rPAMMIKH AATEBPA
A1éAeEn 8
OpBokavovikd oUuvola & opBokavovikonoinon
OpBoyavia pnTpra
E. Zrepavoriourog & E. FTaASnoulog

Turnua Mnxavikv H/Y & Minpogopikig, Maveniomuio Marpwv

25 Noepppiou 2025

Ipappikr ‘AkyeBpa - A08 OpBokavovikorioinon, OpBoywvia untpwa 25/X1/2025 1/27



1. OpBokavovikd clivora

Opicude 1

Ye éva dIavuoudaTikd XWPO UE ECWTEPIKO YIVOUEVO (-, ) Kal enayduevn vopua
|l -1l éva clvoro diavuopdrwy S = {u, Uy, - -+ ,U,} Aéyeral opBokavovikd
(orthonormal) av

(uivuj>:O) GVi#jr Kal ”ui”:]» i=1,2,...,n,

iIcodUvapa {u;,u;) =, ériou ;; eival o dEATa Tou Kronecker.

MNa Napddelyua n Kavovikh Baon B = {e1,es, es} Tou RS, pe

1 0 0
e =|0f, er=|1], e3=|0f,
0 0 1

Onwg eukoAa dlAnICTWVETAl, €ival éva 0pBoKAVoVIKO GUVOAO WG MNPOG TO GUVN-
Beg eCWTEPIKO YIVOUEVO.
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AviiBeta n Baon %, = {by, by, bs} Tou R3, pe

1 1 1
b;=(0], bo=|1], bs=|1],
0 0 1

dev eival éva opBokavovikd oUVONO WG MPOG To cUVNBEC ECWTEPIKO YIVOUEVO
agou

by by =(1)(1)+(0)(1) +(0)(0) =1#0.

Mia Baon n onoia eival opBokavoviké clvoho Ba Aéyetal opBokavovikh paon.

©edpnua 1

Eorw om X eival évac SlavuouankoG XWpocG UE ECWTEPIKO YIVOUEVO (:,-) Kal
€otw On XB = {W1,Wo, -+ ,Wp} €ival yia opBokavovikr) Baon yia 1o X, 1o1e

X = (X, W1)W7 + (X, W)W + - - + (X, W)W,

yia KABe X € X.
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Anddeitn. ‘EoTw X € X KAl E0TW X = XW1 +XoWo +: -+ X Wn, TOTE QV K € {1,2,...,Nn}

(X, W) = (XTW7 + XoW2 + «* + + XaWn, W)
= X1 (W1, Wi} + X2 (W2, Wi) + - -+ + Xn{Wp, W)
= X {Wie, W)
= Xk
ouvénela TNG 0PBoKAVOVIKSTNTAG, SNAAdN © CUVTIEAEOTAG TOU Wy OTO avAnTuyud

TOU X WG Npog ™ Bdon & eival icog pe (X, wy). Eneidn 1o k eival Tuxaio énertal
10 {nToUpEvo. O

Opicudg 2
Edv 2B = {wq,Wo, - -+, W} €ival yia opBokavovikr BAon yia Tov SIavuouaTnko
XWPO X UE eOWTEPIKO YIVOUEVO, N EKPPAON

X = (X, W1)W7 + (X, W)W + - - + (X, W)W,

Aéyeral avantuyua Fourier Tou X wg npog T Bdon B. O CUVIEAEOTEG (X, W)
TWV Wy Aéyovral ouvieAeotég Fourier Tou X wg npog 1 Bdon .

4
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Mapddeiyua 1
Ta diavuouara

S

eival opBoywvia yetatu toug (b L by), apou
by-b2=(1)(1)+(1)(=1)=0

kal anoteAoVv pia Bdon yia 1o R? (yiari:). Eneidn by |l = Iball = v/2, 1a
oo [0 oo (1
ey 27 2l
anoteAoUV pia opBokavovikr Béon yia to R2. Av x = (2 — 3)T, 101€

x-bj=-1/vV2  x-by,=5/v2.

