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Aidaokovreg:

Eudyyehog Ltepavonoulog, Euctpdriog FaAédnoulog, Kwvotavrivog-
Avaortdoiog Moudag (peovTIoTPIo) O

‘Qpeg MNpageiou:

Topitn 15:00-17:00, Mépunmn 11:00-13:00, ) SlapopeTIKA Katonv cuvevvonong [

IUvdeopog eclass:

https://eclass.upatras.gr/courses/CEID1045/

Luyypduuara:

o Eicaywyn om Mpapuikn ‘AAyeppa & Epappoyég, H. Anton, C. Rorres,
(netdppaon) Ekdooeig Gutenberg.

o Eicaywyn omn Ipapuikl ‘AAyeppa, G. Strang (ueTdppaon g 3nG
QYYAKAG €kdoong), Ekddoelg Maveniompiou Matpwv.

@ papuikn ‘AAyeppa kal Epappoyéc, G. Strang (uetd@paon NG 4ng
auepIKavikng ékdoong), Maveniotnuiakég Ekddoelg Konmg.

@ Ipauuikn ‘AAyeppa pia Eisaywyn, E.X. onueiwoelg (1o eclass).
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BaBuwrd kai diavucuankd peyéen

H dUvapn Tou avépou 1 n Taxutnta evog Kivntou eival TUMIKES PUCIKEG ovIOTNTEG
ol onoieg yia va neplypa@ouyv anairouvtal nepliocdtepa dedopéva an’ on évag
anAdG aplBudg, Mou Ba apkouce yia napddelyua va rneplypdel n Bepuokpacia
N N Hala evog CWUATOC,.

Ta peyédn autd 1a Aéue SIavUGHANKA KAl Ta aVTIKEueva nou 1a nepiypA@ouV
Ta Aépe Siaviopara. ‘Evag puUOIOAOYIKAS TPOMOCG VA anotunwbei ypagikd éva
TETOIO PéYEBOC eival e éva BENOG UE CUYKEKPIUEVN KateuBuvon (kareuBuvon
TOU QVEOU) KAl UE CUYKEKPIUEVO WNKOG (TNV €viacn Tou aveéou).

Mey€bn 1a onoia yia va neplypa@olv apkel évag uévo apiBudg, onwg yia
napddelyua n Bepuokpacia, N pala, o xpdvog, N IoxUG, Aéyovial BaduwTd.
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AlavUopara

FewpeTpIka éva SIAvuoua yia napddeyua oo RS, napioraral pe éva pénog pe
apxry To onueio (0,0,0), Tnv apxr Twv akdvwv, kal népag éva onueio (by, by, bs).
Tic cuvretayuéveg Tou NéPAaTog TG AéUE BUVISTROEG Tou dIavUoNAToG.

TUPPWVOUE va GUPBOAiZoupe Ta Siaviouara oro B2, R® A yevikérepa tou R” pe
naxeid ypduuara, yia napddelyuad d, U, X, Kal va YPAPOUE TIG CUVICTWOEG KABe
31avUopaTog WS OTNAN, ETCI EXOUE

X
o] o X2
a= R b=|bo]|, X=
a2
b3
Xn

KdBe tétoi0 didvuoua unopei va ypagei, epapudloviag v npdEn g ava-
o1poPn¢ (Ba TN culNooUNE APYATEPA), WG SIAVUCUA-YOAUMr OTn HOPPN

a= (Cl] O2)T, b= (b] by b3)T, X= (X] Xo - Xn)T.

T o



NMpdEeig peratl diavuopdrov

Edv a kal b eival Siaviouara oro R” kai A eival évag npayuankds api8udc, omn
Ouvéxela Ba Aée UIa MPAYHATIK oTaBepd i anAd Jia otaBepd, opioupe TG
npdteig npdoBeon kai NOAAANAAcIacpd pe o1adepd clupwva pe

a b1 ap + by ay Aa;
Qo by ao + by an Aao

at+b=|  |+]| . |= , , Aa=A{  |=]| . m
an bn an+ bp Qan Aan

aj b] Cl1—b1
a b2 a—by

a-b=| || . |= . =a+(-1)b
an bn an—bn
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Opiocude 1
Edv u kail v eival dlaviouara oto R"
@ To didvuoua u+ v Aéue dBpoiopa Twv u kai v. Mapampouue o
u+v=v+u.
Q To didvuopua Tou ornoiou GAEC oI CUVIOTWOEG eival ioeg ue 0 1o Aéue
pndevikd didvuoua ri ar\d undév kai 1o cupBoAiloupe pe 0.
© Opitoupe 10 avriBero didvuoua Tou U va eival To SIAVUCUA —U YIa TO onoio
—u+u=0.
Q To didvuoua u—v Aépue dilagopd Tou v and 1o u. And TG 1IBIATNTES TwV
MPAYNATKOV apIBudv, i and 1o (1), énetal dnu—v =—v+u.

