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1. TpaupIKOi PETacXnuaTIouoi
Av X(F) kar Y(F) e F =R, i F = C eival dlavuouarnkoi x@pol hia cuvaptnon
L: X — YA L: X—TF Ayeral YPAuMIKOC HETAGXNHATIONOC €dv
L(Au+ pv) = AL(u) + pL(v), m
1coduvaua,
L(u+v)=L(u)+L(v), kar  L(Au) = AL(u),
yia 6Aa Ta diavuopara u,v € X Kal yia OAeG TIG oTaBepég A, 1.

Napadeiypa 1

Edv A eival éva n x m npayuankéd unrpwo, 1éte n aneikévion T : R™ — R" nou
opiletal wg
T(x) = Ax

eival évag YPAUMNIKOG JETAOXNUATIONOG.
Modyuan av x,y € R™ kai A, 1 € R wg dueon cuvéneia g dA\yeBPag UNTpwwy
éxoupe

T(Ax+ py) = A(Ax+ py) = AAX + pAy = AT(x) + uT(y).
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Nap&deiypa 2

AeiEre 6m n anekédvion T : R — R?, driou

U

_ _ 2u; —Up + U3
rw=rllee )= [*,2557)
3

€ival YPauIKOS HETAOXNUATIONSS. Modyuan av X,y € R3, kai r, s € R 1é1e

~xy + syg
T(rx+sy) =T|(| ro+ sy
rxs + sys3

\ (2(0(1 +sy1) — (2 +sy2) + (s + sy3))
(fX2 + S)/Q) + 3(fX3 + sy3)

() )

= rT(x) + sT(y).
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Napédeiypa 3

Av p(x) = ag + ayx + apx? eival éva noAuGvUo BaBuoU To MoAU SUo, BewpoUpe
mv aneikévion S: Py — R pe S(p) = ag. O peraocxnuanopds S eivar ypappikdg.
Mapatmpoupe 61 propoupe va ypdyoupe S(p) = p(0). Téte av p, g € P, kai

A € R éxoupe

S(p+4q)=(p+q)(0) =p(0) +q(0) = S(p) +5(q)
S(Ap) = (Ap)(0) = Ap(0) = A5(p)

rnou eivai 6,11 6éAoupe va anodeitoule.

‘Aoknon 1
Av f eival pia cuvexig cuvaptnon oro didotnua [a, b] opitoupe I(f) = F pe
X

I(f)(x):F(x):f f(1)d, as=x=b.

a

Anodeitre én o |: €[a,b] — €|[a, b] eival évag ypauuIKOG HETAOXNUATIOUAG,.

Ipapuikn ‘AkyeBpa - A13 FPappIKoi HETAcXNUATICUOI 8/1/2026 4/27



Napddeiypa 4

Av p(x) = ag + a1 x + apx? eival éva MoAuGVUPO BaBuoU To MoAU dUo, opilouue
L(p)(x) = xp(x),
dnAadn n ekéva L(p) Tou p eival éva noAuwvupo BaBuou 1o Moy Tpia 1o
_ 2 3
L(p)(x) = apx + aix“ + aox

‘Eto1 o L eival évag pyetaoxnuanoudg tou Po otov P3. O petaoxnuatoudg L eival
YPAUUIKOG. Medyuamn av p, g € Py kar A € R éxoupe

L(p+a)(x) = x(p+a)(x) = x[p(x) + a(x)] = xo(x) + xq(x) = L(p)(x) + L(q)(x)
L(1p)(x) = x(Ap)(x) = Axp(x) = AL(p)(x)

rou eivai 1o {NToUEVO.

Ipappuikn ‘AkyeBpa - A13 FpappIKoi HETacxnuATouol 8/1/2026 5/27



‘Aoknon 2

Av f eival pia cuvexig cuvdptnon oro didomua [a, b] opitoupe

JF) = f () dx.

Anodeitre én o J: €[a, b] — R eival évag ypappikdg HETaoXnUanopog.

‘Aoknon 3

Av X(F) eival évag SIavuouaTnikog Xwpog He eCwTEPIKS YIVOUEVO (-, ) Kal a éva
o1aBepd didvucua Tou X opiloupe TNV cuvAaptnon

F(x) = (x,a), XE X,

Anodeitte om o F : X — [ eival évag ypauuIkoG HETAOXNUATIONOG. QG ouvrnBwg
F=R.AF=C.
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Av L: X — Y eival ypaupikdG petaoxnuanopdg, 1ére L(0) = 0. Mpdyuan yia x € X
L(x) = L(x+0) =L(x)+L(0) = L(0) =0.
‘ETO1 0 peTacxnuanopde M : RZ — R? pe
(5)=C)
y y+1
dev eival ypapuikdg agou M(0) #0.

