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lpappikonoinon kai SIapopIKa

Av n f eival napaywyioiun oe kdnoio didonua (a,b) kai xg € (a,b), 161€ TO
noAuwvupuo Taylor npwrou BaBuouU oTo X

Pi(x) =f(x0) + ' (x0)(x — x0)

eival n efiowon g epanrouévng eubeiag oto ypdenua g f oto onueio
(x0,f(x0))- Av 10 X €ival kovid o1 X, TéTE

f(x) = Py(x),

katd ouvénela oe éva didoua yupw and 1o Xg N f npooeyyiletal and uia
YPOHUIKY ouvaptnon. To undloino Ry (x) ekppdlel 1o OPANIA TG MPOCEYYIoNG.

Opicude 1
Av n f eival napaywyioiun oto X N cuvApTNon

L(x) :=f(x0) + ' (x0) (x — x0)

Aéyetal ypaupikonoinon g f o1o Xxg.




lpappikonoinon kai SIapopIKa

Av 10 Xg peTaBAAeTal katd Ax = dx 16T€ N y = f(X) peTaBdieral kard
Af = f(xg+ dx) — f(xo).

Av n f eival napaywyioiun n ékppaocn f'(xg) dx eival pia npocéyyion g Af agou
yia Ax pikpd eivai

Af = f(xo+ adx) — f(xo) = f'(x0) dx + € Ax
kal € — 0 kaBwg Ax — 0. Tnv ékppaon
dy = df = f'(x) dx

Nepe dapopikd g f. Maparnpoupe 41 10 dlapopikd G f OTo Xg eival n
METABOAN TNG YPauUIkoroinong L kard dx apou
AL = L(xp+ dx) — L(xo)
=f(x0) +f (x0)((x0 + dx) — x0) — f(x0)
=f'(xg) dx

=dy OToX=Xxg.



lpappikonoinon kai SIapopIKa

Napddeiypa 1
H ypappiki npocéyyion g f(x) = (1+x)", x> —1 kai r e R, oro x =0 eiva

(1+x) =1+,  xxovid oro0.
Mpdyuan f'(x) = r(1+x)"™", onére oto x =0 eival
L(x) =f(0) + ' (0)(x—0) =1+ .

‘ETO1 yIa X KOVTA GTO INJEV €xoule

1 1
V1i+x=1+=x =1+(-1)x=1-x
2 T+x
3 1aa 4 1 ! 2 1.2
V1434 =14 -3x"=1+x Z1+(——) -x°) =14 =x
3 T2 2 2




H péBodog Tou Newton

H uéBodog 1ou Newton yia v edpeon pifav

‘EoTw o1 N f eival Jia Napaywyiciun cuvAaptnon Je cuvexn Napdywyo oto diIdotn-
ua (a, b) kai éotw, emniéov, ém f'(x) #0 oo (a,b). Ava < x; < bn eganméuevn
euBeia o1o (x7,f(x7)) éxel efiowon y —f(x1) = f (x1)(x = x7). Eneidn f'(x) #0n
euBeia autn Tépvel Tov x-Agova. AV x» €ival To onueio Toung, 1o1e

f(x1)

O—f(X])=f,(X])(X2—X])$X2=X] —m.

‘Opola n egandpevn eubeia oto (xz, f(x2)) Téuvel Tov x-&Eova oro x3 Kal

X3 =Xo — f’(XQ).

YuvexiCovtag aut 1n diadikacia naipvouue Jia avadpopikr) akolouBia

f(xn)
=Xp— =123,....
Xn+1 = Xn f’(Xn) n
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H péBodog Tou Newton

f(x;
x0 =07, Xpt1=Xp— 7#((;7))

Ixrjpa: Mpooéyyion uiag pitag mg f(x) = Inx —x/4



H péBodog Tou Newton

YnoBérovrag 41 N avadpouiKh akoAouBia ouykAivel oe kdnolo onueio x* and v
ouvéxela Twv f kal f naipvoviag 10 épio N — 0o o1a U0 PEAN TG AVASPOUIKAG
oxéong €xoupe

e _ e fX7)

X = f’(x*):>f

3nNAadr n akoAouBia cuykhivel oe pia pita G efiowong f(x) = 0. Kard cuvéneia
naipvoviag 1o onueio x; kovid oe pita G egiowong f(x) =0 10 avadpopikd
aAuTd OXNUA CUYKAivel ot pia.