Evol To avanmuyua Fourier Tou X wg npdg 1 Bdon {b], b} eiva
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NMapddeiypa 1 (cuvéxeia)

2 1., 5,
= ——b) + —b),

Napampnon 1

Edv ce xwpo ue ecwtepikd yivouevo (-, -) Ta diavuopara {uy, Uy, - -+, Uy}, Ue
u #0yiak=1,2,...,n, eival avd dUo opBoywvia, dnAadn (u;,u;)) =0yiai#j,
101€ €ival ypauuikd avetdptnra. Mpdyuar av

Ciu;+cous+---+cpu, =0
yla Tuxaio k unoAoyiloupe

0=<0,u) = {cju; + Coup + - + CpUp, Uy)
= c1{uy, Ui + Co{up, Uy) + - -+ + Cp{Up, Uk)

2
= cifui, ug) = cllugll

enouévweg ¢, =0, apou uy #Z 0. O 1IoxupIoudS anodeixBnKe.
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Napampnon 2

‘Eotw X évag SIavuouaTKOG XWPOG UE ECWTEPIKO YIVOUEVO (-, -), enayouevn
vopuda || - ||, kar €éotw u éva povadidio didvucua Tou X. Av X eival didvucua Tou
X, 161€

X=X uu+y m
yiakdrnoloy€e X pyey L u.

Mapatnpoupe o1 10 povadikd y yia 1o oroio IoxUel n (1) eivai 1o y = X — (X,u)u,
EMOPEVWG

{y,u) = (x— x,wmu,u) = (x,u) — (x,u){u,uy =0

a@ou (u,u) = [lul|? = 1. To anotéhecpa yevikeUetal. Av {Uuj, U, -+ ,Up} eival éva
0PBOKAVOVIKO GUVOAO oToV X Kal

X = (X, upuj +{X,u)up + -+ + (X, Up)u, +Y,

1é1e y € (spanfuy, ug, -+ ,up})t
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2. OpBokavovikonoinon Gram-Schmidt

Mia opBokavoVvikr BACN O€ €va XWPo He eCWTEPIKO YIVOUEVO Napdyel €va opBo-
YyWVIO oUCTNUA “'ouvTETAYHEVWY' , dNAAdN yeVIKEUE! TNV évvola Tou opBoywviou
ouotuarog atdvwy tou R". ‘Etol o1 cuvieheotéc Fourier Tou Tuxaiou Siaviouarog
TOU XWPEOU €ival ol CUVTETAYUEVECS WG MPOG TO 0PBoYWVIO autd cUCTNUA Kal ival
€UKOAO va urnoloyicBouv. Kard cuvénela eival onuavtikd Kal MPaKTIKA XPAGIHO
O€ XWPOUG e eCWTPIKO YIVOUEVO VA YVwPIi{oupe Uia opBoKavovikr) Baon. Evw
oro R" n ek Twv Npotépwv yvwon uIag T€rolag BAong eival yvworr) dev cuppaivel
10 id10 yIa dA\oUG XxwPous. Na NapAdelyua OTo XWPEO TWV MOAUWVUNWY IP3[— 1, 1]
HE €CWTEPIKO YIVOUEVO

(p,q) = f_ ]] p(x)a(x)dx

n yvworm Bdon {1,x,x 2 x5}, onwg eidaue, dev eival opBOKAVOVIK). XTn OU-
véxela neplypdooupue pia diadikacia opBokavovikornoinong, dnAadn pia dia-
dikacia énou Eekivaviag and éva YPauuikd avetdptnto cUvolo JIavuoudTwy
S = {uy,uy,...,u,} Nnapdyeral ye ocuctTnuaTkd TPoMNo éva opBoKAvoVIKO GUVOAO
S ={wj,Wo,...,W,} éto1 wote span S = spanS’. H diadikacia autm Aéyetal opBo-
Kavovikonoinon Gram-Schmidt.
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‘EoTw Aoindv évag xwpog X Je ecwtepikd YIvOUevo (-, +) Kal enayduevn vopua
-1 = V(). kai éotw S = {u,Uy,...,u,} éva CUVOAO YPAUUIKA AveEaPTATWY
dlavuopdrwy tou X,
e ©¢Toupe

wi =u/llus]l.

