W = )

1-r
n=0 n=0

Katd cuvérela n celpd 3 ) @y(x —xp)" cuykAivel aroAiteng yia kde x 6o SidaTnua [x —xol <
[x1 — xol. Av vrtdxel x2 yia To omoio n Gewd Y7 ) an(x — Xo)" aTrokAivel, TéTE VITAQYEL AEOUGS
R > 0 ue |x1 — xol < R < |x2 — x| date av |x — x9] < R n celpd cuykAivel agtoAdTmg, evd

av |x — xp| > R n celpd agrokA{vel!

. "Etol 10 Sidotnuo asmdéivutng gUykMong tng Gelpdg eival
(xo — R, x9 + R). Av n oelpd GuykAivel uévo yio x = xg, T0te R = 0, evd av GuykAivel yio kdbe

JLEAYUATIKG X, TOTE R = +00. m|

Opwouds 11.2. O aBudc R € [0, +00] tnv ¥ITaeEn tov omroiov gac@aiitel To Osnpnua
11.1 Aéyeton axktiva cUykAieng tng duvopocelpdg (11.1).

Iagatignon 11.1. Avn Y7 a,(x—xp)" €xer axtiva coykAiong R pe 0 < R < +00, 1o Oemdonua
11.1 egac@alitel 6Tl n oelpd GuykAivel aTToAUTwS, dpa GuykAivel, 6To Sudatnua (xg — R, xg + R).
H oe1pd evdéyetal dumg vo. GuykA{vel kol Ge €va N koL GTa S0 AKkEO TOU SLOGTARATOS, SnAadn
yia x = x9 = R. "E10l 1o Sudetnua cUykAeng tng duvapocelpdg eivor éva artd to Stactigota

(xo = R, xo + R), [xo — R, xo + R), (xo = R, xo + R], [xo — R, xo + R].

"Tov apBud avtév Jo umopovcoue vo, Tov opicovue wg

R= sup{lx— Xol : Z la,(x — xo)"| < +oo}.

n=0
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Oewonua 11.2 (Yswoloyioudg tng axtivag cUykAiong). Oswpovue tn Suvoauocelpd
Dm0 an(x = x0)".
1 Av
lim +/|a,| = L
n—co
vITdE)EL, I €lval [Go ue +oo, TOTE N axTiva guyklicng R gival
-1

i
R=7 = (lim \"/lan|) , 11.2)
n—oo

Omov R=0av L =+c0okatR=+c0 av L=0.

(2) Av
|an+1| - L

n—oo |a,|

vITdE)el 1 gival (6o ue +o0o, TOTE

1 -1
(lim M) ~ fim A% 11.3)

R=—-—= S
L 1= |@y 41|

n—oo |ay|

Omov R=0av L =+c0okatR=+c0av L=0.

Agmodeign. (1) Amd tnv vitébeon €xouvue
lim lan(x — x0)"| = [x = x| lim Vlan| = |x = xo|L
n—oo n—00

KOTd GUVETTELD ATTO TO KQELTAELO TG Elgag, Bedpnua 6.10, €xovue 6TL n Gelpd GUYKALveL aIto-
AMTwg av [x — x| < 1/L kot agtorAivel av |x — xg| > 1/L. Emwouévwg R =1/L, ue R=0 av L = +co
Kol R = +o0 av L = 0.

(2) Hopduora, agtd To kELTRELO Tov Adyov, Oswonua 6.9, €xovue, apov

- Jana(x = xo)™| . lanal
Iim —————— = |x— xo| lim =
n—ea |an(x — xo)"| n—eo |ay,

6Tt n 6e1Rd GUYKALVEL OTTOAVTWGS av |x—xg| < 1/L row astokAiver av |x— x| > 1/L, katd cuvémeio
R=1/L,uye R=0av L =+co kot R = +o0o av L = 0. m|

Av n duvapoepd 37 a,(x — xo)" cuykAivel 6To StdoTnua (xo — R, xo + R), té1e 0pigel ula
guvdeTnon GTo SIAGTIA AVTO, KATA GUVETTELQL WIT0QOUUE Vo yedpouue f(x) = X an(x — xo)",
yia |x — xo| < R.

Haedderyna 11.1. Na Peebel To didotnpo cUykMong tng duvauoaelpdg

$ew,

—_
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Av a, = (=3)"x"/ Vn + 1 Sewpovue To TTNAKO

(_3)n+1xn+1/ m
(=3 x*/Vn+1

n+1
=34/
n+2

1+1/n
1+2/n

An+1| _
an

x| — 3]x]

KaBdG n — co. ATS To KELTAELO TOL AGyou €youue OTL n GelRd Y lan| GuykAivel av
3lx] < 1 kou agtokAiver av 3|x| > 1, katd cuvémelo n aktivo GUYRALONG Tng SuvAUOGELRAS
efvar R = 1/3, omdte n celpd cuykAiver arroditwg oto (—1/3,1/3).

Y1n guvéyela egetdovue av £xovue oUykAon ata drea. T x = 1/3 n oepd yiveton

Vi

n+1

Ms

B
1l
(=)

n ofrolo. GUYKALVEL ATTO TO KELTAQLO T®V evaldacoouevov celpadv. o x = —1/3 n cepd
yiveTan

(o8]

(_3)}1 ¢ 1 1 1 1 1
; \/m(_g) :Z m:1+$+%+'--+%+---:zm

n=1

(o8]

n otrofa efvon p-cepd ue p = 1/2, dpo agtokAivel. Tuvemog To SidoTnuo cUYKMONG Tng
oepdc efvar to (-1/3,1/3].

Aoxknon 11.1. Na Beebel n axtiva cUykMong kot To Sidotnuo cUykAMong KGBe wiog ard Tig

Suvayoacelpég
O nx+2)" 0 X (- 1)" 2n-l
(@);W- (B)nz:;ﬁ- ()Z

’, , / ’ 7 1"
Moedderyua 11.2. Na Beebel n aktiva ciykMong tng celpdg 2. 40"y
Emedni
4"  n deTo
an =
4™  n JreQrTTd
éxovue Vla,| = 4, av 1o n elvaw doto, kaw Vla,| = 1/4, av to n elvar TEQELTTO, KATA
GUVETELDL TO OQLO
lim /|y,
n—o00

Sev vmrdpyxel. IMogatnovue woTOGO GTL UITOEOVUE VO YEOAPOUUE

24"(_1)nx" = ; 4%,k 4 Z 22k X 2(42 A+ kZ(zz )k
o

Ko ov 800 celpéc elvar yemuetoikés ue Sractipata ciykong ta (—1/4,1/4) ko (-4, 4)
avtiotoryo. ‘Etol yia kdbe x otnv toun twv §vo diacthudtov (—1/4,1/4) to dbpowcua
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TV GEWR®OV GUYKMveL. Av |x| > 1/4 n cepd Z,‘:":O 4% 32k garoriver, ETTOUEVMOS N OKTiva

oUYKMGONG TnG aytkig oelpds eivar R = 1/4. BAéme Iopdyeapo 13.3.

Ocwonua 11.3. Eotw 611 ot Suvapocepés f(x) = 37 an(x — xo)" kaw g(x) = 2377 o buy(x —
Xo)" éxovv aktives guyrkMang Ry > 0 kat Ry > 0 avtictoyya. I'a A, u € R n Suvauocelpd
h = Af + ug opitetar ue tn Gyéon

(Af +1g)(®) = A ) an(x = x0)" + 41 )" by(x = x0)" = > (Aay + bp)(x = x0)"
n=0 n=0 n=0

Kol GUYKAIVEL Ylar EKEIVA Ta X YA TA 0IT0LA Kol ol 6U0 GeLRES GuykAivouv, 6nAadn n celpd
h(x) €xel axtiva cuyrkMong R = min{Ry, R,}.

Oewponua 11.4 (To OgueMmddeg Oe@Enua TV dUvauoGelP®Vv). Av n Suvauoacelpd
Do An(X — x0)" €xel axtiva ovyriong R > 0, 16Te n guvdeTnon

(o)

)= ) an(x = xo)'

n=0
Exel Tapaywyous 6Awv Twv TdEewv oto Sidotnua (xo — R, xo + R). Eggtdéov

(D) H f'(x) Sivetar asré tn cyéon

[ee)

f(x) = Z na,(x — xo)" L. (11.4)
n=1
Ouoia
£l = nn=Dayx—x0)" 2 [P =) nn =1 (1= k+ Dag(x - x0)" ™,
n=2 n=k
yia kabe k =1,2,3,... kat yla kdfe x ue |x — xo| < R.

(2) O grabepéc a, tng Gelpdg Sivovtal Ao Tn GYEGn

_f ™) (x0)

> n=0,1,2,... (11.5)
n!

an
émov " (xo) elvau n n-tdéng Tapdywyos tng f aTo Xxo.

3) H f f(x)dx vrdgyer yia kdabe x ue |x — xo| < R kat

n+

f f(x)dx = Z Gn 1(x —x0)" 1+ e, (11.6)
n=0

omov c eivar uia avBaipetn cTabepd.

Tnv amédeign tov Oewpnuatog divouge GTo TEAOS TOU KePAAaiov.
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Ynueiwon 11.1. To Oedonua 11.4 Adel éTL av wo duvopooelpd €xer oktivo cvykMong R T6-
Te OAEC oL TTaRdywyol Tng Suvauooelpds €xouvv aktivo cUykAong fon pe R, kabd¢ ko kdOe
Jtapdyovca tng duvauooelpds éxel aktiva ovykMong ion ye R. To Sidotnpwa ciykMong Ttng
TLAROY®YOU N TG TTaRdyoLvcas Suvauocelpds Suws urroel va, aAddgel. BAéme Tapddeyua 11.5.

Haeatngnon 11.2. M cuvémela Tov Oesweruatog 11.4 elvor 6Tt 1o avasttuyuo Wog Guvdae-
Tnong yvew oagtd éva onuelo eivorl Lovadikd a@ol) ol GUVTEAEGTES TOU AvATTTUYLATOS divovtol
wovadikd asd tnv (11.5). Mo dAAn cuvéttela elval 6Tl av yvwelitouye To OvAITTUYLO UIOS GU-
vdptnong toTe pitogovue va BEOVUE TO AVATTTUYUA APEVOS TNG TAQOY®OYOU TNG GUVAQTNGNG
TAEAYWYILOVTOS QO TTEOS 6RO TO AVATTTUYUO TNG OQXKNAGC KOl OLPETEQEOV ULAS TTAQAYOUGAS TG
GUVAQETNONG OAOKANQOVOVTOS 6RO TTEOS GRO TO GVAITTUYUO TNG ORXUKAG.

IMaedderyua 11.3. Na Peedel to avdmtuyna tng

1
4+ x2

YUew aTté T0 X = 0 KAODS Ko To didoTnwo cUYKMGNG.

"Exovtag KOTd vou Tn UoVOSIKOTNTO TOU OVOIITUYULATOS 8EV YENGLWOTIOLOUUE TOV TUTIO
(11.3) yio Tnv €¥Qecn TOV GUVTEAEGTOV TS duvapooelds aAld TtpoaTTofovue vo TTdeou-
UE TO QITOTEAEGUO XENOGULOTIOLWVTAS KATTOW0 yvwaTd avdsttuyud. ‘Etol ypdpouue

1 1 1 1.1 tl_L. -{Qﬁ
4+x2 41+ (x/2)2 41-[-(x/2)?] C41-X - \2

TOV £lval To GHEOIGUN YEWMUETEIKAG GEWRAG, eTTouévag yia | — (x/2)?] < 1 éxovue

s S HETFGTT oT+)

1 - a2
~ll= g a0
1 2 ¥ , X
— §_2_4+2_6_“.+(_1) 22n+2 4+ ..
n ool GuykAivel yio
x\? x
‘—(—) <1<:>’—<1<:>|x|<2
2 2

KO QITORALVEL Yo | x| > 2.

IMapdderyua 11.4. Epagudécovtas to Oewpnua 11.4 waipvovue to avdasttuyuo

1
1-x)?

1 ’
=(1 )=(1+x+x2+x3+-~-+x”+---)’ xe(-1,1)
- X

=1+2x+3°%+--+n" 1+ x € (-1,1).
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11.3 Xepég Taylor kauw Maclaurin

Opwoudg 11.3. Mia cuvdgtnon f(x) Aéyetal AVAAVTIKIL GTO Xo €4V Ge KAITOLO OVOIKTO
Sudotnua yoew asté to xo n f(x) elvar To dbeolsua ulag Suvanoacelpds Y7 ) an(x — Xxo)"
n omola €xel Yetikii aktiva cUiykAiong. Xtn TeQltTwon AUTH Ol GUVTEAEGTES d, TNG
duvapoagelpdg dtvovtan amd tnv (11.5). H duvapoceipd da Adyetan avdrmtuyua Taylor
g f(x) yoow amd, n ue kévtpo, to onueio xg. Av xg = 0 téTe n Suvauocelpd Aéyetal
avdittuypa Maclaurin tng f(x).

Tnueiwon 11.2. Ac vwoBécouvue 41l n guvdptnon f €xel TAQAY®OYOUS OAWV TV TALEWV GE
kdmolo Sidatnua (a,b) ko €é6tw xg € (a,b). Tédte n cepd Taylor TTov TaEAYETAL ATS ThY f

(1)
Zf (x0) (x = xo)"

n=0

VIdEyEL TAVTA KoL GUYKALVEL ylo TOUAdyIGTOV piol TWhR Tou x. Av n oktiva GUYKAMGNG Tng
oelpdg avtrig etvar R > 0, To €pdTnUa JTov Wog aitacyoAel elval katd mécov yo x € (xo —
R, xo + R) n ogpd avtn cuykAiver ato f(x). Ouuitovue 61t av P, kal R, eival aviiotolyo To
sroAvdvupo Taylor Babuov n kol To avticTolo VITGAOWTo TS f GTo X, PAETe TTapdyeapo 9.3,
SnAadn

k) (n+1)
Pa() = Z OG0 (g, Ry = =,

t61e f(x) = Py(x) + Ry(x). "Etor n f(x) efvanr to 6o tov avasrtuyuatog Taylor tng f(x) av ko
uévo av To VITOAOLTTO, KABWS n — 00, GUYKALvel GTO Undév, dnAadn

f(x) = lim Py(x) © lim R,(x) =0

To dedpnua Tov axoAovbel diver wia tkavin guvbnkn ya to méte n gelpd Taylor wds cuvde-

Thong f GuykAvel gtnv f.

