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"... Uncritical rejection of all theory because it is incomplete

and wrong on occasion is foolish and harmful; intelligent criticism
of standard material, no matter how long it has been accepted,
is sensible and wholesome.”

Reuben Fine
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NMpoAoyog

Av10 10 KElpevo cuvTaydnke yio Tovg Po1TNTES ToL pabnpatog «Atakpirtd Madnuatwud II». To
TOPOTAVE LA TapoLGLAlEL TIC BOCIKMOTEPES EVVOIES Kol TEYVIKES TG Bewplog TV
YPAONUATWV, Kot 0odidel ELPacT) 6TV akpiP), AETTOUEPEINKN AVAALGT TOVG (TOPA TNV EVPELN
EMOKOTN G| TOVG). XTOYOG TOV EIVOL VO TPOETOLOGTOVV O1 POITNTEG Y10 TNV HEAETT
eEEOIKEVHEVOV OEPATOV (OTTMS OVTA TOV OVOKVTTOLV, Y10 TAPASEYLLOL, GTOV CYESUGLO KOt TV
BeopnTikn a&oAdynon adyopibuwv).

To padnpo 0V amontel KapLpio TPOYEVESTEPT YVMOOT], TEPA OO TO. GTOLYELN TOV TPOYPALUATICLULOD
Kot TV Bacikn avdivon adyopiOpmy.

210 TéA0G KADE VITO-EVOTNTOG TOV KEWWEVOL apaTifetal o oelpd Epotnudtov. Xto téhog kébe
EvOTNTOG TOpaTifETOL Lo OEPE AGKNGEWV.

Ta Epompota eivar amkd mpofAnpota, Kot dtvovor yia vo ereyyBel katd toco €xel apopolmdel
EMOPKAG TO TEPLEYOUEVO TNS OVTIOTOLYNG VTTO-EVOTNTAG. O1 OOVINGELS TOVS EIVOL TPOPAVELS, KO
cuvNB¢ cuvTouES. LTV 10aVIKY Ttepintwon to. Epotpata Oa peketdvion moapdAinio pe v
avtiotoym VAN (YU avtd To AOY0, N GEPA TOVS TAPAKOAOLOEL TNV pON TG AVTIoTOYMNG
VIO-EVOTNTOG).

Ot Aoknoelg etvar og ent 1o mheiotov cuvBetwtepa mpofAnpata. Or amavInGelg TOVG
TPOoVTOOETOVY KOAN KATOVONOT TV EVVOLDY OV £XOVV TOPOVGLUOTEL LEYPIS ekelvo TO omnueio, Kot
Koo Babid evyEpelog TV YPNON TOV CYETIKMV TEXVIKOV. Ot AGKNGELG CUUTANPDOVOLV 1)
EMEKTEIVOLY TO TTEPLEXOUEVO TNG OVTIGTOYNG-EVOTNTOGS, YU 0LTO KOl £XOVV GUUTEPIANPOET
AmOVINOELS TOVG (Olvovtal oty teAevTaia EVOTNTO TOL KEWEVOD). DVOIKA, GTNY 100VIKN
nepintoon o enyelpeiton va amavinfovv ot AGKNGELS, TOPIAANAL LE TN LEAETN TNG OVTIGTOLMNG
VAnc. H ogpd tov Acknoemv mapoakoiovdel tnv por| g avticToryng EvotnTas.

KaBbg avtd 1o keipevo Ba emekteivetal pe emimAéov BEpata 6To TPOoeEES LEAAOV, OTOLAOT|TOTE
TOPOTNPNON OTOoKOTEL 6TV BEATIOTN TOL Bat Elvon EVTPOGIEKTY.
Xravpog Koopoddkng

[Tatpa, Nogupprog 2003



1 Apxikég Evvoieg

1.1 2uvoAa kar akoAouBisc

Ba ¥pNCIOTOI0VUE LOVO TTEMEPAGHEVO GVVOLA, Kot Ba Ta cupPorilovue gite pe mapdbeon TV
otoleiov Toug (tapadeiypota: {a, b, 3}, {1, 2,..., n}), N ue pio GHVTOUN TEPLYPAPT TOV GTOYEIDV
Tov¢ (mapdderyua: {X | X—3 eivor aképatog Tov dtopeitor 016 5}).

To kevo ohivoro (yopic Kavéva ototyeio) ovuforiletar pe G 1 pe {}.

O ovpporiopdg X € A onuaivel 0T1 o X givar éva amd ta oTotyeio Tov GUVOAOL A (YPAPoLLLE

X ¢ A av 1o X 0V OVIKeL 6TO A).

AYo chvora Bempovviar ica dTav £xovv akpPdg Ta i010 oTotyEld.

To A givarvro-chvoro tov B (cuppoiicudc: AcB) otav kabe ototyeio Tov A elvar kat 6Totyeio
Tov B.

O ap1Bpog TV ctoyeimv Tov cuvorov A cvpuBoiiletat pe |Al.

H topn tov cuvormv A, B gival 1o 6HvVOAO TV KOWdV TOVG 6ToEi®mV), Kot cupoiileTon pe
ANB.

Ta covora A, B Aéyovtar &éva btav dgv £xovv kovd ototyeio (ANB=J).

H évoon tov cuvorov A, B givat to 6OvoAo Tov ototyeimv mov aviKovv 610 Afjoto B{x |x € A
N x € B}, xat cupPoirileton pe AUB.

H dwopopd twv cuvorlmv A, B glval To GOVOAO TV GTOYEI®V TOV A TOV OV aviiKovy 6to B, kat
cupPoriCetan pe A-B.

H ovuuetpixn diopopd tov cuvorov A, B givar 1o oovoro (A—B)U(B—A), kot copPolriletor pe
A®B. Xpnoonotope t ocvvtopevon S(Az,..., An) yio v topdotaon (... (A1DA2)D...) DA,),
omov N>2.

Mepég opéc lval ¥pNOIUO VL EYOVUE EVO TEMEPACUEVO APIOUO GO OVTIYPOPO KATOLWY
otoyyeiov. I'evikevpéva chvora o TG LOpENS. ovopalovtal Tolv-covolo. (TopadElyoTa:
{3,3,a,b,8 3} {112 2,..,nn}).

AV0 ToAd-cHvora Bewpovvion ica OTav Exovv akpiPdg Ta id1e oTotyein, Kat yio Kabe £va otoryeio
ToVG TOPaBETOVY TOV 1010 aplBUd avVILYPAP®V.

Muwa cuvaptnon d and to cdvoro {1, 2,..., n}, 6mov N>1, 6to cvvoro A ovoudaleton axolovbia
wiKovg N e opovg amo to A, kar cvpporiletan (a1, az,..., @n), 0mov ;= d(i).

Abo axolovbieg d, d’ Bewpovvrat ioeg dtav Eyovv To 1010 UnKog N, kot ywr kabe i=1, 2,..., n givon
d(i)=d"(i).

Yro-axoiovfio. g (a1, 8z,..., ) ovopdaletar omotadnmote akolovbio (ai, i+1,..., @), Omov 1<I<j<n.
Avtiotpogn e (a1, 82,.--,8n-1, @) ovoudleton n axorovbia (&n, an 1,...,82, 81)-

Zebyog ovopaleton po akolovdio pnkovg 2.

Epomipata
1. Tléca dopopetikd cuvora peyéBovg M=>0 pmopovyv vo oynUATIoToVV TalpvovTag ctotyeio
and 10 cvvoro {1, 2,..., K}, 6mov K=0;
2. - Amooeilte 01, Yo omotadnmote cuvora A, B, I, ioy0et A@B=B®A «ot
(A@B)@I'=AD(BST).
AmodeiEte 011, Y10 omoladnTote ovvora A, B, eivat |ADBI=|A|+B|-2|ANB|.
[16ceg drapopetikeg akorovBiec unKovg N=1 vépyovv pe OPOVG Ao TO GHVOAO
{1,2,..., K}, 6mov K>0;
5. Tlooeg dropopeticés axkorovBieg prkouvs N>1 vdpyovy pe 6povs amd TO TOAV-GHVOLO
{1, 1,2, 2,..., K, K}, 6mov K>0;

£



1.2 Zxéoeig icoduvauiag

Opiouog (oyéoels kKat 1010THTES TOVS) Ovoualovue ayéan mavm oto cvvoio A €vo, GOVOAO
Cevyav pe 6povg amd to A. Av to {evyog (X, Y) avikel otn oxéon R, Aéue o6t ta X, Y ovoyetiCovroi
uéow e R (ovpPforioudc: X R y).

H oyéon R mévew oto A ovoudletar avarxiaotixy av, yio. kaOe X € A, égovpe X R X.

H oyéon R mive oto A ovopdletot avuuetpixy ov, KaBe gopd mov ioyvel X Ry, €xovpe katy R X.
H oyéon R mévew o10 A ovoudletot uetaforixy av, k4Oe popd mov oydel X Ry koary R z, ioydet
Kkt X R z.

H oyéon R ovopdletatr ayéon 1codvvauios o vl oVOKANGTIKY]; GULUETPIKT] Kot LETOPOTIKT. O

Hapaderypa H oxéon {(1, 1), (2, 2)} mdveo oto cvvoro {1, 2, 3} dev eivon avaxriaotiky. H oxéon
{(1, 1),(2,2),(3, 3),(1, 2), (2, 3)} mvw 610 cbvoro {1, 2, 3} eivor avakAaoTiKn, AAG OEV-lval
GUUUETPIKN OVTE HETOPATIKY).

H oyéon {(m, n) | m>n} néve oto cvvoro {0, 1, 2,..., K}, 6mov K>0, givar petafatikn, aAid dgv
glvar ovaKAGTIKY] 00UTE GUUUETPIKY.

H oyéon {(m, n) | ot m, n apnvovv 10 010 vroroto 6Tav dtapedov did 3} mhveod 610 cHVOLO

{0, 1, 2,..., K}, 6mov K>0, elvoun oxéon icoduvapiog.

Oploiog droeplonod Ovopalovpe drauepioud Tov GUVOAOL A Lo OIKOYEVELDL
VTO-GLVOA®Y TOV A, {Ay,..., An} 0mOV N=1, mOV avd 6V0 dev £xovy Kowva otoyeio (AiNA=D av
I#)) ko 1 évowon Tovg kaAvmrel to A (AU...UA=A).

O dwpeptopog {As,..., An} T00 A givar Aerrouepéotepog amd tov dropeptopd {A's,..., A'm} tov
A av yio ke A vrhpyel Kamoto A'j mov mepiExel 10 Aj (AjcA'j). O

Hopaderypa O dopepiopds {Ag, A1, Az, Az, Asg, As} tov {0, 1, 2,..., K} (K>0), émov
Ai={m | o axéparoc M aprvel veoAowro i dtav dlapedel dud 6}, elvon AenTopEPEGTEPOG OO TOV
Swapeptopd {A'g, A'1, A'z}, 6mov A'i={m | o aképatog M apnivetl viorowro | dtav otoupedsi o1 3}.

Opiouoc Khdoewy 1600vvouioc Ovopalovue klaoeig ioodvvauiog g oxéong teodvvapiog R
AV 6T0 6OVOAO A={ay, az,..., an} (N=1), Ta vwoovvora {[ai]r, [az]r,..- [@n]r} TOV A, 67OV
[ailr = {X | X R &} eivau n xAdony 1oodvvauiag tov a;. O

1.2.1 Mpétaon (Baoikn 18310TNTA TWV KAAOEWV I00OUVANIAG)

['a omowaonmote oyéon 1wodvvapiag R move og Eva chvoro A:
i. AvioybetaR @, 0o sivar [a]g=[a']r.
ii.  AvodevioyeraR @, Oa etvan [a]rN[a]r=D.
lii. Ot KMdoeig woodvvapiog e R amotelodv dlapueptopnd tov A. O

AmodeiEn e 1.2.1

I Av X e [a]r Oo givon X R a (optopdg g kKAdong i1sodvvaytiog Tov a), ko Aoym s a R a’ fa
givan X R @' (petafatikomra g R) apa X € [a']g. Av X € [a']g Oa givar X R @', kou emionga’ R a
(AMOy® g a R @’ ko g ovppetpiog g R), omdte X R a (petapatikdomto g R) xat X € [a]g.
Anhaodn to. ovvora [a]r, [@']r &xovv akpiBdg To (010 oTo1XE .

I. Av vpye Koo otoryeio X tov [a]r kot [a']r BanTav a R X (a6 v X R a ko
ovpperpio ¢ R) ko X R @', ondte Oa eiyope a R @' (petafatikomra e R).

ii. Ano to. (i), (i) TpokvmTel 6TL 600 SLOPOPETIKES KAAGELS 1oodvvapiog e R dgv éxovv kowd
otoyeio. Adym g avakiootikotntag e R o givar a € [a]r, yio kdbe a e A. O

1 7 ’ 7
H, 0 {A's,..., A'n} eivon yevikdrepog omd tov {Ay,..., An}-
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Hopoamipnon H avaxiactikdtra g R ypnotponoteitor poévo yia vo eEac@ariotel 6Tt kabe Eva
ano Ta ototyeia Tov A Ba aviKeL G€ KAmolo KAGoT 1000V VIS,

Aépe 6t 0 O1apePIGHOG {Ag,..., An} TOL A yevikeder T oxéon R mhvo 6to A, oV Y10 001001 TOTE
oLGYETIGUO X R Y, Ta X, Y avijKovV 670 1010 VT0-cUVOAO Aj Tov drapeptopo?. Lo mapadsrypa, o
dtapeptopog {A'p, A'1, A'o} tov {0, 1, 2,..., K} (K>0), 6mov A'j={m | o m apnvel vrorouro i 6tav
Srapebel 61 3}, yevikevel ) oyéomn {(M, N) | M>n Kot ot M, N aPHRVOLY TO 1610 LIOAOITO GTOV
otupehovv 014 6} mhve oto {0, 1, 2,..., K}.

1.2.2 Mpétaon (EAaxioTéTNTA TWV KAGOEWV I00OUVAMIAG)

['a omoladmote oyéon woodvvapiog R mévo og Eva chvoro A, ot KAdoeglg tloodvvaptiog e R etvon
0 AEMTOUEPEOTEPOC OLAUEPIGUAC TOV A oV Yevikevel Ty R. O

Anddeitn e 1.2.2

O1 KMdoeic toodvvapiog e R amotelodv éva dapepiopd A tov A. Av aR @' Oa sivar a e [a']r
(opropdc T KAaong 1eodvvopiag), kot eriong @’ € [a']r (avaxiootikdénta ™me R), erouévag o a,
a’ B avnkovy 670 1610 VITo-cHvoro [@']r Tov A. Apa 0 dlapeptopog A yevikedel Ty R.

Av o dopepioptdg A'={A’s,..., A'm} ToV A yevikever v R, kou [a]r eivar pia amd T1¢ KAGoELS
1oodvvapiog g R, kabs otoryeio X g [a]r Oa tkavomotel tov-cvoyeTiond X R a, emopéves ta X, a
Ba avKovv: 670 1510 VITO-6VVOLo A'j Tov A’. AnAadi [a]rcA'i, 6mov A’; T0 VTO-6GVVOAO TOV A’ TTOL
TEPEXEL TO A. Apa 01 KAAGELS 16odvvapiog g R efvatl Aemtopepgotepog diapepiopds amd tov A'.
m

Epotipata

1. T kéBe pio amd TIc 1O10TTES: AVOKANGTIKOTNTA, COUPETPIN, petafatikdtnta, Bpeite pio
O(E0T TOL VOL UMV TNV TKOVOTOLEL, Kot Vo, LkavoTtotel Tig dAAEG 000.

2. Tha dedopévo dropeptopnd {Ag,..., Ap} ToV cuvorov A, opilovpe o oxéon R v 610 A
o¢ e&nc: X Ry av ta X, Y avijkouv 610 1010 vo-cOhvoro A Tov dwopeptopod. Na
enaAnBevtel 6T R givan oxéom woodvvapiog, kot 0Tt 01 KAAoELg 1codvvapiag g R etvat
To Aq,..., An.

3. Na derytet 61, av o dapeplopds {A,..., An} 10V A glvar AerTOUEPECTEPOC O TOV
Sapepopd {A'y,..., A'm} tov A, k6O A'j Oa etvar 1 évaon Kamolwv amd ta Ay,..., Ap.

4. Na Bpebet dapepiopog tov {0, 1, 2...., K} (K>0) mov va yevikevet ) oyxéon
{(i, i+1) | i=0,1,2,....K}.

5. Na deyrel 6T o0 omoladnmote oxéon R mdvo o€ éva 6Ovoro A, vtdpyel SIOUEPICHOS TOV
A mov yevikevel v R.

1.3 Emaywyn

Av T1(n) givon Kdmoto 1310TNTO TOV AKEPOLOV APIOLLOV N Ko @ Vol KATO10G 0KEPOLOS, LTOPOVLLE VO
enoAnfevoovpe ot 1oyvet II(N) yo 0mo10voNmoTE aKEPALO N>, LE 0L ETAYWYIKY ATOIEICH OTMG
TOPOKATO:

o ~Apywn mepintoon - loyve I1(a).

o Emayoywé pipe  Tio omoovdnmote aképoio i pie i>a, av vrobésovus 6t oyber TI(m)

yio. kaBe M pue a<m<i, 1ote 1oyvet ko T1(1).

Anhaon, amo v apyikn mepintwon maipvovpe ot I1(a). And to o611 [1(a) kou To emarywyucd Prpa
ywo i=a+1 (6mov To M maipver Ty TN a), moipvovpe ott [(a+1). Amo to 6t I1(a) kau I(a+1) ko
T0O EMAY®YIKO Pripo yior i=a+2 (6mov to M maipvel Ti¢ TipéG a kot at+1), maipvovpe ot I(a+2). Ko
00Tm KB EENG.

2 H vmdheon o1t woyver TI(M) yia kéBe M e a<m<i Aéyeton exaywyici vwdleon yia tov i.
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Inueioon Mo va amodeydei 6t 1oyver [1(1) oto emaymykd Prina, cuyva apkei va ypnoporomdel
uovo n vedBeon ot woyvet IT(M) yia m=i-1, i-2,..., i-K, 6mov K o otabepd aveEaptntn tov i.

[Hopdoerypa Na detytel 6T 0 TopaKat® akyopidiog vroAoyilel Tn cvvapTnon r(n)=n2 (6mov n
aKEPOLog, N=>0).

1  function T(n: integer)

2 ifn=0then returnO

3 else  return T(n—1)+(2*n)-1
®a mapovpe w¢ amodektén I1(N) v wWidTNTa «av N>0, n kKAnon T(n) tov aiyopiBuov emotpépet
™V Tl n%». Ed¢ a=0.
Apyucn wepintoon  [poeavag toyvet I1(0), and v ypapp 2 Tov YEVSOKMOIKO.
Erayoywo pine  Eoto i évag aképatog, >0, yio Tov 0moio 1oybel 1 emaymykr vwodfeon
«I1(M) y1o k@B M pe 0<M<i». ®éhovue va dgi&ovpe Ott oyvet I1(i). Apod i>0, n kAnon T(I) 6o
ekteléoet T ypoppn 3 (6mov N=i). Amo v enay@ytkn vdbeon yioo m=i—1, kot exeidn] i—1=>0,
Eépovpie 6TLn avadpopky kAqon T(i—1) emotpéeet v Ty (i-1)% Apo 1 kKhjon T(i) 6o
emotpéyel v Tipn (i—1)%H2*i)=1=i°.

Mnopovyie va meptypdyovie pia kidon C amd TETEPACHEVE OVTIKEILEV, Y10 TO OTTOT0 EYOVLLE
Kamoto. évvola peyébovg, opilovrag otadiakd vo-kidoeic C(n) (6mov N aképatog, N >a) 1ov
amoteAoVVTOL otd avTIKEIPEVH «UEYEDOVES) TO TOAD N. XPNGILOTOOVUE EVAV ETAYDYIKO OPLOLUO
OTMOC TOAPOKATO:

o ApIKES TEPMTTTMOOELS OpiCovpe v vo-kAdon C(a).

o Emayoywn ketaokem) "o onotovonmote axépaito I pe i>a, opilovpe To avtikeipeva
™G vro-kiaong C(i), oav ovvaptnon twv aviikeyuévay v vro-kldoewy C(M) drov
as<m<i.

E&vmakoveton 611 1 kAdon C mpokidmtel ¢ Evoon tov. vro-khaoewv C(n), 6mov n>a.

2nueioon Flo va katackevaotel emaymyikd 1 vo-kAdon C(1), ocuyvd apkel va ypnoiporombovy
povo ot vokidoelg C(m) yio m=i—1, i-2...., I-K, émov K o ota0epd ave&dptnm tov i.

[Moapaderypa Mmopodie va 0OCOVLE TOV TAPOUKAT® ETOYWYIKO Optopo yio pio khaon I amd
oVUPOAOGEPEG TOV OVTIGTOLYOVV G APOUNTIKEG TAPACTACELS:

ApIKéC TEPITTOGELS H vro-kAdon I'(0) nepiéyetl axpiBog T ovpuPorocelpég mov
amotelovvtan amd Eva cOUPoAo petafAnTng (0w X, Y, kot ovTm kab ‘e&nc) N éva cvopforo
axépatov apBpov (0mwg 0, 1, 2; kot 00t Kab eENg).

Erayoyikn kotaoken) H vro-khdon T'(i) amoteisiton amd 115 cvuPorocepis (61+62),
(61—062), (01*02), OTOV 61, G2 EIVOL OTO1EGINTOTE GLUPOAOGEIPES TV VITO-KAdoewv T'(M), 0<m<i.
Anhaon|, pio cupPorocelpd opileton eite cav Eva OUPOLO (apyIKES TEPMTMGELS) £lTe GOV
GLVOVACHOG UIKPOTEP®Y, GLUPOALOCEIPDOV (ETOY®YIKT KATOGKELT).

Mmropovpe vo emaindedvoovpe pia 1diotnta. IT pdc khdong C mov éxet oploTel Emay@yIKa OTmS
TOPATAV®, OTOOEIKVOOVTOG e EXOY@YN 0Tt 1oyveL 1) 1ot ta [1(N) = «n vro-KAdon C(n) &yl v
wwotnta [T», Yo onolovdnmote akeporo N>a. H avtiotoymn eraywyn Oa eivor 1 €€1c:

o Apyukn mepintoon  H C(a) &xet v wwom o I1.

o Emayoywé pipa T omotovonmote aképoto I pe i>a, av vrobécovue ot 7 C(M) et

v 10i6tnta I yo kafe m pe a<m<i, tote koun C(i) éxel v w6rotTo. 11

Dduowkd, mpénet yro v cvykekpipévn wrotta I va etval yvootd ott, av toyvet yio kde pia and
t1g C(n) (n>a), Oa 1oyvet kot yo v Evaon Ttovg; C.



Hopaderypo Mmropobpe va amodeiEovpe pe emaymyn 6t ot cupporocelpég g kKAdong I mov
opiotnke TpoNyovpEVMS £xovv TV £ENG 1010t Ta [T: 0 ap1BUoS TV epEavice®Y TOL GUUPOAOL «)»
otV cvpuPorocelpd ivat 160g pe Tov aptpd TV EPPAVICEDY TOV «(».

Apyua mepintoon  Kabe supPorocelpd (tng vro-krhaong I'(0)) mov amoteieiton omd Eva
ovpporo petafAntig M éva oOpPoro axépatov aplBpov, £xet Tpoeavmg TV wirotnta I1.
Erayoywo pine.  Av vmobécovue 011 01 cupPolocelpéc 61, 62 (TOV VITO-KAGoewv I'(M),
0<m<i) &ovv v W10t Ta I, 10TE TPOPAVMOS KoL 01 GLUPOAOGEPES (61+62), (01—62), (01%02) (TNG
vro-kAdong (1)) Oa £xovv v 116t ta I1.

Me Baon tov-enaywyikd opiopd pds kAdong C uropovpe va opicovpie pio cuvdpnon F nave
ota otoyeia g C, ypnoonoidvtag tig vo-khacelg C(n) (nN=a) pe tov €EN\g avadpopiKd Tpomo:
o Apyikoroinen OpiCovpe v F ota otoyeia e C(a).
o Avaopopkn kion ['o omotovonmote axépato I pe 1>a, opilovpe v F ota ototyeio tng
C(i) Geamparvrac yvwotéc tic tyuéc e F oo atoyeio kdbs ac aro tig C(m), a<m<i.

[Mopaderypa o pud copforocelpd 6 6ty kKAdon I mov opioTnKe TPONYOLUEVOS, UTOPOVLE VOl
opioovpe avadpopukd To fabogs supwiiacuod g o, B(o):

Apykomoinon Av 1 ovpPorocelpd o sivat oty vio-kiaon I'(0), dniadn amoteieital axd
éva oOUPoAO peTafAntig 1 éva cOUPBoAO axképatov aptBpov, opitovue B(c)=0.

Avoadpokn kMon TNa tig ovuPforoceipéc (61+62), (61—03), (61*072) TG vo-kKAdong I'(1), 6mov
01 61, 07 &ivar cLUPOAOGEPES TV VIo-KAdoewv T'(m), 0<m<i, opilovpe: B(o1+02) = P(o1—02) =

B(o1*02) = 1+max{P(c1), P(c2)}.

Epomipata

1. Tpayte évav adyopBpo mov va vroroyilel T cuvapTnon r(n):n3 (n axépaiog, N>0)
EKTEAMVTOG HOVO TPOGOETELS Kat apatpEoels. AnodeiEte 0Tt 0 arydp1Budc oag etvat
0MOTOC.

2. Eivoi dvvoto vo kataokevaotel  vro-kAdon I'(i) tov cupPforoceipdv mov avIieTorovV
o0& aPOUNTIKES TAPAUCTACELS, YPNOILOTOLOVTAS LOVO TNV vtokAdon ['(i1—1);

3. Bpeite khdoeig C(n), n>0, xar pia w6tra I mov va woydet yio ke pia amd tig C(n) akrd
VoL UMV 1oY0EL Yo TV EVeon Tovg,

4. To ovuuetpiro-uetofotiko klsioyo as oxgons R ndve 610 ohvoro A opiletor emaywykd
¢ 1 e&ng oxéon Q mavem oto A:

ApIKég TEPITTACELG H Q(0) eivon n R.

Erayoyikig katackev H Q(i) amoteAeiton amd 6l ta (evyn (Y, X), 6mov 10 (X, Y)
eiva {evyog kdamotag Q(m) (0<m<i), kot o6 oAa ta Levym (X' Z') dmov, yio koo
KatdAnio y', ta (X, y') ko (Y, 2') eivar Levyn kamowwv Q(m), Q(m”) avtictorye (0<m<i,
0<m’<i).

I. Na amodeytei 611 RCQ.

Ii. No amodeytei 011, ov 1 S givar pia cuppetpikn ko petofotikny oyxéon kot RCS, Ba givon
QcS.

lii. Na amoderytei 6t (X, Y) € Q av Kot pévo av vrdpyetl pa okolovbia (a, az,..., &) He
X=a; ka1 y=a, (n>2), 6mov (&;, ai+1) € R 1.(ai+1, &) € R, ywo kabsg i=1, 2,..., n—1.

IV. Mropeite va tpomonomoete TNV kKoatookeon g oxéong Q(i) étol dote va ypnoylomotei
povo t oxéon Q(i—1), kot va TpokvmTeL 1) 010 oxéon Q;

5. I'payte oe yevdokmowka Evay. alyoptBpo mov, yio puo dedopévn copforocelpd o,
vroAoyilel To B(o) (av 1 6 givar oty kAdon I), 1 avoaeépel 6t 1 6 dev ivar 6tV KAdon I’
(otVv avtiBetn mepintwon). Anodei&te 6Tt 0 adkyopBLdS Gog eival 6OOTOC, Kot aVaAVGTE
TNV amed0TIKOTNTA TOVL.
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1.4 Aoknoeig

1.

10.

11.

Aépe 6tL 10 A glvan éva eldyioto ovoio mov Exer v 101otyte: I, av n I woydel yia to A, kot
eniong ywo 0motodnmote cuvoro X omov 1oyveL 1 I etvan AcX. Na derytet ot1, av 1o A, A’
gtvon eddiyioto ovvora ov Exovv v I, Ba eivon A=A,

To A givan €va Tolv-c0uvoro, kot A’ etvot To 60OVoAo Tov TEPLEYEL akpIB®S Eva avTiypapo aro
Ka0e otoryElo TOV A (Ko Kavéva dALo oTotyeio). [Toid drapopd VIEAPYEL OVALEGO GE Ll
axoiovdia pe 6povg amd 10 A, Kot 6€ pia akoAovdio pe dpovg amd o A'; IToid dtapopd
VILAPYEL AVAUEGO GE U0 oLVAPTION éva-Tpoc-éva amd to {1, 2,..., N} (n>2) ot0 A, Ko 6€ pia
oLvapINon £va-mpos-éva ard o {1, 2,..., N} oto A';

Ot Ry, R; givat ovppetpicég oxéoelg mivo oto ovvoro A. Na amodeytei 6t | oyxéonp R=R;UR;
€lvVOll GUUUETPIKN.

Ot Ry, Ry givan petafotikég oyéoeis mvm 6to cOvoro A. Ioydel 01t n oxéon R=R1UR; givat
petofatikn;

H R eival o coppetpikn kot petafatikn oyéon tave 6to cuvoro A. Na amodsiytel 6Ti 1
oxéon R=RU{(X, X) | X e A} givat oyéon toodvvapioc.

No detytel 6t1 To cvppeTpkd-peTafatikd Kisiowo Q pids oxéone R eivor coppeTpikn Ko
petafotikn oxéon .

O opopog [a]r={X | X R a} &ye1 vonua akopa kot 6tav 1 R dev givar oxéon ioodvvopiog.
AgiEte 611 kavéva and Ta copmepdopato s [pdtaong 1.2.1 dev woyvet ywpic v vtobeomn OtL
N R elvar oyéon wodvvapiag.

Amooeilte pe emaymyn 0Tt ot GVpPoAoceEpES g kKhdons I’ mov aviiotoyobv oe aptBunTtikég
TOPOoTAGELS £xovv TV e&N¢ 1010t O: Kabdg dafaletan o copfolocelpd and aploTepd
PO Ta OEEL, 0 APOUOS TOV EULPAVIGEMY TOV GLUPBOAOV «)» OV EYovv dtofactel dev
Eemepvagl TOTE TOV aPLOUO TV EUPOVICEDY TOV GLEPOAOD «(» TOV ExovV StoPacTEl.

I. Amodei&te pe enaywyn 6T N mapakdto khaon I arxd cupPorocEpEg TOV AVIIOTOLOVY GE
ApIOUNTIKES TOPACTACELS, TEPLEYETOL OTNY KAGoN I

Apypikés meputtoocers H IM'(0) mepiéyer axpBdg 116 cupforocelpés mov amoTeAovvIoL otd
éva oupfolro petafintg (0nwg X, Y, kot ovTe ko eEnc) N éva cOPOAO aképaloy apBiLod
(6mwg 0, 1, 2, Ko 0VT® Ko €ENC).

Erayoyun kataokevn H I7(i) anoteleitar amd 116 cupPorocelpés (61+62), (61—62), (01%02),
O6mov 61, 07 givar omotecdnTote GupPorooelpég g I'(I-1), 0<i.

Ii. Eivan cwot6 011 o1t kAGoeig I, T tavtilovton;

Mmopeite va tpononomcete v kataokeon g I (1) amd v I7(i=1) omv Acknon 9, £étot
wote ot KAdoews I, T va tavtilovrtor;

I. ATtodei&te pe emaymyn 0Tl N TopaKkaTe oxéon Q' TEPIEYETOL GTO GUULUETPIKO-UETOPOTIKO
Kielopo Q e oyéong R.

Appxég mepuntocerg  H Q'(0) eivar n R.

Erayoyui kataokevn H Q'(i) aroteleitan and 6la ta-Levyn (Y, X), 6mov (X, Y) eivot {gdyog
™m¢ Q'(i-1), xar amd 6w ta Levyn (X', 2'), 6mov, yia Kamoto kardAAnio Y, ta (X', Y') kol (Y, ')
givan Cevyn g Q'(i-1) (0<i).

il. Etvan 6ot 011 o1 oyéoeig Q, Q' tavtiovra;

¥ Enedn 1oybet emiong Ot y10 kGOe ooppetpiky kot petafotikny oyéon S pe RS, eivar kot QcS, Aépe 6tin Q eivar 77
NGy 10T oVUUETPIKT KoL UETOfaTikT ayéon oo mEpiEyel TV R).
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2 ZUVEKTIKOTNTO

2.1 Fpagnuara

Opiouoc ypagnuoroc ‘Eva ypdpnuo G=(V, E) anoteleital oand évo TETEPACUEVO GOVORO KOPOPDV
V (mov dev gtvar KevO), Kat £va TETEPAcUEVO oOvoro aruwv E. Kdbe axun e sivor gite £éva chvoro
0o kopvearv, e={a, b} 6mov a=b, ondte yapakpiletar uy-karevGoviusvn, | évo. (vyog
Kopue®V, €=(a, b) (o)1 avaykaoTiKd S10POPETIKMV), 0TOTE YopoKTnpiletar katcvdvvouevy.

M axpn, {8, b} eite (a, b), mpooninrer oTig KOPLYES @, b, o1 omoieg ovopalovTot drxpa TG aKUNG.
H xopvoen a ovopdaletar apyn ¢ katevBovouevne axpns (@, b), kot n kopven b zélog e.

O1 kopvég @, b ovopalovTat pertoviKés OToV TO YPOPNUE £XEL M0 OKUN pE dxpa Ti¢ @, b. o

Mapatnpnon H un-katevBovouevn akun {a, b} eivor idta pe tv un-katevbovopevn axun {b, a}.
H xatevbouvopevn axun (a, b) eivar drtapopetikn amd v karevbuvouevn axun (b, a), av a=b.

Inueimon Mid un-katevfovouevn akun {a, b} mapiotdverar ypa@ika e pia Guveyn YPoUUN

i o\_//-o b
(0TO10VLANTOTE GYNUATOG) AVALESH GTO AKPO TNG,

Mud katevBuvopevn axun (8, b) Tapiotavetar ypapikd pe Eva BEL0g firsd oo TNV
apyn TS TPOS TO TEAOG TNG.

Znueioon

O pobuog g kKopveng a, ¢(a), etvai o aplOpds TV aKIL®OV TOV TPOCTITTOVY GINV. a.

O &lw-Pabuoc g kopveng a, ¢ (a), eivar o aptiuog TV KoTeLOVVOLEVOV OKUMV. LLE apyN TNV a.
O éow-Pabudc mag kopueng a, ¢ (), etvon 0 aptdUodc TV KATEVOVVOUEVOY OKULOV LE TENOG TNV a.
Mo kopue1) oty ontoia dev Tpoomintet kapption axur (€xet Pabud 0) ovopdaletor aropovamuéve.

Znueioon

Me apaipeon e axunc € omo to ypaenua G=(V, E) naipvovue 1o ypdonua (V, E-{e}), 1o onoio
ovuporiovpe G—e.

Me agpaipson e kopverc a amd to ypaonua G=(V, E) maipvovpe to ypaenpa

(V—{a}, E—{e | n akun e mpoomintel oo a}), T0 omoio cvpuPoriovpe G-a.

Xnueioon
‘Eva ypaonpo 6mov 0Aeg o1 akpég eivan karevBouvopeveg (avtiotowya, Un-Kotevhuvoueves)
ovopaletar katevGovouevo (avtiotolya, un-kotevGovouevo).

Znueioon

To ypaonua G'=(V', E") Aéyetar vmo-ypdpnua tov G=(V, E) 6tav V'cV kot E'cE. To G'=(V', E')
Aéyetan erayouevo vro-ypapnua tov G=(V, E) otav V'V, kat to E' mepiéyet axpifog tig akuég
tov G mov &yovv kat ta 6v0 Gkpa Tovg 6to V.

2nueimon

Mepikég opéc elvar ypnoIo va. EYOVLLE EVO TETEPACUEVO AP0 OO OVTIYPOPO KATOLMV. KLLMDV
(1o0dvvapa, ot aKHES VO omoTeEAODV TOAV-cOVOAO avTi Yio cOvoro). Emiong, pnepikég popés umopel
va tovtifovton Ta dkpa tdg pn-kotevbovopevng axpng (omdte mpokdntel fpoyog). Ievikevpéva

YPOPNHOTA QVTNG TNG LOPPT|G OVOLALOVTIOL TOAV-YPOPHUATA.
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Epomipota
1. Amodei&te 0L éva pn-KatevhuvOIEVO YPAPN LA TTOV £YEL LOVO Lot KOPLPT OEV EXEL KaLpLpLiol
axpn. TIooeg axpéc pmopet va Exet éva KatevBuvopuevo ypaen o mov xel LOVo o
KOPLON;
2. Tlog opiCetan pabnpotikd va mtoiv-ypaenuo; Hog opiletat o (éEm-, Eom-)Babuog pdg
KOPLONG EVOS TOAV-YPOLOT LATOC;

3. Eivat cwotd va ovouastohy ypopiioto to Kot T0 :

E

[Mwg meprypdpeTon padnpatikd to i

Hog propovv va topactadohv VITOAOYIGTIKA £Va YPAGN LA KOl VO TOAD-YPAEN L0,

6. M oxéon R mévo og éva chivoro A pmopet va topactadel pécw gvog korevhuvopevov
noAlv-ypapruoatog Gr=(A, E), 6mov (X, ¥) € E av ko povo av X R y. TTowa givar 1) £161kn
popon tov Gr 6tav 1 R givol ovaklootikn (ovTioTot o, COUUETPIKT], LETOPOTIKN, GXEON
100OVVOUTOC);

o

2.2 Aiadpouég

Agpe 0T dratpEyovpe O100poun o€ Eva Ypdenua, 6tav akolovBovpe akpéc €10t dote kabe pia
ToVG va, apyilel va d1aTpEYETOL A0 TNV KOPVOT OOV TEAEUMVEL 1) AUECWOS TPONYOVUEVN.
MmropoliE Vo SIOTPEXOVUE PICL UN-KATEVOVVOLEVT] OKLT TIPOG OTOLOONTOTE OO TIG OVO OLVATES
Kkateviveels. Mia katevBovopevn axpn Uropet va o1aTpeyeTol LOVO:-amd TNV apyn TS TPOG TO
TEAOG TNG.

Opiouocg droopouns  Ovopdlovue dtadpoun o, axorovdia (ay, €1, a2, €2, 83,..., an, €n, Ans1) UE
n>1, 6mov KkéOe @i eivar KopvEN, KGOs €; ivor akpn, ko sivar €i=(a;, ai+1) N ei={a, ai+1}, Yo kGOe
i=1,2,...,n.

To wirog ™G dradpoung etvar 0 aptOproc N.

O1 KOpLOEC a1, An+1 EIVOL TA GEPO TNG SLOOPOUNG, Kot OVOUALOVTOL apyh Kot TEA0S TS avTioTOLKa.
Orov Ta dxpa g Tovtiloviot 1 dtadpoun AEyetal kiciot, AALOIDG lvor avoryty. O

Opioudg iyvovg Ovopdlovpe iyvog o dradpon (8, €1, 82,..., an, En, An+1) TOL OEV
enmavarapPaver akpés (dnAaodr), ol 6pot Tng aKoAovbiog mov ivar akpéES Elval S1OPOPETIKOL HETAED
TOVG). O

Opioudc povomoziod Ovopalovue povomati £va iyvog (ai, €1, 8z,..., an, €n, @n+1) TOV OEV
emavoAaPavel KopueEs (ONA0dN, 01 Opot TG aKoAOVOTaG TOV Eival KOPVEES Elval S10POPETIKOL
peta&h Tovg). O

Mopatipnon Ta drpa VO LOVOTATION EIVAL TAVTO OLOLPOPETIKA.

Opiouog kévipov Av (ay, €1, 82,..., @2, €2n, A2n+1) EVOL EVOL LOVOTIOTL LUE UEYLOTO UNKOG GE EVOL
un-katevbovopevo ypaenuo G, 1 Kopuen an+1 givat kévpo tov G.

Av (@1, €1, 82,..-; 82n-1, €2n-1, 82n) EIVOIL EVOL LOVOTTATL LE PHEYIOTO PNKOG GE £VaL UN-KOTELOVVOUEVO
yYpdonua G, o1 KOPLPES An, an+1 lvot xévzpa oL G. O
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Opiouoc KbdxAion Ovopdlovpe xvxio €vo KAEWOTO yvos (a1, €1, 82+, &n, En, 8n+1) OV OEV
EMOVOAAUPEVEL KOPVOES, EKTOC OO TNV OPYIKN 81 TOV TOVTICETOL UE TNV TEAIKY| an+1-

Ov kOKAOL (@1, €1, 82,-.., n, En, Ans1) KOL (R, €f, Qivdy--s 8n, Eny Antd, A1, €15 82+, i1, €i-1, i) IOV
TPOKLITOVV O £VOG 0O TOV AAAO [LE KUKAIKN peTabea, Oempovviat Tantdonuot. O

el
o+o
f1 J y f 2
e2
Mapdderypo Av datpéEovpe Tig axpég 1, el, 12 dev oynpariCovpe

Swadpoun. Av dwrpé&ovpe tig axuég fl, e3, f2 dev oynuoatilovpe dtadpopun.

Awtpéyovtac Tig akuég €1, e3, e2, 12, e3, f1 éxovpe dradpoun, oAra oy iyvoc.

Awtpéyovrag tig akpés 2, €3, 1, el €yovpe {yvog, aAld Oyl povomart.

Av datpéovpe Tig axpéc el, e3, e2 oynuatifovpe povomdrt.

Av datpéEovpe Tic akpég el, e3, fl1 1 tig 2, e3, e2 £yovpe kiKhovg. O1 KOKAOL TOV TPOKVITOLY
Swatpéyovrag tig akpég el, e3, fl eite tic axpég fl, el, e3 givar tavtdéonpot.

2nueiwon 'Eva ypdonua mov dev mepiéyetl kbkAo ovoudletat axvrio.

2nueiwon Mia dtadpoun (fxvoc, povomdrt, KOkA0G) o€ moAv-ypapnia opiteton topopota. Kabe
0pog €j ¢ akorlovBiag (a1, €1,..., @n, En, An+1) TPEMEL VOL ELVOL KATOL0 OITO TOL ALVTIYPOPOL TG
avtioToyng axunc. Eva iyvog oe molv-ypdonpo 6ev TpEneL VoL EmOVaALBAVEL Lo oKLY
TEPLOCOTEPEC POPES OO OGA OVTIYPOPH TNE TaPOTIOEVTOL GTO TOAV-YPAPTLLAL.

2.2.1 Mpoétaon (Amaloipr) TwV ETTAVOARWPEWY KOPUPWYV o€ pia diadpoun)

I'o onowadnmote dradpoun d=(a, €1, az,..., &, €n, n+1) VEAP)EL pia Srodpoprn d' 610 1610 Ypapnua,
pe v 1010 apyn a1 KoL To 1010 TEAOG 8nt1, OV OEV EMAVOAQUPAVEL KOO KOPLOT) — EKTOG OV
a1=an+1, 0mote N d' emovokopfavel povo Ty apyikn Kopven (1ov TavTileTol fHe TV TEAKR). O

Amdoeén g 2.2.1

Awtpéyovpe TIC oKpéG TG d péypl Vo GUVOVINGOVUE Yio TPWOTH POPE KATOL0, KOPLOY| &; TNV 0Toia,
&yovpe Eavadel. Ankadn, Bpickovpe To eEAGYLOTO | Y1 TO 0TOT0 8i=8;, Y10 KATOL0 KOPLOT @ pe J<I.
Av dev VIThpyeL TETOLA KOPLEN &; propovpe va mapovpe d'=d.

Eniong, av ai=ay+1 Kot 8j=a; pmopovpie va mépovpe d'=d, apod n Stadpoun d dev emavaroppavet
Kappio Kopuen, EKTOS amd TV aPYIKN 81 TOV TOTICETOL e TNV TEMKY] ans1 (1) n+1 EIVORL ) TPOT
KOpLeN mov emavolapuBaveral kabog dtoTpéyovpe Tig akues g d).