Opicudg 1
Av X ka1 Y eival diavuoparkoi xwpol Kai L : X — Y eival évac YoauuUIKOG
METAoXNUATICHOG opiloupe

@ Tnv eikéva (image) Tou L, imagel, va eival n eikéva tou X uéow tou L
imageL = {L(x) : x € X} = L(X).

Q Tov nupriva (kernel) Tou L, kernel L, va eival 1o cUvolo twv Siavuoudrwv
ToU X TWV oroiwv n eikéva uéow Tou L eivai o 0 € Y, dnAadn

kernelL = {x: L(x) =0} = L”'({0}).
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MNa K&Be YPAuUIKG petaoxnuanopd L ioxuel 0 € kernel L, apou L(0) = 0.

©ekpnua 1

Edv L: X — Y eival évag yoauuUIKOG METAOXNIATIOUOG, TOTE N eIKéva image L
eival Siavuouankos unéxweog Tou Y, evw o nuprivag kernel L eiva
Slavuouarnkog unoxweods tou X.

Av o petaoxnuanopdg L divetal péow evog pntpwou A, dnhadn L(x) = Ax, 1é1e

imageL=rangeA=C(A)  «kar  kernelL=nullA.

Opiopdg 2

‘EoTw L: X — Y évag YPAUUIKOG UETACXNUATIONOG. EAv n eikdva Tou L éxel
nenepacuévn didotacn opiloupe TV 14EN Tou L, rank L va eival n didctaon g
eikévag tou L, dnhadn rank L = dim(imagel).

Gempnua 2

Eav L: X — Y eival évac yoauuikog peraoxnuanouog kardim X = n, r1ére

rank L+ dim(kernelL) = n. @
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Napampnon 1

AV 0 YPAPUIKOG petaoxnuamoudg L: X — Y eival éva-npog-éva, 161e undpxel
0 AVIICTPOPOC pETaoXNUAnouds L' imagel — X. O aviioTpo®OG HETACXN-
pamiopog eival eniong ypapuikog. Mpdyuan av u,v € imagel kai A,y € R, 161€
undpxouv povadikd diaviouara X,y € X, pe L(x) = u kar L(y) = v kai

L (Au+ pv) = LY (AL(x) + pl(y))
= L' (L(Ax+ py))
= Ax+ uy
= AL (u) + L™ (v)

rnou eivai 1o {nTouuevo.

©ewpnua 3

O YoQUUIKOG UETAOXNHATIONOG L: X — Y éxel aviioToo@o av kal uévo av
kernel L = {0}.
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Opiocude 3
Edv L: X — Y eival évag YpauuUIKOG UETACXNUATIOUOG © onoiog eival éva-npog-
éva kal eni 8a Aépe 61 o L eival évag 1I60pop@IoudE UeTaty Twv X kai Y.

Av X(F) eival évag dIavuouankog xopog didotaong n kal % = {uy, ..., Ny} eival
pia Bdon yia tov X, 1éte o pyeracxnuanopdg L: X — F7, ye

C1
Lx)=Llcyui+---+cpup) =1 | | =(X)g,
Cn
T0 S1IGvuopa ouvIETaydéV®Y TOU X WG Mpog T Baon B, eival Icopop@IopdG.

©ewpnua 4

Eav Ly : X — Y kalls: Y — Z eival yoauuikoi uetaocxnuariouol, Tote
@ HouvBeon Lyol, : X — Z, n onoia wG ouvriBwe opileTal ue T oxéon
(LpoLy)(x) = Lp(L1(x)). eivar yoauuikdg peraoxnuanoude.
Q Avoll,, Ly eival éva-npog-éva, 1ére Ly o Ly eivar éva-rnpoc-éva.

Q Avoily, Ly eivarl éva-npoc-éva, 161e (Lpo L) ' =171 o LS.
1
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2. To uNTPWO YPAUMIKOU HETAcXNUATIOHOU

Mapampenon 2
MNa tov peraoxnuamnoud T oto Mapddelyua 2 naparnpouue o

Ui

_ 2u1 —Up + U3 _ 2 -1 1 _
T(“)‘( Uy + 303 )‘(o 1 3) Uz | = Au

us
énou A eivail 1o 2 x 3 unNTPwo oTNV TEAEUTAId OXEoN, KAl N YOAUUIKOTNTA Tou T
arnoppeel anod TG 1IB1IOTNTNTEG TNG AAYEBPAG TWV UNTPWWV.