‘Aoknon 1

Na eEetacBoUv we NPog TN CUYKAICN O AKOAOUBIEG Kal Av CUYKAIVOUV va

BpeBouv 1a 4pId Toug.
2
X5 —2
@ x=1, Xpr1=X——2—, n=12,3,....
Xn

@ x=1, xu1=x—1, n=1,23,....




Méyiora Exaxiora kar Kuprémra

Opicude 2

@ ©Sa Aépue 61 n cuvdptnon f éxel andAuto péyioTo oTo onueio Xg Tou Nediou
opiopou g D(f) av f(xg) = f(x) yia k&Be x € D(f). O apiBusdg f(xg)
Aéyertal yéyiot nipn g f. ‘Opoia Ba Aéue 4t n f éxel andAuto eAaxioto
oTo onpeio Xxg Tou nediou opiopoU NG D(f) av f(xg) < f(x) yia k&8e
x € D(f) kai o apiBudg f(xp) 8a Aéyetal eAéxiomn mipnA G f.

Q ©a Néue 61 n ouvdpon f éxel TonIKd PEYIoTO OTo onueio Xg Tou Nediou
opiopou g D(f) av undpxel avoixid SIdotnua | 1o oroio nepiéxel 1o Xg Kal
f(x0) = f(x) yia k&Be x € I. ‘Opoia 8a Aépe &1 n f éxel ToNIKS EAAXIOTO GTO
onueio xg Tou Nediou opiopoy g D(f) av undpxer avoixtd didoua | 1o
oroio NepPIEXe 0 xg Kal f(xp) < f(x) yia k&Be x € I. Ta TorKd peyioTa Kal
Tonikd ehdxioTa NG f Aéyovral Toniké akpdrara g f.

©ewpnua 1 (Fermat)

Edv n ouvdpimon f éxel Torké UEYIoTo rj Toriké eAdxioTo oTo xg kai n f'(xg)
unidpxel 161e f'(xg) = 0.




Méyiora Exaxiora kar Kuprémra

Opiopéde 3

‘Eva onueio xg o1o nedio opiopoU piag cuvaptnong f Aéyetal Kpioiuo onueio
Mg fav f(xg) =0, A n f'(xg) dev undpxel.

©epnua 2 (KPITMPIo TS NPXTNE NAPAYDYOU)
‘Eotw 611 1O Xg €ival Kpioldo onueio TnG cuvexous ouvdptnong f.

@ Edvnf aldlel and Betikri o€ apvnTikrj OO Xg, TOTE N f EXEl TOrKS LEYIOTO
OTO Xp.

@ Edvnf aAdlel and apvnrikri o€ BeTIKr) OTo Xg, TOTE N f éxel ToriKd
€AAXIOTO OTO Xg.

@ Edvnf dev aMdlel modonuo oro Xg, TOTE N f dev éxel Tonkd akpdTaro
oT0 X.
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Méyiora Exaxiora kar Kuprémra

Opiopdg 4

Edv 10 ypdpnua uiag cuvaptong f Bpiokeral ndvw and kaBe epantouevn
euBeia (Tou ypapnuarog) oe éva didomnua | 8a Aéyertal KUPTH oro I. Edv 1o
yedenua g f Bpioketal katw and kdBe epantdéuevn euBeia (Tou yoapruaTog)
oe éva didotua | 8a Aéyetal Koikn oro /.

©ewpnua 3 (Kpimpio kuptdmrac)
‘Eorw dm yia v ouvdpinon f n ! undpxel oe kdnoio didornua |.
@ Eavi’(x)>0yiakdBe x €, n f eival kuprrj oro |.

@ Edvr’(x)<0yiakdbe x€l,nf eivalkoirn oo |.

Opiocpde 5

‘Eva onueio oto ypd@nua uiag cuvdaptnong f Aéyetal onpeio Kapnng eav n
ouvapTnon oTo onpeio autd alalel anod KUPTH o€ KoiAn, N and Koikn o€ KupT.