Xe KaBe aAln mepintoon, maipvovpe di=(as, €1, 8z,..., Aj-1, j-1, &j, €i, 8is1,---» an, En, Ans+1)

d: o b
> 7 Ans1 > // Ans1
o o temibon o o tot imibiidrg:
a 81 aj:ai\o Aj+1 a aj-1 aj:ai\o i1
(oto oynua to. BEAN LTOONADVOLY TN GEPA LE TNV OTTOI0 SLATPEYOVTOL OL OKLES TV OLUOPOUDV).
Av 1 dwadpoury di emavarapPdver kKopueég ekterovuEe TNV 1610 dradtkaoio oty di. Av TpokOYEL
o1t dev umopov e va, mapovpe d'=d;, petacynuatiCovpe v di OTOC TOPATAVED GE P10 ETOUEVT
dwadpoun da, kot 00vTo Kb e€Ng. A@ov kdbe Popd TaipvoOVUE (Lo S1OOPOLT HKPOTEPOV UKOVG, N
dadikacio Bo katoéer og o Sradpopn dy 6mov Ha umopodpe vo apovpe d'=dy. O

[Mapatnpnon Av ta axpo g dtadpoung d eival dropopetikd, 1 dtadpoun d’ Oa givar povomdrt.
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2.2.2 Mpoétaon (MpooBacipdTnTa HECW POVOTTATIOU)

['a omoladnmote EEva vIo-cuvora A, B TV Kopue®V evog Ypaeniatos G, av vrdpyet dStadpoun
pe apyn oto A kot téAog oto B, Oa vdpyetl povomdtt L oto G pe apyn oto A kot t€Aoc 6to B,
YOPIC Kappio GAAn kopven oto AUB. O

Anddeitn e 2:2.2
[Maipvovpe pia dwdpour) d=(ay, €1, az,..., an; €n, an+1) 0t0 G pe apyn a; € A Kot TEAOG an+1 € B.
e b e SISt e
, A
] SRy ; B
A e} o-- “t--0 le)
9 ai\\_// EY A1

Awatpéyovpe Tic okpéc g d, apyiCovrog
Ao TNV KOPpLON a1, LEXPL VOL CUVAVINGOLVUE Yia TEAEVTALA Popa. KOPLON &j € A. AnAadn, Ppiokovpie
TO UEYI0TO 1 Yo T0 omoio & € A. Zoveyilove vor SoTpExov e TIc aKpéG TG d, amd TV Kopuen aj
TPOG TNV an+1, LEYPL VO GLUVAVINGOVUE Yia TP@TH Popd Kopuen @ € B. AnAadn, Bpiokovpie to
ghdyroto J>i ya to-omoio aj € B. H dwadpopny d'=(aj, €, @i+1,..., 8j-1, €j-1; @) XL apyn oto A ko
1€h0G 670 B, Kat dev €xel GAAN kopuen 610 AUB (amd v emAoyn tov &, &;). Ao Ty Anddeidn
g [pdtaong 2.2:1, pmopodpe va petacynpaticovus tn dadpour d” og povomdrt, mov Oa Exet
apyn a € A, Téhog a; € B, kot dev Ba. éxet dAln kopven oto AUB. O

Epotipata

1. Awtundote TOVG OPICUOVG SLOSPOUNG, TYVOLE, LOVOTTATION Kot KOKAOV, Yo
TOAV-YPUPTLLOLTO.

2. Amodei&te ot1, av o1 d1=(a1, €1, @2;...; &y, €n, an+1) Ko dp=(a'1, €'1, @'2,..., @'m; €'m, @' m+1) €tV
O100POUEC, KO @'1=an+1, N aKOAOVOi0L d=(a1, €1, @2,..., @n, €n, @'1, €'1, @250y @'m, €'my @'me1) Ot
gtvat dradpopn. Av ot di, d; givar ixvn, eivan cootd 6tin d Oa givar ixvog; Av ot dp, d; givar
povomdria, eivar cwoto 61t 1 d-Oa elvon povomdr;

3. Amodeifte 011, av 1 akoAovBia (81, €1, 82;-.., &n, En, A1) ELVOL HIOL OLLOPOUY GE EVAL
pn-katevfovopevo ypaenuo, n avtiotpoen axorlovdia (an+1, €n, an,..., a2, €1, a1) €lvat
eniong dadpoun.

4. Amooei&re 011 o€ Eva Un-KaTeLOVVOLEVO YPAPN O OEV UTOPEL VO VTTAPEEL KOKAOG e UNKOG
pkpotepo amd 3. [To1d eivar To pkpdTEPO dVVATO UNKOG EVOG KOKAOV, aTa Kotevhuvopeva
ypaonata; [To1d elvat To pikpdTEPO SLVATO KOG EVOG KOKAOV GTO TOAV-YPOPTLLOTOL;

5. Tl6oec drapopetikéc S1adpopég vrdpyovy 6to O~ > karoto O < ; [ldcot

°<:7° O\—/O
OLLPOPETIKOT KOKAOL LITAPYOVY GTO KOl 6TO ;

6. Eivat cwotd o1t éva ypdoenua mov £yl KAEIGT dtadpopn], Ba £xel Kot KOKAO;

Etvor cwotd Ot éva ypaenpo wov £xel ovorytn o1adpour| mov 0ev ivor povormatt, Oa Exet
KO KOKAO;

7. Tlog umopet va vAomomBel n dradikacia mov meptypdeetal otny amdoeln g [poTaong
2.2.1;

8. Amodeilte Ta MOPUKAT®, YPNOUYLOTOIDOVTOS T1 SLOIKAGIN TTOV TEPLYPAPETAL OTNY ATOJEIEN
g Ilpotaong 2.2.1:

Av éva ypdonuo £xel kKAsoTo tyvog, Ba Exel Kot KOKAO.
Av éva ypdonua £yl ovotyTo 1vog mov dev gival povomdtt, Ba £xel Kot KOHKAO.

9. Amodeilte Ta MOPOKAT®, YPNCULOTOIDOVTOS T SLSIKAGIO TOV TEPLYPAPETUL TNV ATOJEIEN
g [potaonc 2.2.1:

Av éva KatevBuvopevo ypaenua: xel KAEIoTH 0ladpopn, Ba €xet ko KoKAo.
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Av éva KatevBuvorEVo YPAEN IO EXEL avoyTh SLodpopn Tov Oev elval pLovomdTt, Ba Exet Kot
KOKAO.

10. Eivail cwoto 611 1 dodikacio wov teptypdeetol oty anddeien g [lpdtaonc 2.2.1,
Eexvavtog amod pio dtadpopny d=(ay, €1, 82,..., @n, €n, @n+1) OTOL A1=An+1, KATAANYEL OE LU0
dwdpopn] d’ 670 1010 YPAPNUA, LE TV 1010 apyn 81 KoL TO 610 TEAOG an+1, TOL O givat Ko
KOKAOG;

2.3 ZUVEKTIKEC OUVIOTWOES

Opiouog mpocPacyotnros Ot KopveEs a, b evog ypaenpoTog cvoyetiCoveol HEcw TG
npocfaoiudtniog, Rs, ov vapyel S10dpopn 1e apyr To a Kot TEA0G 10 b. O

Hapatipnon And v [Ipotaon 2.2.1 pmopolpe va dove OTL, Y10, OTOIEGONTOTE OLOUPOPETIKES
KOPLOEG @, b evog ypagrorog, woyvet a Rs b av kot povo av vdpyet Lovomatt Le apyn To a Kot
éh0g 10 b.

Oplouoc ovvektik@y ovviotwo®y  %g Kabe pun-koatsvbuvopevo ypaenua G=(V, E) n oxéon
{(X,y) | X Rs y 1 X=y} mévew oto V givor oy€on 16030 Vapiog, ket ot KAGGELS IGOOVVOLINS TNG
amotelobv Eva orapepiopnd {Vi,..., Vi) tov V. Ta enaydpeva vro-ypoaeruata tov G pe chvora
KOpLO®V 10 V1,..., V ovopdlovial avvektikés avviarwaes tov G.

H ovvextiki ovvietwoa piag kopovehc a tov G gival 1o (Lovadikd) civoro Vi tov V mov meptéyet
™mv a.

To G Aéyetat ovvertino Otav €l HOVO U0 GUVEKTIKT CUVIGTMOGO. [

[Mapatnpnon Av ot Kopv@ég a, b evog un-katevBovouevou ypaenuatos G=(V, E) sivar og
SOLPOPETIKEG CLVEKTIKEG GLVIOTMOGES ToL G, 08V 1oyvetl a Ry b ko emopévac dev vdpyet dodpopn
pe Gxpa t1g a ko b. Ao v mpdTaon 1.2.2, ta 6HVoLa KOPLPDOV TOV GVVEKTIKOV. GUVIGTOGHV TOV
G &tvatl 0 Aemtopep€oTEPOS SLUUEPIGHOS TOV V LLIE TV TOPATAVE WOIOTNTA.

Opiopog yepopag M axpn e evog un-katevBuvopevou ypapnuatog G etvat yépopa av to
G—e éyel mep1oGOTEPES GLVEKTIKEC GVVIeT®GES ad T0 G. O

2.3.1 Npétaon (XapakTnpiopodg yEpupag)
H axpn e tov un-katevbovopevou ypapnuatog G eivor yEpupa av Kot LLOVO oV 0&V DTTAPYEL KOKAOG
TIOV VO TEPLEYEL TNV €. O

Anodeién g 2.3.1 Av 1 e gival yépupa, ta dkpa a, b g e Bpickovial o€ d10popETIKEG
OULVEKTIKEG GVVIOTMOEG ToL G—e (Acknon 8), kot emopévmg 0V VITapyEL SLadpour| Le GKpa TG @, b
o010 G—e. Apa dgv Umopel Vo vdpy el KOKAOG oL Vo, TepEyeL TV € oto G, apov tote Hor vnpye
povomartt pe dxpo Tig a, b mov dev Ba diétpeye TV Ky €, Kot ETOUEVOS TO 1010 povordtt Ha
vInpye Kot 610 G—€.

a b
Avtiotpoga, av 1€ dev gtvat Yépupa, i Ta Gkpa @, b ng-e Bpickovion otnv id1a
OLVEKTIKY ovviaTdoa Tov G—€ (Acknon 8), emouévmg vTapyet dtadpoun pe xpa T a, b oto
G—e. Apa vapyet povomdrt i pe axpo tic @, b oto G—e (Ilpotaon 2.2.1), Kot EMOPEVOS VITAPYEL
KOKALOG IOV TEPIEXEL TV € 6T0 G, 0pOov TO LOVOTATL L OEV OLUTPEYEL TV OKUY € (TO W LITAPYEL Kot
o010 G—€). O
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Opiouog kouPixov onueiov  Mia kopoen a evog pUn-katevbouvopevoo ypaonuatog G eivor
koufixo anueio ov 10 G—a £yl TEPIGGOTEPEC GVVEKTIKEG CLVIGTMGEG 0td 1o G. O

2.3.2 Mpétaon (XapakTnpionuosg KOHBIKOU onEiov)
H xopven a tov pun-katevfovouevou ypapnuatog G eivar kKopPikd onpeio av Kot povo ov

VILAPYOVY 0V0 OLUPOPETIKES OKUEG TTOV TPOSTIMTOVY GTNV 8, Kol dEV TEPLEYOVTOL GTOV 1010 KOKAO.
O

AndosiEn g 2:3.2

Av 1 kopven a tov G eivor kopPikod onpeio, VLAY oLY dVO YEITOVIKEG Kopueég by, by Tng a mov
Bpiokovial 6& SPOPETIKEG GVVEKTIKEG cLVIOTMOEG Tov G—a (Aoknon 9). Emouévag dev vdpyet
dwadpoun pe akpa tig by, by 610 G—a. Apa. dgv umopel vo vITapYEL KOKAOG TOL VO, TEPLEYEL TIG
axpég {a, b1}, {a, bo} oto G, apov toTE B vVANPYE povoraTt pe akpa Tig by, by mov dev Ba mepieiye
TV KOPLOT &, Kot ETOUEVAGS TO 1d10 povomdtt Oo vimpye Kou oto G—a.

byo. S Db
s

Avrtiotpoga, av 1 kopven a tov G dev etvar koppikd onpeio 9 , OTOECONTTOTE
yertovikég kopueég by, by g a Bpickovrar otnyv 610 GuvekTikh cuvioT®oa tov G-a (Acknon 9).
Enopévamg, av bi=b; vadpyet dwadpoun pe dxpa t1g by, by 6to G-a, apa vdpyel povomartt pu pe
dxpo tic b1, by ato G—a (Ilpotoom 2.2.1). Erouévmg vapyet KOKAOG OV TEPLEYEL TIG OKUEG
{a, b1}, {a, by} oto G, apod 10 povomdrt p dev TEPIEYEL THV KOPLEN A (TO W LVILAPYEL Kot 6T0 G-a).
0

Epomipata

1. Amodei&te 011, Y10 0TOIEGONTOTE OLOPOPETIKEG KOPLPES @, b evoc ypapnuatog, a R b av
KoL LLOVO v VTTAPYEL Tyvog pe apyr To a Kot téhog to b.

2. Amodei&te 60TL N mpoosPaociuodtnto Ry sivarl petafotikn, Kot vl CORUETPIKY 0V TO
Ypaonua gival Un-KatevBVVOUEVO. XE TOIEC TEPMTMOGELS EIVOL AVOKAACTIKN;

3. Amoodeitte 011 av 10 G givar GuVEKTIKO Un-KaTevbuvopevo ypaenua Kot @, b givat 600
JLPOPETIKEG KOPLPESG Tov G, Ba vrdpyel povomdartt oto G pe dkpa Tig a, b.

4. - Amoodei&te Ot1, Yo omotadnmote EEva vto-cuvora A, B 1oV Kopupmv £vog
pUn-KatevBuvopevov GuveKTKoD Ypaenuotos G, vmapyet povordtt w 6to G e apyn oo A
Ko T€A0G oT0 B, ympig kappio dAAn kopven oto AUB.

5. Amoodeifte 0TL KABE GLVEKTIKT GLVIGTAOGCA EVOG UN-KOTELOHVVOLEVOL YPaONLATOG Elvar
GUVEKTIKO YpApN L.

6. Tlow sivor n cvvekTIKn CUVIGTOGO UGG ATOLOVMUEVIC KOPLOTNG;

7. Amodei&re Ot éva YpAEN L0 TOL OTOTEAEITOL OTO P KOPLEY] KOt Koppio akpn etvor
GUVEKTIKO.

8. Amoodei&te OTL 1| OYEGT TOV YPNGLUOTOLEL O OPIGHOG TMV CUVEKTIKMY GUVICTOCHOV EIVaL
oyxéon wodvvaptoc. Ti Ba £dve avtdg 0 oplopds av epopproldtoy o€ Eva Katevbuvopevo
ypaonua; Av epapuoldtav og £va Pn-KotevfuvouEVo ToAv-Ypaenua,;

9. TN o pn-kazevbovvopeva ypapriuato G=(V, E) kot G'=(V, E’) 1oy0e1 611, av @, b givan
OTOLECONTOTE OLOPOPETIKES KOPLPES 670 V., vITdpyet dradpoun pe dkpa tig a, b oto G av
Kot Lovo v vapyet dtadpoun pe akpa tig a, b oto G'. Amodei&te 611 a0 G, G’ éyovv TOV
1010 0P1OLO GLVEKTIKOV GLVIGTOCHV.

10. I'a omotodnmote N>0, Bpeite Eva GLVEKTIKO Ypaenuo Gy 1e N KOPLEES, OV KAOE Akl TOL
va gtvat YEQupa.
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Ymdpyet GUVEKTIKO Ypaenia 6mov Kabe axpun etvat yépupa, Kot 6ov dgvV VITEPYoVY
KopPuca onpeia;

11. T'a omorodnmote N>0, Bpeite €va cuVeKTIKO Ypaenua Gy mov va £yl N kouPikd onpeia;
KO VO NV EYEL YEQLPEG.

12. T'a omotodjmote N>0, Ppeite £vo cLVEKTIKO Ypaenuo G, 1e N KOPLEES KoL N AKUES, TOV VO
unv &xet KopPikd onpeia.

13. Amodei&te 011, o€ va puN-KatevnBuvoreVo YpaenLa, To AKpo KAOE aKUNG oV JeV eivat
YEQLPA Exovv PBabud TovAdyiotov 2.
Amodei&te 011, o€ €va Pn-KatevbBuvopevo ypdonua, pia kopuen pe Pabuo 1 dev sivot
KouPucod onpeto.

14."Evo un-katevbuvopevo ypaenua G €xet k ouvektikég cuviotwoes. Amodei&te ott, av
npootelel 010 G piol axp] oVAIESH 6€ OVO KOPLPES TOV, TO YpAaen e Tov Ba tpokvyeL Oa
éxel eite K eite K—1 ovvekTikég GVVIGTMOOEG.

15. Eivar duvatov éva ypaoenua G—e (e givor akun) va £xel AlyOTEPES GUVEKTIKES CUVIOTMOES
ortd 10 G;
Eivor duvotov éva ypdonpo G—a (a eival kopuen) vo el AYOTEPES GUVEKTIKEG
ocuvieT®oes omd 10 G;

16. Amooei&te 011, av t0 G éxet K ovvekTikég cuviotdosg kat 1) akur € Tov G gival yépupa, 10
G—e Oa &xer axppag K+1 cuvektikég GUVIGTOGEG.
Av 10 G éyet kK ouvekTikég 6uvieT®oeg kat 1) kopven a tov G givar kopPikod onueio, TOGEG
GLVEKTIKEG GLVIOTOOESG B Exel To G-a;

17. Etvar 6ot 01t évo kopuPikd onpeio dev pmopet va meplexetatl 6€ KOKAO;

18. Amodei&te 011, av N axpn € Tov un-katevbuvouevov ypagpnpatog G eivor yépupa, dev
VILAPYEL KAEGTO 1YVOG OV VO TEPLEYEL TNV €.

19. Anodei&te 011, € £va AKVKAO UN-KOTELOVVOLEVO YPAPTLOL LLE Hio TOVAGYIGTOV KN, KAOE
KopLe1n oV deVv etvon KopPikd onpeio £xet fabpd-1.

2.4 Emaywyn yid 1a CUVEKTIKA ypa@nuara

OpIoUOS 1n-EXEKTATLLOD LLOVOTOTIOD ‘Eva povondrt (a,..., b) o€ éva un-kotevbovopevo
YPAON Q. EIVAL (-ETEKTATIUO AV, Y10 OTOIECONTOTE KOPLPEC @” Ko b wov gival yeitovikég Tov a
kot b avtictorya, ot dredpoués (8', {&’, a}, a,..., b) xar (a,..., b, {b, b'}, b") dev eivar povorario. o

nueiowon Av 1o povomdrtt (ai, €1, az,... an, €n, 8ns1) EVOL UN-EMEKTAGTLLO KOl 1] 81 EXEL LA YEITOVIKN

OF = et e N Bt o
a An+1

Kopven " SlaPopeTiKn amd V. az, Ba eivar a'=a; yio kéwo1o 1>2
(cAAowwe 1 dradpoun (&', {@’, a1}, a1, €1, z,... an, €n, An+1) O fTay povomatt). Emopévog n
dwadpoun (a, €1, az,... ai_1, &i-1, &, &/, a1}, a1) Oa givar KOKAOG. AVTIGTOUYO TPOKVITEL KUKAOG LV 1)
An+1 EYEL LLOL YELTOVIKT KOPLOT SIOPOPETIKY OO TNV ap.

Xnueioon Av 1o (a,..., b) ival LOVOTATL TOV YPOPNLOTOG LLE UEYITTO UHKOS KOl OL KOPLON &'
(avtiotorya n b") etvan yertovikn e a (avriotoyya g b), n dwdpoun (@', {@', a}, a,..., b)
(avzioTorya n dadpoun (a,..., b, {b, b'}, b") dev eivon povomdri: To pRKog TG Eivor peyoAvTEPO
Katd 1 omd 1o pnKog Tov (a,..., b), omdTe av tav povomdtt, to (a,..., b) dev Bo frav péyieto. Apa
10 (a,..., b)-elvon un-emextaoo.

2.4.1 Mpétaon (‘'Ymrapsn pn-Kkoppikou onueiov)

Kabe un-katevbuvopevo ypaoenpa €xel Lo Kopuen mov dev eivon kopPucod onpeio. O
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Amdoeién mg 2.4.1

AV T0 Ypaemuo 0eV £yl AKIES, Kapioo KopuPn Tov Oev ivar KopPiko onueio (apod 1 apaipeon
UG KOPUONG EAATTMOVEL TOV OPOLO TOV GUVEKTIKMOV GUVICTMOGOV).

Av 10 yphonua £xel pia TOLAGYIOTOV oKuY, Oa £xel TOVAGyIoTOV éva povordrt. [Taipvovpe éva
povomatt u=(a,..., b) pe pé€yroto unKog, to onoio (amd TV Tapardve Enusioon) o eivol pn-
EMEKTAGIO. AV VTTAPYOLY OVO JLOPOPETIKES OKILES {a, @'} Ko {a, a"'} oL TPooTinToVY GTNV &, 01

KopLEES @' kata'” Bo mePLEYOVTOL 6TO [ (Moym ¢
UN-ETMEKTAGIUOTNTOG TOV W, BAETE TV TTopamtdve Enueimon), orote ot akpég {a, a'}, {a,a”} fa
nepLEyovtaL 6Tov kKokio (3, {a, a'}, a',..., a", {a"’, a}, a) (n vro-akolovbia (a',..., a") ivat to
TUM O TOV- HOVOTTaTion [ artd v &' g v a'’). Awo v [IpdTaocn 2.3.2, 1 kopven a dev: eivat
KopPikd onueio. Ouota, 1 kopven b dev givor kopPikd onueio. o

211 cuvéxeln Ba opicov e pe Emayyn o KAdon X and un-katevfuvopeva ypagnpoto, Kot 0o
PN CILOTOCOVUE THV TOPUTAVED TPOTOCT] Y10 VO AT0dEIEOVHE OTL AVTOC O EMAYMYIKOG OPIOHOG

Otver axpB®dG T GUVEKTIKA YPOLPT|LLOLTOL.

Enoywyixoc opioudc 1oy cOVEKTIKWV-YPOPNUATOV

ApIKES TEPUTTMOELS H vmo-xAdon Z(1) amotekeiton amd to un-katevbovoueva
YPOQNHLOTE HE it KOPLOT KO KOO o).
Erayoyu katackev) H vro-khaon (i) (i>1) anoteieiton amd To ypopnpuaTo.

G o] o \

e
: by (VU{a}, EU{{a, bu}..... {a, b} }). 6mov G=(V, E) eivan

Ypaen o, g vro-kAdong X(i—1), n kopven a dev givat oto V, kot ot Kopveég by,. .., by (M>1)
elvar o6to V. O

2.4.2 Mpétaon (OpBO6TNTA KOOI TTANPOTNTA TNG ETTAYWYGS YIO TO CUVEKTIKA
ypaoripara)

"Eva un-katevBouvopevo ypaenua eivot GuveKTiKo oV Kot HOvVo av €ivat 6TV KAGoN 2. O

AmooeiEn me 2.4.2

Amodgikvhovue TpdTa TV 0pHOTHTO TOV 0PIGLLOY, ONAAdN OTL KABE Ypaenio otV KAdon X gival
GUVEKTIKO. XP1CLUOTOIOVUE EXAYOYT:

Apyucn wepintoon [Ipooavac kdbe ypdonua otnv vro-kAdon X(1) etvor cuvektiko.
Erayoywo pine  Av vmoBécovue 611 kabe ypapnuo G=(V, E) oty vro-khdon X(i—1) eivor
ovvekTiko (I>1), tote omolodnmote ypapnuo G'=(VU{a}, EU{{a, b1},..., {a, bn}}) (6mov a ¢ V,
bi € V) otV vo-kAdon Z(i) Oa eivor cvvektikd: kabe kKopven X=a tov G’ Oa givar TpocPaoipn
amo ke kopven y=a tov G'; Adyw ¢ ovvektikotntog tov G. Eriong, kdbe kopven X+#a tov G’
Ba sivar TpooPaoiun amd v Kopven a, pécw wdg dtadpounc (a, {a, b1}, bi,..., X) (Aoyw g
cuvektikottog Tov G). Apa kaBe Kopver tov G’ givar mposPdoiun amd Kabe AN KopveT TOV
G

Mo v TAnpoTnTa ToL OPIGUOY, OTOOEIKVOOLLLE LE ETOY®YN OTL «KEOE GUVEKTIKO YPAQEN A e N
KOPLOES €tvon TNV vITo-kAdon Z(N)», yio kdbe N>1.

Apyucn mepintoon ‘Eva cuvektiko ypaenuo Le pio Kopuen dev €yl akpég, ondte givat otnyv
vmo-kKAdon X(1).
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Erayoyuo pine  ‘Eoto G éva cuvekTikd ypaenua pe I kopueés, 1>1, a pio kopuen tov G mov
dev givar kopPikd onpeio (Ipotaon 2.4.1), kou by, ..., by (M>1) ot yerrovikéc kopveéc e a. To
ypaenue G—a eivat cuvekTikd Kot Exetl I—1 Kopveég, omoTe 0mTd TV ETay@yikn vedbeon to G—-a
givan oty vo-kidon Z(i—1). Ene1dn to G npoxvnter and 1o G—a mpocbitoviag TV Kopuen a Kot
TIC akpéC {a, bi},. .., {a, by}, o G Ba eivar oty vro-kAdon Z(I) (ard v Kotaokev e X(1) and
myv Z(i-1)). O

2.4.3 Tpoétaon (I8160TNTEG TWV CUVEKTIKWV YPAPNHATWY)

I. T kdBe ocvvektid ypapnuo G, vadpyet Eva GuVEKTIKO GKUKAO vrTo-ypaenua Hg tov G
TOL. TEPLEYEL OAES TIG KOPLPES Tov G.

1. Kabs cuvektikd ypaenpa Le N Kopoeég £xel ToOvAdytotov N—1 axpég (n>1). O
AmodeiEn meg2.4.3
I. Arodeikvoouie pe emaymyn 6t 1 (i) 1oy0et yio OAa ToL YpoproTe TG vo-KAdong X(n),
v K60 n>1.
Apyucn wepintoon  Av 1o G stvon oy X(1), maipvovue He=G.
Erayoyuo pipa . Av 1o G givan otnv Z(1), i>1, Ba eivar G=(VU{a}, EU{{a, b1}...., {a, bn}}),
omov G'=(V, E) eivar ypaenuo. g vro-khdong Z(i—1), n kopuen| a dev givar oto V, Kat ot
KopuPéc by,..., b (M=1) eivor 610 V. At v emaymyikn veodect, VIdpPyEL EvVa GUVEKTIKO
axvkro vro-ypapnuo He=(V, E") tou: G’ mov mepiéyet drec T kopvéc tov G'. Iaipvovpe
He=(VU{a}, E'U{{a, b1} }). To Hg ba ivan cuvektikd ko dxvkro, kat Oo meptéyet OAES TG
Kopveég Tov G.
Ii. Enre1on kd0e cuvektikod ypdonuo pe N kopueeg eivat 6ty vo-kAdon Z(N), apkel va
amodeifovpe 0TL KABe Ypaenua oty X(N) £yt TovAdyioTov N—1 axpéc, yio kébe n=1.
XPNOUOTOIOVHE ETAYOYT:
Apyucn mepintoon Mo kébe ypdonua oty (1) eivon n=1, ko n—1=0.
Erayoywo pripa  Av vrobécovpe 6Tt kabe ypaonua (V, E) oty Z(i—1) éxet tovAdyiotov i—2
akpég (i>1), kabe ypapnuo (VU{a}, EU{{a, b1}...., {a, bm}}) (6mov a ¢ V, bj € V) otv
vro-kAdon X(1) Oa £xet tovAdyiotov (I—2)+m>(i—-2)+1=i—1 akuéc. O

Epomipota
1. Tpdyre og yevdokmowa Evay alyoplfo o oroiog, e 0edopéva £va Un-Katevbuvopuevo
YPAONLLO KOt 0L AT TOV, KATUOKEVLALEL £VaL Un- EMEKTAGILO LOVOTATL TOV OLATPEXEL TNV
dgdopévn axpn. [Io6co amwodotikdg eivar o adyopBuds cag;
2. Amodeilte 011, o€ £va AKVKAO UN-KATELOVVOLEVO YPAPN L, TO KPO EVOS UN-EMEKTAGLOV
HOVOTTOTION £xouv Babud 1.
3. Amodeitte oti, av.to G=(V, E) givar éva drxvkio un-katevBovopevo ypaonua, kot n a ivol

c e

b a

pio Kopve1 oL OV TEPLEYETAL GTO V, TO YPOPTLLOL
(VU{a}, EU{{a, b}}), 6mov b € V, givar axvkho.

4. Amooeitte 611 ya KaOe N>1, n vro-kKAGon X(N) amoteleiton omd TO GUVEKTIKA VPP LLOTOL
HE aKp1PdS N KOPLEES.

5. Amodei&te 6tL: Yo kKaBe ypaenua G, vrdpyet £vo dxvkho vro-ypdonua He tov G mov
TEPLEXEL OAEC TIC KOPLPES TOL G, Kat £xEL TOV 1010 APLOUO GVVEKTIKMOY GUVICTOGMOV.

6. Amodeifte 0TL KGOe YpaeN IO e N KOPLOEG Kot K CLUVEKTIKEG GUVIOTMGEG EYEL TOVAGYLIGTOV
n—K axpéc (n>1).

7. XpnotpuomoleioTe TV EMOYWYIKO OPIGUO TWV GUVEKTIKAOV YPUENUATOV Y10 VO ATodEIEETE
otL, av afpoilstovv ot Pabpol TV KopuEOV VOGS YpapnHoTog (01 amapaitnTo pn-
KATELOLVOLEVOL), TPOKVATEL TO SITAGGIO TOL 0PLOLOD TOV AKUAV TOV.

XPNOUYLOTOIEIGTE TOV EMAYDOYIKO OPIGUO TMV CLUVEKTIK®V YPOPNUAT®V Y10 VO OT00EIEETE
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0t1, ay a8pototovv ot EEm-Pabuot (avtictorya, Ecm-Pabuol) Twv KopLuEOV VS
YPAPNLOTOG, TPOKVTTEL O APOUOC TV KATEVOVVOUEVOV OKULAOV TOV.

NOEN: koL 011G 0V0 TEPUTTMGELS, EEETACTE TIG GUVEKTIKEG CUVIGTMGES TOV YPUPTLLATOG TTOL
TPOKLTTEL avTikafioTOVTAS KGOE KartevBuvouevn axur (@, b) pe pio un-kotevbovopevn

{a, b}.

2.5 Aoknoeig

1.

10.
11.

12

Noa amodetytet 611, av afpototovv ot fabpol TV Kopue®Y VOGS YPOENILOTOS, TPOKVITEL TO
OAGG10-TOV ap1lBLOD TOV OKU®OV TOV.

No amodetytel 611, av. abporotovy ot EEm-Pabuot (aviictoya, E6m-fabiol) TV KOPLEDOY EVOS
YPOUPTLLOTOS, TPOKVTTEL O OPLOUOC TV KATEVOVVOUEVOV OKUOV TOV.

[oyhovv To TOPATAV® Y100 TOAV-YPAPNHOTO,

Mo omotadnmote dladpour; d=(as, €1, 8z,..., an, €n, 8n+1) ME 1=aAn+1, N ATOOEEN TG [IpoTaioNG
2.2.1 divel pna dwadpopn d’ pe v ida apyn Kot 1o 1810 TEA0C, ToL dev emovalapPAvEL Koppio
KOPLON EKTOC 0o TNV apyikn (ov towtileton pe v 1ehkn). Bpeite pio mepintmon 6mov 1
Swadpoun d’ dev givar KOKAOG.

Na amodetytet 6T T0 GHVOAL KOPLPDV TOV GUVEKTIKMOV GUVIGTOOOV £VOS UN-KATELOHVLVOUEVOL
ypoagnuotog G=(V, E) eival o Aemtopuepéotepog SLoUEPIGHOS TOL V. LE TNV TOPAKATO 1010TNTO.:
av 0L KOPLQEG @, b givar 6€ dtapopeTikd cuvola, dev vITapyst axur {a, b}.

Mia oyéon 1oodvvapiog R mévm o€ éva cbvoro A umopet va mapactadel pécw evog
un-kotevfouvopevov moAv-ypapnuatoc Gr=(A, E), 6mov {X, ¥} € E av kot pévo av X R Y.
[Totég etvar 01 cLUVEKTIKEG GLVIGTAOGEG TOV GR;

Amo v [potaon 2.2.2; av ta A, B givat EEva vITO-cUVOAL TOV KOPLODOV EVOG
pn-Korevfouvopevon cuvektikob ypopnpatog G, Ba vrdpyet povomdrt pu 6to G pe apyn oto A
Kot T€hog 6to B, yopic kappio 6AAN kopuen oto AUB. Eival dvvatd va emdeyodv avbaipeta n
apyN Ko TO TEAOG TOV LOVOTOTION LL;

No amodetyrel 0t av to A gfval €va pn-kevO VITO-cHVOLO TOV KOPLO®V VOGS
un-xoarevbovopevov cuvektikod ypoaenuatos G=(V, E), kar AV, Oa vdpyet (o akpn pe 1o
éva, dkpo oto A Ko to AAAo dxpo oto V-A.

Noa anoederytel 6ti: 000 1APOPETIKE LEYIGTO LOVOTATIO. EVOS LN -KOTEVOVVOLLEVOV CUVEKTIKOD
ypapnpatog Ba £xovv Ko Kopuoen.

Amodei&te 0ti 1 axun € tov G givor yépupa av Kot Lovo av ta dkpa g € plokovial og
OLOPOPETIKEG GLVEKTIKEG oLVIOTOGES TOV G—€. Xpnoiuonoieiote Hovo tov oplopo e yépupag.
Amodei&te OTL I ok € VOGS GUVEKTIKOV Ypapnuatog G sival yépupa, ov Kot HOvVo av
VILAPYOLY KOPLPEGS X, Y, OTTOL KaBE d100por| e AKpa TIG X, Y TEPLEXEL TNV €.

Amodei&te 0t 1 Kopven a Tov G givan KopuPikd onpeio av Kot HOvo av LITEPYOLY SO
YEWTOVIKES KOPLPEG TNG & TOL PPIoKOVTOL GE SLUPOPETIKES GLVEKTIKEG GUVIGTMGES Tov G—a.
Xpnoupomoieiore Hovo Tov 0pIoUo TOV KOUPIKOD GHUELOD.

Amodei&te 0Tl 1 KOPLPN @ EVOG GLVEKTIKOV Ypaenpotog G etvar kopupikd onpeio, ov Kot LOVO
oV VITAPYOVY KOPLPES X, Y, 0oL KAOE dtadpoun| He Akpa TiG X, Y TEPIEXEL TNV a.

[Tote Ba eivon kKopPikd onpeio ta dipa. pids yépupag:

Amoogi&Te OTL: OV Ol CUVEKTIKEG GUVIGTAOOES VOGS Lin-KotevBuvopevoy ypaenpotog G tvat
(V1, E1), (V2, E2)...., (Vi Ex) (k=1), kou i axpn {a, b} € E; givat yépupa, o1 GUVEKTIKEG
ovviotwoes tov G—{a, b} Ba givar ta (W, F), (W', F), (V2, E2),..., (Vk, Ek), 6mov:;

W={a}U{x | X € V1 ko vdpyet dStadpopn Le GKpa TIG X, @ oL dev TEPEYEL T b},

F etvat ot axpéc tov Eq pe dxpa oto W,

W'={b}U{x | X e V1 vdpyet dradpoun e akpa tig X, b mov dev mepiéyet v a},

F' etvar o1 axpés tov E; pe dxpa oto W',

Amooegi&te 0T 0V 01 CUVEKTIKEG GUVIGTAOCES VOGS Ln-KatevBuvopevoy ypopnpotog G eivon
(V1, E1), (V2, E2),..., VK, Ex) (k=1), n xopoen a € V; givar koufikd onpueio, ko {bs,..., b}
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13.
14,

15.

€lva 01 YELTOVIKES KOPLQEG NG @ (M>2), 01 GVVEKTIKES cuvieTOoes Tov G—a Ba givar to

(W1, F1),..., W, Fn), (V2, E2),..., (Vi Ex), 0mov:

Wi={x | vedpyet dtadpoun pe akpa tig X, bj mov dev mepiéyet v a},

Fi etvar o1 akpég Tov E; pe dxpa ato Wi.

Bpeite éva ypdonua 6mov VapyeL £Vo UN-EMEKTAGILO LOVOTTATL TTOL OEV £XEL LEYIGTO UNKOG.
AmodeiEte 0T KGOE axpn EVOG PUN-KaTELOVVOLEVOL YPAPTLOTOS TEPIEXETAL OE EVAL
HUN-EMEKTACIUO LLOVOTTATL.

Amooei&te 0T KAOe dKvKAo Un-KatevBuvopevo ypdonua £xel pio Kopuen pe Babio pukpotepo
and 2.

AmodeiEte 0Tt Ta AKpa KAOE PUN-EMEKTAGILOV LOVOTOTION EVOG AKVKAOL UN-KATELOHLVOUEVOL

YPOPHLLOTOG Exovv Badud 1.
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3 Aévrpa
3.1 Opiouog kai 1610TNTES

Opiouog 0évzpov Ovoudlovue 0évzpo £va Un-KatevOLVOLEVO YPAPTLLOL TTOV: EIVOIL CUVEKTIKO
Kot kvkro. O

nueioon Ovopdlovpe vo-06vipo evog dEVIPOV, EVOL CUVEKTIKO VITO-YPAQNLE TOV.
Oploo¢ d6aovg Ovopdlovpe daoog éva Un-KaTteELOVLVOUEVO YPAPT LA, TOV KAOE GUVEKTIKY

GUVIGTAOGO TOV ivor 0EVTPO.

O emaymy1Kdg OPIGHOC TOV GUVEKTIKAOV YPOPNUATOV Unopel va tpomonombel, dote va divel pia
KAdon T mov va Teptéyet axpiPmg To AKVKAL GUVEKTIKA YPOPY|LLOTOL:

Eroywyixoc 0piolioc twy 0EvTpmwy

Apyikéc TEPITTOOGELS H vro-kAdon T(1) emoteAeiton and o ypoprata e Lo Kopuoen
KO KO0 o).
Erayoyui kataokeu H vmo-kAidon T(i) (i>1) amoteleitar amd o ypop oo
. : /\
b a
(VU{a}, EU{{a, b}}) , omov G=(V, E) eivou ypaonuo g

vro-kAdong T(1=1), 1 kopve1| a dev givar oto V, kot 1 kopuen b eivor oto V. O

3.1.1 Mpétaon (OpBO6TNTA KO TTANPOTNTA TNG ETTAYWYNG YIA Ta SEVTPA)

‘Eva pn-katevBouvopevo ypaonua givol d€vipo av Kot povo av tvor oty kAdon T. o

AmdoeEn me3.1.1

Amodeikvihovpe TpoTa TV 0pHOTNTO TOV OPIGHOY, dNAadn Ot kdBe Ypaenuo otnv kKAdon T ivor
OEVTPO. XPNGIULOTOIOVUE EMOYWYN:

Apyun wepintoon  [Ipoeavac kdbe ypapnua otnv-vro-kAdon T(1) etvon dévpo.

Erayoywo pine  Avvmofécovpe 011 kKabe ypdonuo G=(V, E) otnv vro-khaon T(i—1) givar
oévtpo (i>1), 10t omorodnmote ypaonua G'=(VU{a}, EU{{a, b}}) (6tov a ¢ V, b e V) otnv
vro-kAdon T(i) Oa givat cuvekTikd: kdbe kopven X#a tov G’ Ha eivar TpooPaoctun and kabe
Kopuen Y#X 610 V Adym ¢ cvvektikottag Tov G, kot emiong n X Ba elvon mpocsPdoin and v a
péoo pidg otadpounc (a, {a, b}, b,..., x). Exiong to G’ Oa eivar dxvkro: dgv umopet va Exel KOKAO
OV VO PNV TTEPLEYEL TNV @, AdY® NG akvKAMKOTNTOS TOV G, Kot dev pmopel va €xel KHKAo mov va,
TEPLEYEL TV &, EMEON VILAPYEL LOVO [0 OKLUT) TTOV TPOGTIMTEL GTNV a.

Mo v TAnpoTNTE TOV OPICHOV, OTOOEIKVOOVLE LE ETAY®YN OTL «KABE OEVTIPO LE N KOPVOLS eivat
otnv-vro-kAdon T(N)», yia kabg n>1.

Apyucn mepintoon Eva 0évrpo pe pio Kopuen dgv Exet akpég, omote eival 6TV LITO-KAGON
X(1).

Erayoywo pipe Eoto G éva dévrpo e | kopuéc, 1>1, a pio kopuen tov G mov dev givat
kouPko onpeio (ITpdtaon 2.4.1), ko by,..., by (M>1) o1 yertovikég kopveég g a. Exedn 6vo
OLOPOPETIKES OKILES TTOV TTPOCTTTOVY GTNV & TTEPLEYOVTOL 6TOV 1010 KOKAO (IIpdtacn 2.3.2), kot to
G eivar dkvkro, Ba eivar m=1. To ypaonuo G—a eivar cuvekTiKO Kot GKuKAO Kot £xel i—1 Kopvéc,
omoTE Ao TV EMOY@YIKN LTOOeo T0 G—a givar oty vo-kidaomn T(i—1). Enedn to G mpokidmtel
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and T0 G—a mpocshéToviog TV Kopuen a Kot tnv akun {a, by}, to G Oa givar oty vro-khdaon T(1)
(omd v katackevn g T(1) and v T(i—1)). O

3.1.2 Mpétaon (I510TNTEG TWV SEVTPWV)
i. Av1o G glvar 8£vTpo, Y10 OTOIEGONTOTE SLAPOPETIKEG KOPVPES X, Y Tov G Oa vidipyet Lovo
€va, LovomdTt pe axpa Tig X, Y.
ii.  Kabe dévrpo pe n kopueég Exet axpimg N—1 akpéc (n=>1). o

Anddeitnmg3.1.2

I. Anodeikvoovpue pe enaymyn 6Tt N (i) 1oyvet yio OAa ta ypaeruato g veo-kidong T(n),
Yo KaOe N>1.

Apyuci wgpintoon  Kabe ypaonuo oty T(1) £xel povo pio kopoen, omdte N (i) TPOQOVAC
oyl

Erayoywo pipe  Av 1o G givar otnv T(1), i>1, Ba eivon G=(VU{a}, EU{{a, b}}), 6mov

G'=(V, E) givar 6évtpo g vro-khdong T(i-1), a ¢ V, b e V.'Eoto X, Yy 800 S1090peTIKES KOPLOES
tov G. Av ot X, Y gtvar 010 V, évar Lovomatt fe dxpa Tig X, Y 0V Umopel vo teptéyet tnv-a (Emedn
VIAPYEL LOVO Ui 0K TTOV TPOGTINTEL GTNV @), OTOTE OO TNV EMAYMYIKTY bOHEG LITAPYEL LOVO
£V0L LOVOTIATL PLE Gkpa TS X, Y. Av n X givar oto V ko y=a, tote av X=b to {b, {b, a}, a} fa sivar
TO LOVOAOIKO LOVOTLATL LE AKPa. TIG X, Y. Av XD, évo povomdrt pe dxpa tic X, y Oa £xer ™ popen|
(X,..., b, {b, a}, a}, 6mov N vro-akorovdia (X,..., b) Oa givar povordtt tov G'. And TV enaymykn
vto0eomn To-povomdrt (X,.. ., b) eivar povadikod, ondte to povoratt (X,..., b, {b, a}, a} Oa civar
HOVAOTKO.

ii. Emeion kabe dévipo e N kopueég sivar otnv vro-kidomn T(n), apket va amodeiEovpe 0Tt
ka0e ypdonpo oty T(N) €xer akpiBac N—1 akpéc, yro kabe N>1. Xpnoomolovpe Exoymyn:
Apyun wepintoon  Kabe ypaonua oty T(1) éxet 1T kopven ko 0 axpés.

Erayoywko pina  Av vrobécovpue ot kabe ypaonuo (V, E) oty T(i—1) €xet axpifog i-2
axpég (i>1), kabe ypaonua (VU{a}, EU{{a, b}}) (6mov a ¢ V, b e V) oty vro-khaon T(1) Ba Exet
axpag (i—2)+1=i—1 axpéc. O

Epotipata

1. Amodei&te 011 éva pn-koatevBuvopievo ypdonua ival 6460¢ ov Kot HOvo av gtvor GicuicAo.

2. Tloteg axpéc evog dévrpov sivar yéeupes; Tloteg kKopveég evog dévipov eivar Koufukd
onueio;

3. Teprypayte o ypapruoata tov vro-khacewv T(2) kot T(3), Eexvovtog amd v
EMOYOYIKT] KATACKELT] TOVG.

4. Amodeifte Ot yia kaBe N=1, n vro-KAdon T(n) amotereiton omd ta 0évipa e akptpog n
KOPLQEC.

5. 'Eva un-katevbovouevo ypaonua G=(V, E) &gl ypwuatiouo ue K ypouora (K>2) av
vrapyel cuvaptnon x amd 1o V oto {1, 2,..., K}, pe y(U)=x(V) ywa kéOe axun {u, v} tov G.
AmodeiEte 0TL KABE dEVTPO Exel YPOUOTIGUO LE 600 ypdpota. NOEN: arodeiEte pe exaywyn
OTL OMaL TaL YPAPTLOTO TNG VITO-KAGoNE T(N) €00V YpOUATIGHO e 6DO YPOUOTO, Yio KAOE
n=1.

