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0.1 Genn triec Sunart seic

Oi genn triec sunart seic eÐnai ènac trìpoc na �metr�me�. Sthn di�lexh aut 
arqik� ja doÔme me poiì trìpo tic qrhsimopoioÔme gia na metr�me.

An oi ìroi mia akoloujÐac ar, r=1,2,3,... dÐnoun ton arijmì twn trìpwn
pou mporeÐ na sumbeÐ èna gegonìc pou exart�tai apo to r , tìte h genn tria
sun�rthsh

A(x) =
∑∞

r=0 arx
r

kaleÐtai aparijmht c tou gegonìtoc. Gia par�deigma, h genn tria sun�r-
thsh ∑n

r=0

(
n
r

)
xr

eÐnai ènac aparijmht c twn sunduasm¸n (qwrÐc epanatopojèthsh) r antikei-
mènwn apì n antikeÐmena.

Sun jwc gia na broÔme ènan aparijmht  brÐskoume ènan kleistì tÔpo qrh-
simopoi¸ntac sunduastik� epiqeir mata kai sthn sunèqeia brÐskoume thn an-
tÐstoiqh dunamoseir�. Oi suntelestèc thc dunamoseir�c pou brÐskoume me au-
tìn ton trìpo mac dÐnoun ton arijmì twn trìpwn tou gegonìtoc pou anafèretai
o aparijmht c

0.1.1 Par�deigma 1

DÐnetai èna sÔnolo n antikeimènwn. UpologÐzoume poiìc eÐnai o arijmìc twn
uposunìlwn me k stoiqeÐa.

GnwrÐzoume ìti autì eÐnai :
(
n
k

)
= n(n−1)...(n−k+1)

k!

Me dunamoseirèc autì autì eÐnai

(1 + x)...(1 + x) = (1 + x)n = a0 + a1x+ ...+ akxk + ...+ anxn

kai o zhtoÔmenoc ìroc sthn genn tria sun�rthsh o ak =
(
n
k

)
0.1.2 Par�deigma 2

DÐnetai sÔnolo n antikeimènwn. UplogÐzoume ton arijmì twn sunduasm¸n k
stoiqeÐwn ìpou epitrèpontai epanal yeic. Ac doÔme thn genn tria sun�rthsh
gia mia eÔkolh perÐptwsh ìpou epitrèpontai mèqri 3 epanal yeic.

n forèc to: (1 + x+ x2 + x3)....(1 + x+ x2 + x3)

eÔkola antilambanìmaste apì autì ìti sthn genik  perÐptwsh èqoume:
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(1 + x+ x2 + x3 + ...)n = anx
k

To pr¸to mèloc isoÔtai me:

(1 + x+ x2 + x3 + ...)n = ((1− x)−1)n = (1− x)−n =
∑∞

k=0

(−n
k

)
xk(−1)k

kai �ra o arijmìc twn zhtoÔmenwn sunduasm¸n eÐnai : (−1)k
(−n

k

)
AnalÔontac ton prohgoÔmeno arijmì èqoume:

(−1)k
(−n

k

)
= (−1)k (−n)(−n−1)(−n−2).....(−n−(k−1))

k! = (−1)k(−1)k n(n+1)(n+2).....(n+(k−1))
k! =////

(n+(k−1))....(n+2)(n+1)n
k! =

(
n+k−1

k

)
= (n+k−1)(n+k)...n

k!

0.1.3 Par�deigma 3

DÐnetai sÔnolo n antikeimènwn. UpologÐzoume ton arijmì twn sunduasm¸n me
k stoiqeÐa ìpou epitrèpontai �rtiec epanal yeic.K�je antikeÐmeno prèpei na
emfanisteÐ me �rtio arijmì sto pl joc, se k�je sullog .