Méyiora Exaxiora kar Kuprémra

(b, (b))
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Ixfua: Mia Kupth cuvdptnon £, kal Jia koikn cuvdptnon f



Méyiora Exaxiora kar Kuprémra

(%0, f(x0))

IxAua: H epanmépevn euBeia ot ypagikr NapdoTacn cuvdpTnong o€ onueio KapnAG



Méyiora Exaxiora kar Kuprémra

Oepnua 4 (Kpimipio ¢ deltepns Napayyou)

‘Eotw 61 n ouvdpinon f eival cuvexnc oe kdnoio avoixtd dIAoTNA TO oroio

nepIEXE! TO onuEio Xg.
@ Edvf(x)=0«a f"(x) >0 1ére n f éxel TorKS EAGXIOTO OTO Xg.

@ Edvf(x)=0ka f"(xg) <0 r1ére n f éxel Toriké Léyioro oro Xo.

Nap&deiypa 2
Aeixvoupe o

1
1——<logx=x-1, x> 0.
%

©ewpoUpe TIG CUVAPTNOEIG
1
f(x)=1--—logx ka  g(x)=x—1-logx.
X

O f kal g opifovral, eival napaywyioiyeg yia x > 0 kal

T 1 1-x 1 x-1
! _ _ ! — —
f(X)—;—;— X2 Kal g(X)—1—;—T.

4
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Méyiora Exaxiora kar Kuprémra

Napddeiyua 2 (cuvéxeia)

@ Av x <1 eival f'(x) >0 &pan f eival alfouca oto (0,1) evd av x > 1 eival
f'(x) < 0 ondre n f eival Bivouca oo (1,+00). Zupnepaivoupe Aoindv
oto x = 1 n f éxel péyioro, érol

1 1
f(x)<f(1)=>1-——-logx<0=1--<logx, m
X X

yia k&B8e x > 0.

@ Avx <1 eivai g'(x) <0 dpan g eival pbivouca oro (0,1) evd av x > 1
eival g'(x) > 0 ondre n g eival abkouca oro (1,+00). Zuunepaivoupe
Aoindv 61 oto x = 1 n g éxel eAdxioro, érol SnAadn

ag(x)=g(1)=>x-1-logx=0=x-1=logx, @)

yia k&Be x > 0.

To {nroupuevo énetail anod Tig (1) kai (2).




Méyiora Exaxiora kar Kuprémra

Zxﬁua:]—%slogxsx—]
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Méyiora Exaxiora kar Kuprémra

Napddeiypa 3
Na BpeBei o eNdxioTog apiBuds M waore va IoxUel

T
|cosa—cosb| < M|a-b| a,be[—g,z . (®)]
H cuvdptnon cos eival napaywyioiun oto R, ondre yia a # b and 1o @ewpnua
NG NEONG TIUAG €xoupue

cosa—cosb

=cos'xp = —sinxg
a-b

yIa Kanolo xg o1o [—1 /6,7 /6]. ‘Etol éxoupe

cosa—cosb . . o]
————— | =|sinxg| < max |sinx|=sin— = —,
a—-b 6 2

- /6sx<m/6

kard cuvéneia n (3) kavoroleital yia M = 1/2. Inpeidvoupe 1 n aviodmra
ioxvel yia M =1, apou |sinxg| < 1, aAdG aut n niur) Tou M anéxel noAU and 1o
va eival n eAdxiotn duvarn yia va ioxuel n (3) oro SIAcTNUA Mou JAG eVOIaPEPEL.




Méyiora Exaxiora kar Kuprémra

‘Aoknon 2

Na BpeBei n uéyiot Tiur Tou a KoTe yia kdBe x > 0 va ioxtel /x = logx + a.

‘Aoknon 3
Na BpeBei N ypagikr) napdotacn TG cuvAaptnong

‘Aoknon 4 (Avieémra Tou Young)

Edv a kai b eival un apvnikoi apiBuoi kai p,g>1ue 1/p+ 1/q =1 deitre om

aP b9
ab<s —+ —.
P q

YnédeiEn: Eav ab =0 n avicétnta ioxUel. Na a > 0, b > 0 BewpnoTe T
xP b9

f(x)=—+—-bx, x>0
p Qg
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AnpocdIoPIoTEG HOPPEG

MNa kaBéva and 1a 6pia

. sinx C1=-x2 0 (1 =x)(1+x
[im—=1, Kal [im =lim ( ) )
x—0 X x—1 1=x x-1 1—x

=lim(1+x)=2
x—1

EVW O apIBUNTAG KAl O MAPOVOUACTAG, Kal ota duo, Teivel oto undév 1a Opia
eival dlapopetikd. Autd 10 anotélecua Pag Aéel 61 n npdEn O/ 0 dev unopei
va opiorei, dn\adn n popery 0/0 eival anpocdidpiom. ‘ANeG anpoodidpioTeq
HOP®EG €ival ol 0o/00, 0+ 00, 0o — oo, 09, oc?, 1°°. Mpdyuarn 1a épia

1

)I(Lm](x—1)x_1 =1
. 1 1
M=

eival Tng popoeng 0 oco.



