TTANEMI=THMIO ITATPON — ITOAYTEXNIKH ~XOAH
TMHMA MHXANIKON H/Y & IIAHPO®OPIKHE

I'PAMMIKH AATEBPA

2025-26

ASKHZEIZX 6. Ynoxwpot, fdaon rat 61actacn $1avuopaTtikoOU XWPOU

Eroxkonnon

'Exoviag pelAetnioet ) oxetkn Sempia Sa mpErnet va £X0UPE KATAVOT0El TIS TTAPAKAT® BAOIKEG EVVOIEG:

1. Alavuopatikog Xopog, H1avuopatikog UnoX®pos
2. Tpappikn e&dptnon/aveaptnoia Siavuopdtov
3. Bdon kat Sidoctaon Siavuopatikoy Xopou

Zuvoyilovtag: Av ui, Uy, ..., U, eival daviopata tou Siavuopauxkoy xopou X,

¢ To oUVOAO TV YPAPHIKOV OUVEUAOHOV TV U dnAadn to

Span{ul) uz, ... 7un}

eivat unoxmpog ou X.
¢ O1 rapaxdte eKPPAOcELS ival 100duvaeg

(@) Ta davuopata esival ypappika efaptnpéva.

() Karowo amno ta daviopata auvtd eKOpAETdl ©§ YPAPHPIKOS OUVOUAOHOS TRV UTTOAOITIOV.
(y) Yrapxouv otabepég cq, Ca, . . . , Cp PE Pid TOUAGXI0TOV artd auteg Hiadoprn) tou Pndevog, Oote

ciuy + coug + - + cpu, = 0.

¢ O1 apakdte eKPPAcELg ival 100duvapeg

(@) Ta davuopata eival ypappika avegaptnta.

(B) Aev urtapyetl Uy moU va eKPPALETal ®G YPARHIKOG CUVOUAOHOG TV UTIOAOITIOV
(y) Av yua tig otabepég cq, c2,

..., Cp 1OXUEL
ciug + cgug + - -+ + cpuy, = 0,

Wiec; =cg =+ =¢, = 0.

¢ Ta Siavuoparta ug, ug, .. ., U, anotcdouv pia Bdacn tou X av xat pévo av
(@) Ta Savuopata sival ypappika ave§aptnta kat
(B) X = span{uj,uy,.

U

¢ Av B = {uj,ug,...,u,} eivat pa Baon wu X, e dim X = n. Kabe Bdon tou X nepiéxet
axrp1Bog n Siavuoparta.



AoRnoclg

1. Asi€te 6t KGO éva and ta napaxkdte urocuvola tou R? eival Stavuopatkdg urox®pog

8

(a')U:{ yl|:z,y,2€ R pe x+2y+z=0}.
x
(B')Vz{ y| z,y,2€R pe =y xra 2y:z}.

X
[y’)W—{ Y| z,y,z€R pe x—l—y—z}.

z
2. Eoww X évag diavuopatikog xopog kat V' kat W unidxepot tou X.

(@) Aeigte 6t 0 V N W elvat unidéxwpog tou X.

(B) Opicouye 10 aOpotopa
V+W={v+w:veVraiwe W}
Agigte 6t 1o V 4+ W eivar unoxempog tou X.

3. E&nyrote yuati ta Saviopata

1 1 0
u; = 1 5 up = 1 9 us = 0
0 1 1

dev arotedovv Bdon yia tov R3. Tt ouvéxewa Bpeite 1o span{uj, ug, us}.

4. Aei€te 611 10 oUVOAO TV Sravuondatey B = {1,z,22,... 2"} eivat jna Baon yia tov P,,. Suprme-
pavate ot dimP, = n + 1.

5. 'Eoww P; 1o 0uvodo tev noduevipey tou Ps pe pndevikd otabepd opo, P = {p € P3 : p(0) = 0}.

(a) Aeire 6t 10 P35 eival undxwpog tou Ps.
() Na Bpebei pia Pdon yia tov Ps.
6. E4v ta diavuopara ug, Ue, U3 KATo10u dlavuopatikou xopou X eival ypappika aveapinia,
£€eTA0TE @G IPOG v avegaptnoia ta Siavuoupata
(@) vi =uz2+u3, v2 =u; +u3, v3 = u; + us.
(B) Wi =u2 —u3, wg =u3 —u;, W3 =u; — Up.