Oeoonua 11.5. Ecte o1t n guvdptnon f €xel Tapaydyovs OAwV 1oV TAEEwV G KAITOLO
Sidotnua (xo — 1, xo + r) Kal é6Tw 6T vITdEyel aTabepd M > 0 dote [fP(x)| < M" yia
KkdBe x ue |x — xo| < r kot kdbe n € N. Tote to avdswrvyua Taylor tng [ yvpw asré to xg
ovykliver gtnv f, 6nladn

O r(n)
f(x) = Z f n('x())(x - x0)", x € (xg—r,x9+7).
n=0 ’

Agrodeign. Ao 1o Oedonua tov Taylor yia [x — xp| < r efvon

P (xo) SE)
R n+1)!

F) = Py(x) + Ry(x) = Y (x = xo)™!

k=0
Vo KATTOoL0 € UeTaE) X KAl Xo KoL aItd thy vItobeon éyovue
@)
(n+1!

KOOMOG 1 — oo (yLati;), Yeyovog TTOU GUVETTAYETOL TO CNTOVUEVO. O

(Mr)n+l

n+1
R s T

Ra(ol = [£- )
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Mapddsryna 11.5. Na Bebel o avdmrtuyua Maclaurin tng f(x) = tan~! x kaBodg kaw 10

Sudotnua cvyrAong tTng dSuvapocelRdc.
I'vopicovue 6tL

d 1 1
—tanlx = = = il — 57 48 5 — 539 b oo o (I ko

yia |x] < 1. "Et6t agré to Oswonua 11.4 oAokAnpavovtag 6Qo 1Teog 6po Taigvouue

. XS x5 7 2n+1
=c+x——+———+---+(-1)"
YEOTIT Y T Ty e v

tan™ dhooo

yia x| < 1 kow yror kdarota katdAnAn ctafepd c. Twa x = 0 éyovue tan' 0 = ¢ = 0, apov
tan~10 = 0, dea

X3 5 7 2n+1

b 2n+1
X X X X
tan_lxzx——+———+---+(—1)" +...:§(_1)n
n=0

3 S 7 2n +1 2n+1
Etetdtovue av n oelpd cuykAivel yio x = £1. Twa x = 1 n cepd yivetal

1

1 1 1 3 1
-4+ +(-D)'—t--- = ="
3 5 7 ( )2n+1 ;( )

2n+1

n omwola GUykALvel GULP®VA UE TO KELTAQELO TV evOAAAGGOuevmVY Gelpov. o x = -1 n

oelpd ylvetan

1

11 - 1
=J| _+__...+_1"+1 1 oo0 = _1”+1—
S 7 D 2n+1 ;O( ) 2n+1

1
3

n ool KoL ITAM GUYKALVEL GULE®VA UE TO KELTAQELO TV EVOAAAGGOUEVOV GELRWV. ATIO
Tn Guvéyelo Tng tan~! da mepévaue va 1eyveL 6Tl

(o9
XS 5 7 2n+1 2n+1

-1 X n § n X
t =x— 2N - .\..0 (-1 e = -1 1<x<1 17
an X=X 3 ) 7 ( )2n+1 D n o L7

To agmotélecua avtd vtng wyvel” BAéte IMapatienon 11.3.

“Toyvel To €EAC ATTOTEAEGUOL

BOeaponua 11.6 (Bemdonua ogiov tov Abel). Ectw 6T1

00

)= an",  -b<x<b.
n—0
Eadv n ceipd cuykAivel yia x = b, T0te T0 6010 lim,—,,— f(x) vardoyel kKaw

)

lip S0= 3

n=0

TNa tn amddeten Tagastéuovye 6o [2] i 6to [4].



268 AYNAMOZXEIPEX

Hagatiignon 11.3 Mia 186TnTo TNG YEMUETEIKNG GELQAC). Todpovtag

1— n+l1

1
1 =14 x+ x4+ X"+ R (x) = + Ra(X)
- X

- X

Bolokouue 6T
1 1= xn+1 xn+1
R = — =
() 1-x 1-x 1-x

agt’” 6ITov PAETTOVUE GTL N €KPEAGN YO TO TO VTTOAOLTIO GTN TEQ{TITMON TNG YEWUETQIKNAG GELRAS
egapTdtal uévo amd To x Kl TO 71, Ko Ol aTtd kATolo €. 'ETol yio kABe TTROyUOTIKG X €ouue

1 n+1
=1+x+X2+--+24+ . (11.8)
1—x 1-—x
"Etal €xouue
Xt X X t2(n+1)
tan_1x=f :f(1—t2+t4—---+(—1)”t2")dt+f dt
0 1+ 2 0 0 1+72
3 5 2n+1 X 2n+2
x°  x X t
=x——+——---+ (-1 +f dt
3 5 2n+1  Jyg 1+
Ko ™m+2 x| 2n+2 Ix| m+3
X t n+ X| t n+ X x n+
f 2a!t‘:f thsf 22 gy = W ,
o 1+1¢ o 1+t 0 2n+3
KATA GUVETTELQL .
) X3 x5 ; x2n+1 |x|2n+3
tan x—(x——+——---+(—1) < .
3 5 2n+1 2n+3

TNo kdBe x pe x| < 1 1o del uéhog tng avieétntag teivel oto 0 KaBOS n — oo, Egtouévag

x3 5 2n+1

-1 n
t =xX—-——=+—=—--+(-1 +
am xX=XTF TS D T

-1<x<1 (11.9)

M madatAeven cuvémela tng (11.9), emredn tan"'1 = /4, elvax n 16éTNTOL

[e9)

Vg 1 1 1 1 1
—=l-=—+ ===+ + (=" o= -1)" .
4 3 5 7 ( )2n+1 ;0( )2n+1

Aoxknon 11.2. Na Beebel To avdgttuyuwa Maclaurin tng f(x) = log(1+ x) kab®dg kot To StdaTnUo
oUYRALGNG TG SuvapocelRdc.

IMaedderyua 11.6. Na Peebel To avdmruynua Maclaurin tng
X
fe)=1—.
— X
Zntdue €va avAaITuyuo TG LoRENG
fx)=ap+aix+agx® + -+ apx" +-- .

Y& OTOLASNTIOTE TERITMTOWON 0L GUVTEAEGTES TG GeLRAS divovion amd tnv (11.5). IMaga-
TnEovue OUws OTL

f&) = Xﬁ
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Kotd cuvéTtela yo x| < 1

fO) =xA+x+x2+--- 42" +--)

=x+ X+ +-+ x4

"Etol

f(x):%:Zx” “1<x<l,

n=1

Mapdderyua 11.7. Na Peedel to avdrtuyua Taylor ye kévrtgo to x = 1 Tng
f = —
Zntdue €va avAaITuyuo TG LoEENG
f) =ap+a(x-D+agx—1*+-- +a,(x- D"+

Xpnaowomolovue TTAAM Tn YEOUETELKN GELRA Kol YOAPOUUE

x  x—-1+41 x-1+41 1 x-1+1 _(x—l 1) 1
83—-x 3-(x-1+1) 2-@x-1) 2ARG-DR, \ 2  2/1-(x-1)/2
row i [(x — 1)/2] < 1 éxovue
— _ _1)\2 1\
X :(.X_l l)(1+x_1+u+...+(x 1) +)
3—-x 2 2 2 22 22
_ —_1)2 _ 1\ _1\2 _ 1\
_ X 1+(x 1) +A\. (x=1) +.“+1 x—-1 (x 1) +(x 1)
2 22 22 2 22 23 n+l
1 1 1 1
:§+(2 )(x—1)+(—+—)(x—1) + - (2" 2n+1)(x—1) +
1
:§+—( —1)+—(x—1) + - 2n+1(x_1) + -

n ogola GuykAivel yio |x — 1| < 2.

IMoedderypa 11.8 (H exkBetikn oelpd). Ocmpovue tn cuvdeinon f(x) = e* ko Sapoe-

@ohvouue th oelpd Maclaurin tng f(x)

o S7(0) o 1
Z p ﬂ:ZHx".

n=0 n=0
Emeidn T N | |
fim DT ™ im -0,
n—o0 1/[7’!'] n—oo (n+1)‘ n—ooon+1

n axtivo cUyrAong tng oelpds eivor R = +co, dnladn 1o Sidotnpa cuykMong tng
Suvayoaelpdg eivar oAdkAnEo to R. Xto IMopdderyua 9.11 Seitaue 6L n celpd Maclaurin
e e* GuykAivel gtnv e*, Selyvovtag 6Tt To vItdAotTto R, Telvel GTo undev kabwg n — oo,
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£101
2 X"

— 1 X
Z— S T S
n! 1 2! n!

SnAadn n duvagocelpd cuykAiver yia kdbe x € R gto e*.

—00 < X < +00

IMaedderyua 11.9. Na Peedel to avdmtuyna Taylor tng e* yvpow amd 1o x = a # 0.

AYNAMOZXZEIPEX

To Oewponua 11.4 pag diver Tov TEOITO VITOAOYIGULOU TV GUVTIEAEGTOV. AvT avtol da

yencostoticouye to ovdsituyua Maclaurin tng . ‘Etou yia kG0e x € R €youvue

(\

S

€ n € n
_ xX—a xX—a ]
e 4 = E u:‘aex:eag g 0ToTE
n!
n=0

|
= n:

i — x—a)”.
n=0

IMoeadeiyuata avaAVTIKOV GUVAQTRGE®WV

Y1n guvéxela divoupe GUYKEVTEWTIKA KATTOW GUYXVA GuvavTdueva avasttiyuota Maclaurin stou

elte eldaye uéypl T N usrogovue va detEouue.

2

x
—1+x+§+§ —Zn' T <X < F00
2 4 © on
SRR N VA Y _
2. cosx=1 2!+4! _HZ::O( 1) @l 00 < X < 400
3 5 2n+1
M=y X .8 n -
3. sinx =x 31t 5 Z( 1)'—— S 00 < X < 400
1 (o)
4, =1+x+x2+x3+---=2x", -1<x<1
1-x
2 3 xn
= —F— —_—— s . = I’ll —_
5. log(1+x) = x 2+3 Z( i) l<x<l1
3 5 7 2n+1 © 2n+1
-1 _ iy & x___ _ _ n'x _
A (-1) _Z( D'g—. l<x<l
n=0
-1 ~ (-2 =
.(1+x)“=1+ax+a(a )x2+a/(0/ e )x3+---:z YW aeR, -1<x<1
2! 3! Li\n
4mou
-1--- —-n+1
@ =1 Kol @ =a(a )---la-n+l n=12,...
0 n n!

0 n celpd TepuatigeTal.
< x <1 Edv

H oegpd avtit elvor n Stwvoutkn cepd. Edv @ € N n o =
Edv @ > 0 adlAd dev elvon @uaikds n Gelpd GuykAivel amoAvtog yio —1
-1 < a <0 n oepd cuykAivel yia —1 < x < 1. Av @ < -1 n gelpd cuyrAlvel edv —1 < x < 1.
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Hapedderyua 11.10. Na Beebel to avdsttuyuwo Maclaurin tng

1+x

—, X # =£1,
1-x

f0 = 5 log

KOOGS KAl To dtdoTnwo GUYKALGNG.

Emeidn

1+ x
1-x

1 1
= 510g|l+xl—§log|1—x|

1
1
2 Og‘

aIto TO AVAITTUYLO GTO 3. yid X, —x € (—1,1] wodvvaua yia —1 < —x < 1, €xouue,

11 1+x 1( x2+x3 ) 1( e x3+ ) 1< x<1
—log|——| = — - B [ -, i
2 Bli—xT2\" T2 "3 A\ T2 T3 *
x3 x2n—1
=X+t +oe -1<x<1
3 2n -1

1 SloPoEETIKA

1 ‘1+x 1 (M dt 1 (M dt fx dt
—log = - — + = — =
2 2Jo 1+t 2 Jy 1-1 o 1-12

omdte yio —1 < x <1 amwd to Oedponua 11.4 vitodoyigovue

1-x

L
— 10
2 %% |1«

X
:f(1+t2+t4+m+t2”+~-)dt
0
XS X5 2n—1

= A\ + Y% =
3 B} 2n-1

+ ...

Mapedderyua 11.11. Na Beebel o avdmttuyua Maclaurin tng f(x) = a*, émov a > 0.

Avti va yenowomomcovpe tnv (11.5) yia thv €0Qecn TOV GUVTEAEGTOV TNG GERAS, TTO-

QATNEWVTAGS OTL
log a*

a=e exlog a

agtd To avdirtuypo tng 0TIk Gelpds TTalpvouue

(log a)?x* . (log a)"x" e — (loga)”

! ! !
2! n! —  nl

a*=1+logax+ x", —00 < X < 400,

IMopoatneovue GTL Vi a = e n Suvauooelpd avayeTal Ge AUTAV TS eKBETIKNG cUVAETNONG.
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11.4 To ywduevo duvauocelpwv

Av n cewpd 377 o an(x = xo)" €xer axtiva giykMong R > 0, téte yia kdbe x € R waw b # 0 agwd

TIC WOOTNTEG TV GELQWV €XOVUE

(o)

bx Z an(x — x0)" = [b(x = x0) + bxo] Z an(x — xo)"

n=0 n=0

= > bay(x— x0)"" + ) bxoay(x - xo)"
n=0 n=0

(o9

= bagxgy + Z blan—1 + axp)(x — xo)"

n=1
ko n tedevtaio ék@eacn eivar Suvauocelpd ye axtiva cvykMong ton ue R, BAgme Tlopddeyuo
11.6. "Ouowa av

p(x) = bo + bi(x — x0) + -+ + by (x = x0)"

elvar éva woAv®vupo Babuov m, ToTe

[

p(x) i an(x — xp)" = (i by(x — xo)”)(z an(x - xO)”)
n=0 n=0

n=0
= [bo + b1(x — x0) + -+ + bu(x — x0)"|[ao + a1(x — x0) + -+ + @m(x — x0)" + -]
= aob() + (a0b1 + albo)(x N Xo) + (aobz + a1b1 + agb())(x — X())z + -

+ (agby + a1bp—1 + -+ + aybo)(x — x0)t H -

ue b, = 0 av n > m, koL n gelRd-ywduevo €xel aktiva cUykMong {on ue R. Ag vitofécouue T
6T n duvapocelpd 37 o by(x — xp)" €xel artiva cUykAiong {on ue Ry, Ko ag SlAUoQ@®GOvUE Tn

Suvayoaelpd-yvéuevo

oo [

(D e~ xo)")(i b= x)) = Y elr-x) we o= Z b (11.10)
n=0 k=0

n=0 n=0

H Suvapoced 37 ci(x — xo)" émwg opigetan otnv (11.10) Aéyetan ywvéuevo Cauchy tov
Suvapocelpdv 27 o a(x = xo)" ko 2 o bu(x — x0)". To gpdtna wov Aoyikd arkolovbel eivon
Jtold elvor n aktiva gUykMong tng duvauocelpds-yivouevo;

Oconua 11.7. Ectw 611 ot Suvapocelpés f(x) = 37 o an(x — xo)" ko g(x) = 2.7 o bu(x —
Xo)" &ovv aktives ovykMiong Ry > 0 kar R, > 0 avticToiya. To ywduevo twv Suvauo-
ogelpav fg eival n Suvayocelpd JTov 0QICETAL UE TN GYEGN

[

J(0glx) = Z cn(x = x0)", ooV ¢y = Z arbp—

n=0 k=0

Ko €xel aktiva cUuykAiong R > min{Ry, R,}.

