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AXKHZIEIT 12. I6totipég - I81061taviopata, Ataywvomnoinon

Eruoxkonnon
1. 'Eocte® A éva tetpayeviko, n X n, unpeo. Edav
Ax = Ax, AeR 7 AeC xat x#0
n otaBepa A Adyetat w8rotps tou A kat 1o X To avtictoiyo 1drodiavuopa.

2. Eav A sivat éva tetpayeaviko, n X n, Pnrpeo, 10 Xapartnelotiko noAumvupo tou A opiletat
®G TO

p(A) = det(AI — A)

O Babpog tou p eivat n.

O otabepdg 6POG TOU XAPAKINPIOTIKOU TTIOAUGVUIOU £ivatl

p(0) = p(—A) = (—1)" det A.

Ot 161otpég tou A givat ot pideg TOU XapPAKTNPEIOTIKOU TIOAUGVUHIOU.

Av A, g, ..., A, m < n etvat o1 181ompég tou A, tote
pPA) =AM =2 A=) A= ) kit ko4 4k =0
To k; eivat n aAyeBpikn noAdanAdtnta tng 1810TING ;.
3. Av A sivatidlotpn tou A éva avtiotoyo 161081avuopa (oto M) eivat éva otoixeio tou undevoxwpou
null(AI — A).
O pndevoxepog null(Al — A) Aéyetat 1816xwpog tou A rou avuiotoiyei oty 8loupr A.

e H 8waotaon tou null(Al — A), dimnull(AI — A) opiletal og yeopetrpikn noAdanAétnta
g 18ouprg A.

4. @chpnpa Cayley - Hamilton. Av p(\) = A" +a, 1 A"~ '+ - 4a3 A\ ag eival 10 xapaktnplotikd
roAumvupo tou A, tote

p(A) = An + a/n—lfélni1 + - +Q1A+ ao_[ = O

5. Ta terpaywvikd punpoa A kat B Aéyoviat épota av urdapyet avuotpéwipo pntpeo M, oote

A=M"'BM.
6. To A Aéyetal Sraywvonoifoipo av sival 6010 He KATIo10 51ay0vio Pntpao.

7. @sopnpa. [61061aviopata mou aviiotolyouv o S1aPpopeTikEG 1810TIHEG elval YPaPPIKA avegdap-
mra. Av to A é€xet n ypappikd ave€aptnra 1i8iodiavuopata o A givat iayeovorojoo.

8. @swpnpa. Edv n yeouerpikrn moddarddtnta kabe doupng A eivatl ion pe v adyeBpik)

noAdardotna tote 1o A ewval Sayevorojolpo. Tty MEPIme®on autyy av A1, Ag, ..., A, €i-
vat ot 1610tég omou Kkabe 1810ty eravadapBavetal cUPeevVa PE Ty TIOAAATAOTNTA g, Kat
&1,&, ..., &, eival ta avtiotolya ypappika avedaptta 181o8iaviuopata, tote

A=XAX"1,

OTI0U X = (51 & oL §n) Kat A= diag(/\1 Ao ... )\n).



AoRnoclg

1. TlapadAayr) mg Aoknong 22 §6.2 Strang. Aivetatl 1o pntpwo

A:G ;)

(@) Na Bpebouv o1 1810T1pég Kat ot avtiotoiyot 1610xepot tou A.
(B) Alaywvorowjote to A.

(y) AeiSte on yia kabe n € N givar

1 n n __
A”:2<3 +1 3 1>‘

-1 3"+1
Auon
To Xapaktnelotko roAunvupo tou A sivat
pa(\) = det(\] — A) = ‘A__f A__12‘ =(A-272-1.

(@) Ot 18rotpég tou A eivat ot pideg g xapaxkinploukng eiowong pa(A) = 0, étol Bpiokoupe
A=2-1=0A-22 =18)1-2=4+1 =241,

£tot ot 161otpég tou A eivai ot A = 1 kat Ay = 3. Ta toug aviiototyoug 1810X®poug £xoupe
) _(1-2 ~1 1\ _ (0 —r1—x2\ (0 _
)\1(1] A)X—( 1 1_2> <3§‘2>_<0><:><—331—1‘2 =0 <~ T2 = —X1
. o 3—2 —1 il . 0 Xr1 — T2 . 0 o
e (3 ()0 () (72) - () wree
ETIOPEV®G O1 AVTioTolKot 1810xwpot Fy kat Fy etvat ot

sl ()} e}

(B) Armo 1o 8. otnv Emokoruon £xoupe
A 1 1\ /1 0 1 1 71_ 1 1\ /1 0\ //1/2 —-1/2
S \-1 1/\0 3/\-1 1 S \-1 1J\0 3)\1/2 1/2 )"
(y) Emedn A = XAX !, éxoupe A" = A= XA"X !, ¢éton
qn_ (1 Ly (L0 12 —1/2
- \—-1 1/\0 3 /2 1/2
/1 o1y /1o 1 -1
“2\-1 1J\0 3*)\1 1
/oo 3my /1 -1
T2\—1 3")\1 1

1341 3" -1
T2\3" -1 3" +1)



2. Edv yia 10 Te1payeviko pnrpoo woyvet A2 = A kat 1o Siavuona u eivat 16081avuopa wou A yia
Vv 8loupn A, t propet va erebel yia 1o A;

Auon
Eneidr) A2 = A urniohoyidoupe
A?u = Au = A(Au) = Au = Alu = \u

= Au = Au

= Au=\u

= (AN -Nu=0
kat eredn u # 0 énetat 6u

MoA=0=AXA-1)=0

katda ouvénela A =0, A = 1.