2

7. 'Eoww V o unioxwpog tou C(R) nou napdyetat ano ta diavvopata vy = cos” x, vy = sin? z, kat

V3 = Cos 2x.

(@) Aeigte 6u o {v1, vy, v} dev eival Baon yia tov V.

(B) Na Ppebei pia Paon ya tov V.
8. Na Bpebouv Baoceig yia kdbe évav unox®po v Slavuopdatov (1‘ Y z)T tou R? yla tov ortoio

(@) z=9y==z.

(B) az + by + cz = 0, 610U a, b, ¢ elvar mpaypatikeg otabepég pe a # 0.



9. Eoww o6tt W eival undxmpog tou nenepacpévng Sidotaong Stavuopatikoy Xopou X, Kal £0Te
By = {wi,wa,...,W,} va eivat ma Bdon yia tov W. Arnodeigte ou ) By pnopei va epridou-
T1oBel pe otoeia v, ..., vi ou X @ote 10 {W1,..., Wy, V],..., Vi } va eivat pia Baon yia tov
X, BAéne TTapdderypa 7, AtdAedn 6.

10. 'Eocww

T
V:{ Y :m,yER}.
2z +y

Agigte ot
(@) To V pe g npd€eis tou R? arnotedei unioxmpo tou R3.
B) dimV = 2.
() Na Bpebei urtoxwpog W tou R?, dote R? =V + W.
(6) TTowa eivat n d1dotaon tou W, (dim W = ;).
(€) Eivato W o povadikég unoxmpog yia tov oroio R3 =V + .

AYZEIZ
1. (a) HOpotog tpdémog. Av v, w € U, tote

x1 X9
vV = Y1 5 W = Y2
—x1 — 2y —T9 — 2y

KAt av A, g elvat mpaypatkeég otabepég tote

Tl xI9
AV + pw = A (0} +u Yo
—r1 — 2 —x2 — 2Y2
AT1 + ps
= AY1 + py2
—Ax1 — 2A\y1 — pxo — 22
Azl + ps
= Ay1 + 2
—AT1 — pxe — 2A\y1 — 22
B . xr = A\x1 + pure
N ,x%gy Y = Ay + py2

eronévag A\v + uw € U, ouvendg 1o U givatl S1avuopatikog unoxopog ou R3.

Agltepog Tpomog. Av u € U, tdte €xoupe

x T 0 1 0
u= Y =10 +| vy |=2|0])+y| 1
—x — 2y —x —2y -1 -2

£101

1 0
U= span{ o1, 1 }
-1 —2

kata ovvéneia 1o U etvat unidxwpog tou R3.



(B) Avv € V, tote

<
Il
8
Il

1
|1 :>V:span{
2

N o~
——

2z

dpa 1o V eivat uridxepog tou R3.
(y) Hapopoto pe 1o (a).
2. @ Avz,ye VNWxat A\, € R, tote z,y € V katz,y € W xat eneibry ot V' xar W eivat

unoxepot 1ou X éretat 0t Ax + puy € V vt Az + py € W, emopéveg Az + py € VN W,
apa o VN W etvat unidxmpog tou X.

(B) Avz,y € V + W, tote unidpyouv daviopata v1,v3 € V xkat wy, wz € W, oote
r =v] +w Kat Y = v2 + wa,
étotav A, i € R, tote

Az + py = AMouy + wr) + p(vy + w2)
= (Av1 + pw2) + (Awy + pws) (aro ug 1610t eg TV rpatemv)

=v+w (v = Av1 + pve Kat w = Awy + pws)

agpou ot V, W eivat untoxepot tou X. 'Etot Az + py € V + W, woobvvapa to V 4+ W eivar
unoxmwpog tou X.

3. Tpia Stavuopata otov R? arotedovv Bdon av sivatl ypappikd ave€dptnta. ITapatmpoupe 6t
up = uj + us (1

dnAadrn) 1o u3 eKPPALETAl WG YPAPIIKOG OUVOUAOHOG T®V U] KAl Uz, OUVENXG Ta tpia dravuopata
eivatl ypappikd e€aptnuéva, ouvernog dev arotedouv Bdon yia tov R3.