6. Amooei&re Ot1, v 000 SLUPOPETIKEG KOPLPES EVOS OEVTPOV EVEOBOUV e P oK, TO
YPEONLLO TOV TPOKVTTEL EXEL AKPLPAOG Eva KOKAO.

7. To G givar évo un-katevfovouevo ypaenue. Arodei&te Oti: yio 0moleGOTOTE
OLOPOPETIKES KOPVOES X, Y VILAPYEL TO TOAD vl LOVOTATL [LE AKPOL TG X, Y, oV KOl LOVO OV
10 G givar dkvkho.

8. Eivol cwotd 0TL KGO un-kateubuvouevo ypaenuo pe N KopueEc Kot akppac N—1 akuég
(n>1) eivar dévrpo;
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9. Amodei&re 0TL KGOE Pn-KaTELOVVOLEVO GAKVKAO YPAPN L. 1E N KOPVPES Kot K cuveEKTIKES
OLVIOTMOEC £xEl akpiPdc N—K axuéc.

10. Amodei&te 0TL TO dOpoIoHe TV PABUdV TOV KOPLE®V VOGS dEVIPOV LE N KOPLPES Elval
2(n—=1). NVO&n: deite Tnv Aoknon 2.5(1).

11. Armodei&te 011 KGO dEVTPO OV £)EL TOLVAAYIGTOV. Ui aKUn £xel 000 KOPLPEG e Padpo 1.
NOEN: e&etdote €va UN-EMEKTAGILO HOVOTIATL.

3.2 E@apuoyég tng emaywyng yia ra Sévripa
3.2.1 Mpétaon (I516TnTa TOU Helly)

‘Eoto G éva 6évtpo, kot G, Gy,..., Gy vmo-6évepa tov G mov avd dHo £xovv Kown kopuen (M=3).
Yrdpyet kopuen tov G mov mepiéyetal o€ OA To VITo-0évTpa Gy,..., Gy. O

Arndoeién e 3.2.1

Amodeikvooupe pe eraymyn 6t n [podtaon woydet yio OAa ta d€vipa g vto-kAdong T(n), yio
kd0e n=1. E€etalovpe Lovo v mepintoon M=3 — n yeviki| TEPINTOGN AMOSEKVOETOL OLLOLCL.
Apyucn wepintoon  Av 10 G sivar oty T(1) Ba €xetl pio Kopuer] Kot Koppio ok, oroTe
G=G;=G2=G3 ko1 [Ipdtaon woyvet.

Ernayoywé piipa  Av 1o G sivar otnv T(i), i>1, 0a sivar G=(VU{a}, EU{{a, b} }), omov
G'=(V, E) givar 6évrpo ¢ vo-kAdone T(i-1), a ¢ V, b e V. I'a kabe éva and 1o Gy, Gy, G
opifovpue éva vro-0évrpo, Hi, Hy, Ha-avtictowya, mov elvar kat-vro-6évipo tov G

To G eite Oa givar vro-ypaenua tov G', ondte opiCovue Hi=Gy, eite G,=(V1U{a}, EiU{{a, b}})
(@ & Vi, b e V1), 6mov (V1, E1) eivar cuvektikd vro-ypapnua tov G', ondte opiloope Hi=(V1, Ei).
Opoa opiCovpe ta Hp, Ha.

‘Eoto X o kown kopuen| tov Gi, Go. Oa deiovpe 01t ta Hi, Hy £ovv ko] kopoon,
eEetdlovtog OAEG TIG OLVUTES TEPUTTMGELS TOV 0ptopov TV Hi, Ha.

H;=G1, H2=G;: mpopavadc n kopuen X ivar Kovr kopven twv Hi, Ha.

H;=(V1, Ep) omov Gi=(V1U{a}, EsU{{a, b}}), H2=G,: agpob 10 G, eivor vro-ypdonua tov G,

1 Kopuen X 0ev pumopet va givon 1 a, ondte n X Oa elvat kowvn kopven tov Hy, Ho.

H1=G1, Ho=(V2, Ez) 6mov Go=(VoU{a}, E-U{{a, b}}): apod 10 G; givatl vo-ypdonuo tov G/,

1 KOpuen X 0ev: umopet va etvon i @, 0mote N X B etvan Ko kopven tov Hi, Ha.

H1:(V1, E1) 6mov Glz(V1U{a}, E1U{{a, b}}), H2:(V2, E,) 6mov GZZ(V2U{3.}, E2U{{a, b}})

M kopven b (ko 1 kopven X) Ba eivat kown kopven Tay Hi, Ho.

Apa ta Hi, Hz, Hz givon vo-6évipa tov G’ wov ava 600 £x0uv Kovi Kopuen. ATd TV ET0ymYIK)
vtoBeom, vapyel Kopver Tov G’ Tov mepEeTat o€ Kabe éva amd Ta Hy, Hy, Ha. Aeov ta Hi, Ho,
Hj3 eivar vmo-6évipa tov Gy, Gy, Gz avtiotoya, vrapyel Kopuen tov G mov mepiéyeton o€ Kabe
éva oo 1o G1, Gy, G3. O

3.2.2 Mpétaon (Aévrpo pe dedopévoug Babuoug)

‘Eoto (@1,..., ¢n) pia akolovdio Oetikov akepaiov (N>1), 6mov @1+...+0r=2(N—1). Yrdapyet éva
OEVTPO e N KOPVPEC, ag,. .., an, PE PaBLOOS @(3))=0j, J=1,..., N. O

AndoeiEn g 3.2.2

ATodeikvOoLLE e emaymyn 0Tt Yio Kade N>1, av @1+...+0n=2(n—1) Oo vadpyet Evo 6éEvTpo 6TV
vro-kAhdon T(N) to onoio Oa tkavomotel ™ cuvOKn @(a)=e;j, yio KGOe j=1,..., n.

Apyun wepintoon  TNa n=1, Oa eivor ¢3=2(1-1)=0, Kot pwopovpe va Tdpove Eva dEVTIPO 6TV
vro-khdon T(1) pe pia kopven, ai, Kot Koppio okpr.

Erayoywo pina Eotw i évag aképarog, i>1, yio Tov omoio 1oy0et 0Tt, oV (P1,. .., @i_1) eivol
omo10dNToTE akoAovOia OETIKOV akepaimV He Q1+...+0i-1=2(1-2), vEdpyel Eva dEVTPO TNV
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vro-khaon T(i1—1) pe i—1 xopveég, as,.. ., ai-1, Omov Q(a)=@;j, Y1 kébe J=1,..., i-1 (emoywyum
vrdOeon).

‘Ecto (@1,..., i) (o, akolovbio OeTikdv akepaiov 6mov @1+...+@i=2(1—1).

Av =2, &yovpe P1+02=2, TOV SIVEL P1=Pr=1, KOl LTOPOVLLE VO TAPOVE EVOL OEVTPO GTNV
vo-kAdon T(2) pe 600 KopveEg ag Ko az, Ko pio akun {az, az}-.

Av i>2, Tpénetl Kamolog 6pog TG akolovdiog (@1,..., @) va givarl peyardtepog omd 1 (ahloudg
@1+...+0i=i1<2(i-1)), ko emiong npénetl kdmolog 6pog TG axorovdiag (¢1,..., ¢i) va givor 1
(OAAOIDG P1+...+0i>2i>2(i—1)). Mropobpe va Bemprioovpie, yopic PAGLN Thg yevikotnTog, OTl
0i-1>1 xar @i=1 (av Oy, apxel va petofécovpe Kat@AAnAa Tovg 6povg Thg akolovdiog (¢1,. .., ¢i)).
[Maipvovpe v axorovdio Oetik®v akepainV (@1,.:., iz, Pi-1—1), Y10 TNV omoia 1oYvEL

Q1+. .. 40i_2HPi_1—1)= =(Q1+. . . +0i_2+0i_1+¢i)—2=2(1—1)-2=2(i-2). A6 TV enaywyiKy vEodeon,
vrapyet éva. 0évipo G=(V, E) oty vro-khdon T(i—1), pe i—1 kopveéc ay,..., ai-1, pue fobuovg
0(8j)=0; Yy k60e J=1,..., -2, ko ¢(ai-1)=0i-1—1. Av & efvar po Kopven SLaPopeTIKN omd TIg
a,..., di-1, 7o dévrpo G'=(VU{a;}, EU{{a;, ai_1} }) omv vo-khaon T(i) Oa £xet Pabpovs o(a;)=;
Yo kG0e J=1,. .., 1=2, kot @(ai-1)=(@i-1—=1)+1=0¢i_1, ¢(ai)=1=0;. O

3.2.3 Mpoéraon (Kévrpa dévipou)

Ké0e 6évipo G €xet Eva Lovadikd KEVTPO av 1o peytoto povordtt tov G €xet Luyd unKog; 1
aKpP®G dVO KEVTPO TOL €IVAL YELTOVIKEG KOPLPES, AV TO HEYIOTO Lovordtt Tov G €yl povo punkog.
0

AmdosiEn g 3:2.3
Arnodeikvboope e eraymyn 0t [Ipdtacmn oyvet yioo OAa ta SEVTPOL e N KOPLOES, Y10 KAOE N>2
(oL OévTpa pE pio LOVO KOPLON eV EXOVV LLOVOTTATL).

o

Apyucn wepintoon o n=2; kaOe 6&vipo mov amotedeitat 0md VO KOPLPES
aKPIPOG OO KEVTPO TTOL EIVOL YEITOVIKEG KOPLPEG.

Erayoywo prpe  "Eoto 611 1) Hpdtaon woydet i OAa To d€vTpa ie M Kopueég, yiokde m pe
2<m<i. Oa dei&ovpe 011 1 [IpdTOom 1oydet yio kKabe dévtpo G pe | Kopveég.

To G Ba &xet TovAdyioToV 600 KOPLPES pe Babuo 1, apov éxet 1>2 kKopveéc. 'Eotm ay,..., ax ot
KopLPES Tov G e Pabuod 1. Aparpodpe amd to G 116 KOPLOES a1,. -+, 8k, KOL TIC TPOCTUTTOVOES
aKUES TOVG {a1, D1},..., {ak, bk}, ka1 cvykpivovpe ta péytoto povomdtio tov dévrpov G’ mov
TPOKVTTEL UE TO LEYLOTA LovoTdTio Tov-G.

Exet

Av 10 G’ éyer pio povo kopvoen b, Ba-givon b=h;=...=by , KO TO, HEYI0TOL
povormartia Tov G Ba eivon ta {ay, {ay, b}, b, {b, aj}, &}, omov 1=<l#<k. Apa 10 G £xet va povadikd
KEVTIPO, TOL eivon 1 kopven b.
Av 10 G’ €ye1 TOLVAGYIGTOV SO KOPLYES, T AKPO. OTOLOVONTOTE PEYIGTOV LOVOTOTION [ ToV G’
TPETEL VOL EIVOIL 0V0 0T TIC KOPLQES Dy, . . ., bk. O Adyog givan otL Ta dkpa Tov p Bo Exovy Pabpo 1
010 G’ (BAéme Aoknon 2.5(15)), xat av dev-nrav uetaéd tov by,..., bk Ba eiyav Badbuod 1 kot oto G,
omtote Oo NTav PHetald TOV KOPLOMV a,. .., dk TOL apupEdnKay.
Kdabe péyioto povomdrt v tov G €xet dxpa pe Pabpd 1 oto G, dpa
v={ay, {ai, br}, br,..., b;, {bj, &}, aj} 1 xamowa 1, j, 1<Izj<k; émov n vro-axorovbia (by,..., bj) Oa
givon éva amd To povordtio. tov G’ pe dxpa petald tov ba,..., by, pe 1o peyakvtepo duvatd uiKog
(0po¥ 10 v elvan péytoto). AAG To. péytoto povomdtia tov G’ £yovy dkpa. HeTo&d Tov by,. .., b,
apa o (br,..., bj) Ba eivar £va oo tor péyrota povordtia Tov G', Kot ETOUEVOG OV KATOL0 KEVTPO
tov G mpoépyetar amod o v, Ba eivor kot kévipo tov G'. Emiong, av to péyioto punkog evog
povomatiov tov G’ glvar p, To péyoTo UKo voc povomatiod Tov G Oa givar p+2.
Onotodnmorte péyioto povomdtt u=(by,..., by) tov G’ diver éva povondrt
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{a, {a, b}, by,..., bj, {b;, 8}, a5} Tov G, mov and 16 Tapamdve TaparTnprioes Bo eivar péyioTo.
Emopévmg av kdmolo kévipo tov G’ mpoépyeton amd to W, Oa efvon kot kévrpo tov G.

Apa ta G, G" &xovv axpifog Ta idto KEVTPA. ATO TV EXAy®YIKY LTOBESN, AV TO UNKOS P TOV
péytotov povomation tov G’ eivar {uyo, to G’ Ba €xet Eva Lovadikd KEVTPO, Kal av To P eival povo,
10 G’ o €xel akp1Badg 600 kévrpa mov Ba eivon yertovikég kKopveéc. Erouévag, av to pnmkog p+2
TOL UEYIoTOV povortatiov tov G elvar Luyo, to G Ba £yl Eva povadiko KEVTPO, Kol av To P+2-eival
povo, 1o G Ba €xel axpiPdg 0Vo KEvpa oL Oa etvort YEITOVIKEG KOPLPES. O

Epompota

1. Amodei&te 6t1: av TO pn-KoatevBovopevo ypdonua G givarl cuvekTiKO, Kot
G=(VU{a}, EU{{a, b}}) 6mov a ¢ V, b e V, 10 ypaonua (V, E) Oa givar cuvektiko.

2. Amodei&te ™ yevikn tepintmon g wiotntag Helly.

3. 'Eoto (@1,..., i) o akorovbia Ostikdv akepaiov (1>1), omov @1+...+¢i=2(I—1).
Amodei&te OTL VTLAPYOLY dVO Opol TNE akoAoLBing Tov elvat 1.

4. Tplyte 68 YeudokmotKa Evay ahyoplOo o onoiog, pe dedopéva o akorovbio BeTikmv
aKepai®V (Q1,. .., @n) (N=1), 6mov @1+...4+Pn=2(n—1), Katookevalel Evo dEVTPO pE N
KOPVLPEC, a1,. .., an, ue Pabrodg (a)=oj, J=1,..., N. Anodeite 0T1 0 adyOpIOUOG Gag eivat
0®GTOG, KAl AVOADOTE TNV ATOJOTIKOTITA TOV.

5. 'Eot® (@1,..., i) po akorovbio Oetikmv akepaiov (1>2), 670V @1+...+¢;=2(i—1), Kot
vrapyovv akpPag k>2 dpot g akorovBiag mov sivar 1. Anodei&re 611 K<i, Ko 611 10
abpotoiie TV vrorowmwV i—K-6pwv Ba eivar TovAdyiotov K.

Mmropeite va ¥pNOUYLOTOUCETE TV TOPOUTAV®D TOPATHPNOT] Y10 VO, BEATICTOTOWGETE THV
Arn6oeién e Ipdraong 3.2.2;

6. Bpeite 6Aa ta ypapnpato 6wov vdpyel KOmowo kEVIPO pe fabud 1.

7. "Eotm 61t éva 0évipo G €xet d00 KEVTPO Ky Kol Ko. ATTOOEIETE OTL, Y100 OTOLHONTTOTE KOPVON
X tov G pe o(X)>1, gite vapyet £va LOVOTATL HE GAKPA TIG X, K1 TOV OEV TEPIEYEL TNV. K2,
€lt€ VILAPYEL £VOL LOVOTIATL UE GKPA TIG X, K2 TTOV OEV TEPLEXEL TNV K.

8. T'pdyte o€ yevdokmowka Evav alyoptBpo mov va Bpiokel To KEVTIPO EVOG 0EO0UEVOD
dévrpov G. Amodeilte 0TL 0 ahydp1OLOS Gag sivol omoTOC, Kot OVUADOTE TV
AmodOTIKOTNTE TOV.

9. Tpayte 6€ YeudoKk®IKA Evay alyoptBpo Tov vo Bpicket £va LEYIGTO LOVOTATL EVOG
dedopévou 6évipov G. Amoodegilte 0L 0 aAyOplBNOg oag eival cwaTOHS, KOl OVOADGTE TNV
QOO0 TIKOTNTA TOV.

3.3 ZroixeiwdeIs KUKAOI

Opiouoc dévrpov emxalowng ‘Eva 0évipo emikaloyns evog cuvekTikov ypagnpatog G sivat
éva vo-ypaenpa tov G mov givor 06VTpo, Kot TEPIEXEL OAES TIG KOPLPES Tov G.

‘Eva daoog emikoivyng evog pn-katevbuvopevou ypagpnuatog G sivat Eva vro-ypaenuo tov G mov
glvar 04606, TePLEYEL OAeG TIC KOPLYES TOL G, Kot £xel TOV 1010 aPlBUO CUVEKTIKAOV GUVIGTOCMV [E
10G. O

[Mapatnpnon And v IIpotaon 2.4.3 (i), kabe cuvekTikd ypaenua G £xel TovAdyioToy Eva dEVTpo
EMKAAVYNG.

Ano v IIpotaon 3.1.2 (i), av to G gival 6uVEKTIKO Kot £l N KOPLYES, KAOE 0EVTPO EMKAAVYMG
tov G €yet axpParg n—1 axpéc.

Opiouog yopong Eoto T éva 6évipo emikaivyng evog GLVEKTIKOV Ypapnpatog G.
Ovopalovue yoporn tov G wg mpog to T, o axpm Tov G ov dev glvar akun tov T. O
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[Mopoatipnon Av 1o G givar cuvekTikd Kat £yl N KOPLEES kKol M aKkpéS, Ba Exet akpidg M—n+1
YOPOEG (G TPOG OTOLOONTOTE OEVTPO ETIKAAVLYNG).

Opiouoc o101YElD0VE KOKAOD ‘Eoto T éva 0évipo emKaAvyng evOg GLVEKTIKOD
ypaonpatog G. Ovoudlovpe aroryeimon kvkio tov G wg mpog o T, €va kvxklo tov G mov
OlTPEYEL HOVO pio yopdn ¢ mpog to T. O

Hapatnpnon ‘Evag ototyeidong kvkhog € g mtpoc to T mov dworpéyet T yopon {a, b} Oa dworpéyet
Kot 70 Hovadiko povordtt tov T pe dxpo Tic kopueig a, b (PAéne [potaon 3.1.2 (1)). Apa yio. kaOe
YOPON LIAPYEL AKPPDG EVOG GTOLYEUDONG KOKAOS G TPOG TO0 T ov T S1TPEYEL, KOL ETOUEVMS, OV
to G €yet h KopueEg kot M akpés, Ba Exet axkpiPdg M—N+1 oToEIMIEIS KOKAOVS (MG TPOC
OTO10ONTOTE OEVTPO EMLKAALYNG).

Opiouoc abpoiouaroc kbkAwy ‘Eoto Ci,..., Ck (K>2) xbklot gvoc pn-katenouvouevou
ypaenuatog G, kot Ei 1o chvoro Tmv aKidV Tov dtatpéyel o Kokiog Cj, I=1,..., K. Av to chvoro
@D(Es,..., Ex) ogv givar kevo, kot vtapyet KOKAOG € tov G mov va dlaTpéyel akpiac Tic OKUESG TOV
ovvorov D(Es,.. ., Ex), Aépe 011 0 KOKAOG C €lval T0 dfpoioua TV Ci,..., Ck, KOL YPTOLULOTOIOVLE TO
ovpPoriopd c=@®(cy,..., Cx). O

[Mapampnon Av yia Kamotovg KOKAOVG Ci,. .., Ck (K=2) vedpyet to dOpotopa ®(Cy,. .., Ck), Oa sivar
LOVOOKO.

3.3.1 Mpéraon (ABpoiopaTa OTOIXEIWOWYV KUKAWY)

‘Eoto T éva 6évipo emkdivyng evog ouvektikob ypapruatog G, kat € évag kokAog tov G. Eite o
KOKAOG C Ba etvar ototyelddng wg mpog to T, 1 B vapyet Eva povaoikd cHvoro {C,..., Ck} Ao
oo ElmoElg KOkAovG Tov G w¢ mpog T (k>2), yia T0 omoio C=@(Cy,..., Ck). O

Anddeitn me 3.3.1

Av 1oybel c=@(Cy,. .., Ck), OOV {C1,..., Ck} (K>2) givor £va 6HVOAO 0t GTOLYEIMOELS KOKAOVS TOV
G oc poc T, ko € eivor 1 xopdn g mpog to T mov dratpéyel 0 6ToEIMING KOKAOG €, I=1,..., K,
UTOPOLLLE VO, OOVUE OTL 01 YOPIEC OV JUTPEYEL O KUKAOG C Bl etvar akpiBd¢ ot ey,..., ek. O Adyog
giva 0TL kGOe xopdn ey, I=1...., k, aviket o€ Evav povo and tovg Ci,. .., Ck, 0TOTE B0, OVIKEL KOL 6TO
G0potopd tovg @(Cy,. . ., Ck)=C (PAére Aoknon 9). Emiong, kappio GAAN yopon dev pnopsi va
avikel 6Tov C=@(Cy,.. ., Ck), 0POD dev Oa aviKeL 6€ KovEVAVY omd TOVG Cys,. .., Ck. ETOpéVMS ot
YOPOES €1, ..., Ek, KO CLVOKOAOVOO O GTOLYELMOELG KOKAOL C,. .., Ck, TPOGOI0PILOVTOL LE LOVAOTKO
TPOTO od TOV KOKAO C.

‘Ecto e1,..., €5 01 y0pdéc oG mpog 1o T mov datpéyet Evag 6£00EVOS KOKAOG C (Tpo@avad givat
n>1, agov ahrow®g o € Ba frav kbkhog tov T). INa I=1,..., N, é6Tm € 0 GTOYKELDONG KOKAOG MG
pog 10 T mov draTpéyet T xopon €1. a deiEovpe e emaymyn 6to N GTL: it 0 KUKAOG C givor
oTOELMONG Kot C=Cy (av N=1), § c=B(C1,..., Cn) (av N>1).

Apyucn mepintoon  Av n=1, 0 KOkAog C dlaTpExel LOVO pia xopdn, omoTe elval GTOLYEIDMONG Kot
C=C;.

Erayoywko pine . Yrobétovue 011, Y10 0TOIEGONTOTE YOPOES €1,. . ., €m, OTOL 1<M<Ii, av 0 C
elvan KOKAOG TTOV SLOTPEYEL TIG €1, . . -, €m (Ko OEV dlaTPEYEL AALES YOPOES), KOl O C) Eivar o
OTOEIDMONG KOKAOG m¢ Tpog To T Tov dratpeyet T xopdn €1, I=1,. .., m, tote: gite o € Ba sivar
OTOYELDONG Ko C=C1 (av:m=1), 1} c=B(C4,..., Cm) (av M>1).

‘Eotm €y,..., 8§ OMO1EGONTOTE YOPOLS, Kot C £VOG KUKAOG TTOV OLUTPEYEL TIC YOPOLS €1, . . ., i (Kot Ogv
SroTpéxet GAAES YOPOES). AV APAUIPECOVHE OO TOV KUKAO C TIG OKHES €1 KOt €j, 01 KOPLOES TOV C
paly pe Tig vdélouteg akuEg Tov oynpatilovy 6vo povomdtio Tov G.'Ectm A, B ta svvora TV
KOPLOAOV AVTOV TV 600 povomatidv. Enedn 1o T eivar dévrpo emkdioyng tov G, Ba mepiéyet
OAeC T1g KOpLPES Tov G Ko Bor eival GLVEKTIKO, OTTOTE Y10 OTTOIEGONTOTE KOpLPEG a € A kat b € B
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B vapyel Swadpopn tov T pe dxpa tig @, b. Ano v [pdtaon 2.2.2, Ba vEapyeL povomdrt
p=(U,..., V) Tov T pe apyn pio kopoen U € A kot T€Aog pio kopven V € B, yopic koppio AN
kopven oto AUB (évtovn ypouun oto oynua).

H dadpopn y1=(U,..., V,..., €1,..., U) sivar kOKAoC , 0OV M vVITo-aKkoAlovdia
(V,..., B1,..., U) €ivon pépog Tov KOKAOV C, Kot 1 v7to-akoAovdia (U,..., V)= deV EYEl KOWVEC
KOPLQEG IE TOV € eKTOG amod Tig U, V. O kOKAOC v dtatpéyel 1o ToAD I—1 amd Tig YopdES o
dTpéyet 0 KOKAOG C, oV 1 vo-akoiovdia (U,.. ., V)= eivar povomdrtt Tov T (omdte dev
JaTpEyel Kappio Yopon), Kot 1 xopon i 0gv-dtaTpeyeTal amd TNV viro-akoiovdia (V,..., €1,..., U).
Mmopodie vo vrofécovpe xmpig PAAPN g yevikoTTog OTL O Y1 SLATPEYEL TIS XOPOES €1,.. ., €),
OmoL <1 (AAAOLDE UTOPOVUE VO LETOOEGOVUE KOTAAANAQL TIC €4,. .., €). ATO THV ETAY®YIKN
vo0eaN, av Cy €ivar 0 GTOLEUDONG KOKAOG MG TtPo¢ To T mov dtoTpéyet tn yopon ey, I=1,..., I, Ha
etvou gite y1=C1 (av j=1), 1 71=D(Css.., Cj) (av J>1).

Avtictorya, 1 Sadpoun v2=(U,..., V,..., €j,..., U) givar kOKA0G, d10tpéxet To oD i—1 amd Tig
YOPOEC MOV JTPEYEL O KOKAOG C, KOL UTOPOVLLE VL VTTOOEGOVE YWPig PAAPN TG YeEVIKOTHTOS OTL O
Y2 OLTPEXEL TIG XOPOEG €jit, . .., i ATO TNV EMOYWYIKT LTOOEST, OV C) EIVOIL O GTOLXEIWING KOKAOG
g mpog to T mov Sratpéyet ) xopdn €, I=1,..., I, Oa etvar eite y2=Cj.1 (av j+1=1),

N ¥2=@(Cjs1,. .., €i) (av J+1<i).

Ao 1OV 0pIopd TOV V1, Y2, £lvol C=B (Y1, ¥2): ATO TO TAPATAVE®, LTOPOVLE VO dOVLLE OTL
c=®(Cy,..., Ci) (PAéme ka1 Epodtmua 6). O

Epotipata

1. Amodei&te Ot éva 6060¢ emKGAVYNG EVOC Un-katevBuvopevov ypapriuotog G pe K
OVVEKTIKEG GUVIGTOOES amoteheital amd K d&vipa emkdAvyng, £va yia kdbe cuvekTikn
oLVVIGTOGH ToL G.

2. Tlooeg axpéc €xet éva 06.60¢ EmKAADYNG EVOS UN-KOTELOVVOLEVOD YPOENLOTOS LE N
KOPLOES Kot K GUVEKTIKEG GUVIOTMOEC;

3. 'Eoto G éva un-katevfuvopevo ypagnia e N Kopueés, M akpés, Kot K cuvekTikés
ocvvieT®oec. Ot oplopol TG YoponG Kot TOV GTOYEIDIOVS KOKAOD EYOVV: VOO KO MG TTPOG
éva 8boog emkdivyng T tov G.

1. TTooeg eivan ot yopdéc tov-G @ pog to T;
Ii. TI6c0t givan o1 6ToYyEUmdELS KhKAoL Tov G m¢ Tpog 10 T;

4. Bpeite 000 KOKAOVG C1, C2 € £va un-KatevBovopevo ypaenua, pe cvvoia akpov Ei, Ep
avtiotorya, omov ta Eq, Es va €yovv Kowvéd ototyeia, kot va punv vadpyet dOpotouo tomv Cq,
Co.

5. 'Eoto E'éva vto-chvoro Tov akpdv evog pun-kKotevfuvopevou ypoeniotoc. ArtodeiEte ot
dgev yiveTor vo VTTapPoLvV 0VO SPOPETIKOTL KUKAOL, TOL 01 AKUES TTOL OLOTPEYEL O KOOEVOS
va. gtvat ot akpé tov E.

6. 'Eoto Cy,..., C; KOKAOL EVOG UN-KaTELOVVOLUEVOD YPUPILOTOC. YTOOETOVUE OTL VTTAPYEL TO
aOpotopa B(Ca,..., Ci). Amodsire Ot
I. - Av vmapyet To-dOpotopa @(Cy,..., Ci-1), Oa givar B(Cy,. .., C))=D(D(Cy,. . ., Ci-1); Ci):

Ii. Avvumapyet to dOpoiopa B(Cy,..., Ci), Oa eivar D(Cy,..., Ci)= ®S(c1, B(Cy,..., Ci)).
.- Av vrapyovv ta abpoicpera @(Cy,. .., Cj) Kot D(Cji1,.:.; Ci), Oa efvon
®(Cy,...; C)=D(B(C1s.- - ., Cj), B(Cjst,..-, Ci)).
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3.4 Aoknoesig

1.

2.

[Teprypayte pia dradtkacio mov, pe dedopéva va pn-katevbuvopevo ypaonuo G kot 600
OLOPOPETIKA LOVOTTATIOL [LE AKPOL TIG KOPVPES @, b, Bpioket éva kbklo oto G.

To G eivar €var un-kotevBouvopevo akvkAo ypdenua. Amodeiite 6Tt KABE GLVEKTIKO
vro-ypaenpa tov G Ba eivar kKot exaydpevo vro-ypaenua tov G.

To G givar £va pn-katevbBouvouevo axvkio ypaenua, ko to G1=(V1, E1), G2=(Va, E) givar
oLVEKTIKE VITo-ypoenpata tov G. Amodei&te ott, av ta G, G, £xovv Kowég KOpLQES, TO
ypaonuo (V1NVa, E1NE2) Ba elvat cuvektiio.

Amodei&te 0T KABE CLVEKTIKO UN-KoTeLBLVOLEVO YpaeN Lo e N KOPLEES Kot akpiPmg N—1
axpes (n=1) eivon 6&vtpo.

Amooei&te 0Tt KABe AKVKAO UN-KateuvBuVOUEVO YPAON LKL L N KOPLPES KoL akPIP®OS N—1 aKpES
(n>1) givar dévrpo.

[No omolodnmote N>1, Ppeite Eva cvvekTiko ypdonua G, pe {uyd PKog HEYIGTOV LOVOTOTION,
Kol LE aKPIPOC N KEVTPOL.

O mapaxdatom akyopipog D maipvel oav €icodo éva dévipo G=(V, E), kot yio kabe kopven u
oto V vroAoyiler g axéparo Tipn| dfu] (mov apyucd givon null). O akyopBuog extedet

1000 IKA TEPAG AT, TOV KAOEVO EVIUEPDVEL TIG TIHEG KATO10V Kopup®dV, amtd null og
aKEPULES. AV €VOL TEPOGLLO OEV EVIILEPMOEL KA KOPLOT}, 0 0kyOp1Opog TeppaTilet.

1.: foreachuinV do

2 d[u]«null od % OPYIKOTOINGT TOV TIUOV TOV KOPLP®V
TPV oo OTOLOONTTOTE EVILEPWOTN

3 foreachuinVdo

4  ifo(u)=1

5 then d[u]«-0od % TPMOTO TEPACHOL TOV KOPVPDV

6 L. flag«false

7 new_vertices<—{} % T0 cVVOLO New_vertices Oa cuykevtphoel
TG KOPLOES oL Bar evnuepwBovv 610
EMOLEVO

8  foreachuinVdo TEPOAGLLOL

9 if d[u]=null and

10 «OTAPYEL TO TOAD Lo YEITOVIKT) KOpLET a TS U

ue d[a]=null»

11 then new_vertices<—new_verticesU{u}

12 new._value[u]«—max{d[x]+1 | X yerrovikn tng u, d[x]=null}

13 od

14  for each u in new_vertices do

15 d[u]«—new_value[u] % M EVNUEP®OT TOV KOPLPDV YiveTOL

«TOVTOYPOVOLY

16 flag«true % onueldVETAL TO OTL EVIUEPDONKE KATOOL

od KOpuon

17 - if flag=true then goto L

Amodei&te 011, Y10 001001 TOTE 36VTPO G e 600 TOVANYIOTOV KOPVOES, Kot Yio KAOE Kopven U
00 G pe e(U)>1, oto téhog tov ayopifuov D woyder: n Tyn d[u] givar to peyorvtepo dvvatd
KOG €VOG povomatioH (X,..., U) pe akpo v U, To omoio (o) gite dgv mepiéyet kévipo tov G
Kot pmopel va enektadel og £va Lovomatt (X,. .., U..., K), OOV 1 Kopuen K givat kEvtpo Tov G,
N (B) To povadikd kévrpo tov G mov mepiEyxeton 6o (X,..., U) givor n Kopuen U.
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8.

9

10.”

11.7

Bpeite éva pn-kateuBuvopevo ypaenua pe tpeic KOKAovg Ci, Co, C3 TOL £XOVLV AOPOIGHA, KOt
OV OVGL OVO OEV £YOLVV. AOPOIGLLOL.

Amodei&te o011, av ta Eq,..., Ex (k>2) eivot onowadnmote cOvolra, 1oyvEL

@(E,..., Ex) = {X | to X aviket 6 povo opBpod and ta Ej, =1, 2,..., k}.

Eoto Cy,.. ., Ck (k=2) kdKhot evog un-katevbuvopevou ypapruatos G=(V, E), ko E; To avvoro
TOV OKU®OV TOV S10TpEYEL 0 KOKAOG Cj, 1=1,..., K. 'Eat® G’ 10 vro-ypdonua (V, ©(Ei,..., Ex))
tov G. Anodei&te 6Tt 0 Babpog kabe Kopveng tov G’ givar Luyode.

Eva un-katevfovopevo ypaonuo £xet N kopv@éc, M akpég, kol K cuvekTikég GUVIGTOOES.
Amodeifte 0TL TO Ypapn o £yl okp®G Eva KUKLO, o Kot tovo av m=n—k+1.

Elvar cwot6 011 €va ypaonpo Onmé Tapoamdve £xel akpiBog 000 KOKAOVS, av Kol LOVOo o
m=n—k+2;
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4 AICUVEKTIKOTNTO

4.1 AICUVEKTIKOTNTA WG TTPOSC KOPUPES

Opiopoc OpoafoayudTnTeC WEC TPOS KOPVPES O1 Kopueéc a, b evog un-KatevBovopevon
YPOENLOTOG, 0TT0V a#h, cvoyetifovton pEGm TG dimpoafaciudtnTas S TpPog kopveés, Ry, av
VIAPYOVY OVO LOVOTTATIO [E apyh) TV & Kot TéA0g T b xmpic kKowvég kopueés (exTog amd Tig a, b).
O

2nueioon H dumposPactpotnra ¢ mpog Kopueés umopel va avagepBel mo cvvropa oc
OUTpPocPacILOTNTO.

4.1.1 Mpoétaon (XapakTnpiopog tng dirrpooBacipoTnTag)

Eoto G éva un-ka1evfuvorevo GUVEKTIKO YPAQN LA LE TPEIG TOVAAYLOTOV KOPLPES. [l
OTOLECONTOTE OLOPOPETIKES KOPLPES &, b Tov G mov dev. cuvdéovTal ue axpn, wyvet a R b av kot
LOVO 0V; Y10, OTTOL0ONTOTE KOPLPT] X SLapopeTikt| amd Ti¢ &, b, ot kopuéc a, b eivar otnyv id10
GULVEKTIKT] GVVIGTMG0 Tov G—X. O

AmodeiEn e 4.1.1

‘Ecto 6t oyver a R b, ondte vadpyovv 600 povordtio pe apyn tnv a Kot téAog t b, yopig Kowveg
KOPLOPES (ekTOC 0o Tig @, b). Mio kopuen X d10popeTikn oo TG a, b dev pmopsi va aviKet Kot ota
dvo povomdrio. Emopévag, tovddyiotov 1o £va amd to 000 povoratio 0o vapyel Kot 6to G-X,
TOL ONUAIVEL OTL Ot KOPLOEG @, b eivan TNV, 1610 GVVEKTIKY GLUVIGTOGE TOVL G—X.

[ 10 avtioTpopo, VITOBETOLE OTL Y100 OTTOLAONTOTE KOPLPT] X S10POPETIKT 0t Ti¢ &, b, vwdpyet
dtadpoun pe akpa tig a, b mov dev mepi€xel T X. O deiovpe OTL LIAPYEL KOKAOG TTOV TEPLEYEL TIG
a, b, omote a R b.

A@ob 10 G gival cuVeKTIKO, LITAPYEL povoratt v=(a1, {a1, 8z}, az. .., @n) Ue dxpo a;=a Ko ap=b.
AoV o1 kopueég a, b dev cuvdEovton pe akun, ivor N>3.

‘Eoto Xp=az, Ao={ai}, Bo={as...., an}. Apod N Xo €ival dtopopeTikn amo tig a, b, amd v vmdheon
LG VTTEPYEL O1OPOLT Op, LLE QYT TNV 81 KOt TEXOG TNV &y, TTOL OEV TTEPLEYEL TN Xo-

Ao v Ipotaon 2.2.2, vrdpyel LovomdTt [o, P apyn TV a1 € Ag Kot TEAOG Lo Kopven a; € By,
7oL dgv mEPIEXEL KopL T Tov AgUBg dtapopetikn amd ta dipa tov. H Anddeién g [Ipdtaong
2.2.2 delyvel 0Tt WtopovLE Vo OIAAEEOVILE VA TETOLO0 LOVOTATL Lig TOV VoL ivol VTO-aKOAOVOiN Lo
dedopévng orodpoung d, pe apyn v a1 € Ag Kot t€hog 6to Bo. Apa TO Lo umopet va givat
VTTO-AKOAOVOI0 TG TAPATAVE® OLAOPOUNG Op, TOL CNLAEIVEL OTL TO Lo OEV Ba TEPLEYEL TN Xo-
Enopévog 10 o 0ev meptéxet Kappio omd Tic KOpueEg ay,. . ., di-1. Eot®m Co 0 KOKAOS TOL TPOKVTTEL
dwzpéyovag v vo-okolovdia (ai,. ., &) TOL V, KO TIS OKUES TOVL LovoTaTioD Lo. O kKdkAog Co
TEPLEYEL TIG KOPLYEG 81 KO &;.

Av aj=an, 0 Cy givan kKOKLOG oL TEPIEXEL TIG @1=a Kot ap=Dh.

&
Co Z_/ﬁ
m : ( b i ; ;
a=a; - a, a; a,=b a=a; @ a; aj - a,=b

Av i<n, Bétovpe X1=a;, A1={U | U Kopvoe1 ToL Cp drapopetiky arxd ™V ai}, Bi={ai.1,..., an}-
[Maipvovpe pio dradpoun 61, He apyn TV a1 Kot TELOG TNV an, TOV OV TEPIEXEL TN Xi.
Epappolovrtag otny 01 ) dradkacior oty Amddeién g [pdtaong 2.2.2, Bpiokovpue éva
LLOVOTATL Ly, IOV €xeL apyN Z € Ay, T€Xog ;€ By, dev mepiéyet T Xq, Kot dev TEPLEXEL KOPLET) TOV
A1UB; drapopetikn and to dikpa 1ov. Eotm C; 0 kHKA0G TOU TPOKVTTEL S1ATPEXOVTOS TV
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VTO-0KOAOVOIa (ai,. .., @j) TOV V, TIG OKHEG TOV LOVOTATION 1, KO pia amd Tig 600 vro-akorovdieg
(z,..., @) tov Comov mepiéyet” TV Kopuen ar. O KiKAog Cq TEPIEXEL TIG KOPVPES A1 KO &, KO
TOPATNPOVUE OTL j>1.

Av aj=a,, 0 C; etvar kOKA0G TOV TEPLEXEL TIG 81=a KoL 8n=D.

Av j<n, petacynuatifovrag tov kokAo Ci 6nmg mapandve waipvovue KokAo Co mov mepiéyet Tnv
Kopuen a; ko pic kopven ak, 6mov k>j. Kot obvtom kab eEng. Aeov kébe popd maipvovpe KOKA0
TOV TEPLEYEL KOPVPT TOV V LE OAO KOl LEYOADTEPT OTOGTACT OO TV 81 (TAVMD GTO LOVOTATL V), N
ddikacio Oo katoéet og Eva kokAo C, mov Bo meptéyet Tig a1=a Kot an=b. o

[Mopatnpnon Xty mopardve drodikacio, Kabe kokAog Chn umopet vo emAeYel €161 DOTE VO
TEPLEXEL TNV aKuy {a1, 8y} . Emiong, Oa mepiéyet v axpun {aj-1, ai}, 6mov a) 10 GKpo Tov
QovomoTtol fim 6T0 60voro Bm. Etot, 0 tedevtaiog kokhog Cp Oo meptéyet Tic axpés {ag, az} xat

{ah.1, an}-

Xnueimon Av ot Kopveéc a, b cuvdsovton pe axpr, wyvst a Re b av xat poévo av vrdpyer povomdtt
pe axpa 11 &, b, mov dev drarpéyel v axun {a, b}. Emouévog a Ry b av kot poévo av i okum
{a, b} dev eivau yépupa (Préme ITpoTaon 2.3.1).

Opioudg orgvvektxotntas wg xpos kopveés 'Eva un-katevbuvopevo cuvektikd ypapnuo G etvor
OLODVEKTIKO (WG TPOS KOPLYES AV, Y10 OTOIECONTOTE SLOPOPETIKES KOPLPES &, b Tov G, 1oyel
aR.b. O

2nueioon H disuvektikdtnTo 0¢ Tpog KOPLEES Umopel vo ovapepBel o GOVIONA MG
SIOVVEKTIKOTNTA.

4.1.2 Mpoétaon (XapakTnpiopuog TnNG SICUVEKTIKOTNTAG)

‘Eoto G éva in-kateuBuvopevo GUVEKTIKO YPAON LLa.
1. Av 10 G givaor 6100veKTIKO, deV €xEL KOUPkd onpelo.
2. Av 10 G €yel tpeic TOVAGYIGTOV KOPLOES Kol 0eV €xel KOUPIKO onpeio, eivor 0O10VVEKTIKG. O

Amdosién me 4.1.2

1.’Eoto X éva kopPuko onueio tov G. And v Acknon 2.5 (9), N Kopuen X €yl d0O YEITOVIKEG
KOpuPéc @, b mov Ppickovior o€ S10popETIKEG GUVEKTIKEG GLVIGTMGES Tov G—X. Emopévac kabe
povoratt tov G pe-dkpa TG a, b Tpéner va mepiéyet T X, 0moTE dev toyver a R b. Apaav 1o G
glvor O16VVEKTIKO Ogv pmopel vor £xel KopPiko onpeto.

2.’Eotw 61110 G dev gival H16VVEKTIKG, 0TTOTE VILAPYOLV BVO SIUPOPETIKEG KOPLPES &, b Tou G yia.
T1G omoieg dev 1oyveL a Ry b.

Av 01 8, b dgv cuvdgovTon pe akun, omd v [potaon 4.1.1 Bo vEapPyEL KOPLPT X OLAUPOPETIKT| ATTO
TG a, b, pe 11c a, b va Bpiokovrol o€ d10POPETIKEG GUVEKTIKES GVVIGTMOOES TOV G—X. Apa. 1) KOPLOT|
X Qo etvon kopPiko onpeio tov G.

‘Eoto 6t o1, b cuvdéovtan pe axpn. Ao vdpyovy Tpeic ToLAdYIoTOV KOpLEES Ko To G givan
OVLVEKTIKO, £ite 1 @ 1 1 b Ba Exer pia yerrovikr Kopuen X, dtapopstikn amd Tig a, b. Av.n X givon
yertovikn ¢ a (avtiotorya g b), 0ol dev ioydetl a R, b dev vdpyet kbkhog mov va TepLéyet Tig
akpég {a, b}, {a, x} (avtiotorya, tig {a, b}, {b, X}), kot amd v [Ipdracn 2.3.2 1 Kopven a
(avtioTtorya 1 b) Oa eivan kouPikd onpeio tov G.