AnpocdIoPIoTEG HOPPEG

©ewpnua 5 (O kavdvac 1ou L’Hospital)

Av ol cuvapTrioeic f kal g eival napaywyiouec kai g'(x) # 0 oe k&Be onueio
€voc avoixToU SIaoTnUAroG To oroio rnepIEXE! To CNUEIO Xy, EKTOC Iowe and 1o

idlo To onueio xg kai

lim f(x)=limg(x)=0 A lim f(x) = lim g(x) = o0,

X—Xg X—Xg X—Xg X—Xg
éxoupe dnAadri anpoodidpiomn uop@r Tou 1drou 0/0 1 oo/ oo, TéTe

fim ) _ i £

X—Xo g(x) B X—Xo g’(x)

eqv 1o dplo oro Seki uéAog undpxel, i eival +oo 1 —oo.

Mpdyuar
. sinx . cCosx
lim ——=Ilim —— =cos0=1.
x—0 X x—0
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AnpocdIoPIoTEG HOPPEG

Inueiwvoupde o1l To anoTéAecua Tou kavova Tou L'Hospital ioxdel av 1o Spio
X — Xg QVTIKATAOTABEl ue éva and 1a épla x — Xg+., X — Xg—. X — +00, X — —00Q.

Napddeiypa 4
Na unioAoyiorei To éplo
2%
lim
x—0 X
Eneidn
lim(2~1)=2°-1=0, «a limx=0
x—0 x—0

o kavévag Tou L'Hospital epapudleral, ondre

. 2% o (2X=1)Y . 2Xlog2
lim = Imu:llm—gzlogz
x—0 X x—0 x' x—0 1

20/29



AnpocdIoPIoTEG HOPPEG

Nap&deiypa 5
Na unoAoyiorei o éplo
. &
lim =
X—00 X
Eneidn
lim (&) = oo, Kal lim x* = 0o
X—00 X—00

o Kavévag Tou L'Hospital epapudleral, ondre

X X

. € . €
lim — = lim —
X—00 X X—00 2x

TO OMoio €efval MAN Tou TUrou 0o/co. EPapudloviag yia AGNAN HIa popd Tov
kavoéva Tou L'Hospital naipvoupe
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AnpocdIoPIoTEG HOPPEG

‘Aoknon 5
Aeitre o1 yiakdBe r >0
. logx
lim =0.
x—oo x'
Nap&deiypa 6
Na unoAoyioTei To éplo
lim xlogx.
x—0+

To dpio eivail Tou TUrou 0 - co ordre pnopei va petacxnuanotei oe 0-1/0=0/01n
oe 1/00-00 = 00/00. Mpdyuan

. . logx 0
lim xlogx = lim —— (—)
x—0+ x—0+ 'I/x [ele)
1
= lim /x
x—0+ —]/X2
=3, =0




AnpocdIoPIoTEG HOPPEG

Napddeiypa 7
Na unoAoyiortei 1o pio

lim (1 +sinx)'/*.

x—0

To dpio eivai Tou 1Urnou 1°°. Fpdgovrag

(] +sinx)1/x _ eIog(1+sinx)1/x g e[log(Hsinx)]/x

BAEMoupe 61 KaBwg x — 0 0 ekBETNG eival Tou TUriou 0/0 ondre and mv
ouvéxela TG eKBETIKNG CuvVAPTNONG expx = €% éxouue

i ) Y log(1+sinx . log(1+sinx
lim(1+sinx)"/* = lim expM = exp(llm M]
x—0 x—0 X x—0 X
CoSx
. i . Ccosx
= exp(llm m) = exp(llm —) =expl=e¢,
x—0 1 x—01+sinx

Onwg nepiuévape (yiar).
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AnpocdIoPIoTEG HOPPEG

‘Aoknon 6
Na unoAoyictouv 1a opia
@ Iim(ee’x—5x)1/x.
x—0
@ lim (&% —5x)"/*.