3. BerProTe T0 PN AVTIOTPEYWIHO UNIPKOO

a b
A= .
(@) Na Bpebei 10 xapartne1otiko MOAUMVUHO0 p4 tou A, akp1Beg, ripoosdiopioviag 6ndadn, kat
apBpnTuka onou epappodetal, 60AoUG TOUG GUVIEAEOTEG.
(B) Na Bpebouv ot 1610tiég tou A.
Avuon
Aot 10 untpmo A sival pn avuotpéyipo éxoupe 6t det A = 0, 10oduvapa

a b
d

':ad—bc:Oéad:bC.
(@) To xapaktnelotko MOAUGMVULO P4 Tou A sival

pa(A) =

’A_“ 4 ‘:(A—a)()\—d)—bc:)\Q—(a+d))\+ad—bc

—c A—d
Emnei1dr) amno v uvniébeon ad = be éxoupe tedikd

pa(N) = A2 — (a+d)\.

(B) O11810tég ToU A eivat o1 pideg TOU XAPAKTINPIOTIKOU TTOAUGVUIOU, £101 APOU
pa(A) = AA = (a+d)),

ot 181otpég tou A eivat ot A = 0 kat A = a + d.

4. Aoknor 15 §6.1 Strang. Ka6e pntpomo petabeong P, ag moupe 3 X 3, agprjvel 10 X = (1 1 1)T
apetdaBAnto, katd ouvérnela o A = 1 eivar 1doupr). Na BpeBouv o1 urtdAoireg 1810T1EG TOU
HNTPOOoU petabeong

v

Il
= o O
O O =
S = O

Avuon



Bpiokoupe 10 Xapakinplotiké rmoAuvovuipo tou P
A -1 0
pp(A) =10 X -1 :A’
-1 0 A
Ot 16otipég tou P eival ot pideg 10U XapPAKINPIOTIKOU MOAUMVULIOU, Kal adou 10 A = 1 sival
16totur) tou P pe 8aipson Bpiokoupe
Mol=A-1DN\+A+1)
kat ot pideg g e&iowong A? + A + 1 = 0 etvat ot
—1+v1-4 —-1+£v-3
2 B 2
Katd ouvénelwa ot 1dlotpég tou P eivat ot

A -1 0 -1

0 )\‘(1)’—1 A":)‘gl

SE

1 1 V3
Al—l, )\2——54‘17, )\3——5—’&7.

5. Acknon 16 §6.1 Strang. Amobeiite 6u 1 opiouca pnpmou A 1ooutal pe T0 YIVOHEVO TGV
16rotipov tou A.

Auon
BAéne Oedpnpa ot ogdida 223 otug Znpewwoeig (eclass: ‘Eyypaga).
6. Aoknor 17 §6.1 Strang. To dBpoiopa tev Siaydviev otoixeiov (To ixvog) pntp®ou 1ooutal pe to
adpotlopa tev 1B10TIIOV.
Auon
BAéne Oehpnpa ot ogdida 223 ot Znpewwoelg (eclass: 'Eyypaga).

7. Na Bpebei £va opbBoymvio unrpmo () 1o oroio diaywvoroiei to

4 2 2
A=1(2 4 2

2 2 4

Avon

BAéne [Tapddeypa 9.6 otig oedideg 228-229 kat [Tapdderypa 9.7 oug oedideg 234-235 oug
Inpewoeig (eclass: 'Eyypaga).

8. Eva 3 x 3 unipwo A éxet 16otipég A = 1, Ay = A3 = 2 e avtiotoixa 181061avyopata ta

1 2 1
x1= |2 y x2= 10 y X3 = 0
1 1 2
(@) MtraceA=A+ X+ A3=14+24+2=25, ané mv 6.
(B) To pnrpwo A sivar avuotpéyipo. To A = 0 Sev sivat 181otur) tou A. @ A

(y) Bdet A= XA A3=1-2-2=4, and mv 5.
(6) To pntpwo A eivai Sraywvortorjorpo. Ta 16odiaviopata eival ypappika aveiaptnta. @ A
() A=

100
A:(X1 X9 Xg) 0 2 0 (X1 X9 Xg)i1
00 2
12 1\ /1 0 0\ /1 2 1\ *
—(2 00020200
112/ \0o0 2/ \112