Apa av 10 G d¢ev glvar 016VVEKTIKG, o€ KAOe epinTmon €xel KOPPIKO onueio, omoTe av 6V VIAPYEL
Koppikd onpeio o G Oa givar SiovveKTIKO. O

*H kopve z Ha [ropodoe va sivat pio omd TiC aq,. .., 1.
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Hopatipnon To G dev Exet kopuPicd onpeio av Kot LOvo oV 1 aaipeoT) OTOLNGONTOTE KOPLPNG
oV G dgv KATOGTPEPEL TNV GLVEKTIKOTNTA TOL. ANAOT, Y10 VO TPOKLYEL amtd T0 G UN-GLVEKTIKO
YPAONLO [LE QPAIPEST) KATOI®MV KOPLP®OV TOV, TPETEL 0L KOPLYEG TTOL B apapefovV var glvat
TOVAGYIGTOV SVO.

2nueioon o éva pun-katevBouvopevo cuvektiko ypaenua G, n dtevvektikdtnTo opileTon
EVOALOKTIKA g T0 OTL «T0 G dev €xel kopPikd onpeion. Amo v mopandve [Ipdtacn, ot dvo

optopoi tavtiCovror av to G dev gival To o« f 1o °.

4.1.3 Mpoétaon (ErékTaon SICUVEKTIKOU UTTO-YPAPAHATOG)

‘Eoto G éva pun-katevfouvopevo cuvektikod ypdonua, F éva diouvektikd vro-ypdonua tov G, kot
u=(a,..., b) éva povomdatt tov G pe dxpa a, b oto F. To vmo-ypaenua F tov G mov mpokvmtet
TPOcHETOVTOC 6TO F TIG KOPLOES KAl TIC OKUES TOV [, VAL HIGVVEKTIKO. O

Anddeitn me4.1.3

Av kd60g Kopvon tov p etvor kot Kopven] Tov F, 1o F Ba etvor diovvektikd vro-ypaenua tov F' e
T1G 1016 KopLéc pe 10 F'. Apa to F' Oa eivat dtovuvekTiko.

Av vIapyEL KOPLEN TOL [ TOV OEV givart Kot Kopven Tov F, 1o F' éxet TovAdyiotov Tpelg Kopupég
(elvon a#b), omote apkel va dei&ovpe 011 0 F' dev éxet kopPika onpeia (Ipdtacn 4.1.2 (2)). 'Eoto
X pio kKopuen tov F': Ba deiovpe 611 to F'—X givor cuvekTiko.

Ovopdalovpe (' To YpAQM o OV TEPIEXEL TIC KOPLPES KO TIG OKLUES TOV W, EKTOS OTd TNV KOPLOT X
KO TIG OKULES TTOV TTpooTintovy otV X. Av X=a (avtictotya X=Db) to p' eivan povordrt pe akpo ™ b
(avtiotorya v @). Av 1 X €lvot KOpueN TOL W OLOPOPETIKT Ot TI¢ @, b, To p’ ivan dVo povomdria,
10 Kaféva pe akpo-pio oo Tig a, b. Av 1 X dev givor kopven tov p, givor w'=p. [pogavec to F'—X
TPOKLATEL TPOGHETOVTOG 6TO F—X TIG KOPLPES KOl TIG AKUES TOL L.

‘Eotm 6111 X dgv givar kopuon tov F. Tote F—X=F mov &elvar cuvektiko, to |’ eivon dvo povomndria,

e
i

10 KaBéva pe akpo pio oo Tic a, b, Kol pe Paon ta wapamdve to F'—X
TPOPUVOS Ba gtvol cUVEKTIKO.

E&etalovpe tdpa Vv mepintwon n X va givar kopven tov F. Apov 1o F givar diovuvektiko n X dgv
etvar kopPikd onpeio (Ilpdtaon 4.1.2 (1)), ondte 10 F—X givar cuvektikd. ATo T0 TOPATAV®,
TPoeoves T0 F'—X Ba etvon cuvektikd. O

Opiouds d1ovvekTiKng ovVIoT@oas s pog kopvees 'Eotm G éva un-KateubBuvopevo GuveEKTIKO
yYpdonua. Eva dicvvektikd vro-ypdonua H tov G givan dicvvextikn ovviotmoo. wg mpog Kopueeg,
av: mpochétovtag oto H omoteconmote kopueés kot akpég tov G (amd avtég Tov dev TePLEXOVTIL
oto H), naipvovpe vro-ypaenua H' tov G mov dev givat diouvekTIKO. O

Inueioon H d1ouvekTikn 6uvIeTOoH MG TPOG KOPLOES LTopel va avagepOet To cHvVIopa wg
OlGVVEKTIKT] GLVICTAOOCU.

4.1.4 Mpoétaon (XapakKTnpIiopog TwV SICUVEKTIKWY OUVIOCTWOWYV)

‘Ecto e pio-axpn evog un-katevbovopevou cuvektikod ypaenpotog G=(V, E) mov dev givar

YEQLPOL.
Yrdpyel povodikr dwovvektikny ocvviotdco H=(W, K) mov mepiéyetl tyv e, kat givon
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K={e}U{e' | vrapyet kbxlog mov mepI€yeL TIC aKUEG €, €'},
W={u | n u givarl kopven kamotag akung oto K}. o

AmndoeiEn mc4.1.4

Eme1idn n akun € dgv eivan yépupa, vrdpyel kokiog C mov mepiéyer v e (Ilpdtaon 2.3.1). To
VIO-YPAPN O TOV ATOTEAEITON OO TIG KOPLPES Kol TIG aKUES Tov C elval TPOPAVOS S1IGVVEKTIKO.
And v Acknon 4.4 (7), vdpyel SIGVVEKTIKT CLVIGTAOGO, TOL TEPLEYEL TIG KOPVOES KO TIG OKIES
tov C, EMOUEVMG VTTAPYEL OICVVEKTIKT GUVIGTAOGO TTOV TEPIEXEL TNV €.

‘Eotm O pio 016VVEKTIKY GUVICTMOGO TOV TEPLEXEL TV €. Oa deiovue 6TL 1 O Tawtiletal pe o H.
‘Eoto f pio akpn e © d10@opetiki and v €. ApoD 10 vIo-ypaenuo O eival SIGLVEKTIKO, 0md
™V Acknon 4.4 (4) vrdpyel KOKAOG mov meptéyet Tig akués e, f. Apa kabe axun me ® mepiéyeton
ot0 ovvoro K towv akpmv tov H.

‘Eoto €’ puia axpun tov H dtapopetikn amd v €. Ao Tov opiopud TV akuov Tov H, vrdpyet
KOKAOG TTOL TTEPIEYEL TIG OKUEG €, €, EpaL DITAPYEL LOVOTATL [L TOL TEPIEXEL TNV €" Kot £xEL TaL {d1a
axpo pe v €. Av mpocBécovpe ot O TIC KOPLOES KO TIG AKLLES TOV (L, TO VTO-Ypdenio O Tov
mpokvmteL etvon dtovvekTiko (TIpotaon 4.1.3). Eme1on n © eivat 6160vEKTIKN GUVIOTHOOO, TO O dev
umopel va mePEXeL akpéES mov dev eival otn O, dpa. 1 €' etvor axpun g O.

AoV ta vo-ypaerrota ®, H éyouv Tig 016G aKpES Kat lvat cuVEKTIKA (0TOTE deV EYOVV
OTTOHOVOLEVES KOPVPEG), TPOPOVMS TavTILoVTOL. O

[Mopatpnon Av 1 oKy € EVOG CUVEKTIKOD YPAQNLOTOS lval YEQUP, OEV VTTAPYEL OIGVVEKTIKN
OLVIGTMOGO TOL VoL TEPLEYEL TNV € (BAEme Aoknon 4.4 (6)). Emopévag, pe faon Kot Ty mopomdve
[Ipotaom, 01 SICVVEKTIKEG CLVIGTMGES EVOG GLVEKTIKOD YPaPNLoToS G anoTteAovV SIOUEPIGHO TV
akp®v tov G mov dev givar YEQPUPEG.

4.1.5 Mpoétaon (ArrpooBacinéTNTA KOOI SICUVEKTIKEG CUVIOTWOEG)

AHO SLOPOPETIKEC KOPLPES @, b eVOC UN-KOTELBVVOUEVOD GUVEKTIKOD YPOPNLOTOG Eivon otV id1a
SIOVVEKTIKY GUVIGTMOGO, OV Kot ovo-av a Re b. o

AndoeEn mc 4.1.5

‘Eoto ot 1oybvel a R b. Yrdpyet évag koxhog C mov mepiéyet i a, b, omdte 0 C mepiéyet pio oxun
e ue akpo v a. Aeod 1 € avnkel o€ KOKAO dev eivar Yépupoa (IIpdtacn 2.3.1), dpa, amd tnv
napomdve [Ipodtaoct, vapyetl dSiovvekTiky cuvictoca H mov epiéyet v € (dpa Kot Ty Kopuen
a), Kot ot akuég e etvat ot {e}U{e’ | vdpyer khkAog mov mepiEyet Tig akuég e, e'}. O kokhog C o
neptéyel pio akpn T pe akpo v b. Emopévac n diovvektikn cvviotdoa H Ba mepiéyet tnv akun T,
apa Oo Tepiéxet kat Ty Kopuen b.

‘Eoto 011 o1 kopv@éc @, b gival oty d1a dicvvektikn cuvietoca H. Eotm e i axun g H pe
dxpo v a (to vro-ypaenuoe H givor ocvvektikd). And v mapandve Ilpotaon, o axpés e H
givon o1 {e}U{e’ | vmapyer khkAog mov mepiEyet Tig axuég e, e'}. Av T eivon pia axpn tg H pe akpo
mv b, vdpyer KOKAog mov mepEyEL TG €; . Apa vdpyel KOKAOG TOL TEPIEXEL TIG KOPLOLG @, b,
onAadn givan a R b. o

Opiopog YPapHUOTOC OLODVEKTIKOY TOVITTWTMV ‘Eoto G éva pun-xotevfuvopevo GuvekTikod
ypdonpa pe 000 TovAdyiotov KopveES. 'Eotm Hy,..., Hy ot dtouvektikég cvviotdoeg Tov G mov
TEPLEYOLVV pio ToLAdyIoTOV aKpn (M=>0), €y,..., ek 01 yépupeg tov G (k=>0), xat ay,..., 8y 01 KOPLPES
tov G mov &ite eivan kKopPikd onpeio 1 Exovv fobuo 1 (n>0).

To ypdpnua twy dicvvektikwv ovvietwowy tov G, M(G), anoteAeitor amd TIg KOPLPES

{a-la' 3] an}U {nla' T T]m}
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KoL TIG OKUEG
{es-.. eV
{{Mi, 3j} | To KopPucd onpelo aj avikel ot dcvvektiky cvvictooao Hi}. O

[Mopatipnon Kabe éva amnd to dipo pids yépupoag Ba eival kopupiko onueio, 1 6a £xel Babud 1
(BAéme Aoknon 2.5 (10)). Kdbe kopvon pe Babud 1 sivar dipo pidg yépupag.

[Mapatipnon Kabe axpn mov dev elvar yépupa o mepiéyetal o€ o LOVOOIKT OIGUVEKTIKY|
ouvviotwoo (PAéme [Ipdtaon 4.1.4). Av 0wt 1) S1GVVEKTIKN CUVIGTAOGH OEV TEPLEXEL OAES TIC AKUES
tou G, fa meptéyet TovAdyiotov Eva kopPikd onpeio (PAéme Acknon 2.5 (6) ko [Tpotdoeig 2.3.2,
4.1.4).

Opiouog adurtvlne wave ot OICVVEKTIKES OOVIGTWTES ‘Eotw G éva pn-katevbuvopevo
GUVEKTIKO YPAPNUO HE OVO TOVAAYLIGTOV KOPLPES, Kot £6Tm Hi, ..., Hm 01 0100veKTIKEC GLVIGTMOOES
tov G 1oV TEPEYOVV ia TovAdytotov akur (mM=0). Av F=(W, K) givar éva vo-ypaoenua tov G, n
aoumtoén tov F ndve otic otovvektikés ovviotwoeg tov G, FIM(G), givon 0 vo-ypdenio Tov
M(G) pe Kopveéc

{u | n xopven U e W givan

axpo pdg axpns tov F mov givan yépupa tov GHU

{Mi | vdpyel axpn tov F

7OV AWVNKEL 6TNV S16VVEKTIKT cuviot®oa Hj tov G}HU

{u | n xopven U e W givar

Gxpo dVo akpmv oV F mov dev mepiEyovtal otov idto kKokko tov G}
KO OUKLES

{e | n axun e tov F givar yépupa tov G}U

{{Mi, U} | n xopven U € W givar

dicpo 600 aKU®OV Tov F mov dgv mEPEyovIat 6Tov {010 KOKAO Tov G,

Kot pio amd avTtés avinKel otny dlovuvekTikn cuviotooa Hi tov G}. O

[Mapatipnon Av 600 akpég Tov F pe kowo dkpo dev mepiéyovtal otov 1610 Kok o tov G, gite pia
amo avTéC Oa eivar yépvpa, 1 Ba Bpickovrol o SLUPOPETIKES OIGVVEKTIKES GUVIOTMGES Tov G.

4.1.6 Mpoétaon (To ypa@nua Twv SICUVEKTIKWY CUVIOCTWOWV)

‘Eoto G éva un-KatevBuvopevo cuvekTikd ypaenua pe 600 TOVAGYIGTOV KOPLOEG.

I. - T k@Bg povordtt p tov G, ) GOURTVEN TOV Y TAV® OTIC OICVVEKTIKEG GLVIOTMGEG TOL G
eite Oa eivan povomdtt tov M(G), 1 Ba aotereiton oo pio kopve1 i Tov M(G),
aVTIGTOYN HAG S16VVEKTIKNG cvvieTdoag Hi tov G.

ii.  To yphonua T@V S16VVEKTIKOV cuVicTOo®V Tov G, M(G), givat cuveKTIKO.
iii.  Toypaenuo T®V SIGVVEKTIKOV cLVIETOG®V Tov G, M(G), givar dkvkAo. O

AndoeiEn mc 4.1.6
I. Av xd0e akpn Tov u gival yépupa tov G, Oa givar W/M(G)=p.
Av OAEC 01 OKUEG TOV UL OVAKOVY: 6TV 10101 d1oVVEKTIKY cuvietdoa Hjzov G, to w/M(G) ba
amoteAeital amd TV Kopven 1;i tov M(G).
Y& Kabe GAAN TEPinTOOT, SLOPOVLE TO L 68 S1AO0YIKES LITO-akoAovdieg dy, da,..., ds (S>2), mov
Uy Vi=Up Vo=l Vs.1=Us Vs
o o o o o

cy d d

K0 pio etvor povomdrt, ko 6mov To TEAOG
tov di=(Uj,. .., Vi) eivar n apyf tov di1=(Uiss. . ., Vi), Y10 ka0e i=1,..., s—1. EmAéyovpe ta
povomdria dy, da. ..., ds €101 dote o1 akpéc tov d;, i=1,..., S, gite va eivar OAeg yépupeg Tov G, 1 va
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VKoLV OAEG TNV 1010, S16VVEKTIKY cuvioT®on Tov G. Eniong, av ot akpég tov d; sivar yépopeg
(i=1,..., 5), ot okpég Tov di_g, disg dev Oa eivon yépupeg. Ko av ot akpég Tov di avikovy o€ pia
dovvekTikn ovviot@oa H tov G (i=1,..., S), ot akuéc tov di_g, dis1 dev Oa avikovv oty idia
SLOVVEKTIKT cvvioTdoa H.

Etvor edkoro va 0ovpe 6Tt 1) GOUTTLEN TOV LOVOTATION [l TAV® GTIC OLOVVEKTIKES GUVIOTMGES TOL
G, WM(G), eivar 1 évaon vro-ypaenuazov:F tov M(G), 6nov kabe Fj, i=1,..., S, tpokdzrtel amd
10 avtiotoyo dj g e€nc:

Av ot akpuég tov d; eivat yépupeg, Fi=d;.

Av ot axpég Tov di=(U;,.. ., Vi) avnkovv o€ pio dtovvektikn ocvvictdco Hj tov G, tote:
Ui
i S
: ; ; 2 : Vi
Av I<i<s, 1o Fi amoteleiton omd 116 KOPLOES Ui, Mj, Vi, KO TIG OKMLES {ui, m;},
iy Vit

Av i=1, 1o F; amoteheiton omo Tig KOPLOES Mj, Vi, Ko TNV ok {n;j, Vi}. Av i=s, 1o Fj amoteleita
amo TIG KOPVOEG Ui, 1j, Kot v axpy {Ui, i}

[pogavig to W/ M(G) givon dradpopn Tov M(G), Kot dev emavalopfavel Kappio KOpvEN TOL
avnkel oto povoratt W. o va dgi&ovpue 0tt To WM(G) givar povondrti, apkei va ogi&ovue 6Tt dgv
Vdpyovv 800 VIo-akolovbieg Tov W, di=(Ui,.. ., Vi) Kot di=(Uy,.. ., V), pe I<I, Tov ot aKuES Tovg va
avIKovV oTnV 1010 d1ovvekTikn ovviet®oo H tov G. Ao v emthoyn tov di, da,..., ds, 0O
TE€T01EG VIO-aKoAovdiec dev Oa tvar dradoyikég (dpa 1>i+2). Apa 1 vro-akorovbia v=(Vi,..., Uj)
Tov W Ba gival povomdrtt, Le akpa Vi, Uy Tov o avijkovv oty idtel S16VVEKTIKY cuvicTOod H tov
G. An6 v [Ipotaon 4.1.3 kot Tov 0piopd TG SIGVVEKTIKNG GUVICTMGOGS, KA Kopuemn Kot Kade
akpn tov v Ba avnket eniong oty H. Emopévac ot akiiés tov vro-akohovhidv disi,.. ., dig Oa
AVIKOLV 0TIV 1010 SIGVVEKTIKT GCLVIOTMOGO. 1 TIC akpéG Tov d;, di, Tov elvan adbvatov omd v
gmihoyn tov di, da,. .., ds.

i. Av 10 G dev €xet kopvPég Tov gite eivar kopPikd onusia 1) Exovv Padud 1, to G Ha eivar
dwovvekTikd (BAéme Tlpotaon 4.1.2 (2)), omdte to vro-ypaenuo G Ba etvor n povadikn
dovveKTIKY cuvioTOod. Enopévag to M(G) Oa amoteheitar amd pio Lovodikn kopven, Kat Oa
€lVOL GUVEKTIKO.

Av 10 G d¢ev glval SIGVVEKTIKO, £0TM ay,.. ., ay (N=1) ot kopveég Tov M(G) mov gite givan KopuPikd
onueio tov G, N éyovv Pabud 1 oto G. ' va det&ovpe 6t1 To M(G) givor cuvekTikd, apkel va
dei&ovpe OTL, 1o omowadNmoTe i, j pe i#j, 10 M(G) €xet drodpoun pe Gxpa TG i, 8j: Kabe GAAn
Kopven N Tov M(G) Ba avticToyel og o dtovvekTikn cuviotood H tov G, ki H Oa mepiéyet
TOVAGYIOTOV Eva KOUPIKO onueio, dpa 1 kopuen M Ba eivat yertovikn KAmotag omd Tig ay,. . ., an.
Av 01 KOPLOEG @;, & TepEovTaL oTN Siovvektikn cvviot®oa Hi tov G, to M(G) €xet 1o povomdtt

d; ] aj
O O

‘Ecto 611 01 &, 8j dev givar kopupég Tng 1dtag dtovvekTtikng ovviotmoag tov G. 'Eoto p éva
povordtt Tov G e dxpa Tig a;, aj, Kot v=/M(G) n oopmtuén tov | méve 6TIG SIGVVEKTIKEG
ouvioT®oec Tov G. Emedn o1 akpéS Tov [t 0ev aviKOLY OAEC GTNV (010 SIGVVEKTIKY GLVIGTOGA TOV
G, amd v Anodeién g (i) to v givan povordtt tov M(G).

Av 1 akpn Tov [ oV TPooTinTEL 6TV @i (aviioTorya oty g;) etvat yépupa, ond v AmdoeiEn g
(i) m &i (avtioToya n &j) etvar Gikpo Tov v.

Av o1 oK) TOL L TOV TPOSTURTEL GTNV: @; (OVTIGTOLO GTNV @j) BVIKEL GTN OLOVVEKTIKT] GLUVIGTMOGO.
H; (avtiotoryo Hk) Tov G, amd thv Amddeién g (i) To Hovomdtt v el AKpo- TV KOPLON i
(avtioToro TNV KOPLEN Nk). APOV 1 KOPLEY| 8j TEPLEYETOL GE OIGVVEKTIKT) CLVIGTMC. [IE [ia
TOVAQIOTOV 0K, 1 &j 0eV umopel va €xet Babud 1, ondte eivar kopPikd onpeio. Apa to M(G) Oa
éxer acpn {ai, mi} (avtiotoyo, 1o M(G) Ba éxer axun {aj, nk}).

Emopévag oto M(G) ke pio and Tig KOPpLe£g a;, 8j 1 Ba lvar dkpo tov povoratiol v, 1 0o eivat
Yerovikt evog akpov tov v. Apa o M(G) Ba £xel Srtadpoun e aKpa TiG &;, 8.
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iii. ‘Eotm 611 10 M(G) €)1 évar kokho C.

Av o C dev mepi€yet kopuen tov M(G) mov va avtioTolyel 6€ SIGLVEKTIKT GVVIeTOo Tov G, KaOe
axpn tov C Ba givat yépupa tov G, kot eniong o C Ba eivar khxkog Tov G. Avto givar addvatov,
and v [Ipotaon 2.3.1.

‘Eoto 611 0 C mepiéyel, katd celpd, vro-axkorovdies (ai, {a;, ni}, mis {ni, bi}, bi), 1=1,..., s (s=1),
omov ot Hy, ..., Hsglval diovvextikég ouvietmoeg Tov G mov meptéyovv: pio TOVAGYIGTOV oK.
Awpéyovpe tov KOkAo C, apyilovtog omd TNV KOpue a; Kot TpoyxmpmVTOS TPOG TIG KOPVOES

€lte 1 W avrKEL o€ o dlovvektiky cvvict®oa Hj tov G
avtiotoyes akpés {85, njt, {nj by} €xovue NoM dwatpédet, Ko Wby,

, TNG omotog TIg

w=a; s
HD !
Hj\} ______
TGSt

b:
i

N W=3j, Kol 1] 010LVEKTIKN cuvicT®co Hj €xet pio Ko Kopuen X,

X#Dhj, pe pa diovvektikn cvviotdoa Hj tov G, g omoiag Tic avtiotoyeg axpués {aj, njt, {M;j b}

&yovpe NON dlatpetet,

N W=ga, koL 1 016VveKTIKn cuviotowoo Hy 0 T T mepiéyer pia kopven brov
€YOVLE NON OLOTPEEEL.

Mia tétota kopven W Ba vTdpyetl ThvTo, oV GTNV TEPITTOOT TOL dTPEEOVLLE OAOKANPO TOV
KokAo C, propodue va mapovpe W=a; (kot H=Hz).

Av 1 xopven W mov Ba Bpodie eumintel o€ dVO 1 TPEIS Umd TIG TOPATAVED TEPIMTDOCEL,
OlAEyoVE EKEIVN YL TNV OTtola: TO UKOG TS VTTO-akoAovBiog 1 Tov-C Tov arotedsiton omd Tig
KOPLPES Kat TIG 0KLEG oL dtoTpé€apie, omd v by (1 v b) mc kat Ty W, givon 0 LikpOTEPO.
Avtikabiotovpe Kabg vro-akorovdia (ak,{ak, Nk}» Nk {Mk: Bk}, k) g mapamdve vro-akoiovdiog
p tov C, pe €va LovomaTt Vi TG SIoVVEKTIKNG ouviotdoas Hy, e dipo Tig ak, by (emidéyovpe to v
avBaipeta). [Tapatnpovpe Ott, amd v emAoyn e W, ke pio Hy dev éxet ko kopuen (eKTOG
iowg amd v by) pe Al dicvvekTiki cuvictdoa Hy, mov vor aviiotolyel o€ emopuevn
vro-akolovdia (ax,{aw, Nk}, Nk» {Nks br}s b) ™g w. Extiong, omd v emhoyn e W, ke pio Hy
OEV £XEL KOWVI] KOPLON LE TO LOVOTATL L. ApaL 1) KOAOVOi TOV TPOKVITEL OTTO TIC TOPOATTAVED
avTIKOTAoTAoELS Efvan éva povordtt v Tov G, pe dxpa i by kar w (1] Tig b xatr w). Eriong, to
LOVOTLATL V O€V £YEL KOWVEG KOPLOEG e TN diovvekTikh cuviotdoa Hj (1) Tig Hj xon H, 1 tyv Hy),
€KTOG OO T AKPXL TOV.

‘Ecto F 10 vro-ypaenuoe tov G mov amoteieiton and v Hj (M tig H;j xar Hy, ) v Hy) xat 1o
povordtt v. Etvat evkolo va dodpe (0nwg oty Andoeién g Hpdtaong 4.1.3) 611 10 F dev et
KouPud onueta, dpa 0pod kabe pio amd Tig Hj, Hi &xel tovddyiotov tpeic kopuvpéc, 1o F Oa eivat
dtovvekTiko ([Ipdtaon 4.1.2). Avtd givar advvatov, amd ToV OPIGUO TNG OICLVEKTIKNG
GUVIGTAOGOC.

Apa 10 YPAEN O TOV SIGVVEKTIKGOV cLuVIGTOS®Y Tov G, M(G), dev pmopel va €xet KOKAO. O
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Epomipota

1.

A

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

Amodeifte 01, Y10 OTOIEGONTOTE SLUPOPETIKEG KOPLYECG @, b eVOG YpaPHLOTOC, 16YDEL
a R¢ b av kot povo av vrapyet kbxiog mov mepiEyet Ti¢ &, b.

Amodei&te 011, av 01 KOPLPES @, b cuvdéovtar pe akun, woyver a R b av kot povo av n
akun {a, b} dev givar yépupa.

[Mwg pmopel va yevikevtel ) [Ipotaon 4.1.1 yia un-Kotevbouvoreva ypoupLoTo Tov 0gV
£lvoil CUVEKTIKA,;

AmodelETe OTL £val SIGLVEKTIKO Ypapnua ogv €xel KOpLEES pe fabud 1.

Amodei&te OTL Eva SIGVVEKTIKO YPAPN L OV EXEL YEQUPEC.

Ioyber n Ipdtoon 4.1.2 yia 1o T v nto° ;
AmodeiEte 0TL €val cuVEKTIKO Ypdonua G elval diovvekTikd, ov Kot povo av 1o G eivar to
Hovadikd vro-ypdenio Tov G Tov gival S1GLVEKTIKY GUVIGTMOG.
[161e VIAPYEL OICVVEKTIKT GUVIGTMOGN TOV ATOTEAEITOL OO, IOl LOVAOIKT) KOPLOT;
ot vro-ypaenpata evog 0EVIPoL Eival S1GVVEKTIKES GUVIGTMOEG;
Am0o0glETE 5€ EVOL CLVEKTIKO YPAPTLLOL DITAPYEL TAVTA TOVAYYIGTOV Lt OLGVVEKTIKY|
ovviet®oa. NOEN: deite tv Acknon 4.4 (7).
To cvvektkd ypdonpo G €xet Eva d16VVEKTIKO vITo-Ypaenua G’ mov £xet Tig 101EC KOPLPES
pe 1o G. Amooeilte 011 10 G gtvar S16VVEKTIKO.
Amodei&re 0t 1 [Ipotaon 4.1.3 dev toyvet, av n vEoBecT Yo TN SLOPOUN | Yiver «n [ Elvon
KUKAOG OV TEPLEXEL Lia Kopuen Tov F». TTotog cuAloyiopdg otnv Amodeitn g 4.1.3 dev
glval coTOG 0€ AVTY TNV TTEPITTMON;
Ta F1=(V1, E1) xor Fo=(V2, E2) eivar dtouvektikd ypaghpora pe 00 KovEg KOpuess.
Amodei&te 0t To ypapmua (ViUVy, EJUE) dev €xer koppika onpeio. NOEN: dgite Tnv
An6oeién e [podTaong 4.1.3.
Mia diovvektiky cuvioT®oo H evog cuvekTikod yYpaeruatog Teptéxet Kot to 000 dxpa
evog povomatiov . AmodeiEte Ot ke axun Kot Kabe Kopuen Tov | teptéyeton oty H.
A700€lETE OTL HVO SLAUPOPETIKEG OIGVVEKTIKES GUVIGTOGES EVOG GUVEKTIKOV YPOPNLATOS
OEV HTOPOLV VO EYOVV 0V0 KOWEC KOPLPES.
Amooei&te 0TL KABe KOKAOG TEPLEYETOUL GE [0 OIGVVEKTIKT) GUVIGTMOGA.
Opilovpe v TapoakdTo mTapaiioyr] T OUTPOGPAGIUOTNTOC, Y0 TIG AKIES EVOG
oLVEKTIKOD Ypapnpotog G:

81 Sy €2 av VTAPYEL KOKAOG TTOL TTEPIEYEL TIG OKUES €1, €2, 1] OV €1=€2.
Amodei&te 0TL 1 S gfvan oyéon 1oodvvapios. NOEN: deite tnv Acknon 4.4 (9).
Amodei&te 0T1 01 KAGOELS 1600VVapiag TNG Sk €lval Ol SICVVEKTIKEG GLVIOTOoES 010 G, Kot
To GOVoAQ {{€} | N axun e eivorl yépupa}.
[eprypayte Evav amdo alyopiBuo mov va VTOAOYILEL, Yo pio O£00UEVN KopLen U evOg
GUVEKTIKOD YPOUPNLOTOS, OAES TIC OIGVVEKTIKES GUVIGTMGES OV TEPLEYOLVV TV U. T16c0
amod0TIKOC ival 0 aAyOPIOUOS Gog;
To G eivor cuvektkd ypdonpa, Kot ta vro-ypoaenueta H, H' eivat dtapopetikég
OLGVVEKTIKEG CUVIGTAGEG, XWPIG KO KOPLOT]. ATOOEIETE OTL LITAPYEL TO TOAD pia oK
mov €xel To éva akpo oty H kot 1o dAdo otnv H'.
Etvar cwoto 011 pio tétota akpr Oa ival yéeupa;
To G eivat cuvekTikd ypaonua, Kot 6gv givar S16VVEKTIKO. Amodeilte OTL: KGOE
JIOVVEKTIKT GLVIGTOOCA TOV G LE pio TovAdyiotov: akpun Teptéyel éva Koppikd onpeio.
[Tote dev €xetl akUES TO YPAPN IO TOV JICVVEKTIKOV GUVIGTOCMV EVOG GUVEKTIKOD
Ypogrpatog G;
Amodei&te 011, Yia KdOe pn-KatevbBouvopevo cuvekTiko ypaonua G e dVo TovAdyIoTOV
KOpVeEg, N ovumtvén Tov G Tavm 6Tig 016VVEKTIKEG cuvicTtmoes Tov G, G/IM(G), eivar to
YPAPNUA TOV SIGVVEKTIKOV GLVIGTOG®V Tov G.
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4.2 AICUVEKTIKOTNTA WG TTPOC AKMES

Oplouoc oirpoofooiudtnrac we mpoc axusc Ol Kopveéc @, b evog un-korevfovvouevon
YpPaENpaTog, 6mov a=b, cuoyetiCovrat péow g dmpoofaciuotytas ws mpos axués, Ry, av
VIAPYOLY VO LOVOTTATIO UE apyn TV & Ko TEA0G T b ympic Kowvég akpéc. O

4.2.1 Mpoétaon (XapakTnpiopog Tng dITpooBaciyoTNTaG WG TTPOG AKHEG)
‘Eoto G éva un-katevbovopevo covektikd ypaenua. o 0motecdnnote StapopeTikéc Kopuess a, b
tov G, 1oyver a R, b av kor pdvo av: yio omotadnmote okpn € tov G, ot Kopveég a, b eivar otnv id1a
GUVEKTIKY] GLVIOTOGO ToL G—€. O

AmdosiEn mc 4.2.1

‘Ecto 6t woydet a R, b, omdte vdpyovv 600 povoratio e apyn Ty a Kot t€Aog ) b, yopic Kowveg
axpés. Mia akun e tov G d6gv pmopet vor aviKel Kol oto 600 povordrio. Erouévmg, TouAdyiotov 1o
éva amod to 6Vo povomdatio Ho vidpyel kat 6to G—€, Tov onpoivel OTL oL KopLPEC a, b elvan otnv
010 cLuVEKTIKT cVVIGTOGO ToV. G—€.

[ T0 avtioTpo@o, voBETovpe OTL Yo omoladnToTE 0K € Tov G, vIdpyel StadPOUT| LLE AKPaL TIG
a, b mov dev mepiéyel v €. Oa dei&ovpe OTL VILAPYEL KAEIGTO 1yvOg oV TEPIEXEL TIC @, b, 0mdTE
aR,b.

A@ob 10 G glvat cuveKTIKO, VITAPYEL HovoTaTt v=(a1, {a1, a2}, az,..., @n) pe Gxpo a;=a Kot an=b.
‘Eoto eo={a1, a2}, Ao={a1}, Bo={az,..., an}. And v vndbeon pog vadpyet dSradpoun do, Le apyn
TNV 81 Kot TEAOG TNV 8, OV OEV TEPIEXEL TNV Ep.

Arnd v [lpdtaon 2.2.2, vmdpyet LOVOTATL Lo, LE 0pyN TNV a1 € Ag Kot TELOGS e Kopuen @i € By,
7oL OV TEPIEXEL Kopve1 Tov AgUBg dtapopetikn and ta dikpa Tov. H Anddeitn g [pdToong
2.2.2 dgiyvet OTL pmopovpe va. SloAEEOVE EVOL TETOLO PLOVOTTATL Lo TTOV VoL £ival VITo-oKoAovBio piog
dedopévng otadpopng d, pe apyn v ai € Ag Kot T€hog 6to Bo. Apa 10 Lo propel va gtvor
VIO-aKoAoVOi TG TOPATAVE SLOOPOUNS o, TOL CNUOLVEL OTLTO Lo 08V Ba TEPLEYXEL TNV €.
Emopévamg 1o g dev mepitéyel Kaplpio omd T1g KOPLEES ay, . ..., ai-1. 'Eotw Cp 0 kHKAOG TOV TPOKHTTEL
dwTpéyovtag TNV vro-okolovdia (ai,.. ., 8j) TOL v, Kot TIG AKUES TOL Hovoratov Lo. O khkAog Co
TEPLEYEL TIG KOPLPEG 81 KO &;.

Av ai=a,, 0 Cy givan kOKAog oL TEPIEXEL TIG @1=a Kot ap=D.

Co
m - i
a=a; - a, g; an:b a=d; & a8+ a; an =b

Av i<n, Bétovue 1={a;, ai;1}, A1={u|u xopven tov Co}, Bi={ai.1,..., an}. [Taipvovpue pia
Swdpoun 81, LE apyn TNV a1 Kot TEAOG TNV 8n, TOV OeV TePLEeL V- axun €1. Epapuodlovrag oty 01
™ dadikacio oty AmodelEn g [potaong 2.2.2, Bpiokovpe Evo LOVOTATL L1, TOL EXEL 0P)N Z €
As, 100G aj€ By, dev mepiéyetl TNy akpm €1, Ko dev mepiéyel kopven tov A1UB; drapopetikn omd
Ta dxpa Tov. 'Ectm Cq 10 KAE10TO 1)vog oL TPOKVTTEL SLUTPEYOVTOG THV VILO-0KOAOLBIN (&is. . ., @)
OV V, ng AKUEG TOL HOVOTTATION L1, KoL pio oo Tig 000 LIo-aKoAovbies (Z,. . ., ai) Touv Comov
nePEYEL. TNV Kopudn 1. To khewoT6 tyvog C1 mepiéxet Tig KOPLOEG a1 Kat @j, Kot TapaTnpovue 0Tt
j>i.

Av aj=a,, 10 C; eivar kKhetotd {yvog mov meptéyet Tig ar=a ko an=b.

Av j<n, petacynuoatifovrag to kAelotod iyvog Ci 6nws mapamdve maipvove KAEGTO 1yvog Co mov
TEPLEYEL TNV KOPLOT a1 KO pict Kopuen ak, 0mov k>j. Kot obtm kad 'eéng. Agov kdbe popa
TaipVOLLE KAELGTO {YVOg TTOL TTEPIEXEL KOPLPT| TOV V IE OAO KOt HEYOADTEPT OTOGTACT) OO TNV a1

°H Kopuen Z Ba propovoe vo givar pio oro TG ay,. .-, &
To xhelot6 iyvoc C; dgv Ba givar KOKAOG o Kot LOVO oV Z=4;.
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(tévo 6To povoratt v), N dwadkacio Ha kKataAnéel o éva kheloto tyvog Cp mov Bo meptéxet Tig
a1=a ko a,=h. o

[Hopoatpnon Ztnv Toparave dtadikaciao, kabe khelotd {yvos Cr umopel va emAeyel £161 OGTE VoL
TEPLEXEL TNV aKuy {a1, ax}. Emiong, Oa mepiéyel v axun {aj_1, ai}, 0oL a; 10 GKpo Tov
LOVOTOTION tm 6T0 6VVOAO Bn. ‘Etot, to televtaio kAeotod ixvog Cp Ba mepiéyet Tic akpés {as, az}
Kot {an_1, an}.

Opioudc drevvektikotntag wg mpog oxpés  'Eva un-katevBuvopevo ocovektiko ypapnua G etvor
OLODVEKTIKO (G TTPOS OKUES OV, Y10, OTTOEGONTOTE SLAPOPETIKEG KOPVLPES @, b tov G, woyverta R b. O

4.2.2 Mpoétaon (XapakTnpiopog TG SICUVEKTIKOTNTAG WG TTPOG AKMES)
‘Evol un-katevBuvopevo cuvektikd ypaenuo G eivar S1GVVEKTIKO ¢ TPOG AKUES 0V KoL LOVO OV
OV EYEL YEQUPU. O

Anddeitn mc 4.2.2

‘Eoto € pio yépupa tov G. And v Acknon 2.5 (8), Ta akpa &, b ¢ e Bpiockovral o€
SLOPOPETIKES CLUVEKTIKEG GLVIOTMGEG Tov G—€e. Enopévac kdbe povoratt tov G pe dxpo tic a, b
TPETEL VOL TEPLEXEL TNV OKUY| €, OTOTE OeV toyvel a R, b. Apa av 10 G &lvar S16VVEKTIKO MG TTPOGC
aKpég dgv pmopet va £xel yEpupa.

‘Eotm 011 10 G 3¢V gival d16VVEKTIKO MG TPOG OKUES, OTOTE VITAPYOLY OVO SLOPOPETIKES KOPVPEG &,
b tov G yia Tig omoieg dev woyver a R, b. And v Ilpdtaon 4.2.1 Ba vdpyet axun €, pe 11 &, b va
Bpiokoviol 6€ S1UPOPETIKES CUVEKTIKES GLVICTMOES ToL G—€. Apa 1 akur € o elvor YEQupo Tov
G.

Ondte av oev vapyel Yépvpa 10 G Ba ivatl S1I0VVEKTIKO ®E TPOG OKUES. O

Hopatpnon To G dev €xel YEQupPeS av Kot LOVO av 1] APAiPEST) OTOLOGONTOTE AKUNG ToV G dev
KATOGTPEPEL TV GUVEKTIKOTNTA TOV.-AnAadT], Yo Vo TpokOweL omd 10 G UN-GUVEKTIKO YPAPN LA
UE apaipecn KATOI®V OKILOV TOV, TPETEL 0L oKUES TV Bal aparpeBody va givar TOLAAYLGTOV dVO.

Inueioon Mo éva pn-kotenBouvopevo cuvektiko ypdonua G, 1 SIGLVEKTIKOTNTO OC TPOG OKUES
opiletar evarlhaktikd o¢ t0 0Tt «t0 G dev £xel Yépupegy. And v mopandve [pdtacn, ot 600
opiopoi tavtilovroal.

4.2.3 MNpoétaon (ETTéKTaON UTTO-YPAPHHMATOG TTOU EiVal SICUVEKTIKO WG TTPOG
AKMEG)

‘Eoto G éva pun-katevbouvopevo cuvektiko ypaonpa, F €éva vro-ypdaenua tov G mov ivat

SIGVVEKTIKO MG TPOG OKUES, Kat U=(a,..., b) éva iyvoc Tov G pe dxpa a, b oto F (mapatipnon: o

KOpLYEG @, b pmopet va tavtiCovrar). To vro-ypaenua F' tov G nov tpokidntel mpochétoviag 61o

F 11c kopuég Kot T akpéG TOL W, £ivol SIGVVEKTIKO MG TPOG OKUES. O

Anddeitn mc4.2.3

Apxket va ogi&ovpe 0110 F' 0ev éxer yépupeg (ITpotaon 4.2.2). Eoto e pia axun tov F': Ha
ogiEovpe 61110 F'—€ givon cuvektiko,

Ovopdalovpe P To YpAQNUO TOL TEPLEXEL TIG KOPLYES KO TIC OKLLES TOV W, EKTOC OO TNV ALK €.
To ' elvau dvo {yvn, To Kabéva pe akpo pio and T1g a, b. Av n e dev givar akpn Tov p, ivon p'=p.
[Ipopavmg o F'—€ mpokdntel mpocshétoviag 6to F—€ Tig KopugEc Kot TG aKpIES TOL .
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‘Eotm 6111 e dev elvan axun tov F. Tote F—e=F mov givor ovvektikd, to i’ eivar 600 iyvn, to

= ao/’\o

e amRa] i :
Kobéva pe akpo pio omd Tic a, b, Kot pe faon to Topandve to F'—e
TPOPavas Bo elval GVVEKTIKO.

E&etdlovpe tdpa Vv mepintoon 1 € va eivon axpn Tov F. Apod 1o F givar d1ovvekTikd og mpog
axpég M e ogv etvar yépvpa (ITpodtaon 4.2.2), ondte 10 F—€ givor cvvektikd. Ao to Topamdve,

Tpopavag to F'—e Ba elval cuvektiko. O

e

Opiouoc diovvektikie ovviotwoac we mpog oxués  Eotw G éva un-katevfuvouevo GUVEKTIKO
ypdonua. Eva vro-ypaenue H tov G mov givat 016VVEKTIKO OC TPOS OKUES EIVOL d1ovVEKTIK
GVVIGTAT0, (S TPOS aKUES, av: TPOcBEtovtag 610 H omoleodnmote Kopuees kot akuég tov G (amod
avTég mov Ogv mepEyovratl oto H), maipvovpe vro-ypdonua H' tov G mov dev givat d16vuveKTIKO
MG TPOG OKUEG. O

4.2.4 Mpotaon (XapaKTNPIOHOG TWV SICUVEKTIKWY CUVICTWOWY WG TTPOG
OKHEG)

INa kabe kopven a evog un-katevhuvopevov cuvektikov ypaenuatog G=(V, E) vaapyet povadikn

OLGVVEKTIKT GLVIGTAOoN ¢ TPog akpéc H=(W, K) mov mepiéyet v a, kot eiyot

W={a}U{u | vrapyel KAEIGTO 1)vOg TOVL TEPIEXEL TIG KOPLPEC &, U},

K={e | ta dxpa mc axung e sivar oto W}. o

Anddeitn mec 4.2.4

To vro-yphonpa Tov aroteAeiton amd TV KOPLE1 a £ivol TPOEAVMG OIGLVEKTIKO MG TPOG OKLLES.
Amo v Acknon 4.4 (17), vmdpyet SIGLVEKTIKT] GUVIGTMOON MG TPOG AKUES TOL TEPLEYEL TNV
KopLON a.

‘Eoto O pio S1GVVEKTIKY] GLVIGTOGO MG TPOS OKUES TTOL TTEPIEXEL TNV a. Oa deiEovpe 6TI N O
tavtileron pe to H.

‘Eoto v pia kopuen g O dtapopetikn amd v a.

A@ob 10 VITo-yphonuo O eivat S1GVVEKTIKO MG TTPog aKpES Bo toyver a R, v oto @, ondte Oa
VILAPYEL KAEIGTO 1YVOG TTOV TTEPIEXEL TIC KOPVOES @, V. Apa kKdbe Kopven ¢ © mepiEyeToL 6TO
ovvoro W tav kopuedy tov H.

‘Eocto Vv pio kopven tov H dtapopetikn and v a. Amd Tov Opiopo TV Kopueov tov H, vmapyet
KAEL0TO 1YVOG L IOV TTEPLEXEL TIG KOPLOES V, a. AV TpocBicovpie 6N O TIg KOPLPES KoL TG OKILES
TOV L, TO LO-yYpdonua ®" mov TpokvTTEL £ivor dtovvekTikd ®g mpog axpés (TIpdtaom 4.2.3 yo
b=a). En€10m 1 ® &ival S1GLVEKTIKT] GLVIOTOGO MG TPOS OKUES, TO O dev NTOPEL VoL TEPLEYEL
KOPLYES TToL OV etvan 6t B, dpa 1 V etvot Kopven| g ©.