GEENEEE v

To anotéleoua autd yevikeUeral.

Npéraon 1

Edv T:R™ — R" eival évag yoauUIKOG HETACXNUATIONAG, TOTE undpxel A € R™™M
wore
T(x) = Ax

yia kdBe x € R™.,
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‘Aoknon 4
Edv T: R™ — R eival évag yoauuIkOG petaoxnuanopdg, 1é1re undpxel a € R™
wore T(x) = a’x = (x,a) yia kd6e x € R™.

Auon
AV B, = {e1,€9,...,€m} eival n kavovikr Bdon otov R™ kai av x € R™, té1e
X=x1e1+x0e2+ -+ Xn,em =
T(X) =X T(e1 ) +X2T(92) P gk +me(em)
=X101 + X002 + -+ + X} Qm,

érou a; = T(e;) € R. ©éroviag

ap
a2
a=
am
éxoupe ot
T(x) = a'x = (x,a)
yia dhatax e R™, [ ]
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Anddeign g Npdraonc.

Av B, ={e;,eo,..., ey} €ival n kavovikr Bdon otov R™ kal av x € R™, 161
X=X1€1 +tX0€2 + -+ Xmem
EMOUEVWG

T(x) =x1T(e1) +x2T(€2) + -+ xmT(em)
=(T(er) T(e2) ... T(em))x,
A=(T(er) T(e2) ... T(em))

eival To {NToUPEVO UNTPWO. O

AlQTuNWVETal TWEA TO €PWTNHA KATd NOCOV €Vag YPAUUIKOG HETAOXNHATIOUOG
METAEU YEVIKWV JIAVUCUATIKWV XWPwV, L : X — Y, uynopei va napaoctabei péow
kdnolou oxeTikoU untpwou A. Eival oxeddv npopavég ot pia 1érola avanapd-
oraon dev yropei va eival g popeng L(x) = Ax (yiar). Ag dolue nwg Ba
avTiueTwnicouue 10 NPESRANUA He éva napddelyua.

Fpappikr ‘ANveppa - A13 FpappIKoi HETacxnuaTouol 8/1/2026 13/27



Napddeiypa &
©ewpoUpe Toug dIAVUCHATIKOUG XWEOUG TwV MoAuwvUUwy P3 kal Py kal Tov
petraoxnuanoud napdywyo T : P3 — P, énou yia p € P3 eivai

do
T =—=p,
(p)=7-=p
1c0dUvaua
T(cg+a1x + X’ + 03x3) = ay + 200X + 3a3x° ©))

Yuvéneia Twv IDIoTTWVY TG NapaAywyou eival 6Tl 0 peracxnuarnopog T eival ypau-
MIKOG. IXETIKA E TO UNTPWO avanapdoTtacns Tou T oke@topacTe o1 ol xwpol P3
kai P, pe kdnoia évvoia rautioviar pe Touc R kar R® aviictoixa. O1 peraoxnua-
ool @3 : P35 — R* kai @5 : Py — RS pe

Qo

bg

a
®3(ap+ arx + apx® + asx®) = o] kal  Dy(bg+bix+byx®) = | by
2 by

as

10080vapa ®3(p) = (p)x, kal Do(p) = (p)e, dMou %y = {1,x,...,x5} eivai n
ouvneng Bdon yia tov Py, eival ICOUOPPIGHOI.

AT T



Twpa SuWG, cUUPwvA Je TNV Mpdtacn (1), To UNTPWO NOU UAOTMOIE! TOV UETACXN-
pamnoud

% a
(P) =@s5(p) = | | = 202 | = @2(1(p)) = (7(R)):2,
303
a3

0100
A=((T(1) e, T(x)z, T(x*)ez, T(x*)m,) =[0 0 2 ©
000 3
wore

0100 ZO a

0020 a‘ = |20

0 0 0 3/[?] \30

as
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O1 3IavUCUATIKOI XWEOI MOU EPNAEKOVTAI KAl Ol JETAEU TOUG JETACXNUATICUOI aro-
TURNWvoVTal oTo dIAYP AU

Py —— Py P T(p)

lcp3 lq>2 A lcbs lcbz
)

R R )z, —2— (T(p))a,

AOYW ICOUOPPICHWY EXOUE O

T(p) = ®;' (A®s(p))

kal und autn TNV €évvola Aépe o1 To UNTPWO A MAPICTAVE! TOV UETACXNUATIONO T.