Av V = span{uj, ua, us}, ouvéneia g (1), xat erne1dn) ta u; Kat ug eival ypappika ave§aptnta
(yiati;), etvat

V = span{uj, ug,us} = span{uy, us}.

'Etot av v € V 10te unidipxouv otabepég 7, s wote v = ruj + sug, wooduvapa

1 0 r 0
v=r|l]|+s|0]=17r]+1|10] =
0 1 0 S

KATA OUVELEla

a
V:{ a :a,bER}.
b

Mapatipnon. H yeopetpikn eikéva tou V eivar 1o eminedo (5181dotatog undxmpog tou R?) mou
epieExetl tny eubeia y = x, T0U Ty-ermrebou Kat tov z-afova, BAéne Txrupa 1.

4. Ex6Aro. Ta nmoduwvupa sivat cuvaptoeg f, g, p, ¢, - . . Kal gia ouvaptnon, ouvhdeg, dnicovetat
He Tov o g dndadn pe wmy upr g f(x), g(x), p(z), q(x), ... oe kaBe x Tou nediou opilopOY
mg. ‘Etol 9a érperte va ypawoupe B = {po, p1,p2,...,pn} Omou po(x) = 1, pp(x) = aF,
k=1,2,...,n. Avt autou, yla owkovouia, ypdagoupe kateubeiav Tig TG TRV IMTOAUGVUL®V,

D05 P1, P2, - - -, Pn, OV AVAYPADT] TRV OTOXEIOV TOU 5.



1 0
V:span{ 11,10 }
0 1

Vv V=W+2Z, O1t0U
1

Y Wzspan{ 1 }, Z:span{
0

= o O
—

Zxnpa 1: Aoxknon 3.

(@) P, = spanB.
Kd6e otoieio tou B eivat otoikeio tou P, katd ocuvénela to B eivat untoxwpog tou P, e1dika
span B C P,,. Av p eivat éva tuxaio moAuwvupo Babpou to odu n (p € P,) tote

p(SE) :ao+a1$+a2x2+...+an$n @)

elvat 6ndadn) 1o p ypappikog ouvduaopog v ototxeiav tou B, katda ouvérnewa p € span B3,
oobuvaua P,, C span B. 'Etot tedika P, = span B.

(B) Ta otowxeia tou B eival ypappika aveiaptnta.
Ag umoBécoupie 6Tl yia otabepés ¢p, C1, €2, - . . , € 10XVEL

co + crr + 62:1:2 + o F e =0, yla kabe x € R. 3)

To apiotepo pélog g e§lowong otv (3) eivat éva mmoAuovupo tou Py, ¢ote g kat n oxéon
(3) exppadet o yeyovog ot 1o ¢ pndevidetal yia 0Asg Tig TG NG PETaBANTAS T, £181KA yia
MEPL000TEPEG TIHEG ATt OTL TO ITAN00G OV PV TOU, KATA OUVENELd TO ¢ £ival tautotka 100
pe pndév, wodvvapa® cg = ¢ = -+ = ¢, = 0. Katd ouvénela ta noAudvupa-savuouata
1z, 22, ..., 2" etval ypappikd ave€dptnta.

Amo6 ta (a) xat (B') énetat 611 1o B etvat pia Baon yia tov P,,.

5. (@) Apxkei va 8eioune ot av p, ¢ € P3 kat A, o eivat otabepég, tote Ap + g € P3.
Av p,q € P35, A, i1 etvat otaBepég kat h = Ap + g, ote

h(0) = Ap(0) + pg(0) =0

'H (3) eivar ouvéneia wmg
copo + c1p1 + c2p2 + -+ Capn = 0

orou 1o 0 oto 8§t pédog eivat 1o pndevikod roAucovupo-sidvuopa.
2AV 71,72, ..., T £lvat ot pieg ToU @, TOTe yla KArola otabepd ¢ 1oXUeL