Apa ta vro-ypapnpata @, H £xovv 116 1d1e¢ Kopvéc.

Ipogavmg ka0e axpun g O Ha eivar oto K, ondte Ba gfvan axpn tov H.

‘Eot® 011 10 vo-ypdonpa H €xet po axpn € mov dgv avikel 6to O. Av mpocsBésovpe 010 O v
aKUN €, TO LIO-YPAPN A O’ TOV TPOKLATEL EIVOL OIGVLVEKTIKO OC TPOG OKUES (ETELON TO
VIO-ypaenua ® tov O £xet Tig 1d1e¢ KOpLEPES e To O Kat eivatl SIGVVEKTIKO: MG TTPOG OKUES). AAAG
t0 O’ dev pmopel vol etvar S1GVVEKTIKO G TPOG OKILES KOl VoL £XEL TEPIOCOTEPEG AKUES 0td TO O,
emedN] To O efvat S1IGLVEKTIKT CLVIGTMOO, WG TPOG aKpES. Apa kdbe axpn tov H elvar axpn tov ©.
AoV ta vro-ypaeruota ®, H éyovv Tig 1016g KOpLOES Ko TiG 101G AKUES, TPOPAVAS TAVTICOVTOL.
w
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[Hoapatipnon Mg Baon v topandveo [Tpdtoon, ot S1GVVEKTIKES CUVIOTMOGES MG TPOG AKUES EVOS
GUVEKTIKOV YPUPNLaTog G amoTteA0VV S10UEPIGIO TV KOPLP®Y Tov G.

[Hopatipnon o k6Oe axun € Touv G, VIAPYEL SIGVVEKTIKT GLVIGTMOGO MG TPOS AKUESG TOV VOL
TEPIEXEL TNV € AV KOl LOVO 0V VTTAPYEL OIGVVEKTIKT GCUVIGTOOO (OG TPOG AKUES TOV VoL TEPIEYEL TO
aKpo NG €, ov Kot ovo av 1 e oev eivoun yépupa (PAéne Aoknoeilg4.4.(16), 4.4 (18)).

4.2.5 Mpoétaon (A1rpooBacipéTnTa KAl SICUVEKTIKEG CUVICTWOES, WG TTPOG
OKMEG)

AVO SOPOPETIKEG KOPLOPES @, b evOg LNn-KatevhuVOEVOD GUVEKTIKOD YPOPNUOTOG Eival oty idta.

SICVVEKTIKY GLVIGTAOGO, OG TPOC OKUES, av Ko udvo ov a R, b. o

AmodeiEn e 4.2.5

Ao v mapordve [Ipdtacm, vEapyel LOVASIKT SIGVVEKTIKT GUVIGTAOCH MG TPOg akpég H tov
nePLEYEL TNV &, Ka ot kopveéc s H etvar ot {a}U{u | vedpyet kAe16td iyvog mov mepiéyel tig
KopL@éc @, U}. 'Eotm ot ioyver a R, b. Yrdpyet éva kAetotd {yxvog mov mepiéyel Tig a, b, emopévacn
SIOVVEKTIKY oVVIGTMOG0. G TTPo¢ okpéG H Oa mepiéyel tnv kopvoen b.

‘Eotm 011 01 Kopu@ég @, b givar otnv idta S16vvekTIKT cLuVicTOoa O¢ TPog akués H. Eredn to
vro-ypaenua H etvon dtovvektikd og npog akuég, eivara R, b. o

Oploiog ypapnuoTog JIGVVEKTIKW®Y GUVIGIWTMY (G TPOS OKUES ‘Eoto G éva
un-katevBouvopevo cuvekTiko ypaenua. Eoto Hy,..., Hy ot diovvektikég cuviet®does og Tpog
akpég Tov G (m>1).
To ypagnua twv diovvektikdy ooviotwony wg mpog oxués tov G, N(G), amoteleitol amod Tig
KOPLOES

{nla: it Tlm}
Kot TG OKpES

{{mi, mi} | 1#], kv vmapyet oxun tov G

LLE T AKPOL TNG OTLG OIGVVEKTIKEG GUVIGTMGES G pog akpég Hi, Hj}. o

[Mapatpnon M axpn Tov G €xetl Ta AKpa TG 6 SLUPOPETIKES OICVVEKTIKEG GUVIGTACEG WG TPOG
aKpES av ko povo av gtvor yépupa (BAEne [potaon 4.2.4 ko €ENG).

Opiopoc oourTvéne Tava oTic JITYVEKTIKES OVVIOTMTES WE TPOC OKUES ‘Eoto G éva
pun-xetevbouvoevo cuveKTIKO Ypapnua, Kot H,.. ., Hy ot diovvekTikég cuviotdoes oG Tpog aKLES
tov G (M=1). Av F=(W, K) givor éva vo-ypdenpa tov G, n adurroéy tov F wave otig
OIOVVEKTIKES GUVIOTWOES ¢ TPog axés Tov G, F/N(G), etvan to vo-ypdonuo tov N(G) pe
KOPLOES

{ni | vrapyer kopvoe1| Tov F

7OV OVIKEL GTNV SIGLVEKTIKT GUVIGT®ON OG TTPpog akpés Hitov G}
KO OKLES

{{mi, ni} | 1#], ko vdpyet o Tov F

LLE TaL AKPOL TNG OTLG OOVVEKTIKEG GLUVIGTMGES MG TPog okpég Hi, Hj}. O

4.2.6 Mpoétaon (To ypa@nua TwWV SICUVEKTIKWYV CUVICTWOWYV WG TTPOG OKHEG)

‘Eoto G éva un-katevhuvopevo GuVEKTIKO YPAQn L.
I. T kdBe povomatt p tov G, N GOUATVEN TOL U TAVO GTIG SICVVEKTIKEG GUVIGTMGES OG TPOG
akpég Tov G gite Ba sivon povomdrt tov N(G), i) Oa awotedeitatl amd o KOpLEY| 1 TOL
N(G), avticToyn HidG SIGVVEKTIKNG CUVICTMOGOS G TPog akpés Hi tov G.
ii.  Toypdonuo TV SIGLVEKTIKOY CLUVIGTOOMV MG TPOG aKUES Tov G, N(G), gival 6VVEKTIKO.
li. ~  To ypaonio TV SIGVVEKTIKOV CLUVICTOO®V MG TPog akpéS Tov G, N(G), givan dxokAo. O
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AmdoeiEn meg4.2.6
I, AV OAEG O1 KOPLPES TOL L AVIIKOUY 0TIV 1010 O1CVVEKTIKN CUVIOTOCO WG TPog okpéS Hi tov
G, 10 WN(G) ba amoteeitar amd v Kopven Ni Tov N(G).
Y k0Be AAAN TEPITTOON, O10POVUE TO PUOE O1AO0YIKES VITO-akoAovBieg dy, da,. .., ds (S>2), dmov
U Vi U Vo Uz Vgq Ug Vs
o) O0—0 o) O '+ Om—0———“" O

dl d2 ds

yio ka0 i=1,..., s, n di=(U;,. .., Vi) &ite givan
HOVOTATL 1] OOTEAEITON OTO [0 KOPVLON, Ui=Vj, Kot OTTOV Ot Vj, Ujs1 £IVOL YEITOVIKES KOPLPES TOV
povomation i, yiokabe i=1,..., s—1. Emiiéyovpe t1c vmo-axoiovdieg dy, d,. .., ds £T01 doTE O1
Kopv@ég g di; I=1,..., S, vo aviikovv OAES 6NV 010, S1GVVEKTIKT] GUVICTOGA MG TPOG AKUES TOV
G. Emiong, av ot kopu@ég g di avikovy o€ pia S1I6VVEKTIKY ovvieTdoa ¢ rtpoc akués H tov G
(i=1,..., 8), o1 kopvEG TV di_1, disg 0ev Ba aviikovv oty H.
Etvot edkoAo va 0ovpe 6Tt 1) GOUTTLEN TOV LOVOTATION [ TAVE® OTIC OIOVVEKTIKEC GUVIOTMGES MG
npog akues tov G, WN(G), etvar n évaon vro-ypaenuatov Fi tov N(G), 6mov kébe F,
iI=1,..., S=1, TpoxdrTel ad TNV aKu {Vi, Uit} TOV povomation p eENg:
Av 01 KOPLYEG Vi, Uiy AVIKODY GTIG SIGVVEKTIKEG GLVICTOGES WG Tpog akpég Hj, Hy avtiotorya, to

So'n S©n
Fi amoteieiton omod T1g KOPLOEG M;j, M : ', ko mv-akpn {nj, i}
[Ipopavdg o WN(G) eivan dradpop| tov N(G). T'a va dei&ovpe 611 to WN(G) givat povomart,
apKel va deiEovpie 0Tt dgv VILAPYOLVY dVO VITO-akoAovBies Tov w, di=(U;,..., Vi) kot di=(Uy,..., Vi), pe
i<l, Tov o1 KOpPLPES TOVG VA BVIKOLY 6TV 810 SIGVLVEKTIKT GLVIGTOG 1¢ TtPog akuéc H tov G.
Amd v emhoyn tov di, da,..., ds, 600 Té€T01EC VITO-0KOAOVOiES dev Oa eivan dradoyikés (dpa
[>i+2). H vrro-axoiovdio v=(Vi,..., Uj) Tov i Ba givar povomdt, pe akpa Vi, Uy tov Ha avijkovv
onV 1010 SIGVVEKTIKY GLVICTMOGO MG TtPos akpéES H tov G. Ao v [Ipdtaon 4.2.3 Kot tov optopd
NG OIOVVEKTIKTNG GLVIGTOONG WG TPOS OKUES, KAOE Kopuen Kot KABE aKpn Tov v Ba avikel emiong
omv H. Etopuévog ot akpég T@v vro-okodovtidy diig,. .., dig 6o avikovy 6ty 1610 S16VVEKTIKN
GLVIGTOGO OC TPOG OKUES e Tig akués Tav di, d, mov givatl advvatov amd TV ETLOYY TV
dy, d,. .., ds.
ii. Av 10 G &gival S16VVEKTIKO MG TPOG AKUEG, TO LITO-Ypapnua G eivor 11 LOVaSIKN
OLGVVEKTIKY CLVIGTAOCH OG TPOG aKéES. Emopévag 1o N(G) Ba amotedeiton and pio povodtk
KopveN, Kot Ha lvarl GLVEKTIKO.
‘Eoto 61110 G d¢ev givar dicvuvektikd mg mpog axpés. [a va det€ovpe 611 o N(G) givar cvvekTikKo,
apkel va deiEovpe 0T, yioomoladnmote 1, | pe i#], To N(G) éxel dadpoun pe dxpo i KOPLOES N,
N;:
‘Eotm H;, H; ot Siovvektikég cuviot®doeg g mpog okpEG Tov G mov avIleTo 00V OTIS )i, Nj-
Emidéyovpe avBaipeta kopueég U, V Touv G mov avikovv otig Hj, Hj avtictoye. Eoto p éva
povomdtt tov G pe bxkpa tic U, V, kot v=/N(G) n oOuntuén tov pt méve oTig S10VVEKTIKES
OLVIOTMOES MG TPOG akUéES Tov G. Ao v Amodeién g (i), To v givon povomdartt tov N(G), pe
dxpo. TS i, ;-
iii. ‘Eoto 611 10 N(G) &gt éva kdkAo C, pue Kopueég, Katd 6epd, Ni,. . ., Ns, Ns+1=N1, OTOV
avtiotorya ot Hy, ..., Hs, Hs,1=Hj givon d100veKTIKES GVVIOTMOES G TPOG aKUEG ToL G.
Katackevalovpe pia dtadpoun v tov G o¢ e€ng: yio kabe axun {ni, Nisa} tov C (I=1,..., S),

Vio W V2 Vs1. Us Vs Ussq
el grsd L Lt Omei0e=m ol Lo S
d2 ds
; , : dsva

SLdpopT V TTEPIEXEL TNV YEQUPO {Vi, Uis1} o G
OV TOL AKPOL TG OVITKOVV GTIG OIGVVEKTIKEG GUVIGTOGES MG TPog akuéS Hi, Hiy avriotoyo
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(Vi € H;, Uiy € Hiyt). Enione, y100 kée kopoen ni tov C (i=2,..., s+1), av Vi£U; ° 1 Stodpop] v
nePLEYEL £va Lovoratt di TG S1GVVEKTIKNG CLVIGTMOGOG OC TPOS akuec Hi, pe dipa Ti¢ Ui, Vi
(emAéyovpe o d; avbaipeta).

Eme101] 000 S1oupopeTiKéG O10VVEKTIKES GUVIOTMGES G TPOG AKLES OEV EYOVV KOWVI] KOPLOT, 1
dradpopn v Ba etvar kKOKA0G, kot Ba mepiéyet yépupeg tov G. Avtd £ivan advvatov, amd TNy
[Tpotoon 2.3.1. Apa 10 YPAPNLO. TOV SIGVVEKTIKOV GUVICTOOMV ®¢ TPOG akuéG Tov G, N(G), oev
umopet va £xel kKOKAO. O

Epompota

1.

2.

oxich

10.

11.

12.

13.

14.

15.

AT0dgiETE 0TL, Y10 OTOIEGONTOTE OLOPOPETIKES KOPLPES @, b evog ypapnpatog, ioyveta R, b
av Kot LOVo av vItapyovv. 600 SLadPopES (e apyn TNV @ Kat TEAoG T b, xmpic Kowég akpéc.
AmodeiETe 0TL, Y10 OTOIEGONTOTE SLUPOPETIKEG KOPLOEG 8, b evOg ypaefuotog, toyvet a R, b
av Kot LOVO oV DITapyEL KAELGTO 1y vog TTov Tepiéyet Tig a, b.
Amoodeilte 01, av 01 KOPVPES @, b cuvdgovtar pe akun, woyver a R, b av kot udvo ov 1 axun
{a, b} dev givar yépupa.
ITwg propel va yevikevtel 1) [Ipotaon 4.2.1 yio pun-kotevfouvopeva ypopnioto tov 0gv
£lvoil CUVEKTIKA,;
AmoogiEte 0TL éva Ypaen U TOV EVOL SIGVVEKTIKO MG TEPOG AKIEG OEV EYEL KOPLOES e
Bobuo 1.
Ioybern [pdraon 4.2.2 yia to ypaenua © ;
Anodeilte 0T évo oLvEKTIKO Ypaenia G eivarl SIGVVEKTIKO MG TPOG GKUES, OV KO LOVO 0LV
10 G givat 10 povadikd vro-ypaenio Tov G mov gival S1IGVVEKTIKT GLVIGTMOGN MG TPOG
OKHEC.
[161e VTdpPYEL SIGVLVEKTIKT] GLVICTMOGO MG TPOG OKUEG TTOL OOTEAEITOL OO Lol LLOVOIOIKY)
KOpLON;
[MTow vo-ypapnpata evog dEVIPOL ivat SIGVLVEKTIKEG GUVIGTAOGES MG TPOS AKUECS;
Amodeilte OTL 0€ £vaL GUVEKTIKO YPAONLLO VITAPYEL TAVIQ TOVAGYIGTOV U0 SIGVVEKTIKT
OLVIGTMGO OC TPOG akpéc. NOEN: deite v Aoknon 4.4 (17).
To cvvektikod ypdonua G €xet éva vro-ypaenue G" mov elval S16VVEKTIKO OC TPOG AKUES
Kot €xet Tic 1d1eg KopLPES e to G. AmodeiEte 0L 10 G givon SIGVVEKTIKO MG TPOS OKHUEC.
Ta F1=(V1, E1) xau Fo=(V2; E2) sivar ypoaprpato mov ivol S10DVEKTIKA MG TPOG AKUES Kol
&youv pio Kowvn kopven. AmodeiEte 611 1o ypdonua (V1UV2, E1UE,) dev éxet yépupec.
Noén: deite v Anodeén g Ipotaong 4.2.3.
To vro-ypdonua H evog cuvekTIKOU YpopnLaTog £ivot SIGVVEKTIKY) GUVIGTMOON MG TPOG
OKLLES, Kot TEPLEYEL TaL Gikpal VOGS Tyvoug . Amodeilte 0TL ke okpn Kot kKGbe KopL e TOL
p mepiéyetan oto H.
Amooei&te 0TL dV0 SLUPOPETIKES HIGVVEKTIKEG CUVIGTMGES MG TTPOG AKUESG EVOG GVVEKTIKOD
YPAPNLOTOG OEV UTOPOVV VO £XOVV KOV KOPLON.
AmooetEte 0TL KABe KAEIOTO 1Yvog TEPIEXETAL GE U0 OIGVVEKTIKY CLVIGTAOGO MG TPOE
OKUES,
Ta dxpa pidg axpng € aviKovy oty {01 SIGVVEKTIKY GLVIGTOoN G TPOG aKpES H.
Amooei&te 6Tt Kou 1) axun e Ba oviker oty H.
Opilovpe ™V TopoKaT® TOPaAlay] TG OUTPOGPAGIHOTNTOC MG TPOS AKUES, Yol TIG
KOPLPEG EVOG GuVEKTIKOD Ypaenpatog G:

Uy S, Uz av vdpyel KAEIGTO 1YVOg OV TEPLEYEL TIC KOPLPES U, Uo, 1 0V Up=Uj.
Amodei&te 0TL N S, eivat oxéon toodvvapiog. NOEn: deite v Acknon 4.4 (19).
Amodei&te 0T 01 KAAGELS 1600VVApING TG S, €ival Ol SIGVVEKTIKEG GUVIGTOOEG MC TPOG
akpég 010 G.

® X priotpomotodpe T oOUBOOT Ves1 =V,
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16. Tleprypdyre évav amAd alyoplBpo Tov va voAoyilet, Yo pio dedopévn Kopven U evog
GUVEKTIKOV YPOUPNHATOC, T1 OICVVEKTIKN CUVIGTOGH MG TPOG OKUEG TOV TEPLEXEL TT U.
[1660 amodoTikds givarl 0 alyopBpndc Gog;

17. To G eivai cvuvektiko ypaenpa, kot ta vro-ypapnuoto H, H' elvat stapopetikég
OLOVVEKTIKEG CUVIOTAGEG WG TPOG OKIES. ATOOEIETE OTL LITAPYEL TO TOAD L0l QKT TTOL €)EL
10 éva dKkpo otnv H ka1 to dAdo oty H', ko 6Tt av vadpyet téroa axun Oa givar yépupa.

18. To G eivail cuvekTIKO YpAENLLO, KOt OEV VALl OIGVVEKTIKO MG TPOS OKLUES. ATodeilte Ot
Ka0e vo-ypaenuo Tov G mov gival S1GVVEKTIKT GUVICTMOGO MG TPOG OKUEG TEPLEYEL Lia
KOPLPT) GTNV. OTOL0 TPOCTINTEL YEQPLPOL.

19. T16te 0ev €xetl aKUEG TO YPAPNUA TOV SIGVVEKTIKMOV GUVIGTOGHOV G TPOG UKUES EVOG
GUVEKTIKOV Ypapnpatog G;

20. Amodei&te 0T, Yia kbOe pn-Katevbuvopevo cLVEKTIKO Ypaenuo G, n coprtvén tov G
TAVO OTIG OLOVVEKTIKES GUVICTMOGES MG TPOg aKpeS tov G, G/N(G), eivar to ypdonua tewv
OIGVVEKTIKMOV GUVIOTOGMOV OG TPOG aKUES Tov G.

21. Amooeilte OTL: av Vo GUVEKTIKO YPAENLLOL £YEL M JICVVEKTIKES GUVIOTMOES MG TPOG AKLLES
Kot K yépupec, Oa eivor m=k+1.

22.'Eocto G évo un-katevfuvopevo GUVEKTIKO Ypaen o, kot [ éva povortdtt tov G. Arodei&te
OTL: TO [ S10TPEYEL TO PEYAADTEPO SLVOTO APlOUd amd YEPLPES TOV G, AV Kot LOVO: OV TO
WN(G) elvan éva péyioto povomdrt tov N(G). Nuén: deite v AnddeEn e [pdraong
4.2.6.

4.3 loxupn oUuVveKTIKOTNTA

Optiouog ioyvprc rpoofooiudtnroc  Or KopLPEG a, b evoc katevBuvopevoy ypagnotog, 0Tov
a=b, cvoyetifovion péow g toyvpric Tpoofociuotyag, Rss, av LITAPYOVY dVO LOVOTATIO: TO EVal
[ apyn TV a kot téhog t b, kot to dAAo pe apyn T b kon téhog v a. o

ao/>\ob

Anotoipn kozevfovoewy Av n e glvan pa katevBouvouevn axpm , oupPoAilovpe

pe v(e) v un-katevbuvoLEVT oK B (ue Ta dw dxpa).

Av 1 axpn e eivon un-katevhovopevn, Bétovpe v(e)=e.

I'a omowodmote ypaenua G=(V, E), cupforiCovpe pe v(G) to un-korevBuvopuevo moiv-ypaenuo
(V, {v(e) | n e etvor axunf tov G}).

4.3.1 Mpéraon (1816TNTEG TNG IOXUPNAS TTPOCRACINOTNTAG)

I T 600 dropopeTikég Kopueég a, b evoc katevBovouevou ypapnuatoc G, woyvet a Rss b
LOVO av: Yo 0To1adnToTe aKun € Tov G, ot kopveég a, b ivat oty id1a cuVEKTIKA
oVVIeTOoN ToL V(G—E).

ii.  Oua, b sivat S1apopeTIKES KOPLPES EVOG Un-katevhuvopevou ypaoefuatos G. o
omotadNToTe akun € tov G, ot &, b givar oty id1o. GVVEKTIKN cVVIGTOGN ToV G—€.
Yrapyer katevBovopevo ypaonue G- émov v(G)=G, kot 6mov 1oyvet a Rss b. o

2nueimwon O 0plo RO TOV GUVEKTIKMOV CUVIGTOCHOV VOGS UN-KOTEVOVVOUEVOD YPAPTIHOTOG EYEL
VOT|LLOL KOIL Y10 TOAV-Ypoprata, 0mes ta v(G) kot v(G—e).

Anddeitn mc4.3.1

I. ‘Eoto 6t 1oyver a Rss b, omdte 10 G €xel évor povomdtt iy pe opyn thv a ko t€hog ) b, ko

éva povomaTt iy pe opyn ™ b ko téhog v a. [lpoeoavdg ot kopveéc a, b eivarl oty idta

OULVEKTIKT ovuviotdoa tov V(G).

Av vrapyet poaxpn e tov G yia v omoia ot a, b eivor og S1aPOPETIKEG GUVEKTIKEG GUVIOTMGEG

oV V(G—e), dwpepilovpe Tig KopLEES Tov G o8 dVo VITo-cVVora A, B: To A glvar ot KOPLPES TNG

OULVEKTIKNG OLVIGTOGOG TOV V(G—e) mov mepiéyetl Ty a, Ko to B glvan o1 vréAowmeg kopveéc tov G
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(m b avrketr oo B). Eivon edkolo va Sovpe Ot € givar 1 povadikn akpm tov G mov £yl to Eva
dxpo TG oto A ko To dAho oto B (emeton 1o A eivan GUVEKTIKY cuvicoTtdoa Tov V(G—¢)).
e

5 ag °

O _‘bb
A0TPEYOVLLE TIC AKULES TOV LLOVOTOTION g, 07t TNV @ TPog v b Ay s
Emeidn 1o p €xel v opy Tov oto A Kot 10 1€A0G Tov 6to B, Oa Bpovpe pia mpdy axpn (X1, yl)
TOL U1, 070V X1 € A Kot Y; € B. Avtiotouya, Sttpéyoviag Tig aKUEG TOV HOVOTOTION Lo, ortd v b
pog TV &, Ba fpovpe pio TpdT oK (X2, Y2) TOL a2, 01OV X € B ko Y, € A. Eme1dn ot axpég

(X1, Y1), (X2, Y2) givar katevBovopeveg, Ba eivar S10popeTikéc (aKkdpo Ko av £Xovv To, idlo dKpaL).
Apa vrapyovy 000 akpég Tov G mov Eyovv 10 Eva GKpo 6To A Kot 10 dAAo 610 B. Avtd givan
adVVATOV, OO TNV TOPATAV® VTOOEST) Yid TV €.

Apa Y10 000N TTOTE Ak € Tov G, 01 KOpLEEG &, b givarl 6Ty 13100 GLVEKTIKT GLVIGTMGO. TOV
v(G—-e).

Ii. An6 v IIpotaon 4.2.1 wyvet a R, b, omdte vdpyel KAEIGTO TYVOG L TOL TEPLEXEL TIG
KOpLOEG a, b.

AwatpEYovpe TIG OKIES TOL W (apyilovTag amd v a), Kot kotevfivoupe kabe axpun tov | Katd ™
@opa mov TN dtatpéyovite. Enedn to p dev emavarappaver axpés, ka0e axpr tov onoktd o povo
katebbuvon. Eoto G~ &vo katevfuVOHEVO YPapTiLo. ToL TpoKbITeL omtd T0 G divovtog
KatevhUVGELS 6TIC aKIES TOV: KOBE OKUN TTOL AVIKEL GTO [ £XEL TNV TOPOTAVED KotevOuveon, Kot n
Katevhuvon KdE)s OKUNG TOV OEV AVNKEL 6TO W emA&yeton avBaipeta. [Tpopavdg D(G*)_G Exiong,
ot akpég Tov G o TPoEPYoVTaL Q70 GKHEG TOV |1 OTOTEAOVY [t KAEIGTI| S1AOPOLT) IOV MEPIEYEL
T1g Kopupéc a, b. Emopévac oto G 1oybet a Rys b. o

Opiouog 1oyvpis OVVEKTIKOTHTAS ‘Eva xatevBuvopevo ypaonuo G gival iayvpa oovektiko ov,
Y10, OTOIEGONTOTE OLAPOPETIKES KOPLPES &, b Tov G, 1oyder a Rss b. O

4.3.2 MNpoétaon (ETéKTaon 10XUPd CUVEKTIKOU UTTO-YPOUPHHATOG)

‘Eotm G éva xatevBuvopevo ypaenua, F éva vmo-ypdonpa tov G mov gival 16yupd GUVEKTIKO, Kot
pu=(a,..., b) pia dwdpoun tov G ue axpa &, b oto F (mapotipnon: ot kopvpég a, b propei va
tavtilovrar). To vro-ypaenuoe F' tov G mov mpoxidntel mpocshitoviag 6to F Tig Kopueés Kot Tic
OKHLES TNG W, ElvOr 1oYVPA GUVEKTIKO. O

AmndoeEn mc4.3.2

Ba 0ei&ovpie OTL, Y10 OTOIEGONTOTE HLAPOPETIKES KOPLOES X, Y Tov F', vdpyetl kKAeioT) dradpoun
tov F' mov mepiéyet Tic X, Y.

‘Eotm 0T 01 X, Y €ivot KOPueEG TNS O1aOPOUNG L.

Av a=b, n p givar kKAeiot dradpoun tov F' mov mepiéyet Tig X, Y.

F ) ab/ y
A bo O
.‘-_-"\ X

/ (to F

Av a#h, €éo1m v éva povomdtt tov F pe apyn ™ b kon tékog v a
glvat wyvpd cvvekTiKd). To povomdrt v kot 1 dedpoun | oynuatiovv o KAEIGTY S100popt| Tov
F' mov mepiéyet tic X, V.

‘Eotom 611 povo pia amd Tic X, Y eivor Kopuen s dtadpouns p. Mropovpe va vrofécovpe ywpig
BAGPN e yevikdTag O6TL N X givor Kopuen g dtadpoung 1 kot 1Y ivor kopven tov F (adhoubg
amh®s oAAGlovue To ovopata TV X, Y). Emeldn n y sivat dtopopetikn omd Tic a ko b kon to F
etvan 1oyvpa cVVEKTIKO, Oa VTapyEL Lovordtt vi Tov F pe apyn ™ b kou téhog v Y, kot povoratt
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: TRL
F. ". ab/x
V.. X

.0 2
A b o—|
v Tov F pe apyn v Y Kou téAog v a — . Toa povomdria v, v2 Ko
dadpoun [ oynpatifovv puoa KAEGT dtadpopn| tov F mov mepiéyet Tic X, Y.

‘Ecto 61101 X, Y givat kot 01000 Kopueég Tov F. Enedn to F eivar ioxvupd cvvektikd, Oa vrapyet
KAELGTI dtadpour tov F mov mepi€yet Tig X, Y. O

4.3.3 MpoéTaon (I816TNTEG TNG ICXUPNG OUVEKTIKOTNTOG)

I.  "Eva xatevbovopevo ypaonua G givat ioyvpd cuvektiko ovo av 1o v(G) givatl cUVEKTIKO
Kot Ogv- €xEL YEQLPOL.

ii.  'Eotm 011 10 Un-Kotevbuvopevo GLVEKTIKO Ypagpnpa G dev £xeL YEpupa.
Yrépyet korevBovopevo ypdonua G~ omov v(G)=G, kot 10 G &ivor 1 vpd GUVEKTIKO. O

AmndoeiEnmc4.3.3

i. ‘Eotm a, b 600 dtapopetikés kopueéc Tov G. A@ob 10 G gival 16yvpd GuVEKTIKO 16YVEL a
Rss b, omtote vapyet éva povomdtt p e apyn tv a kot tédog t b. Ot axpég

{v(e) | n axun e avikel 6To U} oynuretiCovv éva povormdtt Tov V(G) pe dkpa Tic a, b. Apa 1o v(G)
elvat GLVEKTIKO.

Avn akpn e givor yépupa tov v(G), T dkpa @, b Tng € Ppiokovial 6& SLaPOPETIKES GUVEKTIKES
owvioT®oeg Tov V(G)—e (Aoknon 2.5 (8)). Erouévac, av 0 ivar n axun tov G yio v onoio
v(0)=e, 1o akpa a, b ™mc O Bpickovial 6€ SLOPOPETIKES GUVEKTIKEG GLUVIOTMOES TOL V(G—0). Amd
mv Ipdtaocn 4.3.1 (i), dev 1oyvst a Rss b. Apo av to G givarl ioyvpd cUVEKTIKO dgv pumopel v £xet
YEQLPOL.

ii. Av 10 G éyel ovo piia kopoen, pmopodpe va ndpovps G =G.

‘Eoto a, b 600 drapopetikéc kopveég Tov G. Enedn to G sival GuvekTiko Kot dev ExeL YEQUPO,
woyver a R, b (TTpotaon 4.2.1), omdte VILAPYEL KAEIGTO 1YVOG L TTOV TEPLEXEL TIG KOPLPEC &, b.
Awotpéyovpie T akpég Tov W (apyifovag amd v a), Kot Kotevdouvooue Kae ok Tov [ Kot ™)
Qopa mov TN olatpEyovie. Emeldn to 1 dev emavarapPavel akpés, KOO ain) TOL omoKTd pic (Lovo
katevBuvon. ‘Eote F; to xatevbuvouevo ypdonua mov aroteieitor omd TiG KOPuOES KO TIG AKUES
TOV W, L€ TIG Tapomave katevdiveets. [Ipooavmg to Fi gival ioyvpd cuvektikd, kot 1o v(F1) givor
VIo-ypaonua tov-G.

Av 10 F1 Tepiéyet OAEC TIC KOPLOEC Tov G, KATOoKEVALOVIE £va KatevduVOpEVO Ypaonio G dmov
V(G")=G, katevdivovrac kabe oxcpn e={X, y} Tov G o¢ ERG: av vrapyel akp 6 Tov Fy pe dkpo
TG X, Y, 0tvoupe otnv € v {01a katevhovon e t 0. AAloidg, KatevBovovlle Ty € owbaipera.
Eivar gvkoio va dobvpe 6Tt 10 G 0o givar 16YVPA GLVEKTIKO (emeldn To F1 eivan 1oyvpd cLVEKTIKO).
‘Eoto 61110 G €)et pio kopuen W mov dgv aviket oto F1. Enedn o G elvon cvvektikd ko dev €xet
répvpa, and v [Ipodtacn 4.2.1 woyvet a R, W (ot a, W givar S1oipopeTikeg), omote 10 G €xet £va
KAELGTO TYVOC V TTOL TTEPLEYEL TIG KOPLPES @, W.

Awtpéyovpe TIc oKpEG Tov Vv (apyilovtog oo Ty a), LEXPL va Bpodue TV TpdTN aKkun tov {X, Y}

F e 7oV €xel €val GKpo Y €kTOG ToL Fq (B Ppodpe téTota apn, oo n
W dev givon Kopuer Tov G1). ZoveyiCovue vo S1oTPEYOVUE TIG OKUES TOV V, amd THV Y Kot EENG,
péEYPL va. BPOdUE TV TPDTN KOPLPT TOL Z TOL oviKeL 010 F1 (mdvta Ba vdpyetl tétoln Kopve Z,
QPO GTNV TEPITTMOT TOV SLATPEEOVUE OAOKANPO TO 1XVOG V, LTOPOVLE VO TAPOVUE Z=4).
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‘Eoto & 1 vo-akoiovdia (X,..., Z) Tov ixvoug v. IIpopoavog koppio akun tg & 0ev €xet Ko To, VO
axpa g oto F1. KatevBovovpe tig akpéc g § Katd T popd Tov Tic S TpEaple, Kol TIG
npocBétovpe 010 Fi. And v [lpdtaon 4.3.2, 10 katevbuvopevo ypdonua F2 mov tpokdntetl Ha
glva 1oyvpa cvvekTiko (emedn to F1 elvon 1oyvpd cvvektikd). Emiong, to v(F2) eivon vro-ypdonuoa
tov G, ka1 to F» €xel meplocotepeg Kopueég and to Fi (1 kopven Y tov F; dev avnketl ato Fy).

Av 1o F; mepiéyel 6Aeg 11¢ Kopupég tov G, Kataokevdlove Eva 16YVPA GVVEKTIKO KOTELOVVOLEVO
ypaenue G 6mov v(G)=G, katevBivovtoc ke axuf Tov G e Bhon TIC KTEVOOVOELS TOV
aKp®OV 0V F7 (0nm¢ meptypayaie TponyovUEVEMG).

Av vrapyet kKopuen Tov G ov dev avnkel 6to Fa, emavoiapfdvovpe Ty mopawdve dtadtkacia.
Enedn kéBe emavdinym divet Eva ypaonua Fizq Le TEPIGCOTEPES KOPLPES OO TO TPOTYOOUEVO
tov Fi (i22), 8o kataAnEovpe o éva 1o vpd cvvekTikd katevBuvouevo ypdonua Fy ov Ba
TePLEEL OAEG TG KOPLEEG Tov G, Kat 6mov 10 V(Fp) Oa etvat vro-ypdenua Tov G. Apa omd to Fy
LTOPOVLLE V0L KOTACKEVAGOVIE £VaL 10YVPE CUVEKTIKO KoTenBuvopevo ypaonua G~ omov u(G )=G.
m

Opioudc 1oyYvpo. GOVEKTIKIS GUVIOTDTOL ‘Eoto G éva xatevbBuvopevo ypaenuo. ‘Eva
vro-ypaenpa H tov G mov elvat 1oyupd GUVEKTIKO EVOL 1GYDPA GOVEKTIKI GUVIOTOOE., OV:
tpochétoviac oto H omoleconmote kopu®Eg Kou akpues tov G (amd autég mov dgv TEPLEYOVTOL GTO
H), maipvovpe vo-ypdonua H' tov G mov dev givat 1oyvpd cuvekTiko. O

4.3.4 Mpoétaon (XapakTnpioPog TWV ICXUPA CUVEKTIKWYV CUVICTWOWYV)
"o xaBe kopven a evog katevBuvopevou ypapnuatog G=(V, E) vrdpyet povadikn ioxvpd
ovvektikn cvviot®oo H=(W, K) mov nepiéyet v a, kot givon

W={a}U{u | vrapyetl kAeloTh) S103poun OV TEPLEXEL TIC KOPLPES &, U,

K={e | to. akpa ¢ axurg e eivor oto W}. 0

AmooeiEn e 4.3.4

To vro-ypdpnua Tov arotereitor amd TV KOPLET a £ival TPOPAVAS 10YVPE CLVEKTIKO. ATO TNV
Aocxnon 4.4 (26), vEapyEL IOYVPE CVVEKTIKN GLVIGTMOGCO TOL TEPLEXEL TNV KOPLOT a.

‘Eoto O pio ioyvpd cuveKTIK GOVIGTAOGA TTov TTEPIEXEL TV &. Oa -deifovpe 6Tt O tovtileTor pe
T0 VRo-Ypdonua H.

‘Eoto V pia kopuen g O dwapopetikn and v a. Aeol to vro-ypdonuo O eivat 1oyvpd
ovvekTikod Ba 1oyvet @ Rss V 610 O, ondte B vITapYEL KAEIGTT O10LOPOLLY) TOV TEPLEYEL TIC KOPLPES
a, V. Apa kaBs kopuepn g O mepi€yeton 610 cuvoro W twv kopvemdv-tov H.

‘Eotm Vv pia kopvon tov H dagopetikn and v a. And tov opiopid 1oV kopuemy tov H, vrdapyet
KAELOTI] OLOOPOUY|-LL TTOL TTEPIEXEL TIC KOPLOES V, a. Av TpochEsovpe 6t O TIC KOPLYES KO TIG
OKUES TNG M, TO VIO-Yphonuo ®' mov mpokimtel givar 1oyvpd cvuvektikod (TTpdtaon 4.3.2-y10 b=a).
Emeidon n © givan 1610pd GUVEKTIKT GUVIGTAOGCA, TO0 O 0ev Hmopel va TEPLEYEL KOPVOES IOV JEV
glvan ot O, dpa n V eivon kopven ™ O.

Apa ta vro-ypoaenuota ®, H éyouvv 116 1016 KopveEc.

[Tpogoavmg kaBe axun g O Ba eivar oto K, omdte Ba ivon axpr| tov H.

‘Eotm 611 10 vmo-ypdonua H €xet puo axpn € mov dgv avnkel oto . Av mpocsBécovpe 010 O v
aKpN €, TO LIO-YPAPN L O OV TPOKVILTEL EIval 1GYVPE GUVEKTIKO (EMELOTN TO LLO-YPAPN L ® TOV
®' &xet Tig 1018g KOPLEES Le TO O ko elvat 1WYVPE CLVEKTIKO). AALA TOo ®' Oev pmopet vo glvart
1OYVPE CUVEKTIKO KOl VO EYEL TEPLOGOTEPES OKLES amd To B, emeldn To O glvar IGYVPA CLVEKTIKY|
ouvioTdoo. Apa kdbe axcur tov H gltvar axun tov 6.

AoV ta vo-ypaerpoto ®, H éyovv T1g 101e¢ KOpuEg Kat Tig 181 aKpég, TpoPovadg TavTilovTat.
m

[Mopatnpnon Me Baon v mapandve [Ipotacn, o1 1oVPE CLVEKTIKES GUVIGTMGES EVOG
KoTELOLVOUEVOL YPOUENLOTOS G amoTEAOVV SLOUEPIGUE TOV KOPLO®Y Tov G.
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Op1o10C YPaPHUOTOC 1GYDPC CVVEKTIKWDY GOVIOTWTDV ‘Eotm G éva katevbuvopevo ypaenua.
‘Eoto Ha,..., Hy ot toyvpd cvvektikég ouviotmoeg tov G (Mm>1).
To ypagpnuo v 1oyvpa cvvektikwy coviotwowy tov G, E(G), amoteleitol amod T KOPLueEg
{nla: Sk 1/Im}
KOt TG OKUEG
{{Mi, i} | 1#], Ko vedpyet axpn Tov G
e Ta GKPOL TNG OTIG WoYLPA cuvekTikEG cvvictwoes Hi, Hj}. O

Opiouoc oOUTTVENS TAV® OTIC LTYVPO. COVEKTIKES TOVIGTWTES ‘Eotow G éva
un-kotevfouvopevo ypaenua, kon Ha,.. ., Hy ot toyupd cvvektikég ovvictdoeg tov G (M>1). Av
F=(W, K) givar £va vo-ypaenue. tov G, 1 odurroén tov F wavew otic 1oyvpd ovvekTinég
ovviotaaes Tov. G, F/Z(G), eivat To vo-ypaenua tov E(G) pe Kopueég

{Mi | vapyer kopve1 Tov F

OV OVIKEL GTNV 10(VPA GLVEKTIKY cvuvictdoa Hi tov G}
KOl OKUES

{{ni, i} | 1#], ko vadpyet oxpn Tov F

L& Ta. GKpOL TNG OTIG 1oYVPE cuveEKTIKEG ovviotwoes Hi, Hj}. O

4.3.5 Mpotaon (To ypa@nua TwV ICXUPA CUVEKTIKWY CUVICTWOWY)

‘Eoto G éva katevBovopevo ypdonpa.

I. T kdBe povomart p tov G, 1 6OURTVEN TOL W TAVH OTIG IGXVPE CUVEKTIKEG GUVIGTHGEG
tov G gite Oa givar povoratt tov Z(G), 1 Oo amotereitar amd pio kKopven i tov =(G),
avVTIoTOLYN HAG 1oYVPA CLVEKTIKTG ovviotooas Hi tov G.

ii.  To ypaonua TV 10(vpd GLVEKTIKOY 6VVIGTOo®V ToV G, E(G), dev éxel KAE1GTN O10pOoun].
O

Anddeitn meg4.3.5

. AV O\EG 01 KOPLYEG TOL L GVIKOVY GTNV 101 1I6YVPA GVVEKTIKY cuvicT®ca Hi tou G, 1o
WE(G) Ba amoteleital amd v Kopve Ni Tov Z(G).

Y¢ kG0e GAAN TEPINTWOT, SIOPOVLLE TO [L 0€ SLAdOYIKES VITO-akoAoLDieg dy, Uy, ..., ds (5>2), 670V
Uy Vi W Vo Uz Voq U Vs

o O=3p-0 O=p-0 *++/ OPpO——-—0
d; d, ds

ywo k@0e i=1,..., s, n di=(Uj,...., Vi) eite elvan
povorati 1 amoteAeiton amd pio kopven, Ui=Vj, Kot 6ov ot Vi, Ui gtvar yeltovikég Kopueeg Tov
povomatio¥ w, yuo kabe i=1,..., s—1. EmAéyovpe tig vro-axorovdieg dy, da,. .., ds £To1 ®oTE O
Kopveéc e di, I=1,..., S, vo aviiKovy OAEg TNV 1010 1oYVP& GLVEKTIKN cuvioT®oa Tov G. Eniong,
av o1 Kopueég g di avikovv o€ pia 1yvpd cuvektikn cuviot®ca H tov G (i=1,..., S), ot kopveég
tov di_1, disy 0ev B avikovy oty H.
Etvon edxolo va dovpe 6Tt 1) GOUTTLEN TOV LOVOTATION W AV OTIC IOYXVPE GUVEKTIKEG
ocuviotwoes tov G, WE(G), elvar ) évaoon vro-ypapnuatwv F; tov E(G), 6mov kébe Fi,
i=1,..., s=1, wpoxvmrel amd v axur (Vi, Uiz1) TOL HOVOTOTION W eENG:
Av 01 KOPVPEG Vi, Uisg AVIKOVV GTIG IGYLPA cuveKTikég cuviotmoeg Hj, Hy avtiotoya, to F;

4 y 3 Cg)n?\o n :
anoTeEAEiTOL AT TIC KOPLPES Nj, Ni , KoL v okpn (m;, ).
[popavdg To WE(G) eivar dadpoun tov E(G). T va dei&ovyie 611 o WE(G) eivon povondrt,
apkei va dei€ovpe 0Tt dgv VILAPYOLVY dVO VIo-akoAovdiec tov W, di=(U;,. .., Vi) kot di=(Uy,..., Vi), pe
I<l, TOL 01 KOPVPES TOVS Va. OVIKOVY GTNHV 1010 1I6YVPA GLVEKTIKY cuvictdoa H tov G. Antd tnv
gmloyn v di; do,..., ds, 600 TéT01EC VIO-aKOAOVOiEC dev Ba eivar Sradoykés (dpa I>1+2). H
VIO-0KoAOVOia V=(V;,.. ., Uj) TOL [ Ba elvor provomdity, pe akpa Vi, Up-mov Ba avijkovy otny oo
16YVPA oVVEKTIKT cuvicT®od H tov G. And tnv [lpdtaon 4.3.2 Kat Tov opiGHo TG 1oxvpd
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GULVEKTIKNG OLVIOTOGOG, KAOE Kopupr| kKot kaBe axun tov v Ba aviket eniong otnv H. Enopévac ot

AKUEC TOV VTTO-0KOAOVOIOV ditq,..., di1 Oa aviKovy 6Ty 110 1IoYVPE CVVEKTIKT CLUVIGTMON UE TIG

akpég tav di, di, mov givatl advvatov amd v exthoyn Tov di, da,.. ., ds.

ii. ‘Eoto 61110 E(G) €xet pio kAerot dwadpoun| C, pe kopupég, Kot 6epd, Ni,. .., Ns, Ns+1=N1,

omov avrtiotoya ot Hy,..., Hs, Hs;1=H;1 €lvan 1ovpd cvvektikég cuviotdoec tov G.