Ipappuikn ‘AkveBpa - A13 FPappIKoi HETAcXNUATICUOI 8/1/2026 16/27



Opiopdg 4

YrnoBéroupe o1 T: X — Y eival évag YOauuIKOG UETAoXNUATIONOS, dim X = m kal
dimY =n, Bx = {uy,uy,...,umn} kal By = {V1,Vs,...,Vp} eival BAocelg yia Toug X,
kal Y. Av @y : X — R™ ka1 @y : X — R” eivai o1 icopop@iopoi Dx(x) = (x) g, kai
Dy(y) = (y)a, ka1 av

O]j
Qo)
T(w) = avy + agVa + -+ + ApVp, (T(u))e, =| . |
Qnj
TO N X M UNTPWO
At 3, = ((T(W1))a, (T(u2))a, - (T(um))a,), @
IKAvorolei TN Oxéon
Aty (%) = (T(X)) 28, ®)

Kal AéyeTtal iNTPpwo avanapdotaong tou T we Npog TG Baceic By kai By .
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NMapampenon 3
Ané Tov 0pIcHO TOU UNTPWOU avanapdoTtacng (4) BAénoupe o1 To uNTpwo e&ap-
1aral and ng Bacelg. Mpdyuar yia Tov Jeracxnuanopd oro Mapddelyua (2)

X3
2X1 —Xo + X3
T(x)=7([x |) =
(X) -2 ( Xo +3x3
X3

TO INTPWO AVANAPACTACNS WS MPOG TIC cuvhBelc Bdcelc Twv RS kal R? eivar
A2 1T
“lo 1 3f
Av ndpoupe we Bdoel; Twv R kar R 1ig

1 1 2 . :
%:{m: R MY A } %,:{v1:(1)"’2:(3)}

1 0 1
unoAoyiloupe
2
T(U]) = (4) =V +Vy, T(Ug) = (2) =—V]+Vy, T(U3) = (2) = 6V] — Vo

AT T



KATA CUVEMEIa

1

(T(U]))@r:(]), (T(u2))93’:( 1 ); (T(us))@,: (_1)
Kal To PNTPWO avanapdotacng Tou T wg NpPog Tig Bdceig % kal %' eivai 1o

1 -1 6
Arg.® =1 1

10 onoio eival dlagopeTkd and 1o A, Mapampnore ém eved T(x) = AX omnv
avanapAcTacn wg nEog Tig Bdoeig % kal AB' eivai

T(x) = @3, (Ar,.2,2 Pz(X)) )

orou @gg(x) eivar 1o didvuoua cuvieTaypévwy Tou X wG Mpog TN Bdon A kai
Dy (y) eival 10 BIAVUCHA CUVTETAYHEVWY TOU Y WG MPOG Tn Bdon 4’

‘Aoknon 5
Bpeire Toug Icouop@iouous @ kal Dy kal emainBeuaote v (6).

T o



Napddeiypa &

Av X ka1 Y eival diavucuarikoi xwpol pe Baceig % = {u,uo,us} ka7 = {v1,vo,vs}
avriotoixa, kai T : X — Y eival évag ypauuIkog peraoxnuanopde pe T(u;) = v;, va
BpeBei To uNTPWO TOU PETACXNUATICHOU.

Ano Tov opIoud TOU UETACXNUATIOUOU €XOUUE

T(U]) =V, T(UQ) =Vy, T(U3) =V3
1 0 0
(T(w))r =10f,  (T(u2))y=(1],  (T(u3))» =|0
0 0 1

KAl TO UNTPWO avarnapdctaong Tou T wg npog Tic Baceig % kal ¥ eival to
1 00

Aty = 0 1
0 0 1

o

AT G



3. To uNTPWO ¢ GUVBESNC YPOMUIKDV HETACXNHATIONOV

©ewpnua 5

Eav X, Y kai Z eivai diavuouarikoi xwpol nenepacuévng didoraong, Ly : X — Y
kal Ly 1 Y — Z eival ypoauuikol UETaoXNUATIOUOI Ue avTioToixa unipwa
avanapdoracng Ay, Kai Ay, TOTE yia TO UNTOWOo avarapdoraong G ouvBeong
Looly: X — Z ioxUel

AL20L1 = AL2 AL1 ,

AnddeiEn
Av Bx = {uj, Uy, ..., U}, By = {V1,Vo,...,Vm} Kal Bz = {W1,Wa,..., Wy} eival B&-
oelg Twv X, Y kai Z, avrictoixa, 1o1e