q(z) = co +eoz+ ozttt = clx —ri)(x—ra) - (z—1pn),

gtovya x # ri,r2,...,T, 1o 868l pédog, dpa kat 1o g, eivat 1apopo tou undevog, extdg av ¢ = 0. Extedoviag tg ripdgelg
oto 6eti pédog g 100TNTAg KAl EE10MVOVIAG 0T OUVEXELQ TOUG OUVIEAEOTEG T®V 1008AOIIOV OP@V MIPOKUITIOUV Ol EKPPACELS
TV OUVIEAEOTOV C; PEO® TV POV 7 (0XEoelS préwv-ouviedeotwyv, 1) oxéoelg tou Vieta). Eidikd kabe ¢y eival g popdrg ¢
erti pa EKQPaoct v 11, ra, . . ., 'y, woduvapa

¢ = chi(ri,r2, ..., Tn), k=0,1,2,...,n.



(B)

6. (a)

(B)

7. (@)

®)

agpou aro v vrebeon p(0) = ¢(0) = 0, dpa Ap+ pg € P5, wodvvana to 5 eivat unidxmpog
tou P3.

3

To moAudvupo p(x) = ag + a1x + asx? + azx® mepiéxetat oo P5 av xat povo av

p(0) =0 ag=0< p(z) = a1z + asx? + azz®,

2

Katd ouvenela Kabe rmodumvupo tou P eivat ypappikog ouvéuaopog tev v, -, 23, 100duva-

na
P} = span{z, 2%, 2°}.

2

Enedn ta z, 22, 23 eivat ypappka ave§dpinta, PAéne Aoknor 2, €netal ou pa Baon ya

tov P elvat n
* 2 .3
B; = {x,z* z°}.

Av cy,ca,c3 elval otaBepég wote ¢ vy + cavy + c3vy = 0, t0te amo 1ov oplopo TV Vi
unoAoyiloupe
c1(uz +u3) + co(ug +uz) + cz(ug +uz) =0
(c2 +c3)ur + (3 +cr)ug + (c1 + c2)ug =0
art OItou Eretat ot
ca+cg=cg+cr=cr+ca=0 (4)
agou ta up, Ug, U3 eivatl ypappikda avegaptnta. IIpoobEtoviag tig 1pelg §1000E1G IIPOKUITIEL
2c1 +2co+2c3=0=c1+ca+c3=0 5)
Ao g (5) kat (4) émetat ot ¢ = cg = ¢3 = 0, ouvendg ta vi, vy, v3 eival ypappika
avegaptnta.
Av ¢y, co, c3 elval otaBepég Oote ¢ w1 + cowo + csw3 = 0, 101e anod 10V 0ploPod IOV Wy
unoAoyiloupe
ci(ug —uz) +co(uz —uy) +c3(ug —up) =0
(03 — 02)111 + (01 — 03)u2 + (CQ — Cl)ug =0
art orou, A0Y® YPapUiKeg ave§aptnoiag tewv Uy, Ug, U3, £reTatl Ot
cg—co=c—c3=co—c1=0=c =co=c3. (6)
'Etol yua ¢ = g = c3 = 1 éxoupe
w1+ wo+w3=0
(artotédeopa mou Sa propoucape va €xoupe napatnpnoey). Katd ouvénela 1a wi, wo, Wy
elvat ypappika sgaptupéva.
Art6 toug turoug tou Surtdaciou toEou €xoupie
_ 2 22 _
€cos2x = cos“x —sin“x = vy = vy — Vg,

ouvenwg ta Stavuopata eivatl ypappika sgaptpéva, apa dev artotedouv Baon.
Ano6 1o (d) éxoupe

V = span{vy,vo,vs} = span{vy, va}.
Agiyvovtag 6t ta vi, vy eival ypappikda ave§aptnta mpoxurtet apeoa ot w B = {vy,va}
etvat pa Bdon ya ov V. Av ta vy, vo qrav ypappika ssaptmpéva 9a urnirjpxe otabepd A,
®ote V1 = A\Vag, 1006Uvapa

cos® z = Asin® z yia kabe x € R.

Ta x = 7/4, enedn cos(m/4) = sin(n/4), 9a eixape 6u A = 1, evod yia = 7 9a eixape ou
1 = 0 1o omoio etvat aduvaro.
Lnpewvoupe ot kabéva ano ta {vy, vs}, {va, v3} eivat ertiong Baon yua tov V.