Kataokevalovpe pia khelot dwadpopn v tov G g e&ng: yia kabe axun (i, niwa) ™ms C (1=1,...; S),
Vi W V2 Vs1 Us Vs Ussq

o O O o*o_()*)
d2 ds
; , ’ , ds+1
1 dladpoun v mepiéyet pio axpun (Vi, Uiry) tov G,

eMAEYLEVT] £TGL MOTE TO. AKPO TNG VOL OVIIKOLV GTIG 1IoYLPE GVVEKTIKES cuviat®woes Hi, Hiip
avtiotowyo (Vi € Hj, Ui1 € Hiyp). Eniong, yio ka0e xopven ni tg C (iI=2,..., S+1), av Vi#U; f n
dwadpoun v mepiEyel Eva povormdtt di e toyvpd cuvekTikng ovviotdoag Hi, e dkpa Tig Uj, Vi
(emAéyovpe o d; avbaipeta).

Emeidn 1 kheiot dadpopn v Ba mepléyeTal o€ pia 1ovuplé GUVEKTIKN cLVIcTAGO, ot Hi,..., H
tavTilovTal, apa Kol 0L KOPLPES Ni,.. ., Ns TNG KAEIGTAS dladpoung C tov E(G) towtiCovtar. Avtod
glvat 0dvvaTov, omd Tov opiopd TG SLAdPOUNS. Apa TO YPAPNLLO TV LoYVPE CUVEKTIKOV
ocuvicTwo®V Tov G, E(G), dev pmopel va £xel KAEIGTN d1adpopr. O

Epomipara
1. Amnodei&te OTL, Y10 OTOIEGONTOTE APOPETIKEG KOPLPES &, b evOC KatenBuvopevov

YPOUENHATOS, 1yVEL @ Rss b ov kot ovo av vaapyovv 000 d1adpopés, n wic pe opyn tnv a

Kot téA0g ™ b, ko 1 AN pe apyn ™ b ko téhog v a.

Amodei&te OTL, Y10, OTOIEGONTOTE SIAPOPETIKES KOPLYEC &, b evOg KaTenBuvoueVoL

YPOPLLOTOG, Wo)eL @ Rss b av kot povo av vmdpyet KAEIGTH d100POUT| TOV TEPIEYEL TIG

KOPLOEG a, b.

Amodei&te o0t1, y1a kabs ypaenpo G kot kabe okun € Tov G, v(G—e)=v(G)-v(e).

3. Amodeite OTL: 0V 01 SLOPOPETIKES KOPVLPES &, b evog kKatevbuvouevo ypapnuatog G
ovvoEovTaL UE oK, 1oyveL @ Rgs b povo av n axun {a, b} dev givai yépupa tov v(G).
Amodei&te ot av 1 akun {a, b} tov - Katsuevvop,svov ypaonpatog G doev givat yépupa,
VIGpyEl KoTevBuvopevo ypaenpa G- omov v(G )=G, kot toybet a Rss b.

4. Amodei&re 0Tt £va 16YVPE GUVEKTIKO YpaenLLa Oev £xel KOPLPES pe Babpd 1.

Ioyoer n [pdtaon 4.3.3 yia 1o ypaonua ©

6.  Amodeilre otu éva yphonua G gtvar 1oyvpd GuVEKTIKO, oV kot povo av to G gtvat to
HOVadKO VTo-ypaenio Tov G Tov gival 1o VPE GUVEKTIKY GUVIGTOGC.

7. T1ote vmhpyel 1YVPE GUVEKTIKY] GLVICTMGO, TOV OTOTEAEITOL QIO [Lt0: LOVASTKT) KOPLOT);
‘Eotm G éva katevbuvopevo ypaoenuo 6mov 1o v(G) givat dxvkio. TTota vo-ypagnpato
0V G gtvon 16YVPG CLVEKTIKES GUVIOTOGECS;

8. Amodei&te 0Tl 6€ £VOl KATEVOVVOUEVO YPAPN LA VITAPYEL TAVTO TOVAGYLIGTOV [io, 1o VP
OVVEKTIKT ouvioTt®oo. NVén: deite v Aoknon 4.4 (26).

9. To katevhovouevo ypapnua G éxel éva vo-ypaonua G’ mov gival 1oxvpd GUVEKTIKO Kot
&xet T1g 101€g KopveEc e o G. Amodei&te 611 o G givat 16YVPAE GUVEKTIKO.

10. Ta F1=(V1, E1) kau Fo=(V2, E») elvar ypoaenpatae wov gival ioyupd GOVEKTIKA Kot EYOVV Wi
Kown kopuen. Amodei&te 6t 10 ypdopnua (V1UV2, EJUE,) eivat ioyvpd cuvektiko.

NO&R: deite tqv Amdoein g [pdtaong 4.3.2.

11. To vro-ypaenua H evoc katevfouvouevon ypoenuatog eivat 1I6Yupd GUVEKTIK GUVIGTMG,
Kot TEPIEXEL TAL AKPOL LIAG dtadpopns W. AodeiEte Ot kdBe axpn Kot KABe Kopuer] g 1
nepreyeTon oto H.

e

o

"X pnotponotodpe T oOUBoon Vs =V,
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12.

13.
14.

15.

16.

17.

18.

19.

Am0dgiETE OTL OO SLAPOPETIKEG 1OYVPE GUVEKTIKEC GUVIOTMGESG VOGS KOTELOLVOLLEVOD
YPOUPNHOTOG OEV UTOPOVV VAL £XOVV KOV KOPLON.

Amodei&te 0TL KAOE KAEIGTN S1AOPOLT TTEPLEYETOL GE 0L 1IOYVPE CUVEKTIKY GLUVIGTHOGO.
To dxpa pidG okpung € aviKovy otny 010 1oyvpd cuveKTIKY cvvioT®od H. Amodei&te 0TL
Kot M axpn e fa avikel oty H.

Opilovpe TV TOPAKATO TOPAAAAYT] TG 1OYVPNG TPOSPACILOTNTAG, Y10 TIG KOPLOES EVOS
KOTELOVVOLEVOL Ypopratog G: Ug Sss Uz av VITAPYEL KAELGTY) O1OPOLT TOV TEPIEYEL TIG
KOPLPEC Ug, U, 1 otV Ug=Uj.

Amodei&te 0TL M Ss5 £tvol oxEoM 1G0OVVOUTOS.

AmoodeiETe 0TL 01 KAAOELS 1000VVANING TG Sss EIVOL O 1IGYVPE GUVEKTIKEG GUVIGTMGES GTO
G.

Heprypdyte Evav amhd aryopdpo mov va vroAoyilet, Yo pia 6£dopéEVN KOpueT U VOGS
KOTEVOVVOLEVOL YPOPLOTOC, TV IGYLVPE GUVEKTIKY] GUVIOTMGO TOL TEPLEXEL T U. T1660
aod0TKOG tvarn 0 aAyOP1OUOG Gog;

To G eivor katevBouvopevo ypaonpa, kat to vro-ypaeruata H, H' sival dtapopetucég
10YVPA GUVEKTIKEG CUVIOTMOOEG. ATOOEIETE OTL:

gite kBe axun mov €xet éva akpo oto H kot éva oto H' €xel tv apyn g oto H ko to

0-t>10
H H
= 04310

1éM0¢ ¢ oto H’ 5 :
N kaOe axun mov €xet Eva dkpo oto H ko éva oto H' €xel tnv apyn g oto H' ko to téhog

od=10

H | £

O04—~=10

g oto H 35

[161e dev £xel AKUES TO YPAPNLO TOV IGYVPE GUVEKTIKOV GUVIGTOG®OV. EVOG
KkatevBouvopevoo ypapnuatog G;

Amodei&te 011, Y1a kdOe kaTevOuvouevo Ypaenua G, n ouprtuén Tov G Tavm oTIC IGYLPY
GUVEKTIKEG GLVIGTAOoES TOV G, G/E(G), elvat 10 Ypa@nua TV 16XVPAE GLVEKTIKOV
GLVIGTOGHOV Tov G.

4.4 AOKNoeIig

1.
2.
3.

Etvar cwotd 6t 1 durpoosPacipdtra stvor petafotikn oxéon;

Ioyver n Tlpotaon 4.1.1 av maporeipbei n cuvOnkn 6t1 o1 @, b dev Guvdéovtan pe axun;
Eivol cwoto 011, ov £va S16VVEKTIKO Ypaen o Exet Eva povoratt u=(ai, {ai, a2}, az,.. ., an),
Oa €xet ko éva LOVOTTATL [V'#LL, PE AKPa TIC 81 KO 8n, YOPIS KOWES KOPLPES LLE TO L EKTOG
oo T AKPOL TOV;

‘Eoto G éva pn-katevbuvopevo Guvektiko ypaenua, kat {a, a'}, {b, b’} dvo dapopetikéc

akpéS Tov G, 6mov: Yo, OTodNTOTE KOPVPN X, EKEIVEG A TG KOPLOEC &, &', b, b’ mov
glvar Stopopetikéc omd v X Ba etvot otnv 1010 GLVEKTIKN GLVIGTMOGO TOL G—X. ATodei&te
ot vmdpyet kvxhog tov G mov mepExet Tig akpég {a, a'}, {b, b’}

‘Eoto G éva diouvektikd ypaonua, kot {a, a'}, {b, b’} dbo dapopetikés akpéc tov G.

Amodeilte 0T vTapyEl KOKAOG ToL G OV TIEPLEXEL TIC OKpEG {a, a'}, {b, b'}.

Ot U, vV, W givar Tpeig d1apopeTiKEG KOPLPES VOGS d1oVVEKTIKOD Ypaenuotoc G. Amodsi&te
OTLVTTAPYEL LOVOTATL TOV STPEYEL TIG U, V, W, E aTY| TN GELPA.

Y7apyetl mévto KOKAog Tov G Tov mEPIEYEL TIG U, V, W,

‘Eoto 611 n axun {a, b} tov cuvektikod ypagpnuatog G eivor yépvpa. Anodei&te 0T, av 0

oLVEKTIKO VIo-ypaenua F tov G mepiéyet Tic Kopveéc a, b, dev Ba givat S16VVEKTIKO.

‘Ecto G=(V, E) éva cvvektikd ypaonua, kou F=(V’, E') éva 616uvekTikd vmo-ypaenpo Tov

G. Amodei&te OTL VTAPYEL SIGVVEKTIKT) GUVIGTMGCO TOV TEPLEYEL TIC KOPLPEG KO TIC OKILES
tov F.
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8.

10.

11.

12.

13.

14.

15.

16.

17

Amodei&Te OTL AV Lol KOPVPY| U EVOS GUVEKTIKOD YPOONIOTOS OVIKEL GE OVO OLOLPOPETIKES
OLGVVEKTIKEG GUVIOTAMGES, M U ivot KopPikd onpeio.

H xopven U givar kopPikd onpeio evog GuveKTIKOD Ypa@nuatos. Amodeiste 0Tt ol
OIGVVEKTIKI] CLUVICTMGA OEV UTOPEL VO TEPLEYEL OAES TIS AKHES TTOV- TPOCTITTOVY GTNV U.
Ote, ey, € etvar Tpeig dLOPOPETIKES AKUES EVOG GUVEKTIKOV YPOPTLLATOS, KOL VITAPYEL EVOC
KOKAOG TTOV TEPLEYEL TIG €, 1, Kol EVag KOKAOG OV TTEPIEYEL TIG €, €2. ATodeiETe OTL LVITAPYEL
KOKAOG IOV TEPLEYEL TIG €1, €2.

O U, V glval S10QoPETIKEG KOPLPES EVOG GUVEKTIKOV Ypapnatog G, kot Kabe Lovordrt je
dKpo TIg U, V €yl INKOG TOLAGYIGTOV 3.

Aépue 0Tt €vag Sopeplopog Tov-Kopvp®v Tov G 6g 60 vto-civola A, B, doympilet Ti¢ U,
V, ov 1 U Kot KAOe YEITOVIKT KOpLeY| TG U aviKouv 6T0 A, Kol avtioTotya 1 V Kot Kade
YELTOVIKT KOPLON NG V aviikovv 610 B. Aépe 611 évag dopepiopnog tov kopupmv tov G og
00 Vo-cvvora A, B, mov dtaywpilet Tig U, V, GUVEVAOVETOL, 0V VITAPYEL KOPLOT] OOV
TPOOTinTEL KAOE axpm ov €xel To €va dKpo TG 6To A Kot To GAAo oto B

oN
\ B

[0] PO

Amodei&te 0Tl av VTAPYEL SAUEPICUOS OTTOC TAPAUTAV® TOV Starywpilet TIC U, V Kot
GLVEVMVETAL, 01 KOPLPEG U, V OgV elvar 6TV 10100 SIGVVEKTIKY CLVIGTAOGOA.

Amooei&te 0TI av 01 KOPLPES U, V dgV givar TNV 1010 OICVVEKTIKY] GUVIGTMOGA, VITAPYEL
OWHEPIGHOG OTIMG TOPATAVE TOV OLoY®PILEL TG U, V KOl GUVEVAOVETOL.

To G etvar £va GUVEKTIKO YpaQN O, Kol 1] Kopuen X eivar kopPikd onpeio tov G.

‘Eotw (W, F1),..., (Wn, Fn) o1 cvvektikég cuviot@oeg Tov G—X (M>2).

‘Eoto G;, i=1,..., m, 1o vro-ypaenuo (WiU{x}, FU{(x, u) | n xopven U aviket oto W;i})
tov G.

Amodei&te 0Tl po KOPLPN OLAPOPETIKT omd TN X eivat KopPiko onpeio tov G av kat povo
av etvat kopPuod onpeio kdmwoov G;.

Amodei&te 6T1: éva vo-ypdenuo Tov G etval SIGVVEKTIKY GUVIGTAOOO. OV Kol LOVO OV Eivat
OLGVVEKTIKT) oLVIGTM®ON KAmwolov G;.

To G etvar éva cuVEKTIKO YPAen o IOV eV £xel KOPLOES e Pabud 1. Amodei&te 6tL 10 G
£YEL U0l OLOVVEKTIKY] GUVICTMGO TOV TEPLEYEL TO TOAD Eva KOUPikd onpeio.

Eivor cwaoto oti, av £va ypdene Tov £ivol 01GVVEKTIKO MG TPOG OKUES EXEL £VOL LOVOTTATL
p=(ai, {a1, a2}, az,-. ., an), 0a €xeL Ko évo povomdtt 'L, e GKpa TIG a; Kot 8n, YOPIS KOWES
OKMEG LE TO W}

‘Eoto G éva pn-katevbovopevo cuvektikd ypaenua, kot {a, a'}, {b, b’} 0o dapopetikég
akpEG Tov G, 0ToL: Y10 OTOONTOTE AKUT €, 01 KOPYYEG a, @', b, b sivar otnv id1a
GULVEKTIK cvvioToca tov G-e. AmodeiEte 01t VapyEL KAEOTO {Yvog Tov G oL TTEPLE EL
Tig akpég {a, a'}, {b, b'}.

‘Ecto G éva ypaenio mov givotl S16VVeKTIKO 0¢ TPog akpée, Ko {a, a'}, {b, b’} 6vo
SpopeTIKEG akpeES Tov G. Amodei&te 0TL vaPYEL KAEWGTO {Yvog Tov G oL TEPIE)EL TIG
akuég {a, a'}, {b, b'}.

Ot U, V, W givar Tpeig S1apopeTIKES KOPLPES VOGS YPUPNLaTos G mov gival SIGVVEKTIKO MG
TPOG OKUEC: ATodElETE OTL LITAPYEL 1XVOS TOV SLATPEYEL TIS U, V, W, LLE QVTY] T GEPA.
Yrapystl mévto KAe1oTo iyvog tou G mov mepiéyet Tic U, V, W;

‘Eote 6t n axun {a, b} tov cuvektikod ypagpnuatog G givat yépvpa. Amodei&te 411, av: 10
OULVEKTIKO VIo-ypaenua F tov G mepiéyet Tic Kopuéc a, b, dev Ba gival S16VVEKTIKO ™G
TPOG OKUEC.

.'Eoto G éva ocuvektikd ypdonue, kot F éva vro-ypaenpa tov G mov ivor diouveKTIKO g

TPOG OKUES. ATOOEIETE OTL VITAPYEL OICVVEKTIKY] GUVIGTMOO MG TTPOG OKLUES TTOV TEPLEYEL TIG
KOPLOES KO TIG aKUES ToL F,
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18.

19.
20.

21.

22.
‘Eoto Gy,..., Gs o1 ovvektikég cuviotmoeg tov (V, E-{e1,..., ex}) (s=1).

23.
24.

25.

26."

217.

Amodei&te 0TL T AKPOL LLOG OKUTG € VOGS GLVEKTIKOD YPOUPNIOTOS OVIIKOVY G€ dVO
OLOLPOPETIKEC OIOVVEKTIKES GUVIOTMGESG G TPOG OKUES, OV Kot LOVO av 1) € ivat YEpupa.
Amodei&te 0TL N SumposPactudTNTO OC TPOG AKUES ivat PeTafaTikn oyéon.

O U, V lvat S10pOPETIKEG KOPLPES EVOG GUVEKTIKOV Ypopruatog G.

Aépe 011 €vag SlaUEPIoUOS TV KOPLO®V Tov G 6€ dVO LITo-cuvoia A, B, daywpilet Tig U,
V, av 1 U avikel 6to A, Kou 1 V aviket 6to B. Aépe 01t évag Stopeptolog TV KOPLO®V TOV
G og dvo vo-chvora A, B, mov dtaympilel Tig U, V, GUVEVAOVETAL, 0V LITAPYEL HOVO pia

O\
\ B

Mo

QKL TOL £XEL TO £va AKPO TG 6T0 A Kat to dAlo oto B
AmodelETE OTL: AV VILAPYEL SIAUEPIOUOG OTMG TAPUTAV®D TOV dtay®PIleL TG U, V Kot
GUVEVAOVETOL, OL KOPVOEG U, V- 0V vl 6NV 10100 SIGVVEKTIKY CLVIGTMGO MG TPOG OKHUEC.
Amoogi&te OTL AV 01 KOPLYES U, V dgv gtvar oTnv 10100 SIGVVEKTIKY] GCUVICTMOOCN MG TPOG
aKUEG, VITAPYEL Sapeplopldg OTME TAPOUTAV® OV dtoY®PILEL TIC U, V KOl GUVEVMOVETAL.
To G givar éva cuvekTiKo ypapnua, kat 1 okun T eivar yépupa tov G.

‘Eoto G1, G, 01 cuvektikéc ouvietdosg tov G—f.

Amodei&te ot puo akun 0 dapopetikn amd v T eival yépupa tov G av kot povo av givat
YéQvpa Kkamoov G;.

Amodei&te 0Tl va VITo-Ypaene Tov G elval S1GVVEKTIKY GUVIGTACO, OG TPOS GKLES OV KOt
UOVO av €ival O1GVVEKTIKT] GUVIOTMOGO MG TPOS AKLLES Kamowov Gi.

Eoto G=(V, E) éva cuvektikd ypaenua, Kot {€1,..., ek} ot yépupeg tou G (k=>0).

Anodei&te 011 T0 VIEO-YpaPNpoTe Gi,. . ., Gs VOl 01 SIGVVEKTIKEG CLVIGTMGES WG TPOG
akpég Tov G.
Anodei&te 0T k0O GUVEKTIKO Ypdonpua G €xet [io SIOVVEKTIKT] GUVIGTACO MG TPOG AKLLEG
OV TTEPIEXEL TO TOAD Lio, KOPLPT) OTNV OTOI0 TPOCTITTEL YEPUPOL.
[ 116 KopLEES @, b evog kaTevBuvoevo ypaenpatog toybdet a Rss b. Yrdpyet ndvra
KAE16T0 T)vog oL TTEPLEYEL TIG @, b;
Or g, b givon drapopetikég kKopveég evO¢ Karevbuvouevov ypaenpotog G, kot yo kabe
axun € tov G, ot &, b givatl oty id1o cvvektikn cvviot®on Tov V(G—e). Ioyvel TavTo OTL
aRss b;
Eoto G éva xatevBuvopevo ypapnua, kot F Eva vro-ypdenpa tov G mov gival ioyvpa
oLVEKTIKO. ATodeiETe OTL LITAPYEL IOYVPA CLVEKTIKY] GLVIGTMOCO TOV TEPLEYEL TIC KOPLPES
KoL TG aKpEC Tov F.
Ot u, V givor S1apopeTikéS KOpuPES VoG KoTevBuvouevoy ypagpnuotog G=(V, E).
Aépe 0Tt £vag dopepIopog TV Kopuemv Tov G o€ dvo vo-cuvora A, B, dtaympilet Tig U,
V, ov 1 U avikel 6To A, Ko 1.V avikel oto B. Aépe 011 €vog SLoUEPIGIOS TOV KOPUODV TOV
G og dvo vmo-chvora A, B, Tov dtaympilet Tig U, V, GLVEVAOVETOL, OV:
elre k0Be axpn mov €xet £va Akpo 6to A kat £vo 6To B éyet tqv apyn ™g 610 A Kot 1o
o4

x| B
1é\og ¢ oto B it ,
N KaBe axpn mov €xet £va dkpo o1o A kot éva 6to B éxet v apyn g oto B kat to téhog
0110

A B

O+t

™G oto A
AmodeiETe OTL v VTAPYEL 81ausp1c5uog O MG TAPUTAV® TOL dtoy®PILeL TIg U, V Kot
GUVEVAOVETOL, OL KOPLOEG U, V SEV glvar 6TV 1010 10YVPE GUVEKTIKT] GUVIGTOGCO.
ATodelETE OTL: OV 01 KOPLPEGS U, V dgv glvat otnv 1010 1oV PE GLVEKTIKT GLUVIOTMOOO,
VILAPYEL OOUUEPIG OGS OTIMS TOPOATAV®D TOL OLoY®PILEL TIG U, V KOl GUVEVAVETOL.
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28.’Ecto G éva katevBuvopevo ypdonpa mov oev €xet kKAeiom dtodpopn. Amodei&te ot to G
€YEL LL0L KOPLQN TTOV OeV EIVOL TEAOGC KOUULAG OKUNG, KO L0 KOPLOT) TTOL 0V EIVOL apyn
KOO OKLTG.

29. Amodei&te 0Tl KaOe KaTevBLVOLEVO Ypdonua G €xel pia 16YVPE CLVEKTIKY cuvieTOoo H,
O1oV KABe ok mov Exel povo éva dipo oty H €xer v apyn e oty H

> °
H \
O~$\o

AmoodeiEte 011 kdOe KatevBuvouevo ypaonua G €xet Lo 1oyvpd GUVEKTIKY| Guvict®oo H',
OOV KAOe oK o €xel povo éva dkpo oty H' éxel to téhog g otnv H'

o:'(o

LS e S

O~
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5 ATmravtnoeig AOCKNoEwV

5.1 Apxikég Evvoieg

1.

Emeon to A etvon £vo eddyioto 60Voro Tov Exel Ty 0ot Ta 11, ko 1o A' wkavorotet v 11,
Epovpe ACA’. Opoua Epovpe 0t A'cA, emopsévig A=A".

KdaBe otoyeio a tov A pmopei va epeaviotet og onotadnmote 6éon pidg akolovbiog,
aveEaptnta amd Tov aptdpd avtypaemy tov a mov tapadétel To A. Eropévac dgv vmapyst
Jpopa avapeso og po akolovdia e 6povg amd 1o A Kol G€ pia akoAovdio pe Gpovg amod To
A,

[Tpopavdg pa cuvaptnon éEva-mpoc-éva and 1o {1, 2,..., N} 610 A’ Oa givan ko Eva-mpog-éva
av Oewpnbei cvvapmon and 1o {1, 2,..., N} oto A. Mo svvaptnon f and 1o {1, 2} 610 A e
f(1)=f(2)=a Oa civar £Eva-npog-éva. ov 70 A TEPLEYEL TOVAGYIOTOV 6V0 AVTIYPOPA TOV &, OAAG
dgv Ba stvon éva-mpog-éva av BewpnBel cuvdptnon anod to {1, 2} oto A'.

[Ipéner va eréyEovpie OTL, av woyvet X Ry, tote Oa toydvel ko Y R X. Apod R=R1UR>, 1oybet

X Ry av kot pévo av X R1 y 1 X Ry y. v mpot ntepintmon éxovpe Y R X amd ) ocvppetpio
15 Ry, ondte Ba etvar kar y R X. Opota ot de0tepn mepintwon, and ) cvpperpio s Ro.
Agv 1oyvel. ‘Eva avtimapddetypa gtvar ot oyéoeic Ri={(a, B)}, R2={(B, v)} méve o610 chvoro
{0, By 73

[Tpéner va eléyEovpe 0TL M oxéomn Ry elvatl avakAaoTiKY), CUUUETPIKT KoL LETAPOTIKY.

H oyéon R, elvar avaxkAaotikn and Tov opiopo .

H cuvOnkm mov opilel ) ovppetpio e R (av woydel X R Y, t6te 10y0et kor Y R X)
kavomoteiton kot av O€covpe 6mov R m oxgon {(X, X) | X € A}. And v Acknon 3, n oxéon
R=RU{(X, X) | X € A} givanr coppetpixy.

[Ma va ogi&ovpe 6TL N Ry, efvon petafoticn, ekéyyovpe 0t kdBe opd mov 1oyveL X Ry Y Ko

Y Ra Z, 100t ko X Ry Z. Amo tov opiopd g Ry, X Ry Y onuaivetl ot gite X R Y gite X=Y, ko
Y Ry Z onuaivel 0t elte Y R z glte y=z. Emopévmg av woyvet X R, Y kar y Ry, Z éyovpie tic €€R1g
TEPUTTACELS:

XRyxkayR z: 10te X R Z and v perafotcomra e R, omdte kou X R, Z.

X Ry kot y=z: 1616 X R Z, 0mo61e Ko X R, Z.

X=y kot Y R Z: 10t X R Z, omote ko X Ry, Z.

X=Y ko y=z: 161 X=2, onote X Ry, Z.

Eneon n oxéon Q sivar ) évomon tov oxéocwv Q(n) (n>0), apkei va amodeifovpe 011, Yo KOOE
n>0, av to (X, y) kot ta (X, Y'), (Y, 2') eivar {edyn kamorag Q(n), tote T0 (Y, X) Ko to (X', Z)
gtvon Cevyn g Q. Ao v emoyayikn kKotaokeun e Q(N) umopovue va dodue 0Tt 10
nopamive Ledyn eivan oty Q(n+1), emopévag givon kat otnv Q.

Iaipvovpe 6mov R ™ oygon {(M, n) | m>n}® néve oto cvvoro {0, 1, 2,..., K}, 6mov K>1.
Tote [a]g={m | m>a}, ko1 pmopovpe va eréyEovpe 6t R amotehel aviumapadery Lo, Kot yio to;
tpio ovumepaopota g [potaong 1.2.1.

Ba YPNOUOTOMGOVLE TO OTL 0 APIBHOS TOV ELPAVIGEDV TOV GLUBOAOV «)» TOV TEPIEXEL L1l
oLUPOAOGELPE TTOV OVTIGTOLXEL GE aPIOUNTIKY TOPACTACT Elval 160G LE TOV aplOpd TV
EUPAVIGEDV TOV «(» TOL. TEPLEYEL.

Apyuc Tepintmon Kabe supPorocelpd mov amoteheital and Eva cOUPoro petaPAntng
N éva cORPOLO aKEPALOV aPBOD EXEL TPOPAVMS TNV 101OTNTO O.
Erayoyiko fipa Av vrofécovpe 6Tt 01 GVUPOAOCEIPES G1, G2 TOV OVTIGTOLYOVV GE

PO TIKES TAPACTACELS £XOVV TV 1010TNTA O, TOTE, XPNCILOTOIDVTIOS TO TAPAUTAVE®,
TPOKLITEL OTL KOl 01 CUUPOLOCELPESG G1+02, G1—02, G1%G2 £XOLV. TNV 1010TNTA O.

[apatnpeiote 6Ti 'R dev elvarl coppeTpikn, evad givar avokAiaotikn kot petofotikn. Mropeite va Bpeite wa oygon
R mov va givat cuoppeTpikn Ko HeTafatikn Kot vo uny €ivot ovokACGTIKNY;
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9.

10.

11.

1. T vor amodgi&ovpe 0t ' apxel va ogi&ovpe ot I'(n)<I'(n), yio k6Oe N>0 (apov. ot
KAdoeic I, T givon avtiotorya 1 éveon Tov vro-kAdoswv I'(n) kot 1 évoon Tev vro-KAAGE®V
I'(n)). Xpnopomotobue exoymyn:

Apyu mepintmon [pogavag I'(0)<I'(0) (agov I''(0)=I'(0)).

Erayoyuo pipa Av vrobécovue o6t I''(m)cl'(M) yio kabs m ue 0<mM<i, tote
I'(iI-1)cI'(i-1). Ano v kataokevn ™g I (i) amd v I (i—1), kar v katackevr e I'(i) axd
1ig I'(m), 0<m<i, mpoxvmter I (1)<l (1).

Ii. Ot xhaoeic I, I dev tawtiCovrat: pmopove vo. omodei&ovie pe exaymyn 0T, yio
omotadnTote ovuPforoccipd o otnv I(n) N otnv I'(n), givon B(o)=n (n>0). Enopévac, yio
onmotadnmote ovuforooelpd (o1+07) otnv I'(n+1) givar B(o1)=P(02)=N, TPAYLA TOL TPOPAVDG
dev 1oyvEL Yo TIC avtioTotyec cupporocelpég g I'(n).

Tpomomotode Tov opiopd g I ¢ eEne:

Apykés meputtooels — H IM(0) mepiéyet axpiPadg tig cuporocepég Tov amoTEAOVVIOL 0T
éva oOUPoro petafAntis (0w X, Y, kot ovTe kab eénc) N Eva cHPoro aképaiov apldpod
(6mwg 0, 1, 2, ko 00T® Kb €ENC).

Erayoyun katackevy H T7'(i), 0<i, amoteleiton amd dleg ti¢ ovufotooeipes tne T (1-1),
Kot ond T1G GLUPOAOGEIPES (61+02), (61—062), (01*G2), OTOL G1, G2 EIVOL OTOIEGONTOTE
ovpforoocetpéc me I''(i-1).

Mo va dgi&ovpe 6t ot Khdoeig I, T tawtiCovan, delyvoope 6t Il kou 'cl™'.

Mo va amodei&ovpe 0t Il apket va dgi&ovpe 6t I (n)<(0)UT(1)U...UT(n), yio kéBe n>0
(apov o1 Khaoeig I, T eivar avtioToya n évaon tov vro-kKAdoewy I''(N) ko 1 Evoon tov
vro-khdoewv I'(n)). Xpnoyonotodpe exaymyn:

Apyu mepintoon [pogavag I''(0)<I(0) (apod I'"'(0)=I(0)).

Erayoyuo pipo Av vrobéoovpe 6t I'' (M) (0O)UT'(1)U...UT' (M) yio kaBe m-ue
0<m<i, 1ote I'"'(i-1)<'(0)UL(1)U...UL(i-1). And v kozookevn e I (i) amd v I (i-1),
ko Ty Kotookevn e ['(1) oo tig T'(m), 0<m<i, npoxdmtet

(i) < T"(I-1)UI(i) < T(0)Ur(HU...Ur(i-1) Urda).

INa va amodei&ovpe 0t F'el™, apkei va dgi&ovpe 6t T'(0)UT(1)U...UI'(N)<I (n), yio ke n>0.
XPNOLOTOIOVUE ETAYWOYN:

Apyixn mepintoon [pogavag I' (0)cI"'(0) (apod T (0)=I"(0)).

Erayoywo pripoa Av voBécovpe ot T(0)UT(1)U...Ur (M) (m) yio k6Be M pe
0<m<i, tote I(O)UT(DHU...UT'G-1)<I'(i—-1). And v katackevn g I'(i) amod tig I'((m), 0<m<i,
ko TV Kotookgon g I (1) amd v I’ (I-1), mpoxvmter T(1)<I™' (1), xou
(TOUr(HU...UT-)UrG) < I (—1)Ur”’(iy =1"'(i), Snraodn

C(O)Ur(HUY...Ura-)ura) < .

I. T va amodei&ovpe 6Tin Q' mepiéyetar oty Q epyaldpacte 6mmg oty Aoknon 9 (yw. to
gpomua ['cl).

il. Av mapovpe 0mov R ) oxéon {(m, m+1) | 0<m<K} nave oto cvvoro {0, 1, 2,..., K} 6mov
K>3, 6a égovpe Q={(m, m’) | 0<m=K, 0<m'<K}. And v GAAN HEPLE, LTOPOVYUE VO
amodei&ovpe e emaywyn 0Tl Yo omotodnmote Cevyos (M, m+p) otnv Q'(2n) 0 aképatog p
a@rveL vrolouro 1 otav drarpeitar 61d 3, kot yio onotodnmote (evyog (M, m+p) otnv-Q’(2n+1)
0 0KEPALOG P AN VEL VTTOAOITO 2 OToV dratpeitat ol 3. Apa

Q'c{(m, m") | 0<m<K, 0<m’'<K; o axépaioc m—m’ dev droupeitor 614 3}, omote Q'=Q.
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5.2 ZUVEKTIKOTNTA

1.

9

Ké&Be axpn ocvvelopépet 1 610 Pabud kabe evog amd ta dkpo TG, ETOUEVOS KAOE akun
CLVELCQEPEL 2 GTO GOPOIGHA TOV PABLOV TOV KOPLODV.

Kd&Be xatevBuvopevn akun cvvelopépet 1 otov EEm-fabuo g apyng g kot 1 ctov
£00-Pabud Tov TEAOVG NG, ETOUEVMS KADE KaTevBuvoevn akun cuvelceEpet 1 ato dbpoicua
TV EE0-PabdV TV KOpLE®V, Kot cuvelceépet 1 610 dBpotopa TV écw-Badudy Tov
KOPLO®V.

To Tapamdvom 1yvovVY Yo TOAV-YpaPipoTa, ov Oempnbel 6t1 Evag pun-koatevbuvouevog Bpoyog

i CLVEIGQEPEL 2 GTOV Pabpod Tng a.
Av mapovpe tn dwdpoun d=(as, €1, az,..., 82m-2, €2m-2, Q2m-1) OOV €m=€nm_1,
dm+1=Adm-1,. .., d2m-3=as, €om—3=€2, dom-2=a2, €om—2=€1, dom_1=ad1, N Aﬂ:(’)&cllé;n ™mg HpéT(lGT]g 2.2.1
0o dmwoet dlz(al, €1, 82,...y Am-2, €m=2, Am=-1; Em+1, Am+2,- - -, A2m=2, €2m-2, a2m41),...,
dm-2=(ay, €1, a2, €2m-2, Aom-1)-

a‘l a2 a3 am-l am al az a3 am_l
d: o g 5 L i0——0 dyioo— 5.5 ke -0
Qm-1  BHm2 Hm3 Am+1 dom-1 m-2  Am-3 Am+1

Av o1 Kopupég a, b elvar og S1opoPETIKEG GUVEKTIKEG GUVIOTMGES, 0V UTOPEL VOL VITAPYEL AKUN
{a, b}, apov to1¢ Oa siyape a Rs B.

AV A gival KGmolog SapePIGOS OOV, av 01 KOPLEES &, b ival o€ dlapopeTikd VVOLN TOL A
dev vmapyet okpun {a, b}, Ba éxovpe 6ti: av {a, b} € E, ta a, b givai 610 i610 ohvoro tov A.
Emopévog, av(ai, €1, a,..., an, En, an+1) eival otadpoun, Ta 8, am+1 o eivar 670 1010 GHVOAO TOV
A, dnhadn o dopeptoptog A yevikebvetl ) oyéon R;s. Emetdn ta civora kopupdv tv
GUVEKTIKOV GUVICTOOMV EIVOL 0 AETTOUEPESTEPOG OLUUEPIGHOS TTOV YEVIKEVEL TNV Rs, ol elvart
Kot AEnTOpEPESTEPOG O TOV A.

Av 10 GR &gt o dtodpopn (az, €1, @z, €2, 83,..., an, €n, An+1), 00t elvar 83 R @y, 82 R a3, an R an+1,
ko amo - petafotikotra e R Ba etvor ar R ansi. Apol Yo omolecdnmote KOPLEES X, Y TOL
Gr 0a £yovpe X Rs Y av kot pévo av X Ry, kat 1 cuvektikn cuviot®dco V, Hig Kopueng a Tov
Gr 0Oa éyet cav kopueég Tig {X | X Rs an x=a}={x | x R a}=[a]r, dnAadn mv kAdon
toodvvapiog ™ a. O axpéc g Va Ba givor ot

{{x ¥} [, y omy [a]r kar X R y}={{X, ¥} | X, y omv [a]r}.

Oy, av éxovope A={a, a'} ko1 B={b’, b} dev pmopodue va emréEovpe ta a, b cav dxpo Tov

a o/\o/_\o/\o b
HLOVOTTOLTION L. A 3
Xpnoworowovpe v [pdtacn 2.2.2, yia to vwo-cvvora A kot V—A. Aol vtapyeL S100pouN
pe apyn oto A kot 1éhog 610 V—A (1o G eglvar cuvektucod), Bo vdpyet povordrt p oto G e
apyn oto A kot téAog oto V-A, yopic koppio aiin kopven oto AU(V-A)=V. Apa 10
povomdtt 1 Qo etvor por okpn e to £va ikpo oto A Kot 1o GALO dkpo oto V-A.

‘Eoto 6t ta p1=(ay,..., b1), n2=(ay...., b2) eivor péytota povomdrio ufkovg N, xmpic kown

Kopue1. And v [Ipdtacn 2.2.2, vdpyel povomdtt (U,..., V), He opy1] KOPLON U TOL iy Kot
TELOG KOPLPN V TOV L2, XWPIiG GAAN KOV} KOPLPT UE TO g 1] LLE TO L2

u
a; 0 0 o by
a0 \ o b,

.’Eva amo6 ta povordtio (ay,. .., U), (U,..., by) Bo éxet pikog
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10.

n H ; : : n
TOVAGYLOTOV 5> Ko éva o To LovoTaTio (az,. .., V), (V,..., b2) Ba £xel pikoc tovAdyotov 5
Emopévag, éva amd ta povordtia (ay,..., U,....V,..., a2), (@1,..., U,...,V,..., by),
n n
(ba,..., Uy, @2), (D1,..0, UsL V., D2) B éxet pog TovAdyioTov >t5 +1=n+1, mwov

gtvan advvartov:

Av umapyet o dtadpopn do, pe akpa a, b, mov dgv dratpéyet v akun {a, b}, tote n agaipeon
™m¢ {a, b} dev Oa avénoet tov ap1fud TV GUVEKTIK®Y cuVIeTOCHOY Tov G (dpa &€ opiopov 1
{a, b} dev givar yépupa). O Aoyog sivan OTL, Y10 0OTOIEGONTOTE KOPLPES X, Y TTOV Eivar GkpoL
ag 6radpouns d oto G, av n d dev dratpéyel v {a, b} Ba Eyovpe v id1a Sradpoun Kot 6To
G—{a, b}. Kot av n d dwarpéyer v {a, b}, pmopovue va aviikotactioovue KAOe eppavion g
{a, b} omv.d pe ) dadpoun do, 0mdTE Maipvovue pia dSdpoun d’ oto G—{a, b} pe dxpo T1c
X, Y. Emopévag av 1 {a, b} givor yépupa dev umopei va vdpyet dtadpour; omwc 1 do, omdte ta.
axpa g {a, b} Oa Bpickovor 6€ S10QoPETIKEG GLVEKTIKES cuvioT®oes Tov. G—{a, b}.
Avtiotpooa, av ta dkpa ¢ {a, b} Bpickoviol oe SL0QOPETIKEG GUVEKTIKESG GUVIGTMGEG TOV
G—{a, b}, n apaipeon g {a, b} Ba awénoel Tov apOd TOV GVVEKTIKOV GVVIGTOCHV ToL G
(0pov o1 &, b givat oty id1o cuvekTIKN cVVIcTOG ToL G), dpa €& optopod 1 {a, b} sivar
YEQUPOL.

Av n akun e={a, b} evog cvvektikov ypoapnpatog G sivar yépupa dev umopel va vdpyet
Sradpoun 6mwc N do (BAETE mapamdve), oot KGHe d10dpopn e aKpa TIC @, b mpénel va
TEPEXEL TNV €. AVTIGTPOPO, 0V VITAPYOVLY KOPLPEG X, Y, 0oL KEOE dradpoun| pe dxpa Tig X, Y
TEPLEXEL TNV €, OL X, Y Ba Bpiokovial o8 SLoPOPETIKES GUVEKTIKEG CLVIGTMOGES Tov G—e, dnAadn|
N agaipeon g e o avENoetl Tov aptipd TOV GUVEKTIKOV GLVIGTOCHOV Tov G, dpa €& 0pIGHOD
1N € etvat yépupa.

Av 1 kopven a-eivor KopPukd onpeio Bo £xel TOLALYIGTOV dDO YEITOVIKEG KOPVOLS, AAAOLDS TO
G—a oev umopel va £xel TePIoCOTEPEG CLVEKTIKES GVVIGTAOOES amd to G. Av, yia KaOe 500
YELITOVIKES KOPLOES U, V TG &, vtapyetl dtadpopn d(u, V) pe dkpa TG U, V oV 0V TEPLEXEL TNV
a, N apaipeon g a dev Ba avENoet Tov aplBPd TOV CLVEKTIK®OV GLVIGTOCOYV ToL G (dpa 5
OpPLGHOV 1) KOpLET] a 0ev givar KopPikd onueio). O AdYog givar OTL, Y100 OTOIECONTOTE KOPLPES
X, Y mov givan Gkpo, pudg dadpopnc d oto G, av 1 d dev mepiéyet v a Oa Eyovpe v id1o
Swadpoun ko oto G—a. Ko av 1 d mepiéyet mv a, LTopodLE VoL AVTIKOTOOTHCOVIE KOOE
eneavion (..., u, {u, a}, a, {a, v}, v,...) mg a ot dwdpour d pe ™ dwdpoun d(u, v), omdte
naipvovpe o dtadpopr d' oto G—a pe dxpa T1¢ X, Y. Emopéveg av i kopuen a givar kopPikd
onueio, dev pmopel va vdpyet dSadpoun 6mms 1 d(U, V) yia kabe 300 yeIToviKéG KOPLPEG U, V
™ a. Apo vrTdpyovy dVO yeItovikég Kopueég by, by tg a mov Bpickovral oe S1aPoPETIKES
OULVEKTIKEG CLVIGTOGEG ToL G—a.

AvTioTpoQa, av VITapyovV dVO YEITOVIKEG KOPLEES D1, Dy TN¢ a mov Bpickovtal 6 S1OPOPETIKES
GUVEKTIKEG oLVIGTOoES TOL G—a, 1 apaipeon g a Bo avénoet Tov aplBpd TV CLVEKTIKOV
owvieTOo®V TV G (apov ot by, by eivar oty id1a cuvekTikny cuvicT®oo Tov G), dpo 1 KopLYN
a gtvor KopPiko onpeio.

AV 1 KOPLON & EVOG CLVEKTIKOV Ypapnpatog G eivar kKoppiko onpeio dev pumopel vo vdpyet
Swadpoun| 6mwe M d(u, V) yio ke 600 YEITOVIKEG KOPLOES U, V NG a (BAEme Topoamdvem), 0mToTeE
VIAPYOVY OVO YEITOVIKES KOPLPEC b1, b2 TG @ dmov Kabe dadpoun pe dipa tic by, by TepExet
Vv a. AvtioTpopa, av VAP oLy KOPLPES X, Y, OTov Kabe dradpopn| e dkpa Tig X, Y TEPIEXEL
V. a, oL X, Y Ba Bpickovial o€ S10POPETIKES GUVEKTIKES GUVICTMGEC Tov. G—a, OnAadn n
agaipeon ¢ a Ba avénoet Tov aplBpd TOV GUVEKTIKOV GUVIGTOOHV Tov G, dpa €€ opiopov N
a eivai yépupa.