©Q ©a Aépe 61 1a dlaviouara U Kal v eival iod kal 6a yoAPOUNE U = V av Kal
pévov av uj =V, yiakdBe i=1,2,...,n.

GEEEE RN V.

Ynueiwvoupe ot
u=veoeu-v=0.
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©cwpnua 1 (318NT€EC 10OV SIAVUCHATAV)

Edvu, v kairw eival diaviouara, kai A kal [ eival ipayuankég orabepég, 1orte
IOXUOUV Ol VOUOI

Q u+(v+w)=(u+v)+w QO (A+p)u=Au+pu
Q@ u+0=u Q AMu+v)=Au+Av
Q A(uu)=(Ap)u Q lu=u

Opiopdg 2

Edv u eival didvuopa oto R" kai
T
u= (u1 U ... un)
opifoupe 1o pétpo | £2-voépua Tou U va eival o pun apvnTkog apiBudg

lull := /2 + U2+ + U2

To péTpo 1y vopua Tou U eival n eukheidela andoTacn Tou onueiou (uy, Uy, ..., Un)

and v apxn Twv atovwv.

Ipappikn ‘AkyeBpa - AO1 Aiaviopara 1/X/2024
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Napampenon 1

Maparnpouue ot |lull =0 av kai uyévo av u = 0. Eniong av A € R kai u eivai
didvuopua oro R", 161€

AUl = /(A 2+ (A2 + -+ + (Au,)?

=AW/ E+ U3+ + U= Al ull,

érou |A| eival n andéAutn Tiur Tou A.

Opicude 3

‘Eva didvuopa u Aéyetal jovadiaio av |uf = 1.

v

AV T0 U €ival pn undeviké didvuopa, Téte 1o didvuopa (1/[lull)u eivar yovadiaio,
agou

—II =1
IIUII H l[ull

To povadiaio autéd didvuoua 1o YpAagoupe Kal wg u/|lull.
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Naparmpnon 2 (Mndeic ayewpérpniog e1oitw)

y

Ixrjua: To aBpoiopa kai n dlagpopd dUo diavucudtwy a kai b oto R”. Av 1o éva dev eival
MOAANAGCIO TOu AANoU, TOTE Ta dlavUopara autd opifouv éva (Uovadikd) NAPAANAG-

YPOMUO Kal To a + b avrictoixei otn diaywvid Tou and TNV apxn Twv aovwv.

Fpappikr ‘AkyeBpa - AO1 Aiaviopara
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Naparipnon 2 (cuvéxeia)
Avagpepopevol o1o Ixrua 1 ag unoBécoupe ot

q=(°‘), ay #0.
o

Av 10 onpeio (x,y) eival Tuxaio onueio g euBeiag oroia nepiéxel 1o davucua
a, 1é1e y = mx, 6riou m eival n k\ion Tou Tpruarog and 1o (0,0) oto (ay, ap).
dnNA\adh m= ay/ay. ‘Erol

X X 1 1 (o] (@]
= =x| |=tay| |=t =t '|=ta
y mx m m man @
yia karoio t € R. Kard cuvéneia n e€iowon ¢ eubeiag n onoia nepiéxel 1o
d1dvuoua a ekPpaleral, o€ dIAaVUCUATIKN JoOPPr, WG

r(t) = ta, reR.

Moia eival n egicwon NG euBeiag otav a; = 0;
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Opiocude 4

AV Ui, Uo,..., U, eival diaviopara Kai ¢y, Co, ..., Cx €ival oTaBepég 10 didvucua
W=CiU) +CoUs + -+ + CrlUy

Aéyeral ypapuikde ouvduacudg (linear combination) twv dIavucudTwy
Ui, Uy, ..., Uk.

Napddeiypa 1

Aeixvoupe énitou= (3 2)T €ival YPAUUIKOS GUVSUACHAS TV
a=(11)", b=(10)"

Avalntdue otabepég A kal | WoTe

oetassos (<2 euf) o ()= (1)< {110 evemere

Kard cuvénela 10 u eival YpauuIKog cuvduaouog Twv a kai b.
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Naparmpnon 3

Av U eival éva didvuopa oto R3, 1ére

9] 9] 0 0 1 0 0
u=|[w|=|0|+|w|+][0|=u1|0|+uwm|T1]+us3|0
Us 0 0 us 0 0 1

BNAadH kd&Be didvuoua oTo RS ekppdleral we YPAUUIKOS CUVBUAOHAOS TwV

dlavuouATwYV
1 0 0

e'|=0, e2=1y e3=0y
0 0 1

1c0dUvaua
u=uye; + wey + uzes.