H genn tria sun�rthsh gia autì eÐnai:

(1 + x2 + x4 + ...)n = ((1− x2)−1)n = (1− x2)−n 'Ara:

(1− x2)−n =
∑∞

n=0−
(−n

k

)
x2k(−1)k

Epomènwc o zhtoÔmenoc arijmìc pou brÐsketai an kanoume to �jrisma sthn
arqik  tou morf  eÐnai: (n+ k

2
−1

k
2

)
0.1.4 Par�deigma 3

DÐnetai sÔnolo n antikeimènwn. UpologÐzoume ton arijmì twn sunduasm¸n me
k stoiqeÐa ìpou epitrèpontai epanal yeic me k�je antikeÐmeno na emfanÐzetai
toul�qston mÐa fora sth sullog .

H genn tria sun�rthsh gia autì eÐnai:

(x+ x2 + x3 + ...)n = xn(1 + x+ x2 + ..) =

xn
∑∞

k=0

(−n
k

)
(−1)k = xn

∑∞
k=0

(
n+k−1

k

)
xk =

∑∞
k=0

(
n+k−1

k

)
xk+n =

Gia n+ k = l
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=
∑∞

l−n
(
l−1
l−n
)
xl

Epomènwc o zhtoÔmenoc arijmìc eÐnai:
(
k−1
k−n
)

0.2 DiamerÐseic akeraÐwn

EÐnai arket� endiafèron na mporoÔme na broÔme ton arijmì twn trìpwn pou
ènac akèraioc jetikìc arijmìc n mporeÐ na grafei san �jroisma �llwn akera-
Ðwn arijm¸n, qwric na mac endiafèrei h seir� se aut� ta ajroÐsmata. OrÐzoume
loipìn san diamoirasmoÔc enìc akeraÐou n d(n), ton arijmì aut¸n twn ajroi-
sm�twn.

'Eqoume d(5)=7 afoÔ 5= 1+1+1+1+1, 1+1+1+2, 1+1+3, 1+2+2, 3+2,
4+1, 5

Autì mpouroÔme na to ekfr�soume wc ex c:

(1 + x+ x2 + x3 + x4 + x5)(1 + x2 + x4)(1 + x3)(1 + x4)(1 + x5) =

1−x6

1−x
1−(x2)3

1−x2
1−(x3)2

1−x3
1−(x4)2

1−x4
1−(x5)2

1−x5 =

(1− x)−1(1− x2)−1(1− x3)−1(1− x4)−1(1− x5)−1

Gia thn genik  perÐptwsh n me thn Ðdia diadikasÐa ja katal game sto:∏∞
i=1(1− xi)−1

kai tìte to d(n) ja eÐnai o suntelest c tou xn

0.3 Ekjetikèc Genn triec sunart seic

QrhsimopoioÔntai ìtan jèloume na metr soume diat�xeic:

'Otan den èqoume epanal yeic:(
n
k

)
sunduasmoÐ(

n
k

)
k! diat�xeic

'Otan den èqoume epanal yeic:(
n+k−1

k

)
sunduasmoÐ
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(
n+k−1

k

)
k! diat�xeic-pollapl� metr mata

0.3.1 ParadeÐgmata

To prìblhma Balls− in− bins: k sfaÐrec mh diakekrimènec pou tic topojeto-
Ôme se n diakekrimènec upodoqèc. UpologÐzoume ton arijmì twn sunduasm¸n
twn rÐyewn pou eÐnai:(
n+k−1

k

)
k!, sunduasmoÐ k antikeimènwn apì n me epan�lhyh

Diat�xeic n antikeimènwn apì k me epan�lhyh = k diakekrimènec sfaÐrec se
n upodoqèc = nk diat�xeic.