Av n axun {a, b} sivar yépupa. dev mepiéyetar o kokAo (TIpdtaon 2.3.1), emopévog 1o a
(avtioToya o b) Oa eivar kopPucd onpeio av Kot LOVo av givat GKpo Kot KATOG GAANG OKUAG
(ITpdtaon 2.3.1), onradn av Kot povo av Exet Paduo 1.
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11. Ot ovvektikég ovvioTtdoes (Va;, Ez),. .., (Vk, Ek) dev emmppedloviat amd v agpaipeon g
{a, b}: av o1 kopveéc X, Y Bpiokovror atnv (Vi, Ei) (I=2), vrapyet dtadpoun pe dxpo tig X, y
7oV Ogv dlatpéyeL TNV {a, b}, omote 1 idia Sradpoun Ha VGPYEL 6TO VPPN KOt LETA TNV
agaipeon g {a, b}. Apa o1 cuvektikéc ovviotmoes tov G—{a, b} Oa eivat ot
(V2, E2),...; (VK Ek), xat o1 cuvektikéc ovviotmoss tov (V1, E1)—{a, b}.

To (V1, E1)—{a, b} eivar un-cvvektiko (agov n axun {a, b} sivat yépupa), Kot cuyKeEKpLLEVE,
amOTEAEITOL ATTO OKPBMG 0VO CVVEKTIKES GLVIOTMOOES: 0 AdYOG sival 01, av 1o (V1, E1)—{a, b}
€1)€ TOLVAUYLOTOV TPEIC GVVEKTIKEC CLVIGTMOOEG, N TPpOoheon TG akung {a, b} oto

(V1, E1)—{a, b} Ba £dwve éva ypdonio e TOLAAYIOTOV 6VO GUVEKTIKEG GUVIGTMGEG, EVM TO
(V1, E1) elvor ovvektikd. Eniong, amd tv Acknon 8 mpokvatel 6Tt o1 Kopueég a, b fpickovron
o€ SLOPOPETIKES GLVEKTIKEG oLVIOTMGES Tov (V1, E1)—{a, b}. Emouévmg ot 600 cuvekTikég
ovviotmoeg tov (V1, E1)—{a, b} Ba eivat n cvvektikn cuvietdoa g a, mov givat to (W, F),
KOt 1) GUVEKTIKT ocvvioT®oa NG b, mov givar to (W', F').

12. O1 ovvektikéc ovviotwoes (V2, Ez),..., (Vk, Ek) oev emnppealovior omd tnv apaipeon g a: av
o1 Kopueég X, Y Ppiokovtar oty (Vi, Ei) (1>2), vmapyetl S10dpopn e akpo Tic X, Y mov dgv
TEPLEYEL TNV &, OTOTE 1 1d10 Sradpopt) B VTAPYEL GTO YPAON L, KOt LETE TNV APOIPEST) TNG a.
Apa o1 GLVEKTIKES ouvioT®oeg Tov G—a Ba eivar ot (Va, Ep),..., (Vi, Ex), Kou o1 cuvekTikég
ouvviotdoes tov (Vi, Ej)-a.

To (V1, E1)—a givat pn-ouvektikd (apod 1 kopuen a sivat yEeupa), KoL GLYKEKPLULEVOL

AOTEAELTOL ATTO TIG GLVEKTIKEG GUVIGTOOEG TOV Dy, . .., b O AOyo¢ givon OTL Yo KAOE KopLOT)|
X tov (V1, E1) vdpyet éva povomdrt pe dipa tig X, &, Kot ETOUEVOS VITAPYEL EVOL LOVOTATL LLE
dxpo Tic X, b (Yo kGmoto i), mov dev TEPIEXEL TNV o Apol 1 KOPLET X PPIioKETOL OTI GLVEKTIKN
owviotdoa ¢ bj oto (V1, E1)-a, mov givar to (W, F).

1
o
2

13. To povomdrt (1, {1, 3}, 3, {3, 2}, 2} eivor un-enekTdoipo
HEYIGTO UNKOG.

14. Eoto {a, b} o axur. Exexteivovpue 1o povomdtt u=(a, {a, b}, b) amo to dxpo a, drotpéyovrog
OKUEG TOV YPAPNLOTOG TTOV 031 YOV GE KOPLYES IOV JEV EYOVLLE O EMOKEPTEL: OV LILAPYEL
KGO0, YELTOVIKT) KOPLOT| a1 TG & OL0pOPETIKT 0o Tnv b, Taipvovue
wi=(a1, {a1, a}, a, {a, b}, b). Av vadpyet kamoio yertovikn KopvEN a2 TG &1 HLUPOPETIKY OO
116 a, b, maipvovpe po=(ay, {az, a1}, a1, {a1, a}, a, {a, b}, b). Kat ovtm xad’eéng, péypic 6tov 1
dwadikacio dgv pmopel vo cuveyioel GALo, omdte Eyovps Eva povomdtt w=(ax,. .-, a, {a, b}, b)
7ov Ogv. pmopel va emektadel omd 10 AKpo ak. Katomy emekteivovpe 10 HOVomaTt i od To
Gxpo b pe Tov 1810 TPOTO: OV VILAPYEL KATOL0L YELTOVIKT] KOPLOT| b1 NG b dlapopetikn amod Tig
{ak,..., a1, a}, maipvovpe pks1=(a,..-> a, {a, b}, b, b1), xou ovTe® Kab eénc.

15."Eotm a pio kopuen mov ogv etvar kopPikd onpeio (Ilpdtaom 2.4.1). Av vdpyovv: 500
OLOUPOPETIKES OKUEG LE GKPO TNV @ TPETEL VAL VTTAPYEL KOKAOG oV Tig epiEyel ([Tpotaon 2.3.2),
Kot ovto givarl advvotov. Apa 1 kopoer a xet fadpo to moAd 1.

Amo v Amooeién g potaong 2.4.1 PAEmovpe 6Tt TOL AKPOL EVOG UN-EMEKTAGILOV
Hovomatiov ogv givat kKopPucd onpeia, ETopEVOS apob To Ypaenua eival akukio Oa £yovv
Bobuo 1.

, OAAG OV €xet

O1 oVVEKTIKEG CUVIGTMOES TOV Dy, ..., by 0gv eivar arapaitmto 6Aeg S10popeTikés LeTa&d Tovg, aAld Bo vdpyovV
TOLAAYLETOV 6VO OV Ba elvar dtapopetikes (Aoknon 9).
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5.3 Aévrpa

1. Awzpéyovpe tig aKUES TOV OVO LOVOTATIOV [, L2, apyilovTag omd TV KON apyikn Kopuen
a, uéyptL va Ppodpe v TpdTH KOpLEN X OOV T dVO povordria ympilovral (Ta i, Ho iva
OLOLPOPETIKA), ONANOT OTTOV 1) AUECMS EXOUEVN OKUT {X, Y1} TOV 1 €lvon Olo@opeTIKn amd TV

Y1 3

X o

e} 1
Aro LIt il o\ _/bzm 3 b
Yo \j
apECMG EMOUEVN akUn {X, Y2} TOV Ly . Apo? ta

1, 12 £XOVV KON TEAMKT] KOPLOT b, -0V cLVEYICOVUE VO SIOTPEYOVE TIG OKUES TOV pg Ha
Bpovpe pio TpdTN KOPLOT Z TOV L3 TOV EIVOL KOt KOPLET| TOV a2 (1 Kopven Z Ba prwopodoe va
givan kou 1 Y1 q N Y2). To tunqua (X, {X, Y1}, Y1,. .., Z) TOL HOVOTOTION L1 OEV £XEL KOWVES
KOpLQES pe To Tunua (X, {X, Y2}, Y2,..., Z) ToV pHovomatiov [ (oo TV EXA0YH TOV KOPLOOV
X, 2), omdte 1 d10dpoun) (X, {X, Yot Yio--os Z,--.s Y2, {Y2, X}, X) Oa givon kOKAOG.

2. 'Eoto 6t to G'=(V', E') eiven éva cuvektikd vmo-ypaenia tov G, ot X, Y givar kopveég tov G,
kot {X, ¥} etvar akpn tov G. Enedn 1o G’ gival cuvektikg, vadpyet povomdtt p tov G" pe
dxpa tig X, Y, kat gnetdn 1o G’ givar vwo-ypdoenua tov G, 1o | etvon Ko povomdrt tov G. AALG
10 G givar GKvkAo, 0TOTE OV VILAPYEL LOVOTATL (X, €1, 82,.., @n, €n, Y) LE AKPOA TIS X, Y TTOV VO
givon dtapopetikd amd o (X, {X, ¥}, Y) (ahioidg n dwdpouny (X; €1, @z,..., an, €n, ¥, {Y; X}, X) Oa
Nrav kokhog tov G). Apa pu=(X, {X, ¥}, ¥), kor n {X, y} givar ko oaxpn tov G'.

3. "Eoto X, Y 600 dt0popetikés kotvég kopupés Tov Gy, Gy. Eneidn ta Gi, G, eivat cuvektikd,
vIapyEL povordtt [y Tov G pe aKpo TIS X, Y, Kot LOVOoTaTt [ Tov Gy pe dxpa Ti6 X, Y. Emedn
10 Gy, G elvar vro-ypapnpota tov G, ta g, o eivon Kot povomdrtio tov G. AALG T0 G givar
G0, omoTE TA g, Lo €ivat To 1010 povomdtt W, TO 01oio Ba eivor Kot LOVOTATL TOV
(V1NV3, E1NE3). Apa 1o (V1NV2, E1NE>) Oa elvatr cuvekTikd.

4. 'Eote G éva cuvekTikd Ypaonpo e N KOPLOES oL £xEL KOKAO, Kot £0T® € [io oKL TOV
KkOKlov. Emedn n akun e dev eivon yépupa (ITpodtaon 2.3.1), 10 ypaenuo G—e givat cuvekTiko,
Ko e €xeL N KOpLPEG, Exet TovAdyiotov N—1 akuéc (Ipdtaocn 2.4.3). Apa 1o G €xet
TOVAGYIoTOV N axpés. Emouévmg éva ouvekTiko ypaonuo pe N Kopuees kot axpipmg N—1 akpég
npénel va, etvart dixukAo, dniadn Bo etvor d€vpo.

‘Eva pm-Koatevbovopevo ypdonuo pe N Kopueég kot akpifmng N—1 axpéc dev Ba sivar dévipo, av

o\)— /
OgV elvatl ETITAL0V KOl GUVEKTIKO 3

5. Av éva pn-kotevbuvopevo dkokho ypaonuo G pe N Kopueég kot M akpés omotelsital omd K
GUVEKTIKEG OLVIOTAOOES Gy,..., Gk, 0mov t0 Gj £xel Ni KOPLPES Ko M; akpég, Oa etvar mi=ni—1
(amd v [IpodTaon 3.1.2, enedn 1o Gj eivor dkukAo Kot GUVEKTIKO dNAad 6EVTPOo). AQov Ta.
Gi,..., Gk 0gv €00V KOVEG KOPVOES PETOED TOVG, Etval N=Ng+...+NK Kot M=My+...+M,
emopévac m=n—K. Apa av to G &yet axpimng N—1 axpég mpémer k=1, onAadr to G Bo eivar
GUVEKTIKO, emopéveg Ba elvat 0&vTpo.

‘Eva pun-katguBovopevo ypdonua pe N Kopueég kot akpifmg N—1 axpéc dev Ba gtvar dévtpo, av
orramidllLivg)
L

0gv. etvol ETTAL0V KoL OKVKAO
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=2
.

6. To ypaonua pe kopveéc {a, ¢, d, b, 1,2,..., n} kot akuéc f

{{a c}, {d, b}, {c, 1}, {1, d}, {c, 2}, {2, d}...., {c, n}, {n, d} } éxer unKog LEyroTOL
povomotiov 4, Kol To KEVTPO, TOL Eivai ol Kopueés 1, 2,..., n

7. Tha omotovonmote axépato N opifovpe évav adyopipo Dy (ov maipverl cav icodo Eva
dévrpo G=(V, E)) tpomomoidvrag tov alyopiuo D: aArdalovpe tnv evroAn d[u]«—0 oto npdto
TEPAG O TOV KOPLPOV (Ypaupn 5 tov D), oe d[u]«—N. IIpopavag o odyopBuog Dy yevikevet
tov D, agpot D=Ds,.
Ba dei&ovpe 0T, Y100 000N TOTE 0EVTPO G e dVO TOLAAYIGTOV KOPLPES, Kot Yo KABE Kopuon
utov G pe o(u)>1, oto téhog 10V aAyopifpov Dy 1oyvel: d[u]=N-+p, 6mov p givar t0
HEYOADTEPO dVVATO PUNKOG EVOG HOVOTTATION (X;..., U) e dikpo v U, To omoio (o) 1) dev
epExel KEVTPo tov G Kot pmopet vo enektabel o€ éva povordrt (X,..., U..., K), OTOL N
Kopven K etvar k€vepo tov G, N (B) o povadikd kévepo tov G mov mepiéyetal 6o (X,..., U)
glvoe 1 Kkopoen U.
[Tpopavmg, yio N=0 éyovpe axpifog m {ntovuevn 1oTnTa ToV aAyopifuov D.
ATooEIKVOOLUE LE ETay®YN OTL 1 TOapoumdve 1010TnTo ToL Dy 1oy0€t Yo OAa ta 6évTpa pe N
KOPLOES, Y10 KBe N>2.

Apywn mepintoon ['a n=2, 10 G &ivat éva dévrpo mov amotereitor 0md dVO KOPLYES L
Bobuo 1 i :
Erayoywo pipa ‘Eotm 011 N Topamdve 10totnta tov Dy toydet yio 6Aa to dévtpa pe

M KopueEc, yia kabe M pe 2<m<i. Oa deifovpe 011 Woy0EL Yo kGOe 6€vtpo G pe | Kopvéc.
To G Ba £xet TovAdy1oTOoV 30O KOPLEES e Paduod 1, agov €xet i>2 kopveés. Eotm ay, ..., ak ot
KopvPEg Tov G pe Pabud 1. Apatpodpe amd to G TIg KOPVOES ay,. . ., 8k, KO TIC TPOSTUTTOVGES
aKpég tovg{as, bi},. .., {ak, bk}, ka1 cvykpivovpe v cvureppopd Tov alyopibpov Dy pe
€16000 10 0évTpo G’ oV TPOKVTTEL, LE TN GVUTEPLPOPH TOL alyopibpov Dy pe gicodo 1o G.

ap 0\ ./O a
Av.1o G’ éyet pia povo kopven b, Oa givar b=by=...=by
O alyopOpog Dy pe gicodo 10 G Ba ekteléoet Tnv eviodn d[u]«—N ot ypopun 5 Yl TIG
KOPUPES Ay,.. ., ak, KOl 010 emopevo mépacpo Oa Béoer d[b]=N+1 kot Oa teppatiost.
H napandve 1810mta tov Dy 1oyvet, apod 1 b eivat n povn kopven tov G ue Babuod
peyordtepo amo 1, kot eniong o G €xel éva, povadikd KEVTPO, ToL givar 1 Kopven b.
‘Eotm 61110 G’ €161 TOLAGYIGTOV dVO KOPLYES. AV Lo kopuen U £xetl fabuod 1 oto G, Ba eivan
Kamoto ard 116 by,. .., bk (adMhoidg Oa giye Pabud 1 ko oto G, OndTE B rav petac&d Twv
KOPLQOV-ay,. .., Bk TOV APAIPEONKAV), Kot Bol ExEL LOVO Lo YEITOVIKT & SLOPOPETIKN OO TIG
ai,..., . Apa o akyopdpog Dy, pe €i60d0 10 G, a@ov ektedéoetl tnv evroAr] d[u]«—N ot
YPOUUN 5 Y10 TIC KOPVPEC ay,. . ., k, 0TO0 0e0TEPO TEPacua Ba Oéaet d[u]=N+1 yio kGO KopveN
u pe Babpod 1 oto G'. Iopatnpodpe 1t 01 KopLEEG ToV G TOV EVNUEPDVOVTOL GTO OEVTEPO
mépaocpa tov Dy (e ei60d0 10 G) givar akpiPdg ot Kopveéc tov G’ mov evnueP®VOVTOL GTO
TPOTO TEPATHE TOL Dy (1e €l0060 10 G'), Ko emiong amokTovv TV idta Tiun. Eivon 0koAo
va 681xrai10 o1, Y1 K@Og |, ot kopveég Tov G mov evnuepmvovTal 6to mEpooua j+1 tov Dy (ue

10 MTmopovLE VA ¥PTCULOTOUCOVUE EXOYMOYT GTOV OPOUO TOV TEPATUATMV TOV EKTELOVY 01 dVO aAyOplOpLoL.
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€i60d0 10 G) eivar axpiPds ot kopuPés Tov G mov evnuepdVovToL 6T0 TEPAGHO. J Tov Dy (pe
gloodo to G'), Kou emiong omokTovv TNV 10100 TL). Emopévag, n tiun mov divel o Dy o€ puia
KopveN Tov G, d10(pOPETIKN OO TIG ay,. .., Ak, VAL M 1010 e TV TIUn Tov divel o Dyig otV
id1a. kopven (tov G').

‘Eoto U pia kopuen tov G pe o(u)>1. Ilpopoavog 1 U Ba givat kot kKopven tov G'.

E&etdlovpe mpdta TV mepinTmo™ oL 11 Kopuen U eivar k€vipo tov G. Oa dei&ovpe 0Tl
d[u]=N+p, 6mov p eival 0 pHEYOADTEPO dLVATO UKOG EVOG LOVOTATION (X,..., U) pe dkpo v U
7oV 0eV TEPIEXEL AAAO KEVTPO Tov G. Amo v Amodeitn g [podtaonc 3.2.3 E€povpe 6t tar G,
G' &yovv 1o 1010 KEVTPO, ETOREVMOC M KopLeN U eivor Kot KEvTpo tov G'.

Av 1 xopoon U €xet Pabuo 1 oto G, 10 ufKog Tov péyiotov povoratiov Tov G’ Oa givor 1
(eme1dn N U elvan kévrpo Tov G'), emopévag to G’ Ba amoteleitor amd 600 kopveéc. Apa 10 G

al O, S o) al a|+1 O, s (8 o a‘k
s \O/ /
u V

Bo Exet ™ popon , Kot T kévrpo Tov G o givat
01 KOPLEES U Ko V. AT TG mopomave wapatnpioels d[u]=N+1, kot erione 1o peyaldtepo
duvaTO UNKOG VOGS LOVOTTOTION (X, ..., U) 1e dikpo TV U mov dev mepitéyel To ahAo kévepo tov G
Oo eivan 1.

‘Eot® 0111 xopvon U €xetl fadpd. peyorvtepo and 1 oto G

ATO TIC TOPATAVE TOPATNPNGELS YL T GUUTEPLPOPA TOV okyopiBumv Dy kot Dy, kot v
emaymykn - vodeon yio tov alyopdpo Dy pe gicodo to G, éxovpe o1t d[u]=(N+1)-+p’, 61ov
p’ givan T0 pEYOADTEPO dVVATO PUNKOG EVOG LovoTtaTioD (X',..., U) tov G’ pe dxpo v U mov dev
neplExel aAAo Kévrpo tov G'. Kabe tétoto povomdrt tov G (pe unKog p') mpémnet va KaToAnyet
o€ pia Kopuen X' pe Pabud 1 oto G': og aviiBetn nepintwon, ite To povomdrtt Bo Empene va
enektevotay (Aoyw g akvkiikoéTntog tov G'), kot avtd dev yivetar, 1 Oa vaqpye o
LOVOOLKT] YELTOVIKY] KOPLON V NG X' EKTOS TOL LOVOTaTioH Tov O fTav T0 GAAO KEVIPO TOV
G, mpaypa eniong advvarov (amod v [Ipodtaocm 3.2.3 ot kopveés U, V Ba ftav YEITOVIKEG,
ondte Bo vfpye KOKAOC 6T0 G).

Oa dei&ovpe 6TL p=1+p’. 'Ecto (X,..., U) &va péyloto povordtt 6to G (ukovg p) pe dxpo v u
7oL Ogv mePExeL AALo kévTpo tov G. H kopven X Ba €xet fabuod 1 oto G (BAéne Ta
mponyodueva), apa X=a; yio kamoto j, 1<j<k. Emopévmc to povomdrt Bo £xet T popen

(aj, by,..., u), 6oL 10 (b}, .., U) ivor €va 660 T0 dLVaTOV peyadTEPO pHovordtt tov G mov dev
TEPLEXEL GALO KEVTPO TOL G Kot KaTaAnyetl og po kopuen by fabpod 1 tov G'. Enedn 1o dAro
Kévtpo Tov G eivar emiong To aAro kévrpo tov G', Kot pe Bdon o TPONYOVUEVA, TO LOVOTTATL
(b,..., u) Ba €xer pnkog p'.

E&etalovpe tdpa TV mepintwon mov 1 Kopven U dev eivar kKEvipo Tov G. Oa deiovpe 6Tt
d[u]=N+p, 6mov p eivar To HEYOADTEPO dVVATO UNKOG EVOG LOVOTATION (X,..., U) pe dkpo Tnv U,
70 01010 dev TEpLEYEL KEvTpo Tov G kot pumopel va enektabel oe Eva povomdtt (X,..., U,. ., K),
Omov 1 Kopuen K etvat kévrpo tov G. Ao v Anodeén g [podtaong 3.2.3 E€povpe OtL T
G, G’ &ovv ta 10100 KEVTPO, EMOUEVMS 1) KOPLOT U dev eivarl KEVTpo Tov G', Kot 1 Kopven K Oa
etvar oto G'.

Av 1 xopvon U-€xet Babud 1 oto G, n kopven X Ba etvor Kdmwola omd 116 as,. . ., Ak (AALOIDS Ba
EMPETE 1] KOPLPT K VO NTAV KATOL0L OTTO TIG ay,. . ., ak). Apa P=1, ko Eyovpe del mapamave Ot
d[u]=N+1.

‘Eotm 611 Kopven U €xet fabuod peyorvtepo and 1 oto G'.

AT TIC TOPATAVE TOPOATNPNGELS Y10 TH CVUTEPLPOPA TV aAyopifumy Dy kot Dysa, kot thv
emay®Y1Kn vodeon yia Tov alyopiOpo Dy pe gicodo to G, éxovpe ott d[u]=(N+1)+p’, 670V
P’ etvat T0 pHeyaAdTEPO dVVATO URKOG EVOG LOVOTTOTION (X',..., U) Tov G’ pe dkpo Vv U, T0
omoio dgv mepiEyel ké€vipo tov G’ kan pmopel va enektabel oe éva povomdartt (X,.. ., U,..., K),
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OOV M KopvEN K elvar kévipo Tov G'. Kdbe tétoto povordti tov G’ (pe unkog p’) mpémet va
KaTaAnyeL o€ pio Kopoen X' pe Babuo 1 oto G, ya Tovg 161006 AdyoLS e TV avticTouym
TEPIMTOON TOV EIOALE TPONYOVUEVOC.
Ba dcigovpe 611 p=1+p’.'Eoto (X,..., U) éva pé€yioto povordtt 6to G (ukovg p) pe dxpo v
U, To 0moio 0gv mePLEYEL kKEVTPO Tov G kot umopet va enektabet o Eva povomatt (X,..., Us..., K),
omov M KopveN K glvar kévrpo Tov G. H xopven X Ba €xer fadud 1 oto G (PAéne ta
TponyoduEVA), apa X=a; yio. kamoto j, 1<j<K. Emouévmc to povomdrt Bo £xet T popen
(aj, bj,- .., u), 6mov 1o (bj,. .., U) eivor £va 660 TO dvvaTdV peyalvTepo povondtt tov G', To
omoio dev mepéyel kévipo tov G, umopei va emektobel o va povomdat (by,. .., Us..., K) 6mov 0
Kopuen k eivon k€vTpo tov G, kot katalyet o€ o kopuen bj Babpov 1 tov G'. Eneidn ke
k€vTpo Tov G eivar emiong kévipo tov G', kou pe Péon to Tponyovpeva, to povordatt (bj,..., u)
B Exet prog p'.

7 6

.

8 5

O KOKAOG C1 TEPLEYEL KOT GEPA TIG KOPVOES 2, 3, 6, 7, 2, 0 KOKAOG C7
TEPEXEL KaTh GEPA TIG KOPLOES 1, 4, 5, 8, 1, Ko 0 KOKAOG C3 TEPLEYEL KATA GEPA TIC KOPLPES
1,2,3,4,56,7,8, 1.

To aBpoiopa Twv Ci, Cy, C3 elvar Evag KOKAOG
Kopveec 1,4,3,6,5,8,7,2, 1.
H ocvpperpicn dtoapopd tov-axpdv tov i, Cz etvar 0t KHKAot C1 Kot Co.

OV TTEPIEXEL KT GEPEL TIC

H ovppetpikn o1apopd Tov akp®V Tev Co, C3 eivor ot kokiot 1, 2,3, 4, 1 ko 5,6, 7, 8, 5.
H ovpperpikn Stopopd tov akpey tov Cq, C3 efvol ot kdkiot 1, 2, 7, 8, 1'kan 3, 4, 5,6, 3.
70_06 TS o6
C1 ‘ C1 l
20 3 23 I 3
1 4 Q g>
oO——O
. l
O
8 5 8 5

Xpnoomotovpe exoywyn 6tov aptfud K tov cuvorov.

Apyu TepinTmon Av k=2, a6 tov opiopd TG CLUUETPIKNG dlapopas Exovue E1@E,=
={X | 10 X avnkel og Eva kot povo éva, and to Eq, Ex}=

={X | T0 X avnkel o€ povo apBud aro ta E;, E}.

Erayoyuko pipa YnoBétovpue 611 yio kémowo i>2 woyver (Es,..., Ei1)=
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10.

11.

={X | to X oviiket o€ povod apBpd and ta E;, j=1, 2,..., i=1}, y10 omowadimote chvora
E1,...5 Eisa.
Tote ®(Es,..., Ei) = ®(Ey,..., Ei.1) @ E; (opropodg tov B(Ey,..., Ej))
={X | T0 X aviket o€ éva kot povo éva omd ta. B(Es,..., Ei1), Ei}=
(OPIGHOG TNG CUUUETPIKNG SLaQOPAs)
={X | to X avriker o610 D(Ey,..., Ei_1) xon dev aviket oo E}U
{x | 10 X dev avnkel oto @(Ey,..., Ei_1) kot aviiketl oto Ei}=

={X | To X aviket ce povo apud and ta Ej, j=1, 2,..., i—1, ko éev avrkel oo Ei}U
{X | 10 X aviket o Loy apBuo omd ta E;, j=1, 2,..., i=1, kot ovikel oto Ei}=
(emaywywn vrobeon)
={X | 7o X ovfiket o€ povo apBuod omd ta E;, j=1, 2,..., i}.

O anodeifovpe pe emaymyn 0t o Padpoc kdbe kopveng tov (V, @(Es, ..., Ex)) eivar Loyog, yia
omolodnmote K>2.

Apyun TepinToon ‘Eoto €1, C2 kKOKAOL VOGS un-Kozevbuvopevov ypaenuatog G=(V, E),
ue ovvoro axpav E1, Ex avtiotorra. ‘Eotm U pio kopuen oto V, kot I'1 (avtictowa 1) ot
aKUES TOV €1 (ovTioTot o TOL Cp) TOL Tpoomintovy otV U. O Babudc g U 6To vmo-ypaenua
(V, E1®Ey) givai 0 aptBpog tov akpdv (e akpo v U 610 ovvoro E1®E,, dniadn o apifudg
TOV 0Ku®V 610 oOvoro I'1®I={e | n akun e avikel oe éva Kot povo éva amo ta 'y, I}

Av ta I'1, I'; 0ev €povv Kowvd atotygia, To ouvoro 1@l Ba éxel 4 otoryeio av 1 kopvLPN U
AVIKEL KOIL GTOVS 000 KUKAOLG C1, C2, 2 GTotyelo oV 1 KOPueN U OVIiKEL LOVO GTOV £VOL OO TOVG

C1, C2, K0l Ba efvat KEVO v 1) KOPLPN U dEV OWVNKEL GE KAVEVAV AT TOVG Cq, Co.
O
C1 : C2

u .
0,

Av ta ', I éxovv éva kovd otoryeio (OtaKeKOLUEVT) OKuT) \O , T0 I'1®PI
B éxer 2 otogeia. Av o 'y, Iz égovv dvo Kowvd ototyeia (dtakekoppéves akués), to @I, o

elvat kevo .
Apoa og ke epintoon 1o [1DI; Oa £xer Luyd apBpd ctoreimv.

Erayoywé pripe Yrodétovpe 0ti, yio 0motovconmote KOKAOVS Cr,.. ., Ciog (I>2) Tou G, pe
ovvora okpmv Eq,..., Eiz1 avtiotoyo, OAeg 01 KOPVOES TOV VILO-YPAPTLOTOS

(V, ®(EL,..., Ei_1)) &ovv Quyd Pabud.

Av Cy,. .., G (1I>2) givar kbkhot Tov G pe obvora okpodv Ei,:.., Ejavtictoya, Ba sivat

®(Es, ..., Ei) = ®(Es,..., Ei.1)®E;. 'Eoto U pia kopuen oto V, kot I'1 ot axpéc 610

@(Ex,..., Ei_1) mov mpoonintovy otnv U, 7 ot akpéc oto Ej mov mpoonintovy ot u. O Babuodg
¢ U ot0 vro-ypaenua (V, @(Es,.. ., Ei)) etvar o aptBpog tov akpov e akpo v U 610
ovvoro @(Ey,..., Ei_.1)®E;, dniadn o apifuods tov akpodv 6to ovvoro ['1®I ;. Ato ty
emOy®yIKy vtobeon EEpovue 6TL 10 I'1 O éxel 2N oroysia, 6mov N>0. To I'z Ba €xet p ototysia,
OOV P=2 OV 1 KOPLET U OVIKEL 6TOV KVKAO Co, Kol aAloimg p=0. Oa. givar
]Fl(-BF2|=|F1|+|F2|—2]Flﬂl“2|.

Av ta T'1, I'; dev €xovv Kowa otoyeia, To cvvoro '@ Ba &xer 2n+p otoryeia.

Av ta I'1, T2 éxovv 600 kowvd ototyeia, To chvoro I'1@T; Oa £xel 2n+p—4=2n-2 crorysia (p=2).
Av ta 1, I éxovv éva kowvd ototyeio, to ['1@I Ba £xet 2n+p-2=2n ctoyyeia (p=2).

Apa og K4Be mepintwon 1o 1P Ba €xer Luyd apBud otoryeinv.

[Ma va €yet éva ouvekTicd ypaenua KOKAO, TPETEL VO £XEL TOLAKYICTOV. Lt YOPOT) OC TPOG
Kamoto dévrpo emkdloyng T. Kabe yopdn avrtictor el o€ £va oTolXEIOON KOUKAO 0¢ Ttpos To T.
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Emopévag, éva cuvektikd ypaonua pe N KOPLEES Kot M aKpES £xEl akpPdg Evo KOKAO oV Kot
UOVO av €xel akpiac pia yopdn oc mpog to T, onAadn av Kot povo av m—n+1=1, 1 m=n.
‘Ecto 611 10 ypdonua aroteleitar omd K ocuvektikég ovviotmoeg Gy,. .., Gk, 0mov 10 G €xet n;
KopLEES Kot M; axpéc. Emeon 1o Gj elvan cvuvektiko, amd v [pdtaon 2.4.3 Oa stvor mi=n;—1
1100 k60 i=1,..., K. To ypaonua Ba £xet axpipdg Eva kKA av kot povo av vapyet Eva G,
1<j=K, o omoio €xel axpiPdg éva kOkAo (dnAadr M;=n;), kot yio kaOe i=1,..., K pe i#] 10 G;
gtvan xvkdo (dniaodn mi=ni—1).

A@o¥ 10 Gy,..., Gk 0eV €00V KOWES KOPLPES HETAED TOVG, Eivar N=N1+. ..+, M=M1+...+Mk,
Kot m>(ni—1)+... +(nk—1)=n-k. Av to ypapnua £yl axkpimg Eva KOKAO Kot TO | Eivot 0Tmg
napanove, Bo etvor m=(n1—L)+... +(Nj-1—1)+n+(Nj1—1)+. .. +(N—=1)=n—(k-1)=n—k+1. Am6 tnv
AN peptd, av m=n—k+1 mpénet va eivon m;=n; yio axpBog éva j, 1<j<K, kot mi=ni—1 yio k60e
i=1,..., K pg i#). An6 ta napandve, To ypaenua 0o £xel axpipoe Eva KOKAO.

O ocvvolikdg apBpog TV xopddv Tev G,.. ., Gk og Tpog kamolo 6dcog emkdloyng T eivar
(my—n+1)+... +(M—ni+1)=m-n+k. Apa m=n—k+2 av kor povo av vrapyovy axpPog 600
x0opdES g Tpog To T, dNAadn av Kat Hovo av VAP oLy akpPOS 00 GTOLYELDOELS KOKAOL 16
mpog to T.

AV-10 ypaenuo Exer axpifag 600 KHKAOLG 0V UOpel VoL LITEPYEL LOVO £VOC GTOLYELDONG
KOKAOG (Yroti Bo vnpye novo Evag KOKAOS GTO YPAGNUA ), KO OEV UTOPEL VOL LITAPYOVY
TOPATAVO 0O dVO GTOYEIMIELS KOKAOL. Apa VTAPYOVV BKPPDOG dVO CTOYEIDIELS KUKAOL, KO
m=n—k+2.

Av m=n—-k+2 0o vdpyovv axpiBmg V0 GTOYEWMIELS KOKAOL C1, Cz. Ot KUKAOL TOV YPOONLLOTOG
Ba etvon gite 000 (av o1 €y, C2 OV Eyovv dBpotopa) gite Tpels (Ci, Co, Kt TO GBPOIGLA TOVG,

®(Cy, C2)).
cl/ —O\Cf> l () l Cy J
Ta ypaenpato Ko , OOV 01 KOKAOL C1, Cp ElvOlL

OTOWYEIMOELS OG TTPOG TAL OVTIGTOLYOL OEVTPOL EMKAAVYNG TTOV ATOTEAOVVTOL OO TIG EVIOVEG
akuéc, £xovv N=6, m=7, k=1, xor m=n-k+2. To tpd10 Ypdonuo &yl 600 KhKAoVG, T0 devTEPO
€xet Tpelg KhKAove.
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5.4 AIOUVEKTIKOTNTA

O b O
SALLAS
o c
1. g \->o\-/ Eivara Ry b xon b R, €, aAld dev 1oyder a Ry €, 0mote 0

OUPOGRACIOTNTO OEV EIVOL UETAPATIKY).

O,
a b
2. ' 00100 TOTE KOPLPN X OLOPOPETIKT ard TIC &, b, ot

KOPLOPEG @, b ivan oty id1a. ouvekTiKn cuVieTOG ToV-G—X, aALG dev oydeL @ Ry b. Apan
[Mpotaon 4.1.1 dev woyvel av Taporeipdei n cuvOnkn 6T o1 @, b dev cuvdEovTat pe akun.
3. 'Eotm n=2. A@ov a1 Ry @z, vmdpyel povomdtt i pe dpo Tig g, 82 SLUPOPETIKO 0TO TO [,
OV TTPOPOAVAC OV £YEL KOWEG KOPLPES E TO [ EKTOS 0T TAL GIKPOL TOV.
‘Eotm n=3. A@ov 10 ypdonua £yl TPEIG TOVAXYIOTOV KOPLOES Kat EIval O10VVEKTIKO, M
Kopvon az dgv etvon KouPukod onueio (Ipdtaon 4.1.2). Apa vrdpyet povomdtt |’ Ue aKpo
TIG @1, 83 WOV OEV TEPLEYEL TNV 82, OTOTE OEV £XEL KOWES KOPLPES LLE TO WL EKTOG OTtO TOL GLipoL
TOV.

To v elvail SIGVVEKTIKO apov dev Exetl KopPikd onueia (IIpotaon 4.1.2),
aALG eV VILAPYEL LOVOTATL LLE GKPOL TIG A1, 84 TTOV VAL UMV EXEL AAAES KOWVEG KOPLPEG LLE TO
(a1, {a1, @2}, az, {2, as}, az, {as, as }, au).
[To10vg KhKAoVS Ba eméleye N dradikacio Tov meptypdpetar otny AnodeiEn g IlpodTaong
4.1.1, av 1o v tav to povomatt (ai, {ai, a2}, az, {az, as}, as, {as, as }, av);

4.  AmodEIKVOOVUE TTPADTO, OTL LITAPYEL EVOL LOVOTTATL U=(ay, ..., &), 0oL {a1, A }={a, a'} ka1

{an-1, an}={b, b'}.

a

Av ot axkpés {a, a'}, {b, b’} &ovv kown kopven i O/\o\/o i
TPOPAVEG.
Av ot oxpés {a, @'}, {b, b’} dev &xovv kown kopven, amd ™y [pdtaon 2.2.2 (kot
ovvekTIKOTNTA ToV G) VITAPYEL LOVOTATL Vv UE apyT 010 {a, 8"} kot téhog oto {b, b}, ywpic
Kappior GAAn kopven oto {a, a’, b, b’}. Mmopovpe va vrobésovpe, ywpic BAAPN ™S
yevikodttag, 0t v=(a',..., b) (aAlo1dg apKel Vo HETOVOUACOVUE KATAAAN AL TIG KOPLPES
a,a’, b, b"). To intoduevo povomdr Oa eivon {a, {a, a'}, &,..., b, {b, b'}, b’}
‘Eoto p éva povomdrtt (ay,. .., an), 0mov {a;, ax}={a, 8’} xat {a,-1, an}={b, b’}. Ipopavog
n>3, ko awd v vdbeon Hog Exovpe 0T, Yo KaBe Kopuen & pe 1<i<n, vdpyet dtadpoun
LE GKpa TIG &1, 8y TOV OEV TTEPIEYEL TNV @j. Emopévmg umopovpe va epopuoGOvLE TN
dradcaoio otnv ATodeién g Ipdtoaong 4.1.1, n omoia o katornéet oe éva kKOKAO C ov
0o epiéyet Tig axpéc {ar, axp={a, a'} ko {ar-1, an}={b, b'}.
‘Eoto 6t o1 {a, a'}, {b, b’} etvar drapopetikég axpéc vOg dtovvektikon ypapnuatog G.
And v [poétaon 4.1.2 (1) 10 G dev €xet kopPukd onpeio, 0TOTE Y10 OTOLAONTOTE KOPLON
X 10V G 10 G—X givat cuvekTiKd. ATO TOL TPONYOVHEVE, VTLAPYEL KOKAOG TTOV TEPLEYEL TIG
axkpéc {a, a'}, {b, b'}.

5. A@ov 10 G givar dtovvekTikd etvar V Ry W, 0mote vdpyel kokhog C mov meptéyet Tig

, To {nrovpevo givan

C

3 ; : w
KOPLOES V, W. Av 1 kopuen U avikel otov C :

L‘;—ivj L‘Q\;*/"J
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VILAPYEL TAVTO £VOL LOVOTLATL IOV AOTEAEITOL OO KOPLPES Kot akpéG Tov C, Ko S1aTpEyet
TIG U, V, W, L€ avTr) TN GE1pd.

‘Eotm 6111 xopven U dev aviket atov C. To G dev €xet kopPikd onpeio apov sivar
oovvektiko (Ipotaon 4.1.2), enopévmg To G-W eivan cuvekTikd. Eotm p éva povordrt
tov G-W e dxpa Tig U, V (SLOKEKOUEVT YPOUUT GTO GYNUa). AtoTpéyovpe T0 W amd v U

A C

TPOG TNV V, KoL £6T® X n TPt Kopve™ Tov C OV BPIoKOVLE.
Eme1on X£w, vdpyet tavro Eva Lovordtt v=(X,. .., W), ToL OOTEAEITAL OO KOPLOES Ko
akpég tov C, ke StoTpéyet Tig X, V, W, ue avth T oslpd (axdpa kot ov X=V). To povomdrt
u,..., X,..., W), 670V 1 VITO-0KOAOVOI (X,..., W) glvar To povomatt v, Oa dtatpéyel Tic U, V,
W, 1e ot T GEPaL.

uom 2w
1 v
To dev Exel kouPucd onpeia, omoTe £ival S1GVVEKTIKO

(IIpotaon 4.1.2). Av évag KOKAOG TtepiEyel TNV U Oa Tep€yel oTmodnToTe TIS oKUES {U, 2}
wo {U, 1}, ko av tepiéyel tnv Vv Bo mepiéyel onmodnmote Tig akpeS {V, 2} ko {V, 1}. Apa
dEV LTLAPYEL KUKAOG OV TTEPIEXEL TIC U, V, W.

Y10 F dev pmopei va 1oydet a R b, yioti av vimpye povondr (a...., b) oto F dapopeticd
and 7o {a, {a, b}, b} Oa oynuatilotay o koxhog (a,..., b, {b, a}, a), mov Oa mepieiye v
akun {a, b}. Emopévoc n {a, b} dev Ba rav yépvpa (Ipodtacn 2.3.1).

Eetdlovpe av to F elval S1GVUVEKTIKT GLVIGTOGA, EAEYYOVTAG OAN TOL GOVOAX |LE GTOLXELD
akpéG Tov G (6Aa ta vro-cvvora Tov E). I'a kébe cvvoro D mov dev mepiéyetar oto E,
enekteivoupe to vo-ypdonpa F pe 11 axpés tov D (Kot e Tig KopupEég auTmdv TV
AKI®V), Kot eAEyyovpe av to vro-ypaenuo U(F, D) mov mpokintel givat S1oVuveKTIKO. Av
10 U(F, D) dev givar diovvektiko yio kavévo D, tote €€ opiopov to F givat diovvektikn
CLVIGTOGA, KOt Propovue va mapovue H=F.

Av vrapyet kamolo Do yra to omoio o U(F, Do) givar diouvekTikd Kot S10popeTikod amd 1o
F, tote 10 F dev gival diouvekTikn cuvioTdod, 0TdTe eEETALOVIE e TOV 1010 TPOTO av N
eméxtoon U(F, Dg)=F; tov F eivat diovvektikn ovviotdod. Kot obto kab’eEng. Kabe
EMOVAAN YT TOV TOPATAV® EAEYXOV, LLE 16000 £Vl DIGVLVEKTIKO VTTO-Ypapnpa Fi pe
ePLocOTEPES OKUES 0md To F, glt€ diver éva emOUEVO SICVVEKTIKO LITO-Ypaonua Fiig pe
TEPLOCOTEPES OKUES amd TO Fi, 1 amodekviet Ot To Fi £ivoil SIGLVEKTIKT] GUVIGTMOOA.
[pogavag n dwdikacio o kataAnEet o€ pio S16VVEKTIKY GLVIGTOGA F, mov O TEpEyel
10 F.

Av 1 Kopoen U avikel o€ 000 SLUPOPETIKES O10VVEKTIKEG cuvicTces H ko O, Ba sivon
Gxpo dvo tovAdyiotov akuov € kot f, pe e e H ko f € ®. H axun f dev pmopet va oviket
kot oty H; yroti tote o1 axpés tov H, ® Ba ntav ot

{f}U{e’ | vrdpyer kOKAog mov TepExet Tig akpég T, e’} (BAéne TIpodtaon 4.1.4), ko Ha
elyape H=0. And v Ipdtaon 4.1.4 o1 axpéc tg H eivar ou

{e}U{e’ | vhpyer KOKAOG oV TEPIEXEL TIC OKUEC €, €'}, omote apod M T dev avrket otv H,
dev VITapyEL KOKLOG IOV Vo TEPLEXEL TS akpES €, . Ao v IIpotaon 2.3.2, 1 kopven U
etval kopuPikd onueio.

Av 1 Kopuen U givor kopPikd onpeio, vrapyovv dvo akpés €, f tov Tpoornintovy oy U
K0l TOV 0€V mepLEYovTaLl oToV 1010 Kok o ([Ipdtaon 2.3.2). Av vdpyetl SIGLVEKTIKN
ocuviotwoo H mov mepiéyet v €, ot axpéc e H Oa elvar ot

{e}U{e’ | vmhpyer kKOKAOG OV TEPIEYEL TIC OKUEG €, €'}, omote 1 axun T dev Ba avikel oty
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10.

11.