Agrédeién. Mmogovue va dewencovue 6Tl xg = 0. 'Ectw p = min{Ry,R,}, téTe av |[x| < p o
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Suvapoacelpég f(x) kar g(x) GUYRALVOUV KoL LGYVELLOUAGTE OTL

F(8(x) = (ap + arx + agx® + -+ apxk + - Yo + bix + box® + - + bpxF +--)
= aobo + (a0b1 + albo)x + (Clobz + a1b1 + azbo)x2 + -

+ (a()bk + albk_l + a2bk_2 + -+ akbo)xk +....

Oétouue

n n

A= @k, Bu= ) bk, G0 =) e, da(x) = Bu(x) - ().
k=0

k=0 k=0

Tote Ap(x) — f(x), Bu(x) — g(x) ko dy(x) = 0 RabBiS n — oo GT10 |X| < p. Oa delgovue 4T
Cu(x) = f(0)g(x).

Cn(x) = apbg + (apby + aibo)x + - - - + (aob, + a1by—1 + asb,—2 + - - + a,bo)X"
=ag(bo + bix + -+ bpxX") + ay(bg + - - - + by—1x") + - - - + aybox"
= agB,(x) + a1xBu_1(x) + - - + a,x" By(x)
= agld(x) + g(x)] + arxldp-1(x) + g(X)] + - -+ + @y X" [do(x) + g(x)]
= An(x)g(x) + (aodn(x) + a1xdy-1(x) + - - - + a,x"do(x))

Apapavtog f(x)g(x) kar agtd ta dVo YéAn Tng 1IGOTRTAS Kol TTaipvovTag agtoivutes TWwES Pol-

GKOUUE
IC(x) = f(0)g(0)] < |An(x) = fFOllgO] + laody(x) + arxdy-1(x) + - - - + anx"do (). (1111

‘Ecto x| < p kot éotw A*(x) = 257, laxxk|. Emedn d,(x) — 0 n axorovdio (|d,(x))) eivar
@eayuévn, €atm AotV |d,(x)| < M(x) you kdBe n. Ta € > 0 vtdxer N dote

il <e  Ylafl<e A0 -fWl<e
k=N

yia n > N, 101 Yo n > 2N €xouvue

n

> apddy, ()

k=0

< laodn(X) + -+ + ap-y X" VA ()] + lan-n 1 X"V dy_1(x) + -+ + apxdo(x)|

-N —-N+1
< ellaol + -+ +lann ) + (| max 1 ol)(nward M -+ a2

< eA"(x) + M(x) Z lax x|
k=n—N+1

< e(A"(x) + M(x))
emwewdn n— N +1> N. "Etal agtd tnv (11.11) €xovue
ICn(x) = f(0(X)] < €(lg(x)] + A (x) + M(x)), 1112)

YEYOVOG oV arrodetkviel Tov 1oxveloud uag. H cepd 3,7, crx® Guykivel omotednTtote |x| < p
KOTd guvéTtelo av R elval n axktiva giykMaong Touv ywvouévov, tote R > p. |
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11.5 H amodeign tov Ocmwoenuatog 11.4

Ytnv amddetgn tov demenuatog Jo xEnGLLOTIOAGoUUE KATTOW AVEEGQTNTO OITTOTEAEGUATO T

oTtola TOQOVGLATOVUE WS ARULATOL.
Anppa 11.1. Av 0 <6 < 1, tdte lim,—oo n0™ = 0.

Agrébeién tov Ariyuatog. Av 0 < 6 < 1, n cepd 2>, nd" GuykAivel. ITpdywott epaudcovtog
TO KQUTAQELO TNG EITag €yovue

lim Vné" =6 lim n=6 < 1,

n—oo n—o0
GUVETIOC 0 n-0GTOS 6QOG TG GelRdg telvel ato undév, dnAadn lim,_,. nd" = 0. O
Anppo 11.2. ’Ectw R > 0 kat é0tw [w| < R. Av |h| < (R — |w|)/2, 101¢

w+h"—w"
h

<Gl 2 )

yia kafen=12,....
Amoéberén tov Aripuatog. ATto 1o Sunvuukd demenia vItoAoyigouvue

< ok k n n—1
[Z(k)w h —w]—nw

k=0

n
Yk k n—1
h* —
> (k) m

n—1

w+h)t—w"
— ' =

h

S| =

R‘I'—‘

n

I’l) n— khk—l _ I’an_l
1

(Z)Wn—k sy

"Eotw 6T A < (R —|w])/2 amd tnv mwoamtdve Ttautdtnta Jraipvouue

-1 < Ih| Zn: (Z)|W|n—k|h|k—2
<|h|Z() ™ k( le)k—2
alnl <A (n\, (R~ W
:(R—|w|)2;(k)|w| k( 2 )
4|h| = (n . R — |w|\¥
S<R—|w|>2,;)(k)'w' =)

4l R~ wly"
[+ =)

SII

=2

Ww+h'—w'
"

T R-w)? 2
4l (R + [wl )
C(R-wh2\ 2

To oTolo elvan 4,11 FéAovue va agrodelEouye. |
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Agrodeign Tov Ocwpripatos. (1) Agkel va amodelEovue to dewdpnua yio 0 < R < oo (yoti;).
BHMA I. Aglyvouue 6Tt n gelpd oty (11.4) cuykAivel ostoAT®S av |x — xg| < R.

"EGtm O0TL |[x — xp| = ¥ < R, kot €6t r < s < R. To Adypa 11.1 egacpaliicer tnv YItaQEn @uaikov
aQbuov N wate n(r/s)* < r, av n > N, i igodvvaua < g1, yio KG0e n > N, Katd GUVETTELQ
nla,||lx — xo/"! < |a,|s” yio kGBe n > N. Egouévag

o0 [e) (o)
Z nlan|lx = xol" ! < Z la,|s" < Z |a,|s" < oo
n=N n=N n=0

apov s < R. Katd cuvémela n 6ewpd 37 nay(x — X0)"! GuykAivel amoAUTOS Yol [x — x| < R.
‘Ectm

o0

g(x) = Z nay,(x — x())”_1 = a1 + 2as(x — xg) + 3az(x — xo)2 +---, |x = x0| < R.
n=1
BHMA 2. Aelyvouue 61l f'(x) = g(x) 6To ddotnua |x — x| < R.
Av |x — xo| < R xou h té€tolo Wote |x + h — xg| < R viwoloyicovue

(o0

f(x+h) - f(x) :Za (x+h—x0)" = (x—x0)" :al+ia (x+h—x0)" = (x = xp)"

h n=0 h n=2 h

oTToTE

’f(X+h)—f(X) ’ ’i [(X+h—xO)” (x — xo)"
h

; = (= x0)"|

(x+h—x0)" = (x—x0)
h

— n(x — xo)" !

agt’ 6TTOV KAVOVTACS XENRoN Tov astotelécuatog tov Anuuatog 11.2 yia [k < (R—|x—xol)/2 €xouvue

Fee+h) = £ Al R+ |x ol ApM
—_— - g(X)} < A ZI i ) = (1113)

h (R —|x — xo|)? Ix — xo)%’

é1Tov
= R + |x — xo| \*
M= (=)

UG KO I GELRA GUYKALVEL, apoV |x — xg| < R kaw (|x — x| + R)/2 < R. Amé tn (11.13) émeton 611
T0 6o KABWS i — 0 oTo 0ELoTERD UEAOG VITdEXEL KoL elvan (GO pe undév, Ioduvauo

f(X+h) f(x)

h—>0

=g(0),

ouvemds f'(x) = g(x), oto Sdotnua |x — xp| < R. AelEaue 611 av n ced X, du(x — xp)"
ouykAivel gto Sidotnuo |x — x| < R téte

(o)

(i a0 = S =50 = 3 nanr - 0!

n=0 n=0 n=1
yia kGO |x — xp| < R. ‘Ouora 6o (6o Sidatnua

(i nay(x — xO)”‘l)l = i n(n — Day(x — x0)" 2,

n=1 n=2
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KAO®OS KoL
dk X n X n—
E(Zan(x—xo) )= Zn(n—1)---(n—k+1)an(x—x0) k
n=0 n=k

OTtO¢ uropel vo Serybel eTTaywyikd.

(2) Av gto SudoTnua améAvutng gvykMong |x — xo| < R 9écovue f(x) = X7 an(x — xp)", ToTE
agtd thv tedevtala oyéon €meton OTL f(k)(xo) =k(k—1)---1a; = kla; amd tnv omoia £TmeTon TO
ntovyevo.

(3) "Ecto |x — xg| < R ko €6T® QUGIKOS aQBuos N date |x — xp|/N < 1. Av n > N, tdte

la| 1 |x — xol
n 1I(x—xO)”+ | < lanllx = xol" < laullx = xo!",
£T0L
> I = x0)" < < " lanllx = xol" < +eo,
n=N n=N

KaTd GuVETTELQL N GERA D dp/(n+ 1) (x — x0)"™! GuykAivel amoAUTHS av |x — x| < R. OétovTag

[

an +1
Fry= ) ——(x-x)"™',  |x—xol <R,
n:On+1

aTté 1o TEMTO UEROS Tov Jewpnuatog, £rteton 6TL F/(x) = f(x), SnAadn n F efvon pio wopdyovao
Tng duvauocelpdg f, emouévwg

(9]

ff(x)dx =F()+c=) n“:1

n=0

(x—x0)" " +¢,

ylo kdBe x ue |x — xp| < R, dmwou ¢ elvan wa gTabepd. O

Aoxknoelg

1. Av n duvapocelpd

[

fo) =) anx"

n=0
€xel aktiva cuykMong R > 0, va Peebel To didotnua arréiving GUykMong twv

@) gl = flax),  a#0. @) gx) = fx-a), a#0.

2. Na Beebel to avdmruypa Maclaurin kobdg kat To didoTnpa cUykMong yio kdbe po agtd
TIG GUVOQTNGELS

no ) 9%,
@ V)

®) log(x? +1). (8) xsin g () sin® x.

Yat68even: sin® x = (1 — cos 2x)/2.

3. Ymoloyiote Toug GUVTEAEGTES @, GTO avdsttuyuo Maclaurin

sm(2x+ ) Zanx

n=0
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4. "Ectw 6TL n duvauocepd >0 a,x" cuyrAivel yia x = —3 kot atokAiver yio x = 4. Ti
n=0
ugtoel va eltwbel oxeTkdG ue Tn GUYKRALON KAOE Wag aItd TG GELRES

@) i a. ®) i an2". V) i ap3". @®) i apd".
n=0 n=0 n=0 n=0

5. Na Beebel n axtiva giyrlong ko To Sidotnua GUYKMONG yio KAOe wa amsd Tig Gelpég

@ ZO 2 ©) 2’1(2# t9) 2}(1—(—2)“))&
S 00 n w0 p

®) ;n+1' €) 2, (xn;—ni) n) Z(l_i_%) X

W) g;—z ©) Z( 1)n 2n+1 @) 2, %

6. E4v a xar b eivan detikol moayuatikol apBuol, va Beebdel n aktiva clykMong kal 1o
Sudotnua giykMong ylo kdbe wo agtd TS GELRES

(@) ianzxn, a<l. ®) i(‘;_n+ %)xn V) ianiﬂbn-
n=0 =1 =

7. Edv n aktiva odykMong tng duvapocelpds Y7 a, X" va Beebel n axtiva ciykMong yio
KG0e wol aItd Tig

(@) ianxz”- ®) Z Sn g, ) ianZ”x”.
n=0 n=0

8. T kdBe wa ard Tic duvanocelpés va Peebel To didoTnua GUykAGNS KAB®S Kal To 6ELo

@) x+x° 4+ + - @) X+ + 7+
(B’)E‘FL‘FL""“ @) x+ al +—x +

x  x2 X 1+x  (1+x)?2
V) 1-2x+4x* +x° —--- M) x—2x* +3x3 + -
11 1, ) (logx)? (logx)®
©®) 5x—4x +8x . @) 1+logx+ 91 + 30
(€) logx + (log x)* + (log x)° + - - W) 1+ +e +e 4.

9. H cuvdgptnon f opigetal ue tn agxéon

f(x)—1+2x+x 23 + x40 + x5+ Zanx
n=0
ue agy = 1 kat agp1 =2, yio n = 0,1,2,... No Beebel To Sidotnpa ciyrMong tng Gelpdc

KOOOG KoL 0 TUTIOC TnG guvdETnong f.
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10. Ymobétouvue 4L n guvdptnon y = y(x) elvow AVon tng StopoQikng £E6mMENG Kol LKOVO-
Ttolel Tnv aQykn cuvOnkn, avtictoya

y=xy, y0)=1

YmoBétovtag 6t y = 220:0 apXx", OVTIKATAGTAOTE GTnV €£l6man Kol VITOALOVTAS TOug
GUVTEAEGTES d, TTEOGOLOENGTE TNV SUVOULOGELQE Kol €TGL KoL TV GUVAQTNGN Y.



Ke@dAoo 12

O guvaptneeg log, exp, sin, CoS

12.1 H ocvvdgetnon AoydeiBuocg

H 1/x eivon cuvexng ato (0, +00) kotd cuvémela n guvdeTnon

L(x) = flx % dt, x>0, az.1n
opitetaw. EmmimAéov amd Tig 18dTNTES TOU OAOKANQMOUATOS GUVAYETAL OTL:
i Lx)<0avx<l1 LA) =0, kaw L(x) >0 av x > 1.
(il) H L eivar stapaywyicwn kar L'(x) = 1/x > 0.
(iii) H L eivar yvnoiong avgovoa, apov L'(x) > 0.
@iv) H L agtewovicer To (0, +00) emi Tov R. Aelyvouue ém

lim L(x) = +oo, KOl lim L(x) = —oo. 12.2)

X—+00 x—0+

"1
L(n) = f—dx
1 1
f dx+f —dx+- f —dx
2 n-1X%

>—+—+
2 3 n

"Ectw M > 0. Egteldn n oguoviki celpd agtokAiver vTtdyel detikog axképarog N date

INa n € N éyouue

1
-+ -4+ =>M,
2 3 N

T01e, emedn n L eivon avgovoa, ywa kdbe x > N émeton otv L(x) > L(N) > M, kotd
ouvémela lim,_, o L(Xx) = +00. Egtiong viroAoyicovtag

1/n 1
L(1/n) = f ~dx
1 X

" 1 1 1
= f y(——z)dy x=-, dx= ) dy
1 y y y

279
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agrd tnv teAevtalo avigdtnto Jroipvouue

1 1 1
L/ = ~Ly < ~(5+ 5+ + =)

ast’ éov €rmeTon Ot limy—,04 L(x) = —o0.