Eival npopavég om span{u;} = span{w;}.
e ©¢Toupe
V2 = Up — (Ug, W)W,

agaipoupe dnAadr and To Uy TNV W1-CUVICTWOA Tou. Aeixvoupe étispan{uy, Us} =
span{wi, vy}, IcodUvaua av a, B € R, 161 undpxouv a,b € R wote au; + Buy
aw; + bvy. And Tov opIouO TwV Wi KAl Vo urnoAoyilouue

au; + Buy = aw; + bv,
au U, [V}
= —— +b(uz — (up, —)—)
lusll lurll” fluq l

ondore
( a  bluy,uy)

a__
lwll  ful?
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Eneidn 1a U7, Uy eival ypauuikd avetdptnra Bpiokoupe

a=alull+ Bz, u)/lull  ka  b=p.
Eniong

(W1,V2) = (W7, up — {Ug, W1)W7)
= (W1,Up) — (U, W1){W7,W7)
=0

apou (w1, w7) = 1. ©étovrag
wo =vo /vl

10 {W7,Wo} eival opBokavovikd kai span{uy,up} = span{wy, wol.
o ‘EoTw o1 yIa k < N €XEl KATAOKEUAOTEl €va 0pBoKAVOVIKO CUVONO {W1,Wo, ..., Wi}
T€T0I0 WOTE span{uy, Uy, ..., U} = span{w;,wo,...,W,}. ©€éroupe

Vit 1 = U1 — (Uga 1, W1DWT — (U 1, W)W — =+ - — (U 1, Wi ) W
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Naj< k+1 éxouue

(W), Vier 1) = (W5, Ui 1) — (Ui 1, WD (WG, WD — =0 — (U1, Wi (W5, W)
= (W), Ug1) — (Ui 1, Wi W5, W)
=0

apoU (w;,W)) = 1. ©€1ovIag Wit 1 = Vi1 / Vi1l 10 {Wy, Wa, ..., Wi, Wiy 1} mapd-
vel OT KAl TO {W1,Wo, ..., Wi, U1}, apouU

U1 = (Ugq 1, WDWT + (U 1, W)W + = -+ (Ui 1, Wid Wi+ [V 1 [ Wi

=C1W1 + CoWo + -+ + CWi + Cr11Wi+1,
katd ouvéneia, and v undBeon TNG enaywyng, énetai ot
span{wy,Wo,..., W1} =spanfuy, Uy, ..., U}

Anodeitaue Aoindv, pe enaywyr), 10
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©ewpnua 2 (Opbokavovikonoinon Gram-Schmidt)

Av o€ xwpo X ue ecwrepikd yivouevo (-, -y kal enayouevn vépua || - || = v {:, )
10 S={Uy,Uy,...,U,} €ival éva oUvoAo ypauuIKa aveéaptiwyv dIavuoUATwV,
TOTE N aKkoAoubia Twv SIavUoUdTWV rnou opilovial e TN OXEon

u;
W)= ——
luq | @
Uy — (U, W1DW7 — - — (U, Wi 1)W1
Wy = ’
lug = (U, Widwy — -« — (Ui, W 1)W1 ||

k=2,...,n eival éva opBokavoviko oUuvoAo oro X To ornoio napdyel rov idio
unoxwpo ue 1o S. Eidika av 1o S eivai pia Baon tou X, 1o {W1,Wa,...,Wp} €ival uia

opBokavovikr Bdon yia tov X. y
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Nap&deiypa 2
Mia Béon yia tov R® arnorerodv 1a diaviouara

1 1 1
U = 11, Uo = 11, U3z = 0l,
1 0 0

1a onoia dpwg dev eival avd dUo opBoywVIA, WG MPOG TO CUVNBEG ECWTEPIKO
yivopevo. AkohouBwviag T diadikacia Gram-Schmidt opiloupe

(V)] 1 1

TN P S

= 11,
lull ~ V3|,
Kal

1
Vo= —(u,Wwpwi=|1]-=2(T|==] 1], Ivall = —,
1

SIS

TOoTE y
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Napédeiypa 2 (cuvéxeia)