0.3.2 Sqèseic pou isqÔoun gia tic ekjetikèc gnn trieec
sunart seic

O suntelest c tou xk

k! sto an�ptugma (1 + x)n =
∑∞

k=0 P (n, k)x
k

k! eÐnai o
arijmìc twn metajèsewn k antikeimènwn epilegmènwn apo n antikeÐmena. Au-
tì mac odhgeÐ na orÐsoume san EKJETIKH genn tria sun�rthsh miac a-

koloujÐac a0, a1, a2, ... th seir�
∑∞

k=0 a
k xk

k! (h orologÐa ofeÐletai sto ìti

ex =
∑∞

k=0
xk

k! ).

Ac koit�xoume t¸ra prosektik� to ginìmeno thc morf c:

(1 + x
1! +

x2

2! +
x3

3! + ...)n =
∑∞

k=0 an
xk

k!

O suntelest c tou xk

k! o opoÐoc isoÔtai me
∑

q1!...qt!=r
r!

q1!...qt!
eÐnai oi meta-

jèseic r atikeimènwn me aperiìristh epanatopojèthsh, lambanìmenwn apì n
antikèimena. ( H posìthta r!

q1!...qt!
isoÔtai me twn arijmì twn metajèsewn r

antikeimènwn pou eÐnai qwrismèna se t om�dec me qi(1 ≤ i ≤ t) mh diakekrimèna
stoiqeÐa n k�je mÐa)

Qr simoi tÔpoi:

(1 + x
1! +

x2

2! +
x3

3! + ...) = ex

(1 + nx
1! +

n2x2

2! + n3x3

3! + ...) = enx kai

(a+ b)n =
∑∞

k=0

(
n
k

)
akbn−k
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0.4 ArijmoÐ Stirling

'Eqoume to ex c prìblhma; Jèloume na upologÐsoume ton arijmì trìpwn r yhc
k diakekrimènwn sfair¸n se n diakekrimènec upodoqèc.ArqikoÔ èqoume thn :

( x
1! +

x2

2! +
x3

3! + ...)n =
∑∞

k=0 ak
xk

k! , to ak eÐnai to zhtoÔmeno.

Gia to pr¸to mèloc thc parap�nw èqoume ìti isoÔtai me:

(ex − 1)n =
∑∞

k=0(−1)n(ex)n−k
(
n
k

)
=
∑∞

i−0
(
n
i

)
(−1)iex(n−i) =∑∞

i=0

(
n
i

)
(−1)i

∑∞
k=0

xk(n−i)k
k! =

∑∞
k=0

∑k
i=0(−1)i

(
n
i

)
(n− i)k xk

k!

ìpou:∑k
i=0(−1)i

(
n
i

)
(n− i)k = n!S(k, n)

ìpou S(k, n) kaleÐtai arijmìc Stirling deÔterou eÐdouc:

S(k, n) = 1
n!

∑k
i=0(−1)i

(
n
i

)
(n− i)k

O arijmìc Stirling deÔterou eÐdouc sumbolÐzetai kai me:

S(k, n) =

{
k
n

}
kai èqei thn ex c shmasÐa: Arijmìc twn rÐyewn k diakekrimènwn sfair¸n se
n mh diakekrimènec upodoqèc me ton periorismì ìti up�rqei toul�qiston mÐa
sfaÐra se k�je upodoq *.

Apì autì eÔkola katalabaÐnoume ìti o arijmìc rÐyewn k diakekrimènwn sfai-
r¸n se n diakekrimènec upodoqèc(autì pou arqik¸c y�qname) eÐnai o:

n!S(k, n) = n!

{
k
n

}
=
∑k

i=0(−1)i
(
n
i

)
(n− i)k

*'Eqei thn Ðdia shmasÐa:Arijmìc diamerÐsewn enìc sunìlou me k stoiqeÐa se n
uposÔnola xèna an� 2 kai enw to to sunolì touc eÐnai n.
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0.4.1 Qr simec isìthtec(
n
k

)
=
(

n
n−k
)

(
n+1
k+1

)
=
(
n
k

)
+
(

n
k+1

)
{
k + 1
n+ 1

}
=

{
k

n+ 1

}
(n+ 1) +

{
k
n

}
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