AAyeBokég 1816TnTEG TNG GuvdQTneng L
Iedtaon 12.1. Av x>0,y > 0 kot p € R igxvovv ot viuor
(1) L(xy) = L(x) + L(y).
(2) L(1/x) = —L(x).
(3) L(x/y) = L(x) — L(y).
(4) L(xP) = pL(x).

Agtobeién. (1) Até tov opioud tng cuvdetnong L agov xy > 0 viwoloyitouue

Xyl
L(xy):f -dt
1 I
1 t 1
:f_ds s=-, ds=-dt
1y S y y
| l/yl
=f —ds—f —ds
1 S 1S
1 Y1
Zf —ds+f—dl’ r
1 S 1 r

= L(x) + L(y).

(2) Agot L(1) = 0 yia x > 0, amé v (1) Taigvovue
L() = L(x/x) = 0 = L(x) + L(1/x) = L(1/x) = —=L(x).
(3) ATé g (1) ko (2) viroloyigovue
L(x/y) = L(x) + L(1/y) = L(x) — L(1/y).

(4) Ko 7tdM 07té Tov 0Quoud tng guvdptnong L viwoloyitouue

x? 1
L(x?) :f -dt
1t

tp
:f Zds t=sP, dtzpsp_lds
1 S

= pL(x).

H amrddeign etvon tangng. |
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Opwoudg 12.1. Opitovue tn Guvdptnon AoydeiBuo log ue tn ayéon

X
1
logsz(x)zf ;dt, x> 0.
1

Haeatngnon 12.1. H cuvdptnon L givor wa yvnoing ovgovca guvdptnon ue L((0, +o0)) = R,
Katd Guvémela vITdEyer n aviicteoen cuvdptnon L7l : R — (0,+00), n otoia eivar emiong
yvnoiwg povétovn kot topaywyicn. EmgtAéov vmdoxer povadikds apbuds e > 1, apov L(1) =
0, ue L(e) = 1, wo8vvapa L7I(1) = e. Ao v irétnta (4) émeton 6T yio kKGOe p € R eivon
L(e?) = pL(e) = p katd cuvémela

LYx) = ¢, x€R, 12.3)

a@oV aIrd TOV 0QLGUO TNG AVTIGTEOPNS GUVARTNGNG L(L7(x)) = x.
Avx=L""s)> 0k y=L7Yt) > 0 ue s, € R, 61 36 tnv 1Srétnta (1) ng guvdETNONg
L grpokvTtel
s+1t=Lx)+ L) = L(xy) = L (s + 1) = L (L(xy)) = x,

GUVETTOG

LY s+ =LYs)L\(0) 12.4)

ylo. GAOVUG TOUGS TEAYULATIKOUGS 0liuovs s kot ¢. Eidikd ywa s = ¢ stalgvouue L7120 = (L7\(1))?,
vevikdtepa, Ll (nt) = (L71(1))" yio kdbe @uokd apud n (yoti;). Ewdkd yia ¢ = 1 oyt
L™ (n) = (L))"

Acknon 12.1 (Idiétnteg tng L. "Ecto h = L. Awé tov opioud g h émetar 6t h(0) = 1
kot A(x) > 0 yio kKABe TTEAYULATIKG QBRSO X.

(@) Aelgte 6T yo kdBe x,y € R woyvouv ov idoTnteg
h(x+y) = h(0h(y),  h(-=x) =1/h(x),  h(x—y) = h(x)/h(y).
Ynyetdvouue 4T n weadTn wWidtnta elvar n (12.4).
B) Hapaywyitovtag tn oxéon L(h(x)) = x delte 6T
h'(x) = h(x)
yia kdbe x € R.

() Aelgoue atnv Iagatripnon 12.1 61 hA(nx) = (h(x))* ko h(n) = (h(1))" yio kdBe JeTikd
akéeano n kol yia kdbe x € R. Aglgte 6L yio kGBe pntd apbud n/m woyvel

h(n/m) = (h(1))"™

KO GUUTIEQAVATE ATtd Ty GuVEXELR Tng A, 6Tt A(x) = (h(1))* yio kGOe TTEOYULATIKG 0.QLOUS
X.
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12.2 H exkbBetikn cuvaetnon

Oewpovue Tnv duvoUocelEd

x  x2 X8 x" o "
+—-—4+=4+—++—=4+-.-=

| 1 | 1 P
1 2! 3! n! i n!

yia Ty oTtotlal vItoAoyicovtag tnv aktiva ciyrMong Beicorouue

1/n! (n+1
R=tim —" im0 D e D) = oo
n—eo 1/(n+1)!  nooo n! n—0o0

"E1GL umtopovye va opigovue th guvdotnon
L 2y X"
E(x)=z_=1+f+x_+x—+-..+—+.--, —00 < x < +00. (12.5)

] | f ] !
“n! 1 2! 3! n!

AT6 T0 OgueM®ddec Oewonuo Twv Avvouocelpwy €metan Tl n E €xel Topayodyous SAwvV Twv
Tdgewv 610 R kou awd tnv (12.5) vitodoyitovue

2 -1
E’(x):l+2£+3x—+---+n—+---

2! 3! n!

2 x3 X"
=l+x+—4+ =+ +—=+---

2! 3! n!

= E(x)
emouévag EM(x) = E(x), yio kKGO @uGtkd apfud n kot yia kdde x € R.
IMpotaon 12.2. INa kdabe cevydpl wpayuatikdv apibuwv x kat y icxvel E(x)E(y) = E(x + y).

Agtobeién. Two x,y € R n kd0e wa aird g duvapuooelpés

[Se]

X, B
E)= ) " E()= > i
’ n=0

n=0

éxel aktiva gUykMong (on ue +oo, KATd cuvémtela amd o Oeswonua 11.7 émtetor 4Tt To yvéuevo
TV SUVaULOGELR®OV 0plteToL Yio KAOE ¢ KoL
[e9)

E(DE(t) = Z ry z—

n=0 n=0

’ .
{‘:0 (kxi j)!i'j}’k
k

{Z (k - J)‘J' yj}tk

(x+ )k y
k!

8

3|><

1
M 1M I
EI»—

>~
Il

0
x+y(l),

0

dTov YeEnoworoncGate to Stwvuuko dewopnuoa, (x + k= Z ( ) =iyl Twt =1 TTQOKVITTEL
TO ¢NTOVUEVO. m|
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IMpotaon 12.3. H cguvdptnon E eivar Jetiki kal yvnoiong avgovea ato R.

Agrobeién. Amo tov oploud tng E gropatngovue 6t E(x) > 1 yia kdBe x > 0. Ag vmoBéaouue
6Tt vTtdyetl xo € R wote E(xg) = 0. Téte agd tnv Ipdtaon 12.2 émeton 6Tt yia kdbe x € R

E(x)=E(x—x9+ x9) = E(x = x0)E(x0) = 0.

Avutd Suwg eivar dromto, katd cuvémela E(x) # 0 yo kdbe meayuatikd aueud x. Amé tn
ouvéyelo tng E €metan 6Tt E(x) > 0 yia kdBe x € R. Emiong

E'(x)=E(x)>0
kotd guvéTtela n E eivar yvnelog avgovsa cuvdotnon. |

[opwopa 12.1. I'a thv guvdptnon E 1Gyvovv emistAéov ol 1610TnTES
(1D E(—x) = 1/E(x) yia kdBe mpayuatiko apifuo x.
(2) E(x—y) = E(x)/E(y) yia kdbe fevydpl TEAYUATIKOV QQLOUGY X KL Y.

Agroderén. T kGOe TTEOYUATIKG 0QOUd x elvon

E(0) = E(x= %) = EWE(-x) = 1 = EQWE(-x) = E(-x) = ﬁ

apov E(x) # 0. Extiong yia x,y € R da elvon

1
E(x-y) = E(0)E(-y) = E(X)E—(y)

TTov elvan To gnrovyevo. m|

IIpotaon 12.4. H E eivar n avticTtpopn cuvdetnon tng L.

Agobeign. Aelyvouvue 611 yia kdbe x € R eivan L(E(x)) = x. Am6 tov kavéva tng alvucidag

Jraipvouue

d ’ ’ _ L _
EE(L(X)) = L'(E(xX)E"(x) = E(x)E(x) =1,

a@ov dL(t)/dt = 1/t, katd cuvémela L(E(x)) = x+c¢, yio kdgtolo otabepd ¢. Aslyvovue 611 ¢ = 0.
TNo x =0 eivan E(0) = 1, o gtabepds 6pog tng Suvauocelpds, omoTe

LEEO)=c=>L1)=c=0=c.

‘Etou teMikd éxovue L(E(x)) = x, ouvemog L' = E. O

Opwouoc 12.2. Oplcovye tnv eKOETIKN GUVAQRTNGN exp Ue Tn GYEon

* 2

x" x"
expsz(x)zz—=1+—+—+"'+—+"" —00 < x < +00.
n: . . n:
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Haeatngnon 12.2. Awé tnv Ipdtacn 12.4 €meton 6t log™! = exp ko amd TV povadkéTRTA

ng aviiotpoeng cuvdptnong uéow tng (12.3) maigvovue 6L

o0
X 2

x"
expx = —=1l+—+—=—+ -+ —+---=¢, —00 < x < 00,
n! 1 2! n!

o6TT0V, Yuuitovue, e elval o TEAYUATIKOS 0EBUos yia tov ogtolo loge = 1. "Etal

(o8]

1 1
e=expl Z —1+1+—+ k=
n:

Eni ;tAéov amd tn guuttepupopd tng log kabwg x — +oo0 1 x — 0+, PAére (12.2), émetor 6L

lim expx =0, KOl lim expx = +oco.

X——00 X—+00

12.3 O 6vvaptneelg nuitovo kot Guvnuitovo

‘OTteg n exBeTIKA GELRA £€TGL KO 1L

3 5 2n+1 2n+1

X n
oty otV G E Z( )(2n+1)'

éxel dmepn axtiva ovykhong. Ipdyuatt yedeovtog

3 5 2n+1 2 4 2n )

X X X X
(D) 4= (1__ (=)
S TR s s I R VIR T s

n agQylkn celpd GuykAlver yio 6Aa Ta X yla To oTmolo n gelpd oTnv ToEévlecn GuykALvel.

2

O<tovtag f = —x° n gelpd gtny JTaEévbeon yivetal

2

t
1+ =+ —+--+ .
3! 5! (2n+1)’ Z:(211-1-1)'

omdte n aktiva guykMong givan

1/2n + 1)!
R = lim L = lim (2n + 2)(2n + 3) = +oo.
n—o 1/(2(n+1) +1)!  n-oe

‘ETGL n QK Gelpd GUYKALVEL OTTOAMITOG GTO —00 < —x? < 400, i, —00 < X < +00. Mitoovue

ETOUEVWOS va, opigouye Tn cuvdeTnon

2n+1 3 S5 x2n+1

n = —x_ x_—--- —_ n— .. —0 [o)e]
S(x)—Z( Vo= s s Y Gt <x<+o0  (126)

H wopdywyog tng S €yel kow auth dieipn oktiva cuykMong kol av opicovue C(x) = S'(x),
T0TE

2n xZ 4 2n

S nx — X n
C(X)Z;O(_l) A T YU T T

—00 < x < 400, 12.7
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ITapatnpovue 4Tt

2 A 2n | X2 ’
C’ :(1__ (=D By | — )
@) ot Tt e TV et
3 2n-1 2n+1
SO G N Y G (5
1! 3! 2n -1)! @2n+1)!
BP0 L x2n
:—(x—§+a—"'+(—1) W‘F"'):—S(X).
"Exouvue AOLTTOV TIC GYEGELS
S’ (x) = C(x) kow  C'(x) = -S(x) (12.8)
aIt’ 6TToV €TMETAL OTL
S”"(x)+S(x)=0 KOl C"(x)+C(x)=0 12.9)
eqiong
S0)=0 KoL c) =1 (12.10)

IIpétacn 12.5. Ia kdbe x € R igyvet
S2(x) + C*(x) = 1.

AméSeién. Bsmpovue ™ cuvdptnon f(x) = S2(x)+C?(x). H f eivon Tapayoyicwn ce oASkAnn
TNV ITEAYUATIKA gvbela kKOl ATt TOV Kavova Tng aAvacidag, uécm tng (12.8) maipvouue

(%) =25(x)S’(x) + 2C(x)C’"(x) = 2S5 (x)C(x) — 2C(x)S(x) = 0

yia kdbe x € R. Katd cuvémela n f elvon gtabepn, omdte f(x) = f(0) = 1, amwd tnv (12.10), yia
kaBe x € R yeyovdg T0U 0TT08ekviOEL TO TNTOVUEVO. m|

Aueon cvvémelo tng Ilpdtacng 12.5 eivor 1L yia kdBe x to onueio (C(x), S (x)) elvan onueio
g povadiaiog TepLpéelag, 1odvvapa n kaustoin y(x) = (C(x), S(x)), x € R mwepiypdpel tnv
uovadialo Tepupépela. T'a tnv pwovadiaio TeQupépela JeTikd TTEocAvVATOAMGUEVN UE AEYA TO
onpeio A = (1,0) av x > 0 kar P = (C(x), S (x)) To unkog tov tog0v AP eivan {Go ye

fx VIC'OP + [S' ()2 dt = fx VS 2(r) + C2(r) dt
0 0

:f 1dt = x.
0

Av opicouye Tov aQBud m va elval To UAKOC TOU WKEOTEQOV YeTikoV TOLoU aTtd To A GTO

(—1,0) té1e apevdc To Urikog Tng puovadiolag TeQLpEpelag, ard cuuueteia, eivon (o ye 2m ko
QPETEQOV
C(m) =-1, S(m) =0, C(@2n) =1, S(@2r)=0.