X—00

‘Aoknon 7
Na unoAoyioTtei 1o dplo

i ( 1 1 )
iml——-—].
x—0\sin2x X2




AkohouBieg kai L Hospital

Ac unoBéooupe o1 N f eival hIa NpAyParkr cuvapTnon yia Ty onoia 1oxuel o

Jim fx)=r «kai )|(I_I’% f(x)=s.

Opi¢ovrag T akohoubieg ap, = f(n) kai b, = f(1/n), eniong 1oxVer 6m

lim a,=r Kal lim b, =s.
n—oo n—oo

‘Etol av o kavdvag Tou L Hospital epapudleral otn cuvexn nepintwon, dnAadn
omv avdiloyn cuvdptnon f kai divel To Oplo TNG cuvApTNoNG, ToTE auTd To OPIO
eival kal To 6plo TNG akoAouBiag. MNa napddelyua

1 sin(1
[im nsin—= lim M = lim cos—=1.
n—o0 n n—oo '|/n n—o0 n

BéRaia n anddeifn ng evdidueonc 1I60TNTag dev yivetal ue epapuoyr) Tou Kavova
Tou L’ Hospital. Kam téroio dev éxel évvola oe akoroubieg (yiari;).



AkolouBieg kai L' Hospital

Napddeiypa 8
Na BpeBei 10 dpio NG akoloubiag ap, = n(el/” -1).n=1,23,....

lodgovrag
el/n—1

C’n:'l/—n

BAEMoupe Ot To OpIo NG A, €ival To

-
lim ,
x—0 X

e@doov autd undpxel. To Teleutaio dplo eival N NapAywyog TNG EKBETIKNG
ouvdpTtnong oto x = 0, enopévwg

. . e]/n_-l
lim a,= lim

0_
n—o0 n—o00 '|/n )




AkolouBieg kai L' Hospital

Napddeiypa 9
Na BpeBei 1o dpio NG akoAouBiag

A
a,,:(1+sm—) , n=123,...
n

Ta avdioya épia TG ouvexoug nepintwaong eival

. CT\x . .\ /X

lim (1+sm —) , n I|m(1+smx)

X—+00 X x—0

Kai ta dUo dpia eival 1ng popng 1°°. 1o Mapddelyua 7, KAvoviag xprion Tou
kavova Tou L' Hospital uriohoyicaue 1o deltepo dplo kal deifaue ot icoutal ye
e. 'Erol honov éxoupe
) ]/X

=e.

1\n
lim (1 +sin—) = Iim(1 +sinx
n—o0 n x—0




AkolouBieg kai L' Hospital

Napddeiyua 10
Na BpeBei 1o dplo TG akoAouBiag

| +1)\a
M), n=1,23, ...

an =
==

érou p Kal g eival BeTikoi npayuarnkoi apiBuoi.

E€erdloupe npwra av 1o Oplo

I
- og(n+1)
n—o00 nP

undpxel. ©ewPWVIAG TN CUVEXN NEQINTWOoN UE X OTn BECN Tou N BAEMoupE OTi TO
6pio eival TG Hoperg 0o/ oo, Kal 61 o apiBunmg log(x + 1) kai o
napovouactg xP eival Nnapaywyioiueg cuvaptioelg, €101 and Tov Kavova Tou
L" Hospital naipvoupe

log(x+1) i 1/(x+1) . 1

im = lim = .
X—00 xP x—oo pxP1 x—00 pxP~1 (X + '|)




AkolouBieg kai L' Hospital

Napddeiypa 10 (cuvéxela)
To Teleutaio KANGoua ypdgeral

1
1
pxp(l +—)
X

—

KaBWG X — +00, apou p > 0, €101 TENKA €xoupe yia p >0

'Etol TENKG Kal e cuvduaopd e TN ouvéxeia TG ouvaptong f(x) = x9, x >0
naipvoupe

q
lim —)
”—’I oo pnP ‘(n+1)

=09=0.

i (Iog(n+1))q: ( im Iog(n+1))q:(

n—oo nP n—oo nP
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