Ynd aut TNV évvola urnopoupe va noupe 61 ta diavUuouara e, €5 Kal e3
NapAyouV Tov TPIBIAcTaTo xwpeo RS,
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NMapampnon 3 (cuvéxeia)

Fevikwg av oto R" opicoupe 10 Sidvucua e, ne 1 otnv k ypauun kai 0 oTg
unoroineg, k=1,2,...,n, dnhadn

1 0 0
0 1 0
e = 0 ) €)= 0 ’ ) en= E ’ (2)
: : 0
0 0 1

161€ KaT avahoyia pe 1o R kéBe Sidvuoua u = (u1 Up -

YPAUMIKOG cUVOUAOUSG TwV €y, dnNAadn

u=uye;+ wes+- -+ unen.

ap .
Un) exkppdletal wg

Tpappikr ‘AAveBpa - AOT Aiaviopara
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Ac unoBécoupe 41 a kal b eival 3Uo diaviouara oto R? 1a onoia dev nepiéxovral

Iy

otnv idia euBeia, kai u éva Tpito didvuoua UeETAtU’’ Twv a Kal b dnwg oto Ixrua

Alapop@wvoviag 1o NAaPAANASYPauPo Je dlaywvio TO U Kal €va {euydpl MAEU-
PWV KAtd PAKOG TwV euBelwv nou opiouv Ta a kai b BAénoupe om undpxouv
BeTikég o1aBepég A kal 1 (edw A > 1 ka0 < u < 1) wore

u=Aa+ pub.
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levikeUovTtag ocupnepdaivoupe ATl To CUVOAO TwV dIavUCUATWVY
S={la+ub:A=0«ka u=0}

nepiypd@el Tov “Kwvo’’ nou opifouv ta diaviouara a oro b, dnAadr to TuAua
ToUu eninédou PeTagu TG ywviag and 1o a oto b 1o oroio nepiéxel o a+ b.
‘Aoknon 1
Eav
a b])
a= X b=
(02) (bz

eival Slaviopara oro R? pe a; > by >0, by > ap > 0, 6nw¢ OT0 NEONYOUHEVO
oxnua, eknyeiote 1 neplypdeel kaBéva and Ta CUVOAQ

@ S ={la+pub:A<0«ka u<0}.

Q@ S={la+ub:1eR ka u=0}.

@ S={la+ub:AeRka peR}.

@ S ={a+ub:ucR}.
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EQ®APMOTH: To xpwpankd poviého RGB

O oXNUATICHOG TWV XPWUATWY OTNV 086VN evOG UNOAOYIOT OTNEIETAl OTO HOVTE-
Ao RGB. To évoua npoépxeral and 1a Bacikd xpwuara kokkivo (Red), npdocivo
(Green) kal urie (Blue). To KOKKIVO XA avTioToIxel oTo SIAavuoud I, To NPdooi-
VO OTO g Kal To JhAe oTo b drou

1 0 0
r=|0]1, g=1|11, b=1{0],
0 0 1

BAéMe IxAua 2. Ta undAoina XpwHara napdyovial AvapiyvUovtag KAtGAANAES
nocdtTeg and Ta Tpia BACIKA XPWHATA, KATd CUVENEIQ KABE XpWwHA eKPPAlETal
WG YPAUMIKOG CUVOUACHOG TwV I, g Kal b ue cuvreheotég uetatu 0 kai 1, wote
KaBEévag and ToUG CUVTEAEOTEG VA eKPPATEI TO MOGOGTS TOU QVTICTOIXOU BAGIKOU
XPWUATOG OTO Wiyua. ‘ETol 1o didvucua

T
c=cir+cyg+csb= (C] Co Cs)

QVTICTOIXEl OTO XP WA MOoU NPOKUMTEl avaulyvUovTag ¢ Mépn KOKKIVOU, ¢y UéPN
npdooivou, kal c3 Puépn urie. Ta diaviouara r, g kai b opiouv Tov xpwpankéd
,
KUBo RGB.
VR oz



Magenta @ - - - - -} ----—————- o

(1,1,0)