Emiong, wdAL agté cvpuetpia, to onueto (0,1) elvan to y(r/2) evd (0,-1) = y(31/2). Two kGOe
JTEAYULOTIKG aliud x €youue

C(2knm + x) = C(x) KOl S (2km + x) = S (x).
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Opioudg 12.3. Opitovue tn cuvdeTnon nuitovo sin Kal Th GUVAETNGN GUVNUITOVO COS
Ue TS GYEGELS

X

x2n+1 B 3 x5 (_1)nx2n+l
— = x- 4L dbooodh et
2n +1)! 3! 5! 2n +1)!

- — 00 < X < 400,

sinx = S(x) = Z(—Dn
n=0

x2n . x2 x4 (_l)nx2n

e T e, — 00 < X < 400,
(2n)! 2! 4! (2n)!

cosx =C(x) = Z(—I)“
n=0

O TUIT0G TOV UWIGOV N HLITAAGLOV TEEOV

IMpotaon 12.6. I'a kabe x € R igxvet
C(2x) = 2C*(x) - 1. (12.11)

AméSeign. Maopovue va, vtodoyicouue v C2 agré To YIVOUEVO SUVOLOGELRHV Kal va, Selfovue
€10l Tnv ntovuevn wooTnTa. Avil ylo vt Thv TIRoggyyien Peiokovue to avdittuyuo Taylor
g C2. Oétoupe f(x) = 2C%(x) kou vITOAoyicovue

f/(x) = 4C(x)C’(x) = —4C(x)S (x)

£ (x) = 48 %(x) — 4C?(x)
f(x) = 85 (x)C(x) + 8C(x)S (x) = 16C(x)S (x)
FW(x) =16C%(x) — 165 %(x)
FO(x) = =32C(x)S (x) — 328 (x)C(x) = —64C(x)S (x)

KO OTTOS umopel vo Serydel eTtaymyikd
fED@) = (- C@)S (), FE0) = (=1 C%x) - 52

v k=0,1,2,.... "Etor f&D0) = 0 kaw f0(0) = (=K, yio k= 0,1,2, ..., ewouévog

4 x2 42 x4 43 X6 4" x2n
2% ) =2- — + —— ——— 4 4 (1) + e
* ST TIT Y
2 2 ) 4 2 6 9 2n
:2_( x) +( X" (2x) +...+(_1)”( x) .
2! 4! 6! (2n)!
=1+ C(2x)
yia k@Be x € R, 61mwe swpokvTrtel amd tov opoud tng C(x). m]
Yuvdvdcovtag tnv (12.11) ue v C? + §2 = 1 wwaipvouue
IIopwoua 12.2. I'a kdbBe x € R woxvet
C(2x) = C%(x) — S%(x) = 2C%(x) -1 =1-252(x), 12.12)

KATA CUVETTELQ

el syl
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Mo S10POoQETIKI TTEOGEYYIGN

O ggiowoeig (12.9) ko o cuvbnkeg (12.10) TtR0GSL0RITOVY povadikd Tig cuvagtioels S kai C.
‘Ocov a@od TS €§l0aels kABe wo amrd g S kar C kovoTtolel Ty Sta@oeikn £€icoon
O0evteQEng TAENG

Yy +y=0,

elvar 6TTwWg Aéue AMon tng Stapoking egicmong. Ta 8¢ Tic guvBnkeg gto x = 0 €youvue C(0) =1
ko C’(0) =0, eved S(0) = 0 rar S7(0) = 1.

Ipotaon 12.7. 'EGtw ot n guvdptnon y = f(x) eivar Vo @opés sagaywyiciun 6to R, givai
Adon tng e€lcwong
y'+y=0 (12.14)

KOl IKOVOITOLEL TIC GUVONKES
¥(0) =0, kar  y'(0)=0. (12.15)
Tote f(x) = 0 yia kdbe x € R.

Agrodeén. H f wavottolel tnv e€lowon f(x)+f(x) = 0, yia kdbe x, 07wdTE TOAAATAAGLALOVTOS
ko ta dvo uéin e f’(x) aigvouue

/ 1’ ’ _ ’ 1 / 2 ) 1 2 ’ _
PO @+ @f@=0, i |50 @P| +[5rw| =0
ogt’ dTov €meton 0Tl
Lf ()1 + fA) = ¢ (12.16)
yia kG0e x € R, dwov ¢ efivon wa gtabepd. T x = 0, agté tnv (12.15) Belokouue
FOF +fOF =ce0=c

kotd ouvértela agtd tnv (12.16) reokvIrtel 4L fz(x) = 0, yio kdPe x € R o’ dwov émeton To

ntovyevo. |

Oewonua 12.1. ’Egtw 011 n cuvdptnon y = f(x) givar dvo @opéc mapaywyiciun 6o R,
givar Avon tng ekicwong
Y +y=0 (12.17)

KQl IKAVOTTOLEL TIG GUVONKES
¥(0) = a, kar  y'(0)=b (12.18)

ue a kai b wpayuatikés atabepés. Tote f(x) = aC(x) + bS (x) yia kabe x € R.

Amodeign. Oétovtag g(x) = f(x) — aC(x) — bS (x) vtoloyitovue
g +g=f"+f-alC"+C)-bS"+8)=0
KoL agrd tnv vmtodeon ko thv (12.10)

g(0) = f(0) —aC0)-bS(0)=a-a=0
g’ (0) = f'(0) —aC’(0) = bS’'(0) = b+ aS(0) — bC(0) = 0.
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Emouévws amd tnv Hpdtacn 12.7 émeton 6t g(x) = 0, yo kdBe x, 1codvvaua f(x) = aC(x) +
bS (x). m|

M Swapopikn egicoon omtwg n (12.17) pacl pe Tic aQykéc cuvOnkeg (12.18) Adue 6T
agtoteEAoVV €va TTEOPANUA AQYIK®OV Tw®V. ATdépeota Tov Oewpnuatog 12.1 etvon

II6ewoua 12.3. H Aven 1ov JTEOPARUATOS GQYLKOV TIUWV

Y'+y=0, y0)=1 Yy(0)=0 (12.19)
eivar povadikn kat eivar n'y = C(x).
II6eweua 12.4. H Aven 1ov JTEOPARUATOS GQYLKOV TIUWV

Y'+y=0, y0)=0 y(0)=1 (12.20)
eivar povadikn kat eivar n'y = S (x).

Hagatngnon 12.3. To Oedonua 12.1 urroeel va Statumwbel kol wg €8ng: edv n f elvar Adon
g eglowong y’ +y = 0 1d1e o kdToleg aTabeés a kal b eivar f(x) = aC(x) + bS (x). Me
xeron avtol Tov ATOTEAEGUATOS UIToQOUV va aItodelyBovv SLd@opes TAVTOTNINTES YO TIG
guvagtioels S kot C. Twa tapddetyua av

fx)=Cx+y), xeR
6TToU y efval plo TTARAUETEOS, TOTE
F=Ckx+y)=-Sx+y) rau f)==8"(x+y) =-Clx+y =—f(x),
ETMOUEVWOS Yo KATTOLES oTabeés a kal b elvor
f(x) =aC(x)+ bS (x) KOl f'(x) = —aS (x) + bC(x)

tGoduvaua
C(x+y)=aC(x)+bS(x) KOl -S(x+y)=-aS(x) + bC(x). (12.21)

I x = 0 Belorkouvue
C(y)=aC0)+bS(0)=a KOl Sy =aS0)-bC00) =-
"Et6u amd v (12.21) staipvouue

Cx+y)=CO)CH) -SX)S ) 12.22)
Sx+y)=S®CQH)+ Cx)S ). (12.23)
Ewwkd yia x = y srpokvTttel n (12.12).

Acknon 12.2 (H dvvapoceipd C cav Aen TToPARUATOS AQYIKOV Tu®dV). YITobéote 6Tl n
AMon y tou meofAnuatog agxikedv Twov (12.19) avarmticeetar 68 Suvapocepd y = 3.7 o a,x”".

i na,x"" KOl i n(n — 1)a,,x
n=2

n=1

Téte

Avtikatactiote oty g€lowon y’ +y =0 1y’ = —y, vwoloyicte ta a, ko 6elEte 6L y = C(x).



KepdAaro 13

AxkoAovOiec kot Xepécg 11

13.1 AxoAovBiec Cauchy

Ytn wodyea@o auTth Trapovctdiovue éva KABoMKG KELTAELO GUYKAMGONG OKOAOUOLOV TrROy-
UATIKOV 0QLOU®V, oV givol dueco ouvdedeuévo, Kol v UEQEEL, YOQOKTNEITEL TO GUOTNUO T®V

TTQOYUATIK®MV 0QLOL@V.

Oq@wudg 13.1. Mo arodovBia (ay),”; Teayuatkodv aguudy da Adyetar axolovbia

Cauchy edv yia kdfe € > 0 vmtdoyer N € N oote

la, — anl < € yia 6Aa Ta 2 > N kot m > N.

ITpétacn 13.1. Kdbe cuykdivovoa arkolovbia eivar Cauchy.

Amédeén. 'Ecto (a,),., wo GuykAivovoa akodovBia ue a, — a, kabog n — oco. Téte yia
Sdoouévo € > 0, vrtdexer N € N oate |a, —al < €/2, yua n > N. Katd cuvémela yio n > N kot
m > N Ja elvar

€ €
lay, — am| < la, —al +la —apl < §+§ =€,
SnAadn n akoAovdia elvow Cauchy. m|
IMpotaon 13.2. Kabe axolovbia Cauchy eivar ppayuévn.

Amobeign. 'Ecto (ay),.; wa akodovBia Cauchy. Tote vmdoyxer N € N oate |a, —any| < 1, yua

n > N. 'Etol da eivar

lan| < lan — anl + lay| <1+ |ayl, n>N.
Av 10 oploovue M = max{|ail, |asl, ..., lan-1l, lan| + 1}, Ba elvan |a,| < M, yio kdBe n € N, T0oU
elvan 6,1 YéAovue va Selgoupe. m|

To avtiotpopo tng Ipdtacng 13.2 dev woyxvel. Ioyvel GUWS TO TTAQUKAT®, UEQIKMOS OVTi-
GTeoo Ja urrogovce va yaaktnElcel, asotéAecua.

Oewonua 13.1 (Bolzano-Weierstrass). Kdfe ppayuévn akolovbia spayuatikdv aglb-

uav xer guykAivovcsa virakolovbia.

289
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Amobegn. 'Ecto (ay),”; wo @eayuévn akolovbio seayuatikev agiudv, ku €otw A = {a, :
n € N} va glvor 10 GUVOAO TV Tng.

IIepimttoon 1. To A elvon TTemEQAGUEVO.

Eotw A = {a,as,...,a,}). Téte vmmdpyel ax € A, ©GTE a, = i Yo AITERES TWES Tou n. "EoTw
ki éva tétolo n, SnAadn ax, = k. To gdvolo Ny = {n > k; : a, = o} elvan dItelpo Katd GuvETELQ
ustopovye va emALEovue kg > ki ue ax, = ax. ‘Ouola To 6OvoAo Ng = {n > kg : a, = ai} elvar
dmelpo omodte emAéyovue kg > ko ue ar, = ax. 'Etol gpyagduevor maipvouue wia akoAovBio
PUOIKWY aEWOUOV ki < kg < ++- < ky < -+ ue ar, = a yw kGbe n € N. Téte n (a,)), elvon
TEOPAVKS GUYKALvouca vItaxkolovbia e (a,),” ;.

Iegimtwon 2. To A eivar daelo.

H akolovBia elvar @eayuévn, doa vmdeyxelr r > 0, odote —r < a, < r, yia 6Aa Ta n. "Eva
TovAd LGTOV amé Ta dwacThuata [—r, 0], [0, r] wepiéyer dmepa a,. ‘Eoto [ avtd to Sidatnua
Kol €0TW ag, € I va elvar €va amrd avtd ta a,. Otovue It = [y, s1], ue 11 < s1. "Eva tovAdyietov

[ r+ Sl] [}"1 + 51 ]
rl’ b ’Sl
2 2

TmeQiExel dmea a,. ‘Eotw Iz = [rg, s2] va elvar avtd to Sidotnpo ko €0Tw ag, va eivanl €va

aItd Ta dwacTRyaTo

agté auTd Ta a,, Ue kg > k1. Emavalaufdvovtog avti tn Stadwacio taipvouvue wa akolovbio
KAEWGTOV Stactnpdtwv Iy DIy D Is D --- D1, D -+ ue I, = [ry, s»], n € N, kou wo vtakoAlovbio

(akn);":1 ™mg (an);’;l, ue ry < ag, < s,. Aelyvovue otu
L n% I, = {a}, yuo kdgrowo a € R.
2. ar, = @, RABWG n — oo
1. A6 tn oxéon “eykvpwticuoV” [ DIy D I3 D -+ DI, D -+ Twv SluoThudtov éxovue 4T

r<nr S-S5 < <8595 <,

Kotd cuvémewo ov arolovbieg (rn)y”y ®aL (s,);°; GOV UOVOTOVES KL (PRAYUEVES GUYKALVOUV
aviiotoyyo e r* kol s.. EmuatAéov amd tnv Ilpdtacn 5.4 émetor 6Tl r* < s5,.. Emedn ¢
Fp 77 < 55 < 8y, Y100 RAOE 1 € N €ateTan T [, 5.] C I, yia kdBe n kow wdata [, 5] = N2 1,
(ywati;). Av ue I, cuupoAiGouye To Unkog Tov Swagtnuatog I,, d€tovtag Iy = [—r, r], €govue amd
TNV KOTOOKEVNR Tov Stactnudtov 6Tt yio kdBe n € N elvan

r

gn-1°

1 1
| = élln—l| = || = Ellol =
Ao [r*, s.] C I, yuo kGBe n émeTar 6TL

s, — "] < = s, —7r"=0,

r
on-1
katd cuvémela r* = 5. "Etol av oploovue r* = 5. = a, €govue 61 N7, 1, = {a}.

2. 'Eotw € > 0, té1e vdpxer N € N odate r/2VN71 < €, katd cuvémela

r
|akN—CY| < |IN| = W < E.

6 tnv oyéon I, C Iy ywo n > o €yovue OTL aj N Yyl 6Aa T 1 > N, 1o080vaua
AT X I, clyy > N Ba érouw . € Iy yuo M >N SUvay
r
Iakn—a/ISIIN|=W<6, Vn > N,

GUVETLWGS ay, — @, KOOWGS n — 0. m]

Ytn guvéyela delyvouvue 6t To avticteopo tng IpdTacng 13.1 woyvet.
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Oeaonua 13.2 (Keutripro tov Cauchy). Kdbe akodlovbia Cauchy cuykdivet.