1
Vo 1 1
Wo=——=— .
Ivall V& | _,
‘Ouoia
1 1 1 1 1 1
V3 = U3 — (U3, W1)Wq — (U3, Wo)wp = | O 73 1 6 1 =1 s
0 1 -2 0
pe
lIvsll ]
V3l =—,
V2
ondre
1
V3 1
W3 == —| -
Ival V2|
‘ETol apxiCovrag e Ta Uy, Uz, Uz n diadikacia Gram-Schmidt )
5/xy2025 14727



NMapddeiypa 2 (cuvéxeia)
napdyel TNV opBokavovikr Baon

11 . 1 1
wi=—1|1], Wo = 1, W3 =

1
V6| v2{ o

Napampnon 3

Mapatnpouue o1 n opBokavovikr Bacn {wWi, Wo, Wz} Tou MNapadeiyuarog 2 nou
npoékuPe and v diadikacia opBokavovikornoinong G {u;, Us,us} dev eival
1600 elUxpnoTtn 600 N KAVoVIKr) BAcn {e1,es,es}. Na napddelyua noid eivai n
avanapAactacn Tou (2 -1 S)T oe aut T Bdon: ANAZovIag TNV apiBunon ota
Uj, Uy, Uz BAénoupe 6t npokunouv 3! opBokavovikée Baoeic yia 1o k3.

‘Aoknon 1

Av Uy, Uy, Uz eival énwg oo Mapddelyua 2, B€Toupe by = uz, by = uy, bz = uj.
Na BpeBei n opBokavovikr Baon Tou R3 nou napdyer n Siadikacia
Gram-Schmidt and v Baon {by,bs,bs}.

4

R




Napdpua: OpBoywvia NoAUGVULa

%10 X(OPO Twv NoAUwvUPwY P[—1,1] pe npayuankoUg cuvieAeotég, n oxéon

= ploabax

opilel éva ecwrepikd ylvépevo Evw, dnwg éxoupe del Ta noAuwvulha TG UOIo-
AoyIiKNG Bdong A = {1, x, x2 x ,...} dev eival opBoywvia petatl toug n diadika-
oia oBokavovikornoinong Gram-Schmidt napdyel pia akoAouBia and opBoywvia
noAuwvUua. ITn nNpdEn kal oe epapuoyec ora MaBnuarikd kal otn Duoiknr U-
ndpxouv dIAPopes akoAouBieg 0pBoywVIWV MOAUWVULWY, TA OMoia MEOKUMTOUV
and v A pe 1 diadikacia opBoywvornoinong, W NPOG KATAANAO €CWTEPIKO
yivouevo

0.0 = [ p(x)alx)w(x)d

a

éMou —oo < a < b < +0o kal w(x) > 0 kal ONOKANPWOIUN OTO OXETIKS BIACTNHAL.
TN ouvéxela divouue JEPIKA XAKTNPEIOTIKA napadeiyuara BACGEwWV-CUCTNUATWY
0PBOYWVIWV MOAUWVULIWV.
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NoAukvupa Legendre. Mapdyovral and v % ue m diadikacia opBoywvonoin-
ONG WG NPOG TO ECWTEPIKS YIVOUEVO

b,q) = f_ ]] p(x)q(x) dx.

TupBoAiZovtal pe Py(x), n=0,1,2,.... Ta npwra névre éroia eival
o Po x)=1

Q Pi(x)=x

Q Py(x)=(1/2)(3x>-1)

Q P3(x)=(1/2)(5x>—3x)

Q P4(x)=(1/8)(35x* —30x +3)

Anodeikvuertal 61 Ta noAuwvupa Legendre divovral and v avadpoikr) OXEon
Po(x) =1, Pi(x) =x
(n+1)Pri1(x) = (2n+1)xPs(x) —nPr—1(x), n=1,2,3,...

Kdnoleg xapaktnpIoTIKEG 1I81OTNTEG
1
f Po(X)Pr(x) dx =
-1

1
n
Po(=x) = (=1)"Po(x), an(x)dx:O, n=1.
-1
S5

2

on+1 ™



NoAudvupa Chebyshev npdtou eidouc. Mapdyovral and v 2B ue 1 diadikacia
opBoywvonoinong wg NPOG To ECWTEPIKO YIVOUEVO

! 1
(D,Q>=f p(x)a(x dx.