Apot; = ((L2oLi(w)), (LaoLi(uz))s, -+ (LoLi(u))az,)-
ANMA yiIa kKéBe j = 1,2,...,k and v (B) éxoupe
(L2oLi(w))z, = (L2(Lr (W), = AL (L1 (W) 2z, = ALAL (W) 2,

and 1o onoio énertal 1o {NTounevo. |
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4. Mapadeiypara HETAcXNUATIOPRV oT0 eninedo
Napddeiypa 5 (KAipdkwon oy kareuBuvon Tou e1)

MNa k = 0 BewpoUEe TOV YOAUMIKO IETACXNUATIONS Ty, : R? — R? pe

T (4) = (ku1)

%)

€101 éxoupe ouppikvwon av 0 < k < 1, | enmiuAkuvon av k > 1 otn kareuBuvon
ToU 3. YnoAoyiloupe

K 0
Tee, (€1) = (0) =kei, Tie (€)= (1) =e @

o=y )

yeyovog nou eniBepaiwvel (Mpdtaon 1) 61 ol GTAEG TOU UNTPWOU MoU UAoMoIEl
TOV HETAOXNUATIONS Tie, €ival Ta Siaviopara Tre, (€1) Kai Tie, (€2).
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Napédeiypa 6 (KAipdkwon omyv karelbuvon 1ou e5)

AuTr) UNOMOIEiTal HECW TOU PETACXNHATIOMOU Tie, : R? — R? 6rou

=[5 ) e

Napédeiypa 7

O HETACXNUATIONOS BUGTOARC/BIAcTOAR G oTo R opiteral pe T oxéon
T«(u)=ku,  k=0.

Eneidn || Te(u)ll = kllull, yia 0 < k < 1 10 apxIKS BIAVUCHA CUCTENAETAI EVEA VI
k > 1 10 diadvuoua dlactéENeTAl. To UNTPWO AvANAPACTACNG Tou Ty, €ival To

3
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To Ixjua napakdtw deixver v dpdon Twv JETAOXNUATIONWY KAIMAKWONG Tie, . Tke,

kal dlaocToNng Ty avriotoixa, yia k = 2, oto Jovadidio TeTpdywvo S Je NAeUpES Ta
dlaviouara e Kai eo.

2ep 2ep

€2 €2

Toe, (S) (S)
S T2e, (S)

€]

2e; e] 2e

Ixfjpa: To S kal o1 EKOVEG Toe, (S), Tae, (S) kat To(S) (k = 2).
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Napddeiypa 8 (KAipdkwon)

O petacoxnuanopds Ty, k, = ke, © Tie, WG OUVBECN YOAUUIKWV
METACXNUATICHWY €ival YPAUUIKOG JeETaocXNUATiopog. ‘Etol

Tklel o Tkzez(u) = Tk191 (Tkzez(u))

L' ((k:a]@))

[k
\kw)
To uNTPWO avanapAcTacng Tou Ty, x, €ival 1o
k O
A=["] :
0 ko

AV ki = kp = k 0 HETACXNUATICHOG KAIWAKWONG €IVal O JETACXNUATIOHOG
OUGCTONAG/JIAGTONNG.
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Napédeiypa 9 (Alatuoeic)
‘EVAG YOAMMIKOG JETAOXNUATIONSG T & R? — R? e

uy + kup
(%)

T(u):( ) K#0

Aéyetal Si1drunon (shear) oy kareUBuvon Tou €1 Katd Napdyovia K.
Mapatnpoupue ot
T(e1) =e, T(e2) = key +es.

To uNTPWO AvVANAPACTACNC YIA TOV JETACXNUATIONO dIATUNoNG eival To

)

Me avdloyo 1pomno opileTal 0 JETAOXNHATIOUSS JIATUNGCNG OTNV KAteuBuvon Tou
€.

v
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170 IXAUa Nou akoAouBei anoTunwvovtal ol EIKOVEGS Tou ovadiaiou TETPAYwWVOoU
ME MAEUPEG Ta dlavUouaTa € Kal € JECW ToU JETAoXNUATopoU dIATuNoNg oTnv
kareuBuvon Tou e yia k > 0 kai k < 0.

2

e

4 4
kej +eo kej +ep

JETa
e

7(5) (k<0)

e

Ixfipa: H dpdon eni Tou S TG dIATINONG OV KarelBuvon Tou e yia k = +1/2.

TEAOL
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