Amédeign. "Ecto (ay,),; wa akodovBia Cauchy. Atd tnv ITpdtacn 13.2 £xetar 6T n arkoAovBia
elvar @eayuévn kar astd to Oswdonua 13.1 6Tt €el GuykAivouca vitakoAovbio. "EGto @ to dplo
Tng vrakoAovdiag. Aegiyvouue 6Tl a, — @, RABDOS n — 0. ‘Egtm € > 0, té1e vIwdoyouv Ny ko
Ny dote

€
|an—am|<§, n>N, m>N;

€
lag, —al < 2 n > No.

Av N = max{Ni, No}, 161€ yio n > N elvan ky > N > Ni omtote

m

€
|a,,—a/|§|an—akN|+|akN—a/|<§+—:e,

N

SnAadn oAdkAnpn n akoAovBia GuykAivel. m|

Haeatngnon 13.1. Kotd tnv amddeign tov Oewpnuatos 13.2 Seltaue 1o €Eng astotéAecua
Av wia akolovBia Cauchy yel cuykdivovca vtaxkolovlia T0Te Kol n akodovdia GUyKAIVEL GTO
6pto tng vrarodovBiagc. Miropel emiong va deiybel dti: Av 170 GUvoado Tiwwy uiag axolovdiog
Cauchy (ay),., eivau emepacuévo, T0te n akodovbia eivar telikd otabeen, vitdgyel, Sniadn,
N &ate a, = ay yia 6Ada ta n > N. H amddeign apnvetor gav doknon.

IHoeddeyua 13.1. T tnv akoAovBia

aps1 =1+ s a =1
1+a,

Selyvouue 6Tl GuykALvel kal vIToAoyitovue To GpLd Tng.
Megwkol TTedTOol 6oL Tng akoAovBiag elvan

3 7 17

27 5 127
AT6 TOV 0QLGUS TnG akoAovBiag TEorUTTTEL GTL A0l Ol dpot Tng eivor Jetikol (yiortis)
ko emaAfoy 1 < a, < 2 yia kGBe n > 1. Aelyvouvue 61t n akolovBio eivow Cauchy.

YmoAoyicovtog
1 1
Ind = mel = o " 1+4
n m
B am — ay
A+ a1+ ay)

aTtd TV OQXIKNA TTOQOTAENGN GuuIteQaivouue 4L

lan, — an|

lan+1 — ams1l = A+ a)d+ay)

IA

Z|an — Gy,
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KOTA GUVETIELO ETTOYWYIKA £xouuUe

lans1 — am1l < Z|an = Q|
1\2
< (Z) lan-1— am-1l
1\3
Z) lan—2 — am-2|

é(

1 j+1
< (Z) |an—j — dm-j

yio kKdBe j < min{n, m}, .codvvaua

AKOAOYOIEX KAI XEIPEX II

m+1-(n—-1)=2)

n+1-(n-2)=23)

m+1-(n-j=j+1)

13.1)

1 k
|an+k - am+k| < (Z) |an - aml

Vo kGOe k. T € > 0 emAéyovue N wote (1/4)V ! < €/2. Twwn > N waw m > N
vIroAoyicovue ciuewva pe tny (13.1)

la, — am| < la, — anl + lam — an|
N-1
< (4_1) (lan-n+1 — a1l + lap-n+1 — ail)

1 N-1
<[4
4

a@ov |a, —ay| < 2, T0 WAKOG TOU SLOGTALATOS TTOVL TTEQLEXEL TOUG OROVS Tng aroAovbiag,
KOTA GUVETTELD, OTT6 TNV eTAOYA TOL N,

la, — am| < €

YEYOVOG TTOU QITOdekvUEL TOV 1GYVELoUd uas. Estouévos n akoAovBio GuykAivel kol av
a elval To 6QLd Tng amd TNV GXEGN TOV TNV oQilel €TmeTal OTL

1
a=1+ — s (@-D@+D=1=a= V2,
1+«

apot) ol 6poL Tng akoAovBiog elvor detkol.

Hapatngnon 13.2. Aéue éT wa Gelpd cuykAivel dtav n akoAovdia ToV UeQKOV ABEOGUAT®Y

g cepds cuykAivel. ‘Etol agtd tnv Ilpdtacn 13.1 kar tnv Ipdtaon 13.2 émetan 6Tl Yo gelpd

GUYKRALVEL av KO WOVO av n akoAovdio Twv uepikdv afpotoudtonv tng etvar Cauchy. Av, Aowtdv,

[ee] g z 7
Dpe @ €lvon wo e1Rd kaw n > m €yovue

N

S,=Snu= ay —
k=1

KOTd cuvéTielo agtodelfaue To €EAC aTTOTE EGUOL

m
k=

—_

IMpétacn 13.3 (Keutigro tov Cauchy). H cepd 377, a; GuykAivel av kai u6vo av yia Kdde
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€ > 0 vmrdpyer N waote
n

A
k=m+1

<,

yian>m>N.

Emeidn
n n

Z ag| < Z |al,

k=m+1 k=m+1

7 ’ /7 n 7 n 7 ’
émetan OTL omotednsote Yy o lax| < € téte wan |Xp_, . ax| < € yeyovég Tou arrodeikviel
uéow tng Ipdtaong 13.3 611 av wa celpd GuykAivel aTToAMITWS TOTE GUYKALVEL. AuTi glval wo
Sevtepn amodeen tng Ilpdtacng 6.5.

13.2 Av®dTeQ0o KOl KATOTEQO 600 aKOAOVOiaG

Edv 670 GUVOAO T®V TTRAYULOATIKOV 0ROV TTEOGAQTAGOVUE Ta GUUBOAN —o0 KoL +00, ToL 0TTol0l
Aéue avtiotowa “uelov GIelpo” kol “Guv dIElRo” €10l WaTE Yo KABE TIEAYUWATIKG aQloud x
VO, 1YYEL —00 < X < +00, TIPOKVITTEL TO EKTETAUEVO GUVOAO T®V TTOAYUATIKGOV aolfudv R.
Todpouye R = [—o0, +00]. Ot TEdEeELS Tng TTEAGHEGNGS KOl TOU TTOAMAATTAOGLOGUWOU TtERTE{VOVTAL
OTO EKTETAUEVO GUGTIUA UE PUGLOAOYIKG TROTIO dGTE Yo kKGBe x € R 1oyvel

1. x4 (+00) = x+ 00 = +00 KO X + (—00) = x — 00 = —00.
2. x—(4+00) = x—00 = —00 KOl X — (—00) = X + 00 = +00.
3. x(+00) = +00 KAl xK(—00) = —o0, yia x > 0.

4. x(+00) = —0o kO X(—00) = +0o, yia x < 0.

5. ~ - % _o

+00 —00

6. (+00) + (+00) = +00 KaL (—00) + (—00) = —00.
7. (+00)(+00) = 400, (=00)(—00) = 400, (+00)(—00) = (—00)(+00) = —c0.

Hopatnpovue GTL GTO eKTETAUEVO GUGTRUO Yia KGOe GUvodo S C R VTTdEXEL TO €AAXLGTO
Gvw @edyua sup S, dTws kol To eAMyLoTo KATH @EdAyua infS.

Ag Jewpricovue wo un dve @eayuévn akolovdia (a,),”; TeayuatikoOv aguwv. Téte yua
kabe n € N vitdpyel k, € N ue k, > n, dote

ag, = n,

KATA GUVETTELQL a;, — +00. ‘Opola av wa akolovBio dev elvan kdtw @eayuévn Téte VITAQXEL
VTTaKOAOVBlOL TS TTOU OITOKALVEL GTO —oo. Mitopovue emouévms va demwpovue To +0o KoL
—00 GOV YEVIKEUUEVOL GQLOL VITAKOAOVOLWV WS un @eayuévng akoAovbiag. Xto cnueio avtd
vrevBuuitovue 1L av wa akoAovbia efvor @eayuévn tote VITGEXEL VITAKOAOVOIA TG N oTola
GUYKAMVvel, e TTayuatikd aelBud (Ilpdtacn 13.1).
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(o9

Oqiouds 13.2. 'Ecto (ap),.; wo arkolovbia meayuatik®v agumv. To givolo A 6Awv

TOV 0Q{®V, KOL TOV YEVIKEVUEVOV GUUITEQLAAUPBAVOUEV®VY, VITAKOAOVOLWY TS arkoAovbiag,
SnAadn

A ={aeR: Aay, )y OGTE ap, — a}

ovoudgouye GUVOAO T®V 0QLOK®OV Gnueimv Tng akolovdiagc.

AT Tn GuTATON TTOU TLEONYNONKE TOU 0QLOUOV £TeTOlL OTL TO GUVOAO A’ TV 0QLOK®V
onueiwv wog akolovdiag elvar éva un kevé vitoovvodo Touv R, kotd cuvértela VITEEXEL TO
eMdy1oTo dvew @Edyuo supA’ ST Kal To uéyloTo KATw @Edyuo inf A”.

IMoeddeyua 13.2. Oswovue tnv akolovdio

1
@, = (—1)"(1+ —), n=12 ...
n

7

Ou udveg ouykAivovoes vitakoAovdies tng (a,),”; elvonw aVTES yio TG oTtoles ay, = agy, 1
ak, = agy—1 Yo n > N. ‘Etar A’ = {—1,1}, katd cvvémewa infA” = —1 ko supA’ = 1.

Hoeddeypa 13.3. Oecwpovue Tnv akolovbia

a, = (=1)"n, n=12,...

[Magatngovue 6TL ov 6oL tng aroAlovdias (a,);”, elvan ov arépouol aubwol kar OTL yio
neNay, =2n > +oo, RO dg,_1 = —(2n —1) > —o0, omMdTE A’ = {—00, +00}, 0OTMOTE
infA” = —co kow sup A’ = +oco.

IMopedderyua 13.4. Oswpovue tnv akolovdio

. o NI
an:nst?, n=12,...

ITapatneovue 0T
. 9 .. 9 T
ag = 2k sin(km) = 0, agy = (2 — 1) sin (kﬁ - 5) — %k -1
v k=1,2,..., kotd cuvémela inf A’ = 0 kow supA’ = +oo.

Ye kdBe éva amd to TEonyovueva Ttagadelyuata PAETovue OTL TOGO TO supremum 6Go
KOl TO infimum Tov GUVOAOL TV 0ELOK®VY cnuelwv wag akolovbiog elvar oguakd onuelo Tng
arkolovBiag, efvor dSnAadn dpla vItakoAovOLdV. AVTO Loxvel yevikdTepa udAaTa elvan ulo ao
TI¢ 80 BLOTNTES TTOU IKAVOITOLOVV KAl XAQEOKTNEIOVTOL Lovadikd attd autég Ta onuela avtd.
To asotéleoyo avtd ya to sup A’ grepuypdpetor gtny medtacn sov akolovdel. To avdioyo
ouuTtépacua oxvel kot yio To inf A’

[Mpdétacn 13.4. Eotw (ay),., wa axkodovbia wpayuatikev agidudv kat €6tw A’ 7o GUvolo Twv
oplaxwv ocnueiwv tng axolovliac. Av a* = sup A’, T01e
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() a* € A, vrrdgyer 6ndadn virakodovbia (ay,),. | OGTE a, — a*.
(2) Eav a > a*, tote vmrdgyet N &ote a, <aywan > N.
EmgtAéov to a* eivar o povadikos apifuos Gto R ue tic w6otntes (1) kat (2).

Agtébeién. (1) Edv a* = +o0, 1618 TO A’ Sev elvor dvm @payuévo, katd cuvértela yio. kGBe M
vrrdeyer {y > M waw vtakoAovdia (ak, ), ue ax, — fy, emouévwg n (a,),’ ; dev elvar @eayuévn
dpa vITdEyel vitokoAdoudio Tng Tov aTtokAivel GTo +oo. ‘ETol a* = +oo € A’

Edv a* € R t61e yia kdbe k € N vmdoxel £ € A" e

1
o< <dat
@ -7 <l<a

Kal vItaroAovdia g (a,),”; n oTmoio GUYKALVEL GTO @i, KATE GUVETELD VITAQXEL ak, UE

*——1< < *+—1
a a a .
l kn L

"Etol sreorvTrtel wia vitaxoAovdia (ax, )~ N oTroia GuykAivel 6To @, katd cuvémewn a* € A'.

Edv a* = —oo, 161e¢ A’ = {—00} omdTEe GTNV TEQRITTTOON QTR dev VTTAEYEL GUYKALvouGa
vrtarkoAovbia. ‘Etol yia kdbe M vmtdpyer N odate a, < M yia n > N, katd cuvémela a, — —co.
(2) O wyveloudg edw elvar 6Tl To TOAY €val TTeTTEQAGUEVO TTAB0S dpmv Tng arkoAovBiag WwIito-
eel va virepPatver évav aplBud yeyoAvtepo touv limsup tng akolovbiog. Amodewkviouue Tov
LGYVEWOUS Ue Thv €16 AToTo ataywyn. Ag vitofécouue AoLTTOV OTL VTTAEXEL a > a* DGTE a, > a
yio. datelpeg Twég tov n. Téte o vrnpye a’ € A’ pe a* < a < a’. Avutd Suwg eivor Gtorro apov
a* =supA’.

MNa tnv amwodetgn tng povadikdtntag ag viobécovye 4Tl vIdpxel agtotxeio a’ 1o omolo
wkavotrolel ta (1) ko (2). "Ecto 611 a’ < a*. Tdte emiéyovtag b dacte a’ < b < a* éyovue 6T
uévo €va TeTeacuévo TANBog dpwv tng arkolovdbiog elvar ueyoAvtepo tov b. Autd duws eivon
dtomo a@ov To a* elvar dpro vTakoAovbiog. ‘Opola kKataAyovue Ge dToTro av vIwobEécouue
6t a* < d'. Katd ovvémewn a’ = a*. O

Oplouds 13.3. 'Ectw A’ va glval 1o GUVOAO TwVv 0QLIK®OV onueimv pog axkoAovdiog
(an);2 ;- To supA’ Aéue av@dTeQo 600 Tng akolovbiog kol to inf A" Aéue kKaTOTEQO
6010 Tng axkoAovbiag kol ypdpouue

limsupa, = supA’, liminf a, = inf A’.
n—oo n—co
Tpdipouue emiong
lim a, = lim sup a,, lim a, = liminf a,.
n—oo N—>00 n—>_oo n—oo

Mo Gueon GUVETTELD TOU 0QLGUOY TOU OVMOTEQOV KOl KATMOTEQOV 0p{ov aroAoubiog elvor 4Tt

liminf a, < limsupa,

n—0co n—oo

yia kdbe axkoAovbia.