Ixfua: O XxpwuaTkdG KUBog RGB.
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ITIG KOPUPEG Tou KUBOU MEPAV TWV TPIWV BACIKWY XPWHUATWY, AVTICTOIXOUV TA
XpPWHATa KiTpIvo, eoutia (magenta), kuavd, Jaupo Kal donpo. ITo oxAua JIakpi-
vovral 1a diaviouara

! 0.25 1 1 0.5 3 0.75 1
Zr+—b: 0 , §r+§b: 0 , Zr+Zb: 0 , r+b=|0
0.25 0.5 0.75 1

katd urnkog NG dlaywviou and 1o yaupo oto eoutia, Ta

1 0.25 0.5 0.75 1
-r+-g=|025], —-r+-g=|05], -r+-g=(0.75], r+g=|1].
4 4 0 2 2 0 4 4 0 0

KaTd pNkog NG dlaywviou and 1o aupo OTo KITPIVo, KABwWG Kal didpopa diavu-
opara ot Bdon Tou KUBou (oTo KOKKIVo-Mpdoivo eninedo). Ta diavuouara g
HOPPNG .

a=ar+ag+ab=(aaaq) pge O<ax<l,

dnAadn autd kard pnkog TnG diaywviou and 10 paupo oto AcMnPO, AVIIOTOIXOUV
ong, T6oeg 6o0I Ol MPAYPATIKOI apiBuoi oto didoTnua (O, 1), AMOXPWOEIG TOU YKPI.

T T



Ixfua: Tpelg édpeg Tou XpwpaTkoU KUBou RGB.



Ecwtepikd yivopevo

Edv a,b € R" opi¢ouue 10 ecwtepikd yivouevo a-b twv diavuoudrwv a kai b, wg

aj o]
a| | b2

ab=| || “|=abi+mbo+---+anby.
an bn

©epnua 5 (1518NTEC TOU.€CWTEPIKOU YIVOUEVOU)

Edv u,v,w eivai diaviouara oro R” kai A € R, 1é1€
Q@ uv=v-u.

Q u (viw)=u-v+u-w.

Q@ Au-v)=(Au)-v.

Q u-u=0karu-u=0 avka uévo avu=0.

T T



©ewpnua 6

Edv u,v,w eival Siavuouara oro R" kai A € R, 1ére
Q@ 0-u=u-0=0.

Q (u+v)-w=u-w+v-w,

Q A(u-v)=u-(Av).

Qu(v-w)=u-v-u-w.

Q (u-v)-w=uw-v-w

AnddeiEn AnodeikvUoupe 1a (2), (3) kai (4).

(2) (u+v)-w=w-(U+V)=W-U+W:V=U-W+V-W
(3) u-(Av) =(Av)-u=A(v-u)=A(u-v)

(4)

u-(v-w)=u-v+u-(-w)
=u-v+(-1)(u-w)

=u-v—-u-w

T I



T 4 ’ ’
Avu= (U ... up) €R", téte flull = (& +--- + u2)/2, kard cuvéneia
lull =+vu-u ®)

Av u Kal v eival dUo diaviopara oto R” nou dev nepiéxovral omy idia euBeia,
161€ Opifouv éva Tpiywvo pe urkn meupwv (lull [Iv] kar lu—v]. Av 0 eivai n
ywvia petatU twv Siavuoudrwy U kai v, BAéne Ixnua, 1ote 0 < 0 < 7 kal and Tov
VOUO ToU cuvnuItovou énetal Ot

lu—vi® = ul® + Ivi2 = 2/lull ]| cos@. %

T B



And v AMN pepid and v (3) kal TG 1I81I0TTEG TOU €0WTEPIKOU YIVOUEVOU
naipvoupe
lu=vl?=(u=v)-(u-v)
=u-(u-v)-v-(u-v)
®
=u-u-v-u—-u-v+v-v
= llull®—2u-v+|vI?

Yuykpivovtag TG (4) kai (6) Bpiokoupue 6T
u-v = |ujl|lv] cosB.

To anotéleopa ioxuel étav O =0, R 0 = 71, apoU oV nepinmwaon aut u = Av ye
A>0drav 0 =0, ka A <0 drav 0 = . Anodeifaue Aoindv 1o

©ewpnua 7

Edv u kai v eival Suo Siavuouara oro R", kai 6 eival n ywvia puetaéu twv dvo
autwyv dravuoudiwy e 0 < 0 < 71, 161€ yia 1o OUVNBEC ECWTEPIKS YIVOUEVO
loxuel

u-v = |ullflv|lcos®. ®

T R
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