LRI =3
ZupBoAiovral pe To(x), n=0,1,2,.... Ta npwra névre nohuwvupa Chebyshev
eival
Q@ To(x)=
Q@ n(x)=x
Q NL(x)=2x*-1
Q T3(x)=4x3-3x

Q Ty(x)=8x*"-8x*+1
Anodeikvieral 61 1a noAuwvuua Chebyshev npwrou eidoug divovral and v
avadpoIKr) oxéon
To(x)=1, N(x)=x
Tni1(x) =2xTh(x) = Th-1(x), n=1,2,3,...
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Kdnoleg xapaktnpIoTIKES 1IDIATNTEG

] : 0 n#m
f]Tn(X)Tm(X)mdx= /2 n=m#0
T n=m=0
1 _1\n
To(=x) = (=1)"Ta(x), /1Tn(x)dx:(11_)—n:1, Nzl

NoAudvupa Chebyshev deltepou eidoug. Mapdyovral and v B pe ) diadi-
Kaoia opBoywvoroinong we NPogG To ECWTEPIKO YIVOUEVO

(p,q) = f_: p(x)a(x)V 1—x2dx.

TupBoAitovtal pe Un(x), n=0,1,2,.... Ta npwra névre noluwvupa Chebyshev
eival

o Uo(X) =1

Q@ U(x)=2x

Q U(x)=4x>-1

Q Us(x)=8x%—4x

Q Us(x)=16x"—12x2+1

Ipappikr ‘AkyeBpa - A08 OpBokavovikoroinon, OpBoywvia unTpwa 25/X1/2025 19/27



Anodeikviertal 61 Ta noAuwvuua Chebyshev deurepou eidoug divovral and v
avadpoIKr) Oxéon

Uo(x) =1, Ur(x) =2x
Unt1(X) = 2xUp(x) = Un—1(x), n=1,2,3,...

Kdanoleg xapaktnpIoTIKES 1IDIATNTEG
1
b4
f Un(X)Um(x) V1 —=x2dx = E6nm
-1

1

Un(=x) = (=1)"Un(x), f Un(x)dx=..., n>1.

1
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3. OpBoyavia untpwa
Av

0 -1
A= .
b o)
Kal a7 Kal dy €ival ol GTAEG Tou A, 1é1e a7 -ay =0 kal ||a; || = [las|| = 1.

Fevikd av qi,dy, - , 4, €ival opBokavovika diavicuara orov R", 1ét1e q; q; =0y,
kard cuvéneia av Q = (q1 dy - q,,), o1 Q'Q = 1. Eneidn 10 untpwo Q eival
TeTpaywviké énetal 6n QT = Q.

Opiocpdc 3

‘Eva teTpaywvikd untpwo & Aéyetal opBoywvio (orthogonal) av ol oTiAeg Tou
eival opBokavovikd Siaviiouara, IcodUvaua Q' = QT

Ynuelwvoupe o1 KaBe opBoywvio 2 X 2 UNTPWO €ival TNG JOPPNG

w

cosw —sSinw cosw  sinw
+ . -
( ), r] Qw ( ),

sinw cosw sinw —cosw

yia KatdAMnAo w € R.
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NMapddeiypa 3 (Mepicipo@n) o610 €ninedo)
To unTpPwo
_ [cos@ —sin6
“|sin@  cosO
eival opBoywvio uNTPwo. A doUlE To anoTEAEOUA TNG dpAong Tou & eni evog
, P 2 . T P
povadiaiou diavucuarog Tou R4, u = (cosc/) sin c/)) . YnoAoyiCovrag

Q cos¢p) (cosf —sinf (cosgb
sing) \sinf cosO |\sing

\ cos@cosqb—sinﬁsinc/))

~ |sinOcos¢ +cosBsing

_ (cos(¢p+ 9))
~ \sin(¢p+0)

BAEMoupe o1 © MOANANAACIAOUOG €ni & €xel 0av ArnoTEAEOA TNV MEPICTPOPN
Tou povadidiou dlaviouarog, dpa Kal kdBe diavuouarog, Kkard ywvia 6. To
AMOTEAECUA AMOTUMWVETAI OTO XA Mou akoAouBei

4
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‘Aoknon 2
Aeitre o1 10 PNTPWO
cosf -—sinf O
Q=|sinf cosf O
0 0 1

@ Eival opBoywvio.