[Mpotaon 13.5. Eotw (ay),., wa arkodovbia mpayuatikev agibuwyv. Tote
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(1) H akoldovbBia cuykdivel av Kal 46vo av T0 Av@OTEQO KAl TO KATMOTEPO OQLO THS aKkoAovbiag
elval TeTeQaGUEVa Kal (oA UeTAED TOUG. XTn JTEQITTTWON QUTH

liminf a, = limsupa, = lim a,.
n—oo

n—oo n—oo0

(2) H axoldovbia astokAivel GTO +00 AV Kal UOVO oV

liminf a, = limsupa, = +o
n—oo n—oo
(3) H akoldovbia asrokAivel GTo —o0 av Kol Lovo av
liminf a, = limsup a, = —c.
n—0o0 n—oo
Amébeién. H amoderen agrivetolr cov AGKNon. |

13.3 To k@itnElo Tov AGyov Kol TO KQLTNELO TNG QIiTag

IMp6Ttacn 13.6 (Keutrigro tov Aéyov). Oewpovue tn celd 3.7 | ap Ue a, * 0, kal é6Tw

an+1
an

an+l
Ay

lim inf =l

n—0oo

={, lim sup

n—oo

Tore
(1) Av L <1 n celpd guykdiver astodiTwg.
(2) Av £ > 1n cepd agrokAivet.
(3) Av ¢ <1< L 7o kgitriplo Sev Tageyel Kol TAnQopopia yia tn GUyKMGH TG GelRds.

Amodeign. (1) Av L < 1 emAéyovtag r @cte L < r < 1, aIrd Tov 0plGUd Tou ovdTEQOU 0plov
émeTol OTL VITdEYel N date

a
nl 7, n> N.
ap
"E1Gl tafgvouue 4Tt
2
la+1l < rlanl, lanso| < rlayyl < rilanl, cees lan+xl < Mlanl, VkeN

/7 7 7 o) n ’ z 2 7 ’
Emedn 0 < r < 1 n yeouetEwin celpd >y " GUYKAVEL KOTA GUVETIEWD OITO TO KEUTHQELO
oUyKEIONG Ko n 3,2 . a,| GuykAivel dea kol i 307 |ayl.

(2) EGv € > 1, 167te vmtdpyer N date

An+1
1<|—==|, VnxN,
an
emouévas layl < layyl < --+ < lanuil < -++ kotd cuvvémewa a, - 0, omdte n Gewd .7 ay
QITOKALVEL.
(3) [T Yewpadvtag tnv p-celpd Taipvouue
. +1 . n \’
lim |=| = hm( ) =1,
n—oo | a, n—oo\n + 1

kotd cuvéTtelo £ = L =1 ko n gelpd guykAivel yia p > 1 kan agrorAiver yio p < 1. |
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[Mogwoua 13.1. Av yia tnv akodovlia (a,),’ | 1GxUeL

i a1
1m sup ﬁ <1,

n—oo dp

T0T€ a, — 0.
Agtébeién. ‘Omws otnv agtdderen tou keltnpeiov Touv Adyou vrdpyxel r < 1 kow N date
0 <lay <" Mayl,  VYn>N.
To gntovuevo éretal agtd To yeyovog ot ' — 0. |
IMeétaocn 13.7 (Keutiglo tng @igag). Oswpovue Tn Gelpd Y, dy Kal £0T®

lim sup +/|a,| = L.

n—00
Téte

(1) Av L <1 n celpd guykdivel asrodVTwg.

(2) Av L > 1n ceipd agtoxlivel.

(3) Av L =1 7o kpitrigio dev Tapéxel kArolo TARQOPOELA Yia Tn GUYKMGN TNG GELPAC.

Agrodetén. (1) Av L < 1 emmdéyovtag r @ote L < r < 1, agtd Tov 0QLopd Tou avidteQou oplou
émetanl 6TL vtdgxer N wate Vla,| < r yio kdbe n > N, 1codvvauo

la,| < ", n>N.

Emewdn 0 < r < 1 n yeouetowi celpd Y\ 7" GuykAvel KOTA GUVETIELL QITé TO KELTAQLO
ovyKkEIoNG Kow n 337 v la,| cuykAivel doa kan i 3 layl.
(2) "Ecto (ay,);., viraxolovbio ue

1/n,
Jan '™ — L
A@ov L > 1 éxreton 6L n arodovbia (a,);”; 8ev GUYKAIVEL GTO UNBEV YEYOVOS TTOU GUVETTAYETOL
émn 3, a, 8ev GuykAivel.
(3) T tnv p-celpd

inip’ p>0

n=1
éyouue OTL
) 1 . 1\?
limsup [/ — = hm( ) =1,
n—oo np n—oo %
KOl yvweitovue 6Tt yio p < 1 n gelpd astokAivel eved, yia p > 1 6Tl GuykAiveL. O

[Iogwoua 13.2. Av yia tnv akodovbia (ay),’, 1oxVeL
lim sup \”/M <1,
n—co
Tote a, — 0.
Agodeién. ‘Onwg oty arodelgn touv kertneiov ng eitag vitdyel r < 1 kaw N date
0<a,l <7, ¥n > N.

To gntovyevo €retanl agtd To yeyovog ot 1t — 0. |
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13.4 O cvupoAicuog O kat o

Ag Jempnigoupe tnv akoAovdia

B n®+1
a1
TNo tov éheyyxo tng cUykMong n dxL tng okolovbiog Stoupdviag ue tnv vYnAdteEng TAEng
Svvaun Tov n €ouue .

el atm 1 Mg
m+n—1 1 1 n 1 1
e~ MWae s

KOTA GUVETTELOL €TTEWN TO GELO TOU GUVOETOU KAAGUATOS elval €va, GGov a®oed GTn GUykALGN,
n docuévn arkolovbia cuurtepupépeton dmtwg n 1/n. EmmAéov yia n > 1 €xovue a, < 2/n.

o0
n=1’

Oqwoudg 13.4. Ozwpovue g aroAovbies (a,),; rar (by)
N e N.

émov b, # 0 yiao n > N, ue

() ©a Aéue 6TL oL axolovBieg elvar wwodvvaues rkar da yedpouvue (ay),, ~ (by), ., av
KoL Wévov av
.y
lim — =1.
n—oo n

(2) Oa Aéue dTLn (by),”, elvan BeomégovGa Yo Ty (ay,))  kou Ja yedpouvue a, = O(by)
av kol wévov av vidoyel atabepd M > 0, date

dan

<M

yio kKG0e n > N.

(3) ®a Adue O n (ay),”, elvar yaunAdteng tagng uey£Bovg asé v (b)), ko Ja
vedpouue a, = o(b,) av koL uévov ov
an

lim — = 0.

n—oo n

Ynyewwvovue 6tL av (a,) ~ (by), 1 a, = o(by,), téte a, = O(b,). Ze oxéon ue to AEYIKS
Tapddetyua £xovue

1 1
a, ~ —, KOl a, = O(Z)

ko yio 0 < @ < 1, apov

. ap ) 1 1+1/n?
lim

= l1m = 0
n—eo 1/n®  n—oopl=@ 14+ 1/n% —1/nd

eTITALOV LGYVEL

Aoxknoelg

L Av (cp)p2, glvan ula akoAovBia TTeaywatikov aQuudv opigovue

@y = sup{ck, Cr+1s - - -}, kow  Br = inf{ck, crp1, ... )
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Téte eivarn
2y 2Q 2 KO Pr1<PBoL - <P

KOTA GUVETTELDL TO KABE 6o limge @ N limg Br VITAEYEL 0TO R. AelEte 6TL

limsup ¢ = lim ay, KOl liminf ¢ = lim Sy.
k—o00 k— o0 k— o0 k—o0
"Etou
limsup ¢, = lim (sup c,), KOl liminf ¢; = lim (inf¢,).
k—o0 =0 n>k k—co k—co " nzk

2. Av (ap),”, elvar wo akoAovBia TEAYLATIROY AUV ue a, > 0 yia 6Aa ta n Sel€te T

.. ~Qpyl .. . . an+1
lim inf < liminf «Ja, < limsup «/a, < limsup Y
n—oo

n—oo a, n—oo n—oo an

3. Av a, = n"/n!, delgte 611
. Ap+1
lim =e

n—e  ay

KOl XENGWOTOL®wvTAS Tnv Ackncn 2 Selgte 6L

n
m— =e.
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Ye1p€¢ kot OAokAnpouata

To keLtrElo Touv oAokAnpwuatos, Oswonua 10.21, ava@épeTtal GTNV KOWA GUUTIEQLPOEA OGOV
a@oEd Tnv GUYKRAMON N OTTORAMON WIS GELRAS KoL £VOS GXETIKOU YEVIKEUUEVOU OAOKANQOUATOC.
QoTt660 €xouue NEN GUVOVTAGEL KELTAELL GUYRAGNG/ATTOKAMGNS TOV 18{0v VPOUGS Yo GELRES Ko
OAOKANQOUATA IOV CGXETICOVTOL Ue avdloyn aAAd YEVIKIL GUUITEQLPOQRE TV 6wV TG GeElRAS
KOl TnG VTG oAokAQwon cuvdptnon. Tétowa avdloyn cuuTteQpoEd eidaye GTo TEQLEXOUEVO
wng Ilpdtaong 6.4 ko tov Oewenuatog 10.18, tng Ilpdtacns 6.7 kow Tov Oewpnuatog 10.19,
6Ttog emiong tng Ipdtaong 6.5 kal Tov Bewpnuatog 10.20. Xto kepdAato avtd Sivouue kot
dAAo agtoTeAéouaTa TTEOS AUTA Thv KaTtevBuveon.

14.1 Tevikevuévo OAOKANQOUATO KOL GELQES

Ytn odyEa@o aUTA TTOQEOVGLETovUE KAITOLWN KQLTAQELO GUYKALONG, Tov 18{ov TUToU, Yo GEL-
€c kAL yevikevuéva odokAnpouato. Ilpdta asrodeikviouvue to aviicTolo tng Ilpdtacng 13.3

QITOTEAEGUOL VIO OAOKANQWUATOL.

IIpotaon 14.1 (Keitnero tov Cauchy). ‘Ectw f wia cuvdptnoen ogicuévn Gto [a, +o0) yia tny
ogroia To oAdokArpwua fa b f(x)dx vrdpyetl yia kdbe b > a. To odokArgwua fa b f(x)dx vragyet
av kai uovo av yio kdabe € > 0 virdoyer A = A(e), wote av ¢ > b > A, 10t¢

‘j:f(x)dx

Amébeién. Ag vroBécouue 4Tl TO OAOKANQWUA fa e f(x) dx vdoyer ko €6TwW fa e f)dx =B.

<e. (14.1)

H cuvdgtnon t .
Fo=p- [ fdx= [ roods
oplgetan kou efvar Guveyng (ywoti;) Gto 6L§LGTYLLLOL [a, +oto), ETITALOV
[EIPOO F() =0.

Katd cuvémelo vidpyer A > a wote |[F(1)] < €/2 omotednarote £ > A, €161 av ¢ > b > A, 161¢

chf(x)dx fbmf(x)dx—fwf(x)dx

< ‘f mf(x)dx f f(x)dx
b c
<e€

+

300
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JTov glvol To ntovuevo. Xtn guveyela vitoBétovye 6Tl n f elval t€tola wate ya docuévo € > 0
vTtdEyeL A = A(e), daTe av ¢ > b > A, té1e 1oxver n (14.1). H akolovbia (B,) ue

By = f Fdx

efvar wo akolovBia Cauchy. ITpdyuatt yia € > 0 kot A > a 6TTWS Gty VITEBECN, KAL Yo 1 > m

f"f(x)dx—famﬂx)dx f”f(x)dx

omotednmote a+m > A. 'Etol emdéyoviag N = [A—a]+l,ovn>m>Nelvwn>m>A—-an

éxyouue

|Bn = Bl = <e (14.2)

n+a>m+a>A yeyovdg mov €xel gav guvemela thv (14.2). "Eter n akodovBia (S,) cuykiivel
(oe TrEayHaTikd aebud) B*. Tote yua € > 0 kar A > 0 dote n (14.1) va woyel ue €/2 aipvouue

B - f Fod] <|p - f FO)dx f FOdx f F)dx

fa+n f(x) dx
t

yio RATdAANAO0 n dote | B — Byl < €/2, katd cuvémela B* = fa § f(x)dx dnAadn to yevikevuévo

< +

=1B" =Bl +

<€

OAOKANQ®UO, VITAQYEL. O

Oeoonua 14.1 (Oguakd kertnero cUykeieng). ‘Eatw o1t yia tig akolovbiss (a,) Kal
(by) ue a, = 0 kat b, > 0, yra kdbe n > ngy, 1o VEL

lim — = ¢, 0< €< +oo.

(1) Av 0 < € < o0, TOTE 0L GEQES ), ay Kal ), 1 b, GuykAivouv kat or §V0 1 agrokMi-

vouv kat ot 600.

(o] /. z [e6] /. 4 [ee]
(2) Av € = 0 kv n 37", b, cuykdivel, T0Te kKL N Y 4, GUYKAVEL, VA av n 3,7, ay
aToKAvel, TOTe Kal n Y7 b, asokAivel.

(3) Av { =+ookaun 37, b, agokAivel, TOTE Kai n 3,7 | A, AITOKAIVEL, €V Qv L Y7 Ay
/. z (o) /.
cuykAivel, T0Te kau n 3.7 b, GuyKkAivel.

Agtobeién. Av € € [0, +00), 161 Yo € > 0 vTtdxer N date

a, an
— —f|l<eeol-e<—<{+
b ‘ TSR TS
yia kG0e n > N, woodvvauo (€ — €)b,, < a, < (£ + €)b, yio k4be n > N, eTTOUEVHOS
n n n
(f—e)Zbk<Zak<(€+e)Zbk. (14.3)
k=N k=N k=N

Av 0 < € < +o0, Té1E Y10 £ — € > 0 a3t v (14.3) €mmetan 6Tl Ol GERES L GUYKRALVOUV Kaw ot §Vo
i asokAivouv kat ot §vo. Av £ = 0 n (14.3) Sofdcetar wg

n n
0< Z a < GZ by (14.4)
k=N k=N
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a@ol N aviGOTNTA GTO AQLOTEQRA Sev TIROCEEQEEL KAITOLOL OVGLOOTIKI TTAnQo@opia. A6 Tnv
TedevTalo aviedTnTa GuuITEQAivoure 6Tl av n Y, =, b, GUYKALvel, TOTE KOl N 3> | @, GUYKALVEL,
VO OV n fo:l a, OIToKAlvel, TOTE KOL 1 220:1 b, agtokAivel. Av £ = 400, TOTE Yyl OGOSNTTOTE
ueydAo M > 0 vmdoxer N wote

@>M@an>Mbn
by

yio kdBe n > N, emouévwg
n

oszn:bk< %Zak 14.5)
k=N

k=N
agt” OITOV £ITETOL TO GUUITEQAGULAL. m|

Oeoonua 14.2 (Oeuaxod kertnelro cvykeieng). Ectw oTi ot f kal g elval GuvapTicels
ouveyxeic 1o [a, +00) ue f(x) > 0 kat g(x) > 0 kot é0Tw 0TI

lim @:

£, 0<{< +oo.
X—+00 g(x)

(1) Av 0 < € < +00, 76TE TQ OAOKANQOUATO fa e f(x)dx kat fa A g(x) dx cuykAivouv kai
Ta 6V0 1 asrokAivouy kai Ta 6U0.

