
Theorem 3.1.1  For all formulas ϕ,ψ ∈ Ln, structures M ∈ Mn,  

and agents i  =  1, . . . , n, 

 

(a)  if  ϕ  is an instance of a propositional tautology, then  M |= ϕ, 

(b)  M |=  (Kiϕ ∧ Ki(ϕ ⇒ ψ)) ⇒  Kiψ, 

(c)  if  M  |=  ϕ  and  M  |=  ϕ ⇒ ψ  then  M  |= ψ, 

(d)  if  M  |=  ϕ   then  M  |=  Kiϕ. 

Axiom system Kn: 

A1.  All tautologies of propositional calculus 

A2.  (Kiϕ ∧ Ki(ϕ ⇒ ψ)) ⇒ Kiψ,  i = 1, . . . , n  (Distribution Axiom) 

R1.  From  ϕ  and  ϕ ⇒ ψ   infer  ψ   (modus ponens) 

R2.  From  ϕ  infer  Kiϕ,   i = 1, . . . , n   (Knowledge Generalization) 

 

Proposition       For all formulas  ϕ,ψ ∈ Ln  where  ϕ ⇒ ψ  

is a propositional tautology, if    Kn  |   ϕ    then    Kn  |   ψ. 

 

Lemma  For all formulas  ϕ,ψ ∈ Ln, structures M ∈ Mn,  

and agents   i  =  1, . . . , n, 

A if   M  |=  ϕ ⇒ ψ   then   M  |=  Kiϕ ⇒ Kiψ  

B if   Kn  |   ϕ ⇒ ψ   then   Kn  |   Kiϕ ⇒ Kiψ 

 

Prove  Β : 

 ϕ ⇒ ψ  

 Ki (ϕ ⇒ ψ)    R2 

 Ki (ϕ ⇒ ψ) ⇒  (Kiϕ ⇒ Kiψ)   

     A2  και  Proposition 

 Kiϕ ⇒ Kiψ    R1 
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