8. (a) 'Eoww

T
Vz{ Y :x:y:zER}
z

katav u € V, tdte ya xkarnow z € R eivat

X

1 1
z |1 :>V:span{ 1 }
T 1 1

u = T

H tedevtaia 100tnta ekppdlet 6t 10 V eivatl unoxmpog ou R3, og oAdtnta YPAUHUIK®OV OUV-
duaopav, Kat emItAéov ott 10 LOVOGUVOAO

()

etvat pa Baon yua ov V.

(8) Eow

x
W:{ y | sax+by 4+ cz =0, a;é()}.
z

Avu = (a: Y z)TE W, tote

b c
ar+by+cz=0=>2=——y— —2.
a a

®étovtag p = —b/a ka1 ¢ = —c¢/a, éxoupe

Py +qz py gz
u =

<@
I
o
_l_
o
I
<@
[l
+
N
—_ o

‘Apa

I

w

ol

Q

=
—
o =3
= O
—

Mua oxéon

q
11=X10
0 1

dev 9a prmopouvoce va cupbBaivel ylati tote Sa eixape éu 1 = A0, xkatd ouvénewa ta 8uo
dlavuopata eivatl ypappikd avegaptnia, £tot pia Bdorn yia tov W eivat to

p q
By = 11,10 .
0 1

Avn =m, tote W = X xat n By eivat Baon tou X.

9. 'Eotw dim X = m, tote n < m.

'Eoww n < m. Tdte unapyet Siavuopa v € X, oote v ¢ W. @étoupe vi = v kat

Bl = {Wl,Wg,. .. ,Wn,Vl}.



Ta Wi, Wa, ..., Wy, V] elval ypappikda ave§dputa adpou ta Wi, Wa, . . ., Wy, glval ypappikd a-
vegdptta Kat 1o vy dev eival ypappikog ouvuaopog 1oV Wi, Wa, ..., Wy, Avn + 1 = m, to0te
10 31 givat pa Baon tou X. Av n + 1 < m enavadapBavoupe ) Siadikaocia kat Bpiokoupe 1o
OUVOAO TRV YPAPHIIKA avedapttov Siavuopdtev

82 = {W17W21 <oy Wy, V17V2}-

Av n + 2 = m tedewoape, apou span By = X. Av n + 2 < m ouvexidoupe pe tov 1610 Tporo
®ote va £xoupe n + k = m.

10. (a) Mapatwmpoupe o611

x T 0 1 0
Y =10 ) +ly]l=2(0])+y|1
2z 4y 2z Y 2 1

OUVETI®OG

S =

0
V:span{ , 11 },
2 1

eropéveg o V, g iavorypa, eivatl uniéxepog tou R3.

(B) Ermedn) ta 6o davuopata rou apdayouv tov V' oto (a) eivat ypappika ave§dptnta, arote-
Aouv pa Bdon ya tov V, kata ouvénela dim V' = 2.

(y) T'a o gpompa autd pag deiyvel 1o 6popo 1 ‘Aoknon 8. Emidéyoupe éva diavuopa tou R3
10 oroio Sev miepiéxetatl otov V. 'Eva tétoto eival to

0

)

(2)(0) +0 £ 0

€3 —

—

'Eotw W = span{es}. Asixvoupe 6t R3 =V + W.
[Mapatnpouvpe ot

T x 0
R¥s |y | = y + 0 EV+W
z 20 4+ vy z—2rx—y

Gpa R3 = V + W. Enpeidvoupe 6t autd rmou ouctactikd Seifape eivar 6t 1o

1 0 0
{ 01,{1],10 }
2 1 1
eivat pa Bdon yia tov R? kat mpoékuye spmhoutidoviag ) Pdon tou V e éva Sidvuopa
2+1=23 wuR? extog tou V.

(6) Emedr) W = span{es} énetat 6u dim W = 1.

(€)Y H amavinon eivat ox1, oupgova pe tyv Aoknon 9. Zin 9¢on tou ez da pmnopouoape va
ermAé§oupie orotodrjrote Sravuopa w € R3 V.



W = span{w}

V =span{vi, vz}

— 7

R} =V +W