@ Mepiotpépel k&Be didvuopua oto RS yipw and tov z-GEova kard ywvia 6.
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Napédeiypa 4 (AvdkAaon o610 eninedo)

. T P o 4 P
Av q = (cosB sinf)" eival éva povadiaio didvuopa kai Lg n euBeia mou To ne-
pléxel BENoUE VA BpoUlE TO INTPWO & To oroio UAoMOIEl TNV AavAKAACH OroIou-

dnnote dlavUcuaTog WG MPog TNV eubeia.

Av u eival Tuxdio didvuoua o1o eninedo, Qu eival N AvAkAAoN ToU WG NPOG TV
euBeia Ly, kal Pu = {u,q)q n NpoBoAn Tou eni g euBeiag Ly, 161€, "UeTappalo-
VIAG" JETPIKEG OXECEIG TOU IGOCKEAOUG TRIYWVOU WE "MAEUPEG” Ta diavUouaTa u

KAl Qu OTO IXNUa Naipvoupue
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Napédeiypa 4 (cuvéxeia)
Pu—u= %(Qu—u) = Qu=2Pu—u,
enopévwg Qu = (2P — [)u, IcodUvapa Q = 2P — |. Eneidr
Pu=(u,q)q=q(q,u) =q(q'u) = (qq" )u

TENKA Bpickoupe
Q=2qq" - I. (C))

AVAAUTIKA TO UNTPpwo Q eival

_ [ cos’0  sinfcosh
~“l\sinfcos  sin?6

B 2cos20—1 2sinfcosh
“|2sinfcosh  2sin?6 -1

_[cos20  sin20
" |sin20 —cos26

4
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Mapddeiypa 4 (Guvéxeia)

TOU Oroiou ol GTANEC, €ival opBoKavoVIKd Siaviouara oo R, eropévwg eival
€éva opBoywvio uNTpwo. H dpdon Tou Q eni evog povadidiou diavuouarog

. AT, , .
(cos¢p sing) " éxer oav anoréleoua to didvuopa

o cos¢ cos260  sin20 \(cos¢
sing sin20 —cos20) \sin¢
B c0520c05¢+sin265in<p)
~ |sin20 cos¢ — cos20sin¢p

_ (cos(26 - (p))
sin(20 — ¢)

TO OMOIO CUNQPWVET UE TNV EIKOVA TOU CXAUATOG OTI TO APXIKO dIdvucua, ag
noupe, u = (cosd) S|n(/>) nepiotpéPetal Katd 20 apxiKA Kal OTN CUVEXEIA KATA
—¢. dNAadn katd ¢ Pe aviiBeTn Popd. MPOKEIUEVOU va MPOoKUPEl TENKA To Qu.
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Napddeiypa 5 (MerdBeon)

KdBe unrpwo PetdBeong npokunrel and To TAUTOTIKO UNTPWO UETABETOVIAG
YOAUUEG Tou, KaTd cuvérnela eival opBoyvio. Ito ’R? ta SUo (yiar;) pntowa
petdBeong eival

v
©ewmpnua 3

Av Q eival éva n x n npayuarko UnNTewo, {:,+) eival 1o cuvnBeg ecwTeEPIKS
yivéuevo kai | - || n enayduevn vépua, ol Napakdrw rnpordceis eivai
100dUvaues

@ To Q eivar opBoywvio.
@ To Q diampei 1o urikog, dnAadn yia kdbe x € R" 1oxvel || @x|| = |Ix]|.

@ To Q diampei o ecwrepikd yivduevo, dnAadr yia X,y € R ioxuer

(&x, Qy) = (x,y).
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