H. Apa dev vtapyeL S1IGVVEKTIKN CLUVIGTAOGO, TOV TEPIEYXEL OAES TIC OKLLES TTOV TPOOTUTTOVV
otnv u.

H axpn e dev eivar yépupa apod mepiéyeton o kokio (IIpotaon 2.3.1), omdte amd v
[Ip6taon 4.1.4 vrapyel povaodiky 010VVEKTIKN cuvioTdco H mov mepiéyel v €, ko ot
axpéc ™g H eivan ou {e}U{e’ | vapyel kdxhog mov mepiéyet TiC aKpéG €, €'}. Emopévag ot
€1, €2 eivat aKUEC Tov vIo-ypaenuatog H.

Eneion 1o H gival S1cuvekTiki] cuvioT®oo Kot mepiexet v €1, amd v [Ipdtaon 4.1.4 ot
akuég Tov H eivon ot {e1FU{e’ | vrdpyerl kOKAOG OV TEPLEYEL TIG OKUEC €1, €'F. A@oD N €2
gtvol axpn tov H, vdpyer KOKAOG Tov mEPLEYEL TIG €1, €2.

YroBétovpe 6Tt 01 KOPLPES U, V, OTTOL KAOE LOVOTATL e AKpa TIG U, V €Yl KOG
TovAdylotov 3, eivat otny 1010 dlovvekTikn cuviotdcoo H. Oa deifovpe 611 vag
0TO10GONTOTE SLOUEPIGHAC TV KOPpLO®V Tov G og d0 vIo-chvola A, B, mov dtaympilet
TIC U, V, dgV Dol GUVEVAOVETAL.

Emeion 1o vro-ypaenua H etvon dtovvektikd oyvet U Ry v, 0mote Ba vrdpyovv dvo
LOVOTATIOL U1, M2, LE QPYN TNV.U Kot TEAOC TNV V, X®Pig KOWES KOPLOES (6KTOC 0o TIG U, V).
AloTpEYOVLLE TIG AKUEG TOL LOVOTTATION L, 0Td TNV KOPLEY| U-Ttpog TV kopuen V. Ereidn o
SLopePIoLOG dtoywpilet TG U, V, 1 TPMTI OKLUT TOV L1 OV SLOTPEXOVUE EXEL KO T dVO
AKpo. TG 0T0 A, Kol 1) TEAEVLTOI 0K TOV Ly TOV SLATPEYOVLE EXEL KO TOL dVO GKPO. TNG
010 B. Apa Ba fpodpe pia mpdTn akpn {Xi, Y1} 100 Wi, 6mov X1 € A kot Y1 € B. Avtictoyo,
STPEYOVTOG TIC OKIEG TOV LOVOTOTION [, OO TNV KOPLEN U TPOg TV Kopuen V, Ha
Bpovpe pia TpmTn akun {Xo, Y21 100 [, 6oL Xz € A Kot Yo € B. Enedn ot kopuegs Xi, Vi,
X2, Y2 elvot OAEG SL0pOPETIKES Ao TIC U, V, KOl TOL LOVOTATIOL L1, Uz OEV £XOVV KOWES
KOPUPES EKTOG amd TIG U, V, o1 akUES {X1, Y1}, {X2, Y2} 0gv €xovv Koo GKpo, OTOTE
OglyvouV 0Tl 0 SIOUEPICUOG BEV GUVEVAOVETOL.

‘Eoto 300 kopueég U, V, 6mov KGOe [LovoTdTt e dKpa TIG U, V €xEl KNKOS TOVAGYLIGTOV 3,
7OV O&V glval 6TV 1010 S16VVEKTIKN cLVIGTOGO. Oa Bpovue Evav SOUEPIGUO T®V KOPLPDV
10v G o€ dVo vro-cHvora A, B; mov dwoywpilet Tig U, V KO GUVEVOVETOL.

Amno v [potaon 4.1.5 dev oydel U Ry V. TIpo@avdg o1 kopueég U, V eV GUVOEOVTAL e
axpn, kot o G €yet tpeic tovidyiotov Kopveéc. And v Ilpdtaon 4.1.1, yia kémoa
KOPLOT X SLOPOPETIKY atd TG U, V, 01 KOPLOES U, V Oa Bpiokoviol o€ S1opopeTIKES
oLVEKTIKEG GLVIOTMGEG TOV G—X. 'Eotm Ag 01 KOPLPEG THG GVVEKTIKTG GUVIGTAGAS TOV

O X HO
A, =1 By
G—X mov meptéyel TV U , ka1 By ot vmoéroumeg Kopupéc tov G—X.
Ipopavag kaOe akun Tov G—X €xet kot ta 600 aKkpa TNG 6To Eva and Ta. Ag, Bo.
Eme1on kd0e povomatt Le dkpa Tig U, V el INKOS TOLAGYLIOTOV 3, 1 KOPLOT| X 08V Uropel
VoL §fvol YEITOVIKT Kot Be v U Ko e v V. Av 1 X givor yerrovikr g U (avtiotoyo g
V), Bétovue A=A U{x}, B=By (avtiotorya A=Ag, B=BoU{Xx}). Av n X dev givai yeitovikn
pe Tnv U M v v, Bétovpe (avbaipeto) A=A U{x}, B=By. ®aivetar bkola 6Tt 0
SWIUEPIGILOG TV KOpLO®V Tov G oTa vto-cvvora A, B, diaywpiletl Tig U, V ko
GUVEVMVETOL.
‘Eoto a po kopuer| tov vro-ypoaenpatog Gi (1<i<m), dtapopetikn and T X. Eivat edkoro
va 000 e 6t KGBe axun Tov G mov Tpoonintel oV a Ha avikel oto Gi.
‘Eotm 611 M xopven a dev givar kopPikd onpeio Tov Gi. Av ot g, €’ glvar 600 S10POPETIKES
axpéG Tov Gj Tov TPOoSTImTOVY 0TNV:a, VTEAPYEL KUKAOG ToV G ToV TTEPLEYEL TIG €, €
(TTpéTaom 2.3.2). Emouévag, av ot €, €” eivat 500 dlapopetikéc akpés Tov G mov
TPOSTUTTOVY GTNV &, LIAPYEL KOKAOG Tov G Tov mepi€yet Tig €, €'. Apa 1 KopuPn a dev
elvar koppikd onpeio tov G.
‘Eotm 611 M kopoen a sivat kopuPuko onpueio tov Gi. Awd v [podtaon 2.3.2, vrdpyovy 600
POPETIKES OKUES €, 8" Tov Gj IOV TPOSTHTTOLY GTNV &, KOl OEV TEPLEYOVTOL OTOV 1010
KOKLo Tov Gj. Ot akuég e, e' dev umopovv va mepExovTat o€ Kamoto kKkAo C tov G: emeion
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12.

/ W
.‘ / X
Gi "»‘ /‘o W
o
a
o C dev umopet va mepi€yxetar oto Gj, eivor €0K0A0 VoL
JoVLE OTL TPETEL VAL TEPLEYEL TNV KOPLON X. Zuykekpipéva, o C Ba mepiéyet pia yelTovikn
KOPLEN W TNG X TTov avnkel 6to Gj, Kat [iol YEITOVIKT KOPLEN W' TNG X TOV OVIKEL O
Kémoto Gj, émov j#1. Avtd 6pwg onpaivel 0Tt ot W, W' a Bpickovar oty idtor GuVEKTIKN
ocvvicTmoa Tov G—X, mov gtvar advvatov, amd Ty emAoyn Tov Gi, Gj. Apov ot akpég €, '
dev epi€yovtol 6tov 1010 kKuKAo Tov G, 1 Kopue1| a givor KopPikd onueio tov G.
Apa n Kopue1 a eivar kopPikd onpeio Tov Gj av ko povo av givar kopPkd onueio Tov G.

‘Eoto H pia diovvektikn cuviet®ca tov G, kot € pia akun té H mov mepiéyeton o€ Kdmoto

vro-ypaonua Gi. H axpn € dev givor yépupa tov G (BAéne Acknon 4.4 (6)). And v
ITpétaon 4.1.4 eivon H=(W, K), 6nov

K={e}U{e' | vrapyel xdxrog Tov G mov mepiéyet Tig axués e, e},

W={u | n u eivar kopven Kamoug akuns oto K}.

Eneion n axpn € ogv givar yépupa tov G, vapyel kokhog C touv G mov mepiéyet v €
(ITpétaom 2.3.1). Mrmopovpe va dei&ovpe (0nwc mapoamdvm) 6tL o C mpémel va TepEyetan
010 Gi. Apa n axpn € dev givar yépupa tov Gi. 'Eoto H' n dicvvektikn cvvictdoa tov Gi
7ov mepiéyeL v €. And v Ipotaon 4.1.4 ivar H'=(W', K'), 6mov

K'={e}U{e’ | vmapyer kOKAog Tov Gi oL TTEPIEYEL TIG OKUEC €, €'},

W’'={u | n U givon kopven Kkdmoog akung oto K'}.

[popavmg kabe axpn g H' eivan ko axun tg H. 'Eoto 0 o axun tg H, dtagopetikn
amo v e. Yrdpyetl kokhoc C tov G mov mepiéyet tig e, 6. Mmopovpe va dei&ovpe OTmg
napondve 01t o C mpémel va mepi€xetar oto Gi, dpa n 6 tvor ko axpn e H'. Eropévmg ot
H, H' éyovv tic 1d1ec axpég kot Tig id1eg kopueég, ondte tavtilovral.

Apa n H givan dtovvektikn cvviethoa tov G;.

‘Eoto H' jna diovvektikn ovvictooa kdmowov Gj, xat € pio axpn g H'. H akun e dgv

etvat yépvpa t1ov G; (Aoknon 4.4 (6)), ko and v [podtoon 2.3.1 vrdpyetl koxrog tov Gi
nov mepiéxel v e. [popavag o 1610¢ kOKAOS aviKel Kot 610 G, 0mdte 1 axpn € 0ev glvan
véovpa tov G. ‘Eoto H n diovvektikn cuvictoca tov G mov mepiéyet tnv €. Mropodyle va
det&ovpe ommwe mponyovpéves 0tt ot H, H' tavtiCovrat, dpa n H' eivon dicvvektikn
oLVIGTOG0 ToL G.

Apa éva vo-ypaenua Tov G gival S10VVEKTIKT] GUVIGTMGO OV Kol LOVO av givot
SIGVVEKTIKT] GLVIGTAOCA KAToov Gi.

Av 10 G givot d1oVuveKTIKO, £)EL o SICVVEKTIKY GVVICTMGO oV ival To G, kot o G dev
&xet kopPucd onpeto (Ipotaon 4.1.2 (1)).

Av 10 G d¢eV glvar S1GVVEKTIKO, TO YPAPNILO TV OIGVVEKTIKOV cuvietmodv Tov G, M(G),
elvat akuKdo kot £yl pio TOVAGYIoTOV aK), OndTE XL 600 KopLPES te Pabuod 1 (BAére
Aocknoeig 2.5. (14), 2.5 (15)).

Apov 1o G dev éxet Kopveés e Pabpd 1, kabe kopver| pe Babpd 1 tov M(G) sivar dikpo
g axung {m, a}, 6mov 1 KopLPN N AvTIeTOLYKEL 08 Lo dloLVEKTIKY cvuvicTdao H tov G,
Kat 1 Kopven a etvar kopPikd onpeio tov G. Amd v Acknon 4.4 (8), vdpyel akun € Tov
G pe dkpo v a, mov dev avnkel oty H. Enetdn n axun e gite eivar yépvpa tov G 1
TEPEXETOAL GE 0 SIGVVEKTIKN CLUVIGTAOGO dLaPopETIKY amd v H, 1 kopven a Ba éxet
Babud TovAdyiotov 2 oto M(G). Emopévac n kopuen n éxet Babud 1 oto M(G), mov
onpaivetr 6Tt ) d16VVEKTIKN cuvict®co H mepiéyel povo éva kopPucd onpeio tov G.
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13.

14,

15.

Apa 1o G €xel 300 SIGVVEKTIKEG CLVIGTMOGES TOV KABE pio TepEyxel povo éva kopufikd
onpeio tov G.

‘Eoto n=2. Apo?¥ a; R, ay, vapyet povomart | pe dkpa T1g ai, dy Ypig KOWEC OKUES LLE TO

L.

‘Eotm n=3. A@ov 10 ypdonua ival SIouvekTIKd Mg TTPog aKUES dev Exel Yépupeg (ITpdTaon

4.2.2), ETOUEVOC UTOPOVLE VO EPUPUOCOVLE TN dtadikacio otnv ATdoeién g IHpodtaong
4.2.1, 1 omoia 0o katadn&et o€ éva KAELGTO Tyvog C mov o mepiéyel Tig axpés {as, az} Kot
{az, as}. Apapdvtoc TG akué {ag, az} Ko {az, az} od to C mpokvmtel pia akorovdio C’

dg do a; as
..... O-nmn-
e )
----- o TR
ds a do as

amd KopueEG Kot akpég Tov C (PAéme EVIoveg YPOUUES
070 GYNUATO) TTOV Eivar 1YVOG HE GKpaL TIG a1, a3, KOl OV TEPIEXEL TIC oKpEG a1, 8z},
{ay, as}. And v Anddeén tng Ipdtaonc 2.2.1, vdpyet vro-axoiovdia e C’ mov givan
povoratt i pe ta id1a axpo pe v C'. Apa 1o u' £yt Akpa TIG a1, a3 Kol Sgv TEPIEYEL TIG
{a1, as}, {a2, a3}, omdtE dev €xEl KOWES OKUES UE TO .

& 5
To \/ elvat S1IGVVEKTIKO MG TPOG AKUES 0POV OEV EXEL YEQLPES
(ITp6taom 4.2.2), aArd dev VEPYEL LOVOTIATL e GKPOL TIC 81, 84 TTOL VO LNV £YEL AALEG
KOWEG OKUES e TO povomdrt (a1, {a1, ax}, a2, {az, as}, as, {as, a4 }, as).

[Towa kAeotd {yvn Ba emédeye 1 drodikacio Tov TEPLYPAPETOL GTNV ATOOEIEN TNG
IIpétaong 4.2.1, av to v fjtav to povondrt (a1, {a1, a2}, a2, {az, as}, as, {as, as }, as);
ATOOEIKVOOLLLE TPATO OTL VTAPYEL EVOL LOVOTTATL U=(a1, ..., &), Omov {a;, ax}={a, a'} kot
{an-1, an}={b, b'}. Avtd propei va yiver onwg oty Amdvinon 5.4 (4).

A6 TV 0O0ECT) oG EYOVE OTL, Y10, KAOE QKLY € TOV HOVOTOTION L, VTEAPYEL SLOPOUN UE
dxpo TIC a1, an OV eV TEPLEXEL TNV €. Emopévac pmopovpe vo epapuocovpe T dtadtkocio
otnv Anodeién g Ipotacng 4.2.1, n onoio Oa katainéet o€ Eva KAEIGTO tyvog C mov Ha
mepLEyel TIg akpés {ay, ax}={a, a'} kot {an1, a,}={b, b'}.

‘Eoto ot ot{a, a'}, {b, b’} stvan drapopeticég akpég evog ypapnuatog G mov givor
OLGVVEKTIKO MG TTPog akpés. Ao v Ipotaon 4.2.2 1o G dev €xet Yépupes, omdTe Yo
omotladnmote akurn e tov G to G-e gival ouvekTiKo. Ao To TPONYOVUEVA, VITAPYEL KOKAOG
TOL MEPLEXEL TIG aKUES {8, @'}, {b, b'}.

A@ob 10 G glvan dtovvekTikd mg mpog axpés etvat V R, W, omdte vdpyetr khelotd tyvog C
OV TEPLEYEL TIG KOPLPES V, W. Av 1) Kopvuen U avikel oto C, vadpyel mavia £va ixvog Tov
C

u C
B |
Vv w v\g/(\jv : ; ! "
amoteAeiton amd KOPLEES Ko akéS Tov C, xat
OLOTPEYEL TIG U, V, W, LLE VT TN GELPAL.
‘Eotm 6111 xopouen U dev avikel oto C. Eoto p éva povordtt tov G pe dkpa Tic U, V
(O1OKEKOULLEVT) YPOUUT OTO GYNHO). ALATPEXOVUE TO W ot TNV U TPOG TV V, Kot £€6TM X 1|

X‘,' 7 \‘.\ C
O Sl |::—‘—O]
: ) : u Vfars g W - i B2 liay
Tp®d TN Kopven Tov C mov Ppickovpe - Yrdpyel mévio va iyvog

V=(X,:.., W), TOVL omoteAeitan amd KOpLEES Kot akpéG Tov C, Kot StaTpEYEL TIS X, V, W, e
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16.

17.
18.

19.

20.

avTn T oEPpd (oKOpa Kot av X=V 13 X=W). To ixvog (U,..., X,..., W), 670V 1] VIT0-0KoAovdia
(X,..., W) givon T0 iyvog v, Ba dratpéyet TIc U, V, W, LE aDTN T GEPJ.

”omZ o

1\/
To OgV. ExeL YEQLPES, omdTe eivar dtovvekTiko ([potaon

4.2.2). Av éva kAe1otd Tyvog mepiéyel v U O Tepiéyel ommooNmoTe TI¢ aKUEG {U, 2} kot
{u, 1}, ov mepi€yel v V Oao TePIEYEL OTMGONTOTE TIG OKWES {V; 2} Kot {V, 1}, ko av
mePLEYEL TNV W Bl TEPLEYEL OTOOINTOTE TIC OAKUES (W, 2} Kot {W, 1}. Apa Eva KAEIGTO
{yvog oL TEPLEYEL TIG U, V, W Ba S10TpEYEL OAES TIC OKUES TOV VPPN UOTOG.

Kdabe popd mov éva iyvoc etavel o€ pio Kopuen 1 eedyel omd pio KOpLPN YPNGIHOTOIEL
Lo KOOl KU o0 OTEC TOV TTPOCTTTOVY 0TIV Kopvuen). 'Eva KAE10T6 1)vog pTavel o
pic OO0 TOTE KOPLEN & TOGES POPES OCES TNV AN VEL (Ao Kat av 1) @ fvort dkpo
TOV). Apa oV VITAPYEL KAEIGTO {YVOg TTOL SLoTPEXEL OAEG TIG OKUEG TOL YPAPNLLATOS, KAOE
Kopuen o €xel Luyo Pabuo.

Emopévog 6to mapamdve ypaenpo 6ev vdpyel KAEIGTO (VoG oL VoL TEPLEYEL TIC U, V, W,
aPov o1 kKopvPEg 1, 2 £yovv povo Babuo.

Y10 F dev pmopei va woydet a R, b, yati av vafpye povordrt (a,..., b) oto F yopic v axun
{a, b} Ba oympatiloéTav o kKoK oG (a,..., b, {b, a}, a), mov Ba mepieiye v axun {a, b}.
Emopévac n {a, b} dev Ba fjrav yépupa (ITpodtaocn 2.3.1).

H am6oeién pnopet va yiver 0nmg otnv Andvinon 5.4 (7).

Av ta akpo. tng axung e={a, b} avnkouvv.og 600 SLUPOPETIKESG SICVVEKTIKEG CUVIOTMOEG OC
TPOC aKUES, dev oyvet @ R, b (TTpdtoon 4.2.5). Apa dev vmapyel KOKAOG TTOV VOl TEPIEYEL
™V €, onhedn 1 e etvar yépvpa (IlpdTaon 2.3.1).

Avn akpn e={a, b} eivon yépupa, amd v Andvinon 5.4 (16) dev woyver a R, b. Amd thv
IIpdtoon 4.2.5, o1 kopueég a, b dev pmopovv vo. aviKovv oTnV 1810 SIGLVEKTIKT GUVIGTHOCA
MG TPOS OKUEG.

YroBétovpe 0T, Y1 TIG KOPLPES 81, @, 82 EVOC GLUVEKTIKOD Ypaenuotoc G, 1oydet a3 R, a kot
a R, a;. ®a deifovpe 6T1 a1 R, ay.

Amnd v [pdtaon 4.2.4 vrapyet LOVaOIKT OIGVVEKTIKY] GLVICTMOGO MG TTPog akpés, H, mov
TEPLEYEL TNV KOPLON &, Kot 01 Kopupég g H elvan ot

{a}U{u | vépyel KreloTod TYvoc TOL TEPLEKEL TIG KOPLPEG @, U}. Emopévac ot as, 8 sivat
KOPLYEG TOL VIo-ypapnatog H.

Eneion 1o H gival S100VeKTIKY] GUVIGTMOGO MG TPOG OKUES KO TEPLEYEL TNV 81, OO TNV
I1potaon 4.2.4 ot kopveég T0v H eivarn ot

{a:JU{u | vapyet kKAe16TO iyvog mov TEPIEYEL TIG KOPLPEG 1, U}. Aol 1 a2 Eival KOPLON
tov H, vdpyet KAe1oto ixvog mov meptéyet Tig as, az.

YmoBétoupe 0t1 01 KOPLPEG U, V, €ivol otV 10100 SICVVEKTIKT GUVIGTOGO MG TPOS okLéES H.
Ba oei&ovpe OTL EVOG OTOIOGONTOTE SAUEPIOUOG TV KOPLPDV TOL G G€ 01O VTO-GUVOAN
A, B, mov dwaympilel Tig U, V, 0ev Ba cuvevoveTo.

Emeon 1o vro-ypdaenua H etvat diouvektikd og mpog axpés woyvet U R, v, ondte Ba
VILEPYOLVY BVO LOVOTATIOL L1, 2, LE 0PYN TNV U KOl TEAOG TNV V, YOPIG KOWES OKUEC.
AloTpEYOVLE TIG OKUEG TOV HOVOTTATION L1, 0Td TNV KOPLEOY U tpog TV kopuen V. Eredn o
OLOUEPIOUOG OLo®PILEL TIG U, V, TO [ £XEL TNV 0pY1] TOL 6TO A, Kot TO TEAOS TOL 670 B.
Apa Ba Bpovpe pio TpdTN akpun {X1, Y1} TOL g, 070V X1 € A Kou Y € B. Avtictouya,
SATPEYOVTOS TIG AKUES TOV LOVOTATION Ly, oo TNV KOPLueN U pog TV Kopuen V, Ha
Bpovpe pia Tpd™ aKun {Xz, Y2} TOL 2, 60V X2 € A Kot Y2 € B. Eme1dn ov akpég {X1, Y1},
{X2, Y2} givor 510QopeTIKES, OELYVOLV OTL O SIAUEPIGHOG OEY GUVEVAOVETAL.

‘Eotm 600 kopu@ég U, V, TOv 0gv gival 6TV 1010 S1GVVEKTIKT] CUVIGTAOGO OC TPOS OKLLES.

®a Bpovue Evav dapepiond Tov kKopuemv Tov G cg dvo vo-chvora A, B, mov daywpilet

TG U, V KOl GUVEVMVETOL.

Amo v [potaon 4.2.5 dev oyl U R, v. Ao v [lpdtaon 4.2.1, yia kdmwoia axpn € ot
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21.

22.

KOPLQYEG U, V Ba Bpiokovtal 6€ OtapOPETIKEG CLUVEKTIKES GVVIGTMOOES ToV G—€.'Eotm A ot

e
A © ° B

KOPLPES TNS GVVEKTIKNG GUVIGTAOGAS Tov G—€ OV TEPLEYEL TNV
U, kat B ot viérourec kopupég Tou G—e. aivetor dkoAa 0Tt O SUUEPIGULOS TV KOPVODV
tov G ota vro-cHvora A, B, dtaympilet TG U, V KoL GUVEVAOVETOL.

‘Eoto 0 pio axpn tov G, dragopetikn and tnv f. TIpogavag i axpn 0 Oa avikel o€ kdmolo

Gi(i=1, 2).

‘Eotm 0t1n 0 dev givar yépupa tov Gi. Ao v IIpotacn 2.3.1 vrdpyel kokAog tov Gi mov

TePEXEL T 0, EMOPEVMG VITAPYEL KOKAOG ToVv G mov mepéyet T 0. Apa ) akun 0 oev gival
vépupa tov G.

‘Eoto 611 axpn 0 etvar yépupa tov Gi. And v [pdtaon 2.3.1, n 6 dev nepiéyetat o€

KOKAO TOoV Gj. H axpn 0 oev pumopel va mepiéyeton ovte o€ kdmoro kokio C tov G: apov o
C dev pmopet va mepiéyetat oto Gj, eivar €0koA0 va SOVUE OTL TPEMEL VOL TEPLEYEL TNV OKUT
e. Avto gtvar advvotov, aeov 1 e ivat yépupa tov G. Apod 1 axun 6 dev meptéyeTon o€
KOKA0 tou G, 1 B etvar yépupa tov G.

Apan axun 8 etvar yépupa tov G av ko pévo av givar yépupa tov G.

‘Eoto H o d10vvekTiki cuvioTdoo g Tpog akués Tov G, kot a pia kopvern g H mov

TEPEXETOAL GE€ KATOL0 LVIo-ypaenua Gi. And v Illpdtaon 4.2.4 sivon H=(W, K), 6mov
W={a}U{u | vapyetl kKAe1510 iyvoc To0v G OV TTEPIEYEL TIG KOPLPES @, U},
K={e | ta dxpo g akung e tov G givat oto W}.

‘Eoto H' 1 816VVEKTIKN GUVIGTOGO ¢ TPOS aKuéES Tov Gj Tov TeptEyel v Kopuen| a. Atod

v [potaon 4.2.4 givar H'=(W', K'), 6mov

W'={a}U{u | vmapyer Khelotod iyvog tov Gj oL mEPLEYEL TIC KOPLYEC &, U},

K'={e | ta dxpa ¢ axpns e Tov G; eivor oto W'}

[Tpopavmg kébe kopven e H' givar kau kopven ¢ H. 'Eoto V e kopven g H,
dtaeopeTikn amd Vv a. Yrdpyel khewotd iyvog C tov G mov mepiéyet tig a, V. Mmopodpie va
deiEovpe Onmg mapanavm 0tLTo C mpémet va mepiéyetor oto Gi, dpa n V gival Kot Kopuen
¢ H'. Emopévag ot H, H' éyovv 11 1d1e¢ kopueéc. Emiong kdbe kopvon g H Ba eivan
010 Gj (apov Ba givar ko kopven g H'), ondte kdbe axpr g H Ba eivor oto Gi (amd tov
opod tov Gi, Gy), kot ke axun g H Ba etvar kon axpn g H'. Apa ot H; H' éxovv t1g
101eg KOpLEES Ko TiG 1016 axpéc, ondte ov H, H' tavtilovon, ko1 n H givon diovvektik
ocwvioT®oo tov Gi.

‘Eoto H' pa diovvektikn ovvietdcao kamowv Gj, kot a pia kopven g H'. 'Ecto H n

SIGVVEKTIKY cVVIGTOoA ToV G oV TTEPIEYXEL TV 8. Mmopovpie va deiovie OTmG
wponyovpéveg 6t ot H, H tavtilovral, apa n H' elvar diovvektikny cuvictodca tov G.
Apa éva vro-ypaenpo Tov G givol S16VVEKTIKY GLVIGTAOGO MG TPOG AKLUES OV KOL LOVO LV
€lvat S1GVVEKTIKY CUVIGTAOGO OC TPOS OKUES Kamotov G;.

O YPNOILOTOCOVUE EMAY®YN 6TOV optBud K tov yepupmv tov G.

Apyuciy mepintoon ‘Eoto 6t k=0, ondte 10 G dev £xel YEQupeg, kat Tpopavmg S=1 kat
G1=G. An6 v Ilpoétaon 4.2.2 to G eivar 016VVEKTIKO ©C TPog akpés. Apa to G etvanq
LOVOSIKY S1GVVEKTIKT GUVIGTMOGO WC TPOS OKuUES Tov G.

Ernayoywo pipa  Ymofétovpe 011, yio omotodnmote M émov 0<m<i, av éva cuveKTIKO
ypaonua G=(V, E) é&xe1t m yépupeg, {€1,..., Em}, Ol CLVEKTIKEC GLVIOTMOOES TOV

(V, E{e1,..., em}) eivor 01 S1IGVVEKTIKEG CLVIOTMGEG MG TPOG OKES Tov G.

‘Eoto G=(V, E) évo cuvektikd ypaenua Le | yEpupes, {€1,..., &}. Eotm Gi,..., Gs ot

OULVEKTIKEG GUVIOTMOEG To G—{ey,. .., ei}=(V, E—{e1,..., &}) (oo i>0, eivor $>2).

‘Eoto I'1, T, 01 ovvektikég cuvictwoeg tov G—e;. And v Acknon 4.4 (21), ot yépupeg

tov 1, Tz Ba givatl akpiBog ot yépupeg {€y,..., &i} Tov G mov givat StopopeTIKES omd TV
e1. Mropovpe va vroBécovpie ywpic PAAPN g yevikdtrTag 6Tt ot Yépupes Tov ['1 ivor o
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24.

25.

26.
27.

{e,..., &}, xar o1 yépupeg tov 'z eivar ot {€j.1,..., €}

Eivat evkoro va dovpe 0Tt Eva vto-ypaenia Tov G gival GLVEKTIKT GLVIGTMOGH TOV
G—{es,..., &i} av kot povo av givat cuvekTikn cuviotdca tov I'1—{ey,.. ., &} 1 Tov
I'—{€j:1,.- ., €} Mmopovpe va vrobécovpe yopic PAAPN ™G YEVIKOTNTOG OTL Ol GUVEKTIKEG
ovviotoes Tov ['1—{ey,. .., &} eivor o1 Gy,..., Gy, KoL 01 GUVEKTIKEG GUVICTMOGES TOL
Fo—{eji1,. .., &} etvar ot Gpyy,. .., Gs.

A6 TV enaymyikn vTdHEo, Ol SIGVVEKTIKEG CUVIOTAGEG MG TPOG akUES Tov [ elvan ta
vro-ypapnuota Gi,..., G, Kot 01 SIGVVEKTIKEG CLVIOTMOEG MG TPOS OKUES TOV [ elvat Tal
VRO-YPOENUOTO Gryg,..., Gs. Ao Ty Acknon 4.4/ (21), o1 01GVVEKTIKES GUVICTMGES MG
npog akpéc touv G eivor To viwo-ypaenuata Gi,. .., Gs, A0S 01 GUVEKTIKES GUVICTMOES
tov (V, E—{es,..., &i}).

Av 10 G gival S16VVEKTIKO MG TPOG AKUES, EXEL PUiot SIGVVEKTIKT CLVIGTAOGO MG TPOS OUKILES
mov givar 1o G, ko to G dev €xel yépupeg (IpoTtaon 4.2.2).

Av 10 G d¢v €ival 016VVEKTIKO 1OG TPOG OKUES, TO YPAPNLLO TOV SIGVVEKTIKMV GUVIGTOOMV
®¢ Tpog axpés Tov G, N(G), etvor dkvukho ko Exet piot TovAdioToV aKun, ordte 10 N(G)
£xet 000 KopLEEG pe Pabud 1 (PAEre Aoknoelg 2.5. (14), 2.5 (15)).

KéBe kopvon n 1o N(G) avtictoryel o€ pio SIGLVEKTIKY GLVICTOGA O TPOS aKpEG H tov
G. Av 1 xopuen N €xet Pabud 1, vdpyer povo pio axpn {n, 1’} oto N(G). Apa vadpyet
pévo:pio oxpn tov G pe 1o éva dxpo oty H kot 1o dAAo dxpo o€ pia S1oVVEKTIKN
oLVIGTMOG0 ®G TPog akueg H' dtapopetikn and v H. Emopévec n H nepiéyet povo pia
KOPYON GTNV OTO10 TPOCTIMTEL YEQLPOL.

Exel KAELOTN O10OPOUT TTOL DLOTPEYEL KATE GELPEL TIG KOPLPES
a,1,2,b,1, 2, a. EmnAéov, givar €bkoro va dodue 0T £ival 1oYVPE GVVEKTIKO.

Av éva KAE10T0 1)vog meplExel TV a Ho TEPLEYEL OMMGONTOTE TIG OKUES (8, 1) kot (2, &), Kot
av weptéyet b Ba tepiéyel orwodnmote Tig akués (2, b) ko (b, 1). Eivon edbkolo vor dovpe
OTL 01 TAPATAV® OKUES OV oynpaTiCovV {}vog, omdTe Eva KAEIOTO 1YVOG TOV TEPLEYEL TIG &,
b Ba SroTtpEyel OAEC TIC OKUES TOV YPOPT|UOTOGC.

KéBe popd mov éva {yvog etdvet o€ pio kKopuen 1 QevyeL oo pio Kopuen ypNoYLoToLel
poL aOUoL K otd QUTES TTOL TPOSTIMTOVY GTNV Kopuen. ‘Eva kAe1oto 1yvog etdvel o€
pio 0moldNTOTE KOPLEN X TOGES POPEG OGES TV APNVEL (KO Kot oV 1 X €lvor GKpo
TOV). Apa 0tV LITAPYEL KAEIOTO 1YVOG OV SATPEXEL OAES TIG OKUES TOV YPAPNHOTOS, O
¢Em-Pabuoc kdbe kopveng Ba eivar icog pe Tov Ecm-Pabud e.

Apa 0TO TEPATOVE YPAPNUOL SEV VTEAPYEL KAEIOTO 1)vOG OV VoL TEPLEXEL TIG @, b, apov o
€Em-Pabpoc tav 1, 2 givar 010popeTikdg amd Tov Ecm-Padud Tovg.

2 0/);_)_0 b : , : i
210 dev woyveL a Rss b, aldd av amaiowpoiv o1 katevBovels to

YPAPN L TTOV TTPOKVATEL OEV EYEL YEQULPOL.

H andoeién pmopet va yivel 6nwg oty Andvinon 5.4 (7).

YroBétovpe 0TL 01 KOPLPES U, V, glval oTnV 1010 1oYVPA CLVEKTIKY| cuvicT®co H. Oa
dei&ovpg 0Tt £vag 0mO10GONTOTE SIOUEPIGHOS TOV KOPLP®V TOV G 6& dV0 VTO-GUVOAN A,
B, mov daywpilet Tic U, V, 0ev Ba cuvevmveTaL.

Ereon to vro-ypaonua H etvatl toyppd cuvektiko 1oyvetl U Rss V, omtdte vtapyet-éva
LOVOTATL L1 HE apyn| TN U KoL TEAOG TN V, Kot £vOL LOVOTATL [y LE apy] T V Kot TEAOG N U.
AWTPEYOVLE TIG OKUES TOV HOVOTATION L1, omtd TN U tpog 11 V. Emedn to . xet v apyn
TOV 670 A Kot T0 T€A0G Tov 6to B, Ba Bpovpue pio mpdTn akpn (X1, Y1) TOL pa, OOV X3 € A
Kot Yp € B. Avtiotorya, Slatpéyoviag Tig aKIES TOV LOVOTOTION Uy, amd TN V. tpog TN U, Ha
Bpovpe pio Tpd akpr (Xa, Y2) T0U Ha, 670V X2 € B kot Y2 € A. Ov axpég (X1, Y1), (X2, V2)
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Oglyvouy 0Tt 0 SLOUEPICUOG OEV GVVEVAOVETOL.

‘Eoto 600 kopueég U, V, mov dev eival otnv 1010 1oYupa CLVEKTIKN GVVIGTOGA. O Bpodpe

&vay OLOUEPIGHO TV KOpLP®V Tov G 6g dV0 VITo-cuvoAa A, B, mov dtoywpilet Tig U, V Kot
GLVEVAVETAL.

‘Eoto F ot kopveéc {UFU{X | vmapyet Stadpoun pe apyr tn U Kou téhog v X}, Kot J ot

Kkopveéc {VIU{Y | vtapyet dtadpopn pe apyn tn V kot téhog v Y}. Eme1dn ot U, v dev givor
oV 1010 IoYLPE GLVEKTIKY cVVIGTOOA, Oa eivar gite V ¢ F, U ¢ J.

Q
> 7 S
oy o’/ Vo
Av Vv ¢ F, Bétovpe A=F xa1 B=V-F. [Ipo@avdg 0 S1opeptoroc
tov 'V oto vro-cuvora A, B, dtaympilel Tig U, V. Eriong, amd tov opiopod tov F dev pumopet
VO DTTOPYEL AU LE opy] 610 A Kol TEA0G 610 B, 0moTE 0 S10UEPIOUOG GUVEVAOVETOL.
Av U ¢ J, Bétoupe A=V-J kot B=J. O dwapepiopog tov V ota A, B, dwywpiletl Tic U, 'V, kot
amto ToV 0PIGHG Tov J eV pmopel vo vdpyeL akun e apyn oto B kol 1éhog 610 A, omoTE 0
OLOUEPIGILOG CLUVEVMVETOL.
Av 10 G dgev €xel aKpéEG, OTOLONTOTE KOPLEON TOL 0gV Bal ivar TEAOG aKkUNG, OVTE apyN
OLKNG.
Eotm 611 10 G €xetl pua akpn (8, b). Exexteivoupe to povordtt p=(a, (a, b), b) oo to axpo
a, 010TPEYOVTOG OKIES TOV YPOPNLOTOS OVTIGTPOQE A0 TV KOTeEVOVUVOT| TOVG, Kot
ELEYYOVTOG OTL OEV 00T YOVLAOTE GE KOPLOES OV EYOVLLE 10T EMOKEPTEL: OV VITAPYEL
KOO0, YELTOVIKT) KOPLOT| &1 TG @ StopopeTIKN ard v b ko o akpn (a1, a), maipvovpe
w=(as, (a1, a), a, (a, b), b). Av vaapyetl Kdmola YEITOVIKT) KOPLEN 82 TG 81 OLOPOPETIKT OO
T1¢ &, b ko o axpn (8, a1), maipvovpe po=(az, (a2, a1), a1, (@1, ), a, (8, b), b). Kot ovt®
KaB eENG, LEXPIS OTOL N dadtkaGio dev pmopel va cuveyioetl GALo, omdte £yovpe Eva
povomatt u=(a,..., a, (a, b), b) mov dev pumopei vo. enekrabel omd To GKpo ax. Avtd

X
o_eo_ﬁ@
b a aq as ax dizseH ] 2
onpoatvel 0Tt Yo omoladnNTote akun (X, ax) pe

TENOG TNV 8k, N KOPLOT X TPETEL VOL VIKEL OTO Lik. Emopévac oev Ba vdpyet tétota ok
010 G, apov Ba oynpatilotay o KAEIoTN d1adpon. Apa 1 Kopuen| ax dev ivor TEAOG
KOPUIOG OKUNG.

Katomy enekteivovpe 10 POVOmATL [k 0o T0 Gkpo b e avaAoyo Tpomo, S1aTpEXovVTag
OKILES TOV YPAPNLOTOG KOTE TNV KATELOVVOT] TOVG, Kot EAEYYOVTOG OTL OEV 001)YOUUOOTE GE
KOPLPES TOL EYOVUE NON EMOKEPTEL: 0V VITAPYEL KATOL YELTOVIKY Kopven by g b
SLPOPETIKN amd T1§ {ax,. .., a1, a} kot wa okun (b, by), Taipvovue

Uk+1=(ak, .-+, &, (@, b), b, by). Kot ovte kab g, uéxpic 6tov 1 drodtkacio dev Umopei va
ovveyicet GALO, 0mOTE £XOVLE EVOL LOVOTIATL k= (ks - -, &, (&, D), b,..., by) mov dev pmopel
vo, enektabel omo to dxpo by, Avtd onpaivel 6Tt yio omolodnmote akun (by, YY) pe apyn mv
by, 1 Kopoe1} Y TpENEL VO AVIKEL 6TO k+r. ETopévag dev Oa vdpyet té€towa akpn oto G,
a@ov Oo oynuotiiotav: po kAetot dtadpopr). Apa 1 kopven by dev eival apyn Kopuag
OKHTG.

Eotm E(G) 10 ypdonia Tov 1oyvpd GUVEKTIKOV GLVIGTOoOV Tov G. Eneidn 1o E(G) dev
€xel khewotn dwadpoun (Ipotaon 4.3.5), and v Acknon 4.4 (28) vrapyet pia KopveEN N;
10V Z(G) mov dev eivor TEAOG KapAG akpung, kat pio kopver nj tov E(G) mov dev givar
apyn koppudg oxpns. ‘Boto Hi, Hj ot toyupd cvvektikég cuviotooeg tov G mov
QVTIOTOLYOVV GTIG KOPLEEG N; Kat 1j Tov ZE(G).

N

V-F

‘Eoto e po akun tov G mov €xet 1o éva dkpo g otv Hi, Kot 10 dALo o€ o ioyupd

oLVeKTIKY ovvioT®co Hy Tov G dtapopetikn amd v Hi. H avrictoyn axpun 6 tov E(G) 0a
€YEL AKPAL TIC KOPVOES Mi Kot Nk. Eme1dn n kopuen ni 0&v ivat TEA0G KOS oINS TOV
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Z(G), n axun 0 &yt apyn v ni. Apan axpn e tov G éxsr vy apyn g oty Hi.

Av kdmowa oxpr) €' tov G €xet 1o £va dxpo e oty Hj, kot 10 GAlo € pua 1oyupa
ocvvekTikn ovviotwca Hy Tov G dwagopetik and v Hj, 1 avrictoymn axun 0’ tov Z(G) o
£YEL GKpaL TIC KOPLOEG Mj Ko k. Eme1dn n kopoen n;j 0ev givor opyr| Koppdg okpng Tov
Z(G), noaxun 0’ £xet T€hog v M, Gpa ) akpr €' tov G €xerl 10 Téhog g otnv H;.
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Eupetnpio Opwyv

axun, 12
dxpa e, 12
apyn ™g, 12
aeoipeon e, 12
Katevuvouevn, 12
pn-katevBovopevn, 12
TéAOG TG, 12
okolovOia, 6
avtioTpoPn TG, 6
koG g, 6
opot g, 6
VTO-akoAoVOia TS, 6
amoAolpn Katevdhveemy, 46
yYépupa, 16
ypapnua, 12
aKvkAo, 14
EMOYOUEVO VITO-YPAPT LA TOV, 12
Kkatevbouvouevo, 12
K€vTpo Tov, 13
pun-kotevbovopevo, 12
OLVEKTIKO, 16
LITO-YPaPnUa Tov, 12
YPAONLLA TOV SIGVVEKTIKOV GUVIGTOGOV, 35
YPAPNELA TOV SIGVVEKTIKOV CLVIGTOOMY MG
TPOG OKLLES, 43
YPAPN L TOV 1GYVPE GUVEKTIKOV
ovvicTOo®V, 50
dacoc, 23
emKaAvymg; 27
0évtpo, 23
emkdioyng, 27
VTO-OEVIPO TOL, 23
oroopoun, 13
dxpa g, 13
avoyytn, 13
apyn me, 13
Kietotn, 13
punKog e, 13
Téhog G, 13
dapepiopog, 7
AentopepEoTEPOS, 7
outpocfacipotnTo
®G TPOS akuES, 40
WG TPOG KOPVOES, 32
OLGVVEKTIKTY GUVIGTAOOC
WG TPOG OKUES, 42
MG TPOG KOPLPES, 34
OlGLVEKTIKOTNTO
G TPOG OKUES, 41
™G TPOG KOPLPES, 33
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EAOYLOTOTNTO
oLVvoiov, 11
ayéang, 11
TOV KAAGE®V 1600VVapiag, 8
EMAYMOYN
vrdbeon e, 8
ypnomn o€ opouo, 9
Cevyog, 6
OYVPA GLVEKTIKN GLVIGTOGA, 49
1oyvpn TpocPacipudtra, 46
1OYVPY GLVEKTIKOTN T, 47
tyvog, 13
KAAGELS 1I600VVapiag, 7
KopuPikd onpueio, 17
rKopven, 12
amopovousvn, 12
apoipeot e, 12
Babuog g, 12
yertovikn g, 12
¢Em-Pabpoc mg, 12
€o0m-Paduoc e, 12
GUVEKTIKY] GLVIGTOGA TNG, 16
KokAog, 14
afpoiouo KOKA®V, 28
GTOUYELOMNG, 28
povornart, 13
péyoto, 13
un-enextdopo, 18
ToAV-Ypaen o, 12
TOAV-GVVOAO, 6
tpooPacyotnra, 16
GUUUETPIKY| O10pOpdL, 6
GOUTTVUEN TOVO GTIC SIGVVEKTIKES
OUVICTAOGCECS, 36
COUTTUEN TTAV® OTIC SIGVVEKTIKEG
CUVIOTAOOES MG TPOS OKUES, 43
COUTTVEN OV OTIG 1OYVPE GUVEKTIKEG
oLVVIGTAOGES, S0
GUVEKTIKEG CUVIGTAOGEG, 16
ovvolo, 6
Kevo, 6
Eéva ovvola, 6
oyéon, 7
OVOKAQOTIKN, 7
oodvvepiog, 7
petapartikn, 7
GUULLETPIKY], 7
GUUUETPIKO-peTOPOTIKG KAEIGIUO TG, 10
xopon, 27
YPOUOTIOHOG, 24
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