(2) Av £ =0 kot T0 fa e g(x) dx ovyklivel, T0TE KO TO fa Ay f(x)dx ovykdivel, eved av
70 fa ' f(x) dx amoxdiver, TéTe Kau TO fa  ¢(x) dx agrorAiveL.

+ , ( + , .
(3) Av £ = +o0 KL TO fa ® g(x)dx agroklivel, 16Te KOl TO fa ® f(x)dx agokdivel, eva
+ , ‘ + 7
av 1o fa ® f(x) dx guykdivel, TéTe KAl T0 fa y g(x) dx cuykliver.

Agrodetén. Aphivetar Gav doknan. |

To kertngro tov Dirichlet

Ytnv Todyeo@o oUTA TTagouatdcovue SVo kelthguo giykAong, tou Dirichlet kar Touv Abel,
VIO GELRES KO YeEVIKELUEVA OAOKAnQwUata. Xe avtiBeon pe rponyoluevo KELTAELOL apOQOUV
VEVIKEG GELRES Ol 0Ttoleg dev GUYKAIVOUV KAT avdykn aTtoAT®S Kol avdAoyo OAOKANQMOUATA.
TTagovcidcovye emiong ko éva el8ikd dedpnua UEGNS TWAS VIO OAOKANQ®OUATO, OUTO TOU
Bonnet.

Hapatngnon 14.1 (A@gowon katd uéen - tostog tov Abel). 'Edv (a,) xau (b,) elvor &vo
arkoAovBies apBunv ko opicovue Ag = 0 kAt A, = ar + -+ + ay, Yioo m > 1, téte

Zn: arby = Zn:(Ak — Ap-Dby = Zn: Arby — Zn:Ak—lbk-
k=1 k=1 k=1 =1

Emewdn Ag = 0 éyovue

n n
Z Ap1by = Atbg + -+ - + Ap1by, = Z A1 — Apbpya,
=1 =1

KOTA GUVETTELOL

N
3
N

n n
arby = ) Axbr— ) Arabi = ZAkbk - ZAkka + Apbni
k=1 k=1 k=1 k=1 k=1
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oTtoTE TEMKA TTOiEVOUUE

D abi = Apbyiy + ) Alby = bis), (14.6)
k=1 k=1

H oxéon (14.6) eivaw elvar o TOITOG TOV Abel kaw elvar n avdloyn €k@eacn Tng oAOKAE®GNGS
Katd uéon.

Ocoponua 14.3 (Kertiipro tov Dirichlet). Ectw Y7, a, ula Gelpd Tng orolag ta ye-
pikd abpoicuata asotelovv uyia @payusvn axolovbia. Eav (b,) eivar uia @Bivovca
axolovbia n omoia cuykdiver gto 0, TOTe n celpd )", ayb, cuykAivel.

Amodeién. Oa ypnowomotigovue tov TOmo Touv Abel (14.6). Amd tnv vrmdBecn €yovue OTL
vmdyel gtabepd M > 0, date av A, = ag + - -+ + ap, 161 |A,] < M yio kdBe QUGS 0L h.
Tote apevog

|Anbn+1l < Mbryy = JLHJOA”]J”“ =0, 14.7)

a@oV n (b,) elvon YeTikn KoL GUYKALVEL GTO UndEv, KoL APETEQEOV

n
D Axlbi = ba)
k=1

n n
< D Ak = bl < MY (b = bis), (14.8)
k=1 k=1

emedn n (by,) elvar ematAéov @bivovca. H celpd oto de&l drpo tng (14.8) eivol TNAEGKOTIIKNA
Kal GUYKALvouGa, eTTouévwg n Gelpd 3.7 Ar(bx—byy1) cuykAivel atodiTwg, doa GuykAivel. Yo
To Teloua tng (14.7) amd tnv (14.6) TwEOKVITTEL OTL

(59

n [es]
;@magwmﬂgggkwrmm=;mw—%o

ETTOUEVOS N GELRA ZZO:1 apby GuykAivel. O

Acknon 14.1 (Kgutiigro tov Abel). Av Y% a, elvor uio, GuykAivovaa Ged kot (by,) elvon wio
uovdétovn, GuykAivouga akodovBia, tote n cewpd Y7 a,b, cuykAivel. Ymédergn: Av n (b,)
elvar avgovca kar b, — b, n (b — by,) eivan BIvouca kol GuykAiver gto 0.

Acknon 14.2. 'Ectw (a,) ka €6Ttw (b,) 600 arkolovdies apBuwmv.

(@) Edvn )2, a, cuykAivel kar n 6elpd Y (b, —bye1) GUYKALVEL ATTOAMDTWOG, TOTE N Y7 dpby
GUYKAVEL.

() Edv ta uepkd abpoicuata g Y7 a, elvanl goayuéva, n Y, (b, — byy1) GUyKALvel atto-
Mtog, kar b, — 0, téte n 37 ayb, GuykAivel.

Anpua 14.1 (Anpua tov Abel). Eav (a,) kat (b,) eivar 600 akodovbies aplfudv dote
(1) Ymdpyovv gtabBepésc m kar M dcte m < ay+az+---+a, <M, ylakdfen=12,... ko
(2) H (b,) eivar detikni kot Bivovea, by > by > bg > --- > 0,

TOTE

n
mby < Z arby < Mb,
k=1
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Agtébeién. H 11pog agrdderen avicdtnta efval dueon cuvéTela Tov TUTiov Tou Abel

n

Z axby = Apbyyr + Z Ai(bi = biy1).
=1 =1

OZTovTac Kol TAAL Ag = aj+: - - +ag, Yo 6Tabed aldd tuxalo n, emeldn by > 0 kot by—bgy1 > 0
éyouue

mbys1 < Apbpir < Mbpyy vow m(bg — bis1) < Ag(b — b)) < M(D — byyr)

yia 1 < k < n dmdte abpitovrtas wg Tmmeoc k Peliokouue

n n n
Mt + ) mibi = bsr) < Anbpat + ) Axlbi = bar) < Mbyay + ) M(bi = besn)
k=1 k=1 k=1

n uéow tng (14.6)

n

m(b,,+1 + Zn:(bk - bk+1)) < Z axby < M(bn+1 + Zn:(bk - bk+1))

k=1 k=1 k=1

Jrov elval n gntovyevn avigéTnta. m|

Oewonua 14.4 (Aevtepo Pewonua puéong tung tov Bonnet). ‘Ectw f uia guvdptnon
opiguévn kal odokAnpwaiun cto la,b], kal é6tw g wia cuvdptnon @Oivovca kai un
apvntikh 670 [a,b]. Tote vrdpyel € ueta&v a kot b wote

b
f f(0)g(x)dx = g(a) f f(x)dx.

Amobeién. ‘'Ectw P:a=x9 < x1 <--- < x, = b wa Swogépion tovu [a,b]. H f wg oAokAnpooyn

oto Swdotnua [a, b] elvon @eayuévn, kotd GuvéTtelo WItopovue va opicouue

me = inf  f(x), My = sup f(x), k=1,2,...,n.
Xje—1 SXSX X1 <X< Xk
Av Axk = Xk — Xk—1 KO fk € [xr_1, Xx], T0TE

Xk
my < f(&r) < Mg, miAxy < f f(x)dx < MyAxy, k=1,2,...,n
Xk-1

agt’ étov aboitovtag uéxel p < n Pelokovue
p p P
D imiAxe <" fEIAY < D MiAx
k=1 k=1 k=1

P Xp p
> mx < f fx)dx <" MiAx
k=1 a k=1

KOTA GUVETIELDL QLPALEWVTAS KATA uéAn Ttaipvouue

p P Xp P
- Mmoot < Y fEodn - [ fdr < Y- monv.
k=1 k=1 a k=1
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O<tovTac gTn GUVEXELD
p

O(f, Pxp) = ) (Mi = m)Ax;

k=1

n teAevtoalo aviedTnto yiveton

Xp p Xp
f f)dx = w(f,Px,) < )" fEAX < f f(x)dx + w(f, P, x,)
a k=1 a
KOl oV oploouue Tn ocuveyn cuvdotnon

F(x)=fxf(x)dx, a<x<b

TéTe aIrd Tnv TeAevtaio aviedTnto JTTaigvouvue

P
inf F(x)—w(f,P,xp) < Zf(fk)Axk < sup F(x)+ w(f, P, xp), 1<p<n.
k=1

asx=xp asx<xp

Emeon gla) > g(f1) = -+ - > g(b) agtd to Anypa tov Abel JtpokvTTEL N

8@ inf F(o - (£, Pb)| < ) f@0e@0tn < g sup F +w(f, Pb)|

k=1 a<x<b

Iaipvovtac dpta Tov n — oo {godvvaua ||P|| — 0 €xovue 6Tt w(f, P,b) — 0, omdte

b
8@ inf F() < f Fg(0)dx < g(a) sup F(x).

as<x<b

"ETGL T0 OAOKANQmUA fa b f(0)g(x)dx etvan évag apBudc petagd g(a)inf F(x) kou g(a)sup F(x)
KOTA GUVETIELQL ATTO TN GUVEXELDL TOU OAOKANE®OUATOS vItdExel & € [a, b] dhate

b b
S @F(E) = f Fg) dx & g@) f 00 dx = f Fg() dx

Jrovu elval n gntovyevn GxEon. m|

Oewonua 14.5 (Keutnigrwo tov Dirichlet). ‘Ectw f uia cuvdeTnon ogiougvn 6To [a, +o0o)
Kot odokAnpawaiun ce kdbe didatnua [a, b] yia kdbe b > a. 'EGTw 6Tt 70t 0AOKANQOUATA
fa b f(x)dx eivar ppayuéva yia kdbe b > a. Av n guvdptnon g givar pOivovca kai Teivel
1o 0 kafwc x — +00, TOTE T0 OAOKANPWU fa i f(x)g(x) dx cvykiiver.

Agrodeién. Oa ypnowomolicovue To kELtriplo Tou Cauchy. Oa asodelEovue 1L yia kdbe € > 0
vTtdyel A = A(e), date av ¢ > b > A, 161e

< €.

| fb " fg() do

b
f f(x)dx

"Ecto 6Tl

<M (14.9)
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ylo. kKGBe b > a. Av € > 0, agpov n g eivar bivovca kot teivel 6To 0 KOODS x — +oo, VTTAQYEL

A > a dote glx) < €/(2M) yiao x > A. A6 10 20 Oedpnuo tng péong TWig Tou Bonnet,
Ocwonua 14.4 €xovue

C ¢ ¢ b
f FO0g(x) dx = g(b) f f(x)dx=g(b>( f Fdx - f f(x)dx)
b b a a

yia ¢ > b > A yua kdgtowo € € [b, c]. 'ETol
, b
f‘f(x) dx f f(x)dx
a a

< S M+ M)
oM

+

)

fb Fog00d < gta

=€

amo tnv (14.9). O

IHapedderyna 14.1. Aelgte 6L yia kGBe p > 0 TOo OAOKANQOUO

+00 ¢
I(p) = f sin x dx
1

xP
GUYKALVEL.

Av p > 1 10 0AOKANE®UO GUYKALVEL ATTOAVTOGC, 0ot yia Kdbe b > 1

r

BAéTe Tapddeyua 10.30. "Etor amd to Oedpnua 10.20 €mwetar 1L TO OAOKARQ®UO GU-

b
1 1
dx < —dx < —,
1 XxP p-1

sin x

xP

YKRALvEL.
‘Ectw 0 < p < 1. E;tedn

b b
f sinxdx:—cosx] =cosl—cosb
1 1

éqretal 0T yio kabe b > 1

b
—1+cosl < f sinxdx <1+ cosl.
1
H 1/x? elvar @Bivouca guvdptnon GTo [1, +00) kot tetver gto 0, kKaB®OS x — +00. "ETal o

vTtobéoelg Tov kELTnElov Tou Dirichlet kavoTtolovvTal, KATE GUVETIELD TO OAOKARQWUO

I(p) cuyAivet.

MHoedderyua 14.2 (OAokAngwua Fresnel). AgiEte 4Tl T0 0OAOKANQWULO

+00
f sin(x?) dx
0

GUYKA{vEL
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Av b > 1 ypdpouue

b 1 b
f sin(x?) dx = f sin(x?) dx + f sin(x?) dx
0 0 1

kar 9étoviag ¢ = x* Talpvouue
1 b?
. 1 sint
= f s1n(x2) dx + = f —dt.
0 20 i

To oAokApwpa 6To Se&l uéAog vITdeyxel yia kdbe b > 1, €1l walgvovtag to 6o b — +oo

+oo 2 1 (*° sinx
sin(x%) dx = f sin(x?) dx + = dx.
fo 0 2 h Vx

To TE®TO oAoKAEwUA GTo SeEl uéhog VITdEXeL aov n sin(x?) elvar GuveyAg, Kal To

éxovue

devtepo emiong vTdyel aTtd To TEONYoUUEVO TTORADELYUD, KATA GUVETELD TO S0GUEVO
, , , +00 . +00 0
olokAnpwua GuykAivel. Ta oAoAnpauata j;) sin(x?) dx, kou fo cos(x?)dx Aéyovton

olokAngouata Fresnel ko eupavicovtor gtnv dewpla didbAacns gtnv OTTKA.

Aocxkneelg

1. Awote TTapddeyua 6oV TO OAOKALQE®UO fom f(x) dx cuykAiver aAAG 1 f Sev elvon @ay-
uévn ato [0, +o0).

2. Etetdote yio TO1EC TWES TV P KOL ¢ TO TIOEOKAT® OAOKANQOUATO GUYKA{VOUV Kal Yo
TOLES TWES TV P KO ¢ GUYKAIVOUV QITOAUT®G.

N (T sinx
(a)j; 1+qux (y)‘[1 de

+00 ¢ p —+00 1-
®) f sinx? ©) f cosx
1 x